ON CERTAIN II,-IDENTITIES OF W. GOSPER

BING HE

ABsTRACT. In 2001 W. Gosper introduced the g-trigonometric functions and
the constant I1; and conjectured many intriguing identities on these g-trigono-
metric functions and Il;. In this paper we employ some knowledge of mod-
ular equations with degree 5 to confirm several of Gosper’s II4-identities. As
a consequence, a g-identity involving II; and Lambert series, which was con-
jectured by Gosper, is proved. As an application, we confirm an interesting
g-trigonometric identity of Gosper.

1. INTRODUCTION

Throughout this paper we assume that |g| < 1. W. Gosper [5] first introduced
the g-constant II,

2 2\2

a*;q%)
1.1 I :q1/47( =S
(1) ! (4: %)%

)

where (a; ) is defined by

o0

(@ @)oo = [J (1 = ag™,

n=0

and then stated without proofs many identities involving II, based on the computer
program MACSYMA. In particular, he [5, pp. 102-104] conjectured the following
I1,-identities:

H2 H2
(1.2) ¢y
Mg 112,
(1.3) VI (T 4 3Mg0) = T2 + 3 T
25 (161010 — s ) = H310(5H 10 — qu)(nqz — 40)°,
II 1oH4(16H42 —10) = 112, (5110 — M2)® (T2 — Mgoo),
I T1 s (1611, — II,)* = I (5115 — I1,)° (15 — I1,),
11,11, (16H4m —1II};)° = H410(5H —11,) (I, — T0,)°,
(T I 0 — MeT,s)? = eI r0 (Tys — I0,) (5105 — T1,)
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and
2n—1 10n—5
Loz @R O L Teqre G TG T
112, B H3 ITER P
q q°
H2 + 16H(2110
Hq5 Hq

The formula was derived by Gosper [0, p. 93]. The II;-identity was
confirmed by the author and H.-C. Zhai [6] using an addition formula for the Jacobi
theta function of Liu [8, Theorem 1] (for applications of Liu’s addition formula,
please see [7]). See M. El Bachraoui [3] for some other IT,-identities.

In this paper we shall prove the following II,-identities by using some knowledge
of modular equations with degree 5.

Theorem 1.1. We have

(1.4) 21005 (161010 — 05 ) = H310(5H 10 — T2 ) (M2 — My0)?,
(1.5) I 0TI (1610, — TI) = 12 (I g10 — M2 )° (M2 — o),
(1.6) 11,115 (16113, — H4)2 =103 (511 — T1g)° (s — TIy),
(1.7) 11,15 (16H II):)% = H410(5H —11,)(T,s — )",
(1.8) (IT 00 — q5)2 200 (ILs — I1,) (5115 — IL,).
Theorem 1.2. We have
2n—1 10n—5
Lonz1 @~ O 2w foquee g 1T
HEB Hgs Hgs s
1.9 I I
( ) H2q5 + 16 Hq210
a 0 ‘15
= 11, I s
s 0 T,
The identities 1.7) only contain three of the constants IIg,II2,II,s and
I, 10, but the formula 1 ) includes all of these four constants. The structures of

these five identities are similar so that our proofs share the same pattern. The
identity (1.9) involves and II,, which leads to its huge appearence and complicated
proof. The key to our proof of the identity (1.9) is to deal with the denominator
Z q2n—1 . Z q10n—5
— 2n—1)2 — ,10n—5)2
= (=t = (=)

and the constant

In the next section we provide some auxiliary results, which are crucial in the
derivation of Theorem [I.I} Section [3]is devoted to our proof of Theorem [I.I] We
will show Theorem[T.2)in Section[d] As a result, we in Section[5]confirm a g-identity
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involving II, and Lambert series, which was also conjectured by Gosper:

(S amr R ae)

n>1 n>1

_ ( Hq Hqs ) ( Z q2n—1 . Z q10n—5 ) '
Hq5 Hq = (1 _ q2n—1)2 = (1 _ qlon—5)2

As an application, we employ Theorem [I.2]to confirm an interesting g-trigonometric
identity of Gosper:

II I3 112 11,
sing 5z = H—q(cos(ﬁ z)*sings 2 — \/1’[5 - 2H2 + 5H (cosys 2)?(sings 2)?
q° ¢ a°

+ (Sinqs 2)5

in the last section.

2. AUXILIARY RESULTS

In this section and throughout this paper we will adopt the notations of [1]
Chapters 5 and 6]. We begin this section with the definition of modular equations
[, (6.3.2)].

Let 0 < k, I < 1 and let n be a positive integer. A relation between k and [
induced by the formula

QF( 17]‘:2) (%7

1; (1—1%)
11 k2) Fl(

1
53 1512)

1 1. 1

202 2
n 1 1
1(2 2
is called a modular equation of degree n. Take o = k2,3 = [?, we say that $ has
degree n over . The multiplier m is given by

z21
m=—,
Zn
where
zn = 9 (q")
and
e 2
>
k=—oc0

The value of m depends on n, but throughout this paper we only consider modular
equations of degree 5, then it is always assumed that n = 5 and

(2.1) m= 21
25

In order to prove Theorem [I.I] we need several auxiliary results.
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Theorem 2.1. If 8 has degree 5 over «, then
(2.2)

21 [« 1/21 1y 21 [ @ 1/2 21 [ @ 1/2 5

w2 (5) 50-5)=(-2(5) )(2G) )
(2.3)

C2(2) ) (-2(0)")

21 \ & 2z \ o ’

2 ()1 1
w2(2) (-2
1/4 2 1/4 5 1/4
eo 50) () =aC) ) EE) )
Z1 \« 16\ 2z \« Z1 \«
1/4 2 1/4 5
4N e o 6 _271 _’ﬂ g
e (5) () =wC-26) )0-26) )
(2.6)
() -26) ) -26) (-2() )-26)")
z5 \ P 25 \ B T \p S \B Sz \f '
Proof. We first prove and (2.5). According to [2, Chapter 19, (13.12)—(13.15)]
we have

(27) o)t 2mtp
. B m(m—1)’
1/4
(2.8) BN _2m—p
@ 5—m’
1-p 1/4 _ 2m + p
l-a 5—m’
4m® — 16m? + 20m + p(m? — 5)
2. 1/2 _
(2.9) (aB) 3 ,
3 _ 2 _ 2
210) (- a)(i- gy A 28,
where

p=(m®—2m?+5m)'/2.

Then
2

2m — 4m? — 16m? + 2 z-
(2.11) = m—p m 6m?* + 20m + p(m 5)7

5—m 16m?

2 4m?® — 16m? + 20m — p(m?> —
(2.12) g m+p\ 4m 6m* 4+ 20m — p(m 5).

5—m 16m?2

Substituting (2.1)), (2.7), (2.11) and (2.12)) into both sides of each of the identities
([2:2) and (2.5)), noticing that p = (m> —2m? 4 5m)'/? and then simplifying we find
that both sides of each of the identities (2.2) and (2.5 are respectively equal to

() o

m—>5
256m(m — 1)

and

B(m),
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where
A(m) = 4m® — 24m® 4+ mBp + 64m” — 2m"p — 200mS + 6mSp — 40m> — 98m°p
— 40m™* + 80m*p — 1280m> — 470m>p — 504m? — 470m?p — 28m — T0mp — p
and
B(m) = 2m® — 10m® + m°p — 5m*p + 4m* + 10m>p
— 4m3 — 102m? — 42m?p — 18m — 2Tmp — p.

These prove (2.2)) and (2.5]).
We now show (2.3) and (2.4). According to [2, Chapter 19, (13.12)] we get

(2.13) G:g)w = %.

It follows from (2.7)), (2.9), (2.10) and (2.13) that

(2.14) oo [ 2mtr >4m3 — 16m?2 + 20m + p(m? — 5)
' —\m(m—1) 16m?2 ’
2
2m — p 4m3 — 16m? + 20m — p(m? — 5)
2.15 l—a= .
(2.15) “ (m(m - 1)) 16m?

We subsitute (2.1)), (2.8), (2.14)) and (2.15]) into both sides of each of the identities
(23) and (2.4), note that p = (m® — 2m? + 5m)'/2 and then simplify to deduce

that both sides of each of the identities (2.3) and (2.4) equal
9122
——C
(m —5)12 (m)

and
1—-m

356mo(m —5) D™

respectively, where
C(m) = 28m? + 2520m®—m®p + 32000m" —350m" p + 5000m5 —11750m°p

+ 25000m° —58750m° p + 625000m* + 50000m* p—1000000m3 —306250m> p
+ 1875000m2 + 93750m2 p—1562500m—156250mp + 390625p,

and
D(m) = 18m® + 510m°—mSp + 100m* —135m* p—1050m3p
—500m3 4 1250m?p + 6250m?—6250m—3125mp + 3125p,
which prove and (2.4)).

We finally prove ([2.6). We subsitute (2.1]) and (2.7) into both sides of (2.6|) and
then simplify using the identity p = (m?® — 2m? + 5m)'/? to derive that both sides

of (2.6) are equal to
(m —5)2(m3—m? + Tm + 2mp + 1 + 2p)
(m—1)*4 ’

from which (2.6) follows readily. This finishes the proof of Theorem O
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3. PROOF OF THEOREM [I. 1]

Let
— Z qn(7z+1)/2
n=0
It follows from and [1l (1.3.14)] that
(3.1) I, = ¢"/*4*(q).
Then
(3.2) s = ¢*/ "% (¢%).

Using these equations we see that the identities (1.4)—(1.8) are respectively equiv-
alent to

(3.3)

VA¢%) 3@ (o5 VRPN | (ra AP\ (VAP 2\’
w2<q10>w8<q10><16q w8<q10>)‘<5q w2<qw>)<w2<qw> q)’

(3.4)
1/}2((110) ¥°(q) (16 3 (Q)) (5 2% (¢"°) 1>5(1 _q2¢2(q1°)>7

V() V() (q?) ) V)
(35) f;(f (16q 1) < w2(( >)1>5<q1f;(f5>)1)’
5o (1007 e 1)2 wg 5 (50 $2<(Q)>>("‘£<(q)>>5’

(37) (q gqu)) - 522(((_,10)))2 - ;@2&10)) (q - ;f;((qg)) (5‘1 - g&)))'

We temporarily assume that 0 < ¢ < 1. Let 8 have 5 degree over . According
to [1, Theorem 5.4.2 (i) and (iii)|] we have

(3.5 b(g) = f (/)"

(39) W) = 5vEria/) M,
(3.10) ) = f Bl
(3.11) ¥(g"%) = 5@(5/6} )4

It follows from (3.9)), (3.10) and (3.11) that

¥(g°) V2

(313) ¥(q") ~ (B/g")F

Multiplying both sides of (2.2)) by ¢'? and then using and ( in the
resulting equation we can easily obtain the identity (3.3 .
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It is easily deduced from ([3.8) and ([3.9) that
Ui V2
(g®)  (a/q)'/®

Then (3.4]) follows by substituting (3.12)) and (3.14)) into (2.3).
It is easily seen from (3.8 and (3.10) that

1/J(q5)_ z5 ﬁ Ve 1/2
(8.15) w@‘ziJ /™

Then (3.5)) follows easily by dividing both sides of by ¢ and then using
and in the resulting identity.

Multiplying both sides of by ¢ and then employing and in the
resulting equation we can attain .

The identity follows readily by multiplying both sides of by ¢* and
then using and (3.15) in the resulting identity.

From these we see that (3.3)—(3.7) holds for 0 < ¢ < 1. By analytic continuation,
these identities are also true for |g| < 1. This completes the proof of Theorem [1.1

(3.14)

4. PROOF OF THEOREM [I.2]

We assume that 0 < ¢ < 1 temporarily. We first prove the first equality of (1.9).
Let P(q) be one of the Ramanujan Eisenstein series:

00 nqn
Plg)=1-24 .
(q) ; ¢
Since .
= na”, |x| <1,
(1 —x)? ;2:1
we see that
4.1 —_— = mn = =—(1-P(q)).
( ) Z (1_qm>2 Z nq Z 1—qgn 24( (q))
m>1 m,n>1 n>1
Then
Z q2n—1 qn B Z q2n
P P A (D P (RO
1 1
= —(1-Plg) - —1—P(¢*
2 (1= P(2)) = 52(1— P(¢?))
1
= _—(P(¢*>)-P
51 (@) = Plq
and so
g'on > 1 10 5
> (T—qi0n5y2 = 54 \P(a7) = P(a7))-
n>1 q
Combining the above two identities we get
Rl . qlon=5
Z (1—¢n1)2 Z (1 — qlon=5)2
(42) n>1 n>1
1

= 5;[(P(¢*) = 5P(¢")) = (P(q) = 5P(¢"))]-
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Let § have degree 5 over a.. According to [I, Theorem 5.4.9] we have

(4.3) P(g) = (1 - 5a)22 +12a(1 — a)z Cf;l
(4.4) P(¢?) = (1 —20)2% + 6a(1 — o)z ‘Z;
(45) Pe*) = (1= 56):2 + 1281 - §)25 5.
(46) P(¢"°) = (1-26)2 + 68(1 - B)za5-

In view of [2, Chapter 18, Entry 24(vi)] we conclude that

@) R

Since z; = mzs, we know that

da 45 dm
do do P da

Substituting the identity

ms _ 4 dm
da  da *dov
into (4.7) we get
dzs _o(l—a) dzn ol —a) dm
p(1— 6)25% = T«Zla - TZIZSE
Substituting this equation into and (4.6) gives
dz 12 dm
5y _ (1 _ 2 _ et _ @i
(4.8) P(¢°)=(1-58)z + = all —a)z o5 a(l — a)z125 o
6 dz 6 dm
4. P(¢"%) =(1- 24 “a(l - 1 2aa— .
(@9 P@®)=(-20)2+ ga(l ) % Ta(1—a)zz 00

Differentiating the identity [2, Chapter 19, (14.2)] with respect to m using the
method of logarithmic differentiation and then simplifying yields

dm 1—-2a m(m—1)(5—m)
4.1 —_— = .
(4.10) do a(l - a) 25 — 20m — m?

‘We substitute | , .7 and (4.9) into and then employ - in the

resulting 1dent1ty to get

2n—1 10n—5

Z(l_qul)Q_5Z(l_qqlm

n>1 n>1

1 d
) =3 (az1 5822 —2a(1 — )le5d12>
2
= %5 (am2 —568 —2a(l — a)mﬁ)
m2(m —1)(5 — m)>

25 — 20m — m?

Oo‘crtx\zw

(am —58—2(1 - 2a)
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Substituting (2.11) and (2.14) into (4.11) and then simplifying using the identity
p? =m?® — 2m? + 5m we arrive at

2n—1 10n—>5 20,2
q q _ #(m—5+2p)
(4.12) Z (1—g—1)2 g Z (1 —qlon=5)2 — 16 :
n>1 n>1

Squaring this identity and simplifying yields

q2n71 q10n75 2
(Z (1—g2n—1)2 B 52 (1-— 10n—5)2>
(4.13) nz1 o4 w1
~za(m* + 4m?® — 18m? + 4m?p + 20m + 25 — 20p)
= >
Using the identities (3.1) and (3.2) we know that

3105 — 20120125 + 511,112
= *U%(0)¥* (@) = 2¢°0 ()9 (@) + 5a"V* (@) ¥ ().
Substituting the equations (3.8) and (3.10) into (4.14)) yields
3 2772 3
31,5 — 2112112 + 511,115

(4.14)

(4.15) - %[zf(o‘sﬁ)lM — 22125(af) /2 + 522 (aB%)! /]
= Trlbiég[mQ(ai%ﬂ)lM _ 2m(0¢5)1/2 + 5(0[53)1/4]'

According to [2, Chapter 19, (13.10) and (13.11)] we get

_pt3m—5

p+m?—3m
4m '

(a®B)!/® () =

We substitute these two equations and (2.9) into (4.15)), note that p? = m3 —2m?+
5m and then simplify to obtain

4m

3 21712 3
310, — 2012112, + 511,11,
(4.16) A (m* + 4mP — 18m? + 4m®p + 20m + 25 — 20p)
_ =

Combining (4.13) and (4.16)) we are led to

g2l qton—>s 2 5 s 5
<Z (1—g2n—1)2 =5 Z (1— q10n—5)2) = Hgllgs — 2155 + ST

n>1 n>1

2n—1 10n—5

Comparing the coefficient of g in ZnZl Ty — 5 zn21 Ulem and that of
q2 in Hzﬂqs — 2H3H35 + 5HqH25 we deduce that

q2n71 q10n75 5 5
Z (I—g2n1)2 5 Z (1= q10n—5)2 = \/H§Hq5 — 2M0GIIGs + 5T IT,

n>1 n>1

Dividing both sides of the above identity by H(le we see that (1.9) holds for 0 < ¢ <
1.



ON II,-IDENTITIES OF W. GOSPER 10

We now show the second equality. It follows from (3.1]), (3.10) and (3.13]) that

221/2
(4.17) L
Hgs _ 1/12(515) _ 2
T P/2(gl0) — B
Then
H25 H210 4
q q° 1/2
2. + 16 TERIVE +45/=.
q q

Multiplying this identity by (4.17)), using (2.3)) in the resulting identity and simpli-
fying we obtain

H25 H210 m2 +24m — 4pm —
418 m2 . (= 4y 169 ) =7 PP 2
(4.18) ¢ (Hgm + 2, 16m &

It can be deduced from (3.1), (3.2) and (3.15)) that

1T, _4_Hq5:ﬂ @ 1/4_4_§ B v
s 11, 25 \ B 21 \ & ’
Applying (2.1), (2.7) and (2.8)) in this identity and simplifying yields

11, 4 My 2m?3 — 16m? — pm? + 22m + 6pm — p
s m, (m—1)m(5 —m) '

We multiply this equation by (4.12) and simplify using the identity p?> = m3 —
2m? 4 5m to arrive at

Hq 115 q2n71 q10n75
N/ — 4+ 4+
<H 5 I > (7; (1—g2n—1)2 5 Z (1 — q10n—5)2

q q n>1

(4.19)
pm? +24m — dpm — p

= Z .

16m °

Combining (4.18) and (4.19) we deduce that
Hq Hq5 q2n71 q10n75
(H s 4= I > (Z (1= g2n—1)2 - 52 (1 — ¢l0n=5)2
n>1

q q n>1

- ( 168 16H§w)
- 5 ° + .
a Hzlo H35

Dividing both sides of this identity by

I I,
2 1y 4
’15<H5 H)

q q

gives that the second equality of holds for 0 < ¢ < 1.

From the above we see that the two equalities of are ture for 0 < ¢ < 1. By
analytic continuation, these two equalities hold for |¢| < 1. This finishes the proof
of Theorem
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5. A ¢-IDENTITY INVOLVING II; AND LAMBERT SERIES

Gosper [5l, p. 104] conjectured the following g-identity:

qn q5n
6 — -5y ——— ) +1
(n21 (1 _ qn)Z (1 _ q5n)2>

n>1

11, s g1 qlon—>5
= +2+ 5") ( S J L S
(Hqs 11, nz;l (1 —¢g?n—1)2 T; (1 — glon—5)2

(5.1)

In this section we will use (4.12)) to confirm this identity. The key to our proof
of (5.1)) is to handle the Lambert series

5n

q" q
Li—gr P

n>1 n>1
Theorem 5.1. The identity (5.1)) is true.
From ([5.1)) and the second equality of (1.9) we deduce

5n

q" q
Li—gp LT

n>1 n>1

o [ 1 I 5 mn’; I, I s
Hq5 (qu5 +2+45 nqq ) (Hfm +16 qu5 - qus —4- rqu
g 4 s '
This indicates that the Lambert series

q q
LT "L

n>1 n>1

can be represented as a rational function of 11, II;s and 1.
Proof of Theorem [5.1, We first assume that 0 < ¢ < 1. Let 8 have degree 5 over
a. It follows from (4.1) that

Y sy Lao Py - 2 P
= (1—qm) = (1 — g®) 24 24
1 5 1
= ﬂ(5p(q ) — P(q)) 6
Using (4.3)), (4.8) and (4.10]) in the above identity gives
qn q5n
g T g
S =) e Ae)?
_ 1 2 2 dm 1
=21 (5(1 56)z; — (1 —ba)zi — 12a(1 a>zlz5da> 6
2 2
28 9 m?(m —1)(5—m) 1
=5 (51-58)—(1— —12(1-2 i
24 (5( 58) = (1= baym™ — 12(1 = 20) o 2 6
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Substituting (2.11) and (2.14]) into this identity and simplifying using the equality
p? =m?3 —2m? + 5m we get

Z q" 5 Z " 6m> +m2p + 1dmp —30m +5p , 1
9 _ 2
( ) (1—g°m)2

_ 4n)2 5 .
e 1—gq =1 96m 6
Then
n 5n
q q
6 S —— -5 L __}+1
(; (1—qm)? Z:l (1 —q5")2)
(5.2) nz nz
_6m3 +m?p+ 14mp — 30m + 5,022
B 16m >
It is deduced from (3.1)), (3.2) and (3.15) that
I I 2 5012 (a5
4 4o 5le _ ¢2(qi o4 qz/;(fl)
Mg I, (e ¥?(q)
1/4 1/4
153 m\ «
Then, by (2.7) and (2.§)),
IMys  2m+p 5(2m — p)
4 24521 = 2 .
Hq5+ + 11, m—1+ +m(5—m)

Multiplying this equation by (4.12)) and then simplifying by employing the identity
p? =m3 — 2m? + 5m we have
Hq Hq5 2n 10n 5
—_— )

(205 ) (Z iy 5 X g
(53) ‘ n>1 n>1

_ 6m?> +m?2p + 14mp — 30m + 5p22.

16m 5

Combining (5.2) and (5.3) produces that (5.1) holds for 0 < ¢ < 1. By analytic
continuation, we see that (5.1) holds for |¢| < 1. This ends the proof of Theorem

61 O

6. AN APPLICATION

The Jacobi theta functions 6;(z|7) for j = 1,2 are defined by [10] [12} p. 464]:

0, (z|7) = —ig3 3 (—1)kgrEr @Rt
k=—o00
0 (2|7) :qi Z qk(k+1)e(2k+1)zi’
k=—o0

where ¢ = exp(wit) and 7 is a complex number with Im 7 > 0. The notations
¥ (1) = 61(0|7) and V(1) = 02(0|7) will be used in this section. We have the
following relations:

6, <z + 72T|r> = 0y(2|7), 03 <z + ;%) = —0, (7).
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In [5] Gosper introduced g-analogues of sin z and cos z :

O 1 — g2n—22)(] — g2n+22-2
sing(mz) = ¢*=1/2)° H S’ )1 —g )

(1 _ q2n71)2 ’
n=1

2 o0 (1 _ q2n—2z—1)(1 _ q2n+22—1)
(6.1) cosq(mz) == ¢ H (1—g2n1)2

n=1

Gosper also gave two identities between sing, cos, and the functions 6; and 65,
which are equivalent to the following:

01 (z[) Oa(2|7")
6.2 sing z = COSy 2 = ,
( ) q 192 (T’) ’ q 192 (7./)
where 7 = —%. He conjectured various identities involving sin, z and cos, z. In

particular, he stated [5, pp. 99-100]

. Im, .
sing 2z = T, sin,

g2 2COS2 2
q2
o L1 \/(sin 2)% — (sin ,2)47
T 210, e e
. Hq 2 . . 3
sing 3z = i (cosgs z) sings z — (sings 2)
3
(6.4) !
11, . AR ELTA PR
== singe z — = sings z
NI 3, )
and
I I3 112 II
sing 5z = =% (cosys 2)tsings z — T 29 1 59 (cosys 2)%(sings 2)*
65 T a (TEAR VERRS TP )

+ (sings 2)°.

The first equality in was confirmed by Mez6 [II] by using the method of
logarithmic derivatives. The identity and the second equality in were
proved by M. El Bachraoui [4] by employing the theory of elliptic functions. The
identity is a theta function (or ¢-)analogue for the well-known trigonometric
identity:
sin 5z = 5(cos z)? sin z — 10(cos )% (sin 2)3 + (sin z)°.
In this section we will use Theorem to prove .

Theorem 6.1. The identity (6.5) holds for any complex number z.
Our proof of the identity (6.5) is different from those of (6.3) and (6.4) and the
(6.5

proof is more complicated. The key to proving the identity (6.5)) is to determine

the constant
— E — 213 +5 11,
113, 112, 11,5
q

q q

in front of (cos,s z)?(sings z)*. Theorem |1.2| plays an important role in determining
this constant.
In order to show Theorem [6.1] we also need the following interesting result.
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Theorem 6.2. [9, Theorem 2.2] Suppose that f1(z), f2(2), - -fr(2) are r linearly
independent nonzero entire functions of z and satisfy the functional equations:
(6.6) f) = ()" flz+m) = (-1)7q" e f(z +77).
Let f(z) be any nmonzero entire function satisfying (6.6). Then f(z) is a linear
combination of the functions f1(z), f2(2),- - fr(2).

We now in the position to prove Theorem [6.1}
Proof of Theorem[6.1] Tt is clear that all of the five entire functions

01(5z]57)
01(z|7)
satisfy the functional equations:
f(z) = fz+7) = q'e** f(z +77).
We now prove that the four functions
03(2|7), 0% (2|7)05(2|7), 01(2|7), 6:1(2z|7)

are linearly independent over C. Assume that
(6.7) C105(2|7) + Co03 (2|7)02(2|T) + C307(2|T) + Cub1 (22|7) = 0

for some complex numbers Cy, Cy, C3, C4. Setting z = 0 in gives C7 = 0.
Replacing z by —z in we have Cy = 0. Substituting C; = Cy = 0 into (6.7)),
dividing both sides of the resulting identity by 63(z|7) and then setting z = 0 we
obtain Cy = 0 and so C3 = 0. Hence, these four functions are linearly independent
over C.

In view of Theorem [6.2] we get

01(5z|57)
01(z|7)

for some complex numbers D, Dy, D3, D4. These four constants are independent

of z but depend on 7, and we sometimes denote D; as D;(7) in the sequel. Putting

z:Oinweareledto
1 61(5z|57) 53 (57)

(6.9) Dr=5im I 0l ~ e

Replacing z by —z in gives
(6.10) Dy =0.
We set z =% in to obtain

, 03(2I7), 63 (2|7)03 (2I7), 01 (27), 01(22]7)

(6.8) = D105(2|7) + D203 (2|7)03(2|7) + D303 (2|7) + D4y (22|7)

(6.11) D3 = %g((‘:).

Multiplying both sides of by 61(z|7), replacing z by z + m/2 and substituting
(6.9), (6.10) and (6.11) into the resulting identity we get

(6.12)
591 (57) - 9o (57)
6 =17 ¢! 6 Dy(7)6? 03 63 .
2(52157) = e SO ET(EA7) + Do) I eIr) + R )
It follows from that
/ !
(6.13) sings z = 01 (2|7 /5)7 COSgs 2 = O2(2I'/5)

Oa(7'/5) D2 (7'/5)
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According to [6l, Lemma 3.1] we have

O, 597 (1")92(7'/5)

Tp 07 /5)0a(7)

Dividing both sides of by J2(57), replacing 7 by 7//5 and then applying
(6.13) and in the resulting identity we find that

(6.14)

II
(6.15)  cosybz = H—qs(sinqs 2)* cosgs 2 4+ E(q)(sings 2)?(cosys 2)* + (cosys 2)°,
q
where

Ds(1'/5)93(' /5)
192 (T’) ’
Noticing the difference between the identities and , we only need to
determine the constant E(g) not Ds. We now calculate the constant E(q).
Subtracting (cos,s z)° from both sides of (6.15)), dividing the resulting identity

by (sing z)? , setting z — 0 and then using L’Hopital’s rule two times we deduce
that

E(q) =

6.16 5 25 cosg 0-5 cosg5 0
(6.16) (9) = 2(sins 0)2

From the definition of II, [5, p. 85] we see that

2Ing
in/ 0 = ———1I
siny, — 1L,
and so
101
(6.17) sin's 0 = ———IT1,5.

Differentiating both sides of (6.1)) with respect to z using the method of logarithmic
differentiation and then setting z = 0 we have

2Ing ¢!
6.18 0= 1—4l 212 )
( ) o8, 2 ( nq; (1—g2n1)2
Then
10Ing g\ ?
" _
(6.19) coss 0 = = <1 -20 1anz>:1 =gy )

We substituting (6.17), (6.18) and (6.19) into (6.16)) and then employ the first
equality of (1.9) to get
I3 112 II
E(q)_—\/ ¢ _ 9 1 451

(TR TEARS T

Then (6.5 follows readily by substituting this equation into (6.15)) and then re-
placing z by z + /2 in the resulting identity. This concludes the proof of Theorem
6.11 O
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