On some Ramanujan formulas: new possible mathematical developments and
mathematical connections with the mass value of candidate “glueball” f,(1710)
meson, other particles and the Black Hole entropies.
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Abstract

In the present research thesis, we have obtained various and interesting new possible
mathematical results concerning various Ramanujan’s formulas. Furthermore, we
have described new possible mathematical connections with the mass value of
candidate “glueball” fy(1710) meson, other particles and with the Black Hole
entropies.
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https://iforindian.wordpress.com/2015/12/22/the-man-who-knew-infinity/

Srinivasa Ramanujan

In mathematics, there is a distinction between having
an insight and having a proof. Ramanujan's talent
suggested a plethora of formulae that could then be
investigated in depth later. It is said that Ramanujan's
discoveries are unusually rich and that there is often
more to them than initially meets the eye. As a by-
product, new directions of research were opened up.
Examples of the most interesting of these formulae
include the intriguing infinite series for i, one of
which is given below
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Analysis of some Ramanujan’s formulas

https://www.slideshare.net/charankumarklu/srinivasa-ramanujan-16709403

We analyze the last three formulas of above manuscript.

I/n forn=2
1/2=0.5



(([((A-In(1/12))"2))/((2*2+D(E2+2))]) + ([(3*2+2)(1-
In(1/12))/((2"22+1)"2*2+2))D) + ([([(B*2+2))N/((2"3(2+1)"2(2+2))])

[l—lcg[é}}z (3 2+21[l—10g[é” 3D 42
+ +
2(2+1)(2+2) 224+122+2) 22+122+D

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

L g (1+log(12y . (1 +log(12)y°
Tk 0 = 0
36 18 BT o LHHI0E

More digits

0.727407634338359360680321320665207117184924350065043987928...
0.727407634338359360680321320665207117184924350065043987928

1 1 1
— + — (1+log(12y+ — (1 +log(12))® is a transcendental number
TR T et Y S

More

1
7 (9 +log(12)(10 + log(1728))

Enlarge Data Customize A Interactive

1
= (9 +31og’(12) + 10 log(12)}
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8 24 36
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Alternative representations:
More

{l—lag[é}}z g (3 2+2}[1—lag[é”+ 3x24+2
22+1)(2+2) 22 21 28D bW b

8 1 8 1 1
)
144 12 288 24 12

Open code
{1—lag[é}}2 ; (3 2+2}{1—lcg[é” 3 Ix24+2 3
2(2+1)(2+2) 92 e E 22y 2 2+172+2)]

i o 1 1 . §::0 1 1]2
144[ —eg) Dg“(lz DJ' 288 24( o) Dg“(lz]

Open code

{l—lﬂg[é}}z ] (3 2+2}{1—10g[é”+ 2249 B
2(2+1)(2+2) 222+1722+2) 22+17@2+2)|

8 : 1 8 1 ; 1
(L ti(1- o ) o s (1 i1 - )
144 12 288 24 12

Series representations:
More



{l—lag[ﬁ}}z ; (3 2+2}{1—10g[é”+ 3.7249 N
212+ 12 +2) 2 2+1F 2+ 7 @2+12@2+2) 72

“ o) i [—“ = (3
9 +10log(11)+ 3 log(11) - 10 1 _6log(ll) Z 3|y ;;1
= = k:l
Open code
Enlarge Data Customize A Interactive

+ 3
22+1)(2+2) P L B [ A B il 40 B o L B

1 arg(l2 -x arg(l2 —x) 2
e 9+201}T{E—}J—12n2 {E—}J +
72 2

i Fi

{l—lag[é}}z [[3 2+2}[1—10g[é”+ 5242 ]

{arg[IE - x}J
.i'T

10 log(x) + 12 i log(x) + 3 log? () -

k

k=1
-1 12 - x)F x* o 112 -xf X
Enlng[x}z ’ P £ +3LZ ! k ol for x < 0

k=1 =1

LT | [12 X x* arg(12 -x) | & (- 1F (12 - x~*
Z < e 12”{ g }JZ y f

{1—lng[é}}2 ] (3 2+2}[1—lcg[é”+ Ix242 3
2(2+1)(2+2) 222412 2+2) 22+122+2)]

117 M- I(1 + 5) 11 [(-5)1I(1 + 5)
J+3[ ESs-0 +
5

1
e [9 +10 [Ressd;.
2 5

] 11°TMi-53001 + 5
10 ) Rese.; S }+5[Ressd;.
. 5

11° ri-sril +s}]
5

o 1175 M-yl + s e 1175 {531+
ZRE55=J: } } +3 LZ Ress-; ! }]z]
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i=1

Integral representations:

{l—lag[é}}z [[3 2+2}[1—10g[é”+ %2432 ]

+ =
202+1)(2+2) 222+122+2) 2324+122+2)

1 12 1 12 1
—[9+1DJ —d’t+3(j —d’th]
72 1t 1t

Open code

Enlarge Data Customize A Interactive



[l - lag[ﬁ}}z 3 2+ 21[1 - lng[é}} 3.9.9
+ + =
22+1)2+2) Pl M g | B il ¥ S T e

i 117° [=s)° [{145) “j 1175 m=s2 1 2
36 2 — 20 ix [ o4y 117 TE8) M) “-45-3[[‘.*”” LT i) o
Joi oy [{1-s) Joi oy [{1-s)

288 5°

7/(Pi) * (([(((1-In(1/12))y"2)Y((2*2+D(2+2)ND) + ([((*2+2)(1-
In(1/12))/((2"22+1)"2*2+2))D) + ([([(B*2+2))NA((2"3(2+1)"2(2+2))])

[[1[—n - 2 21-log() 5.2 H

"
22+1)(2+2) 222+1P2+2) vl O S |

T

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

(1.1 1 |
?LE Hos (1 +log(l2y + i (1 +logil2)y }

i

More digits

1.620787280068245137853523120915293749474084100581471410593...

This value 1,62078 is very near to the golden ratio. It can be defined a golden
number. We define golden numbers those in the range that goes from 1.6 to 1,675,
then an interval of golden ratiol.61803398

More

709 +1log(12)(10 + log(1728))
T3x

Enlarge Data Customize A Interactive
7(9 +3log?(12) + 10 log(12)}

T2m

7  7log?(12) 35log(l2)
—

8z 24r | 36x




Continued fraction:

Linear form
: 1
+
1+ 1
1 1
& 1
1+ 1
1+ 1
1+ 1
3+ 1
11+ 1
1
o 1
9+ 1
3+ 1
2+ 1
1+ 1
15+ 1
4+ 1
65+ I
T+ 1
2+ 1
19+ 1
2+ 1
1+—=
Open code
Enlarge Data Customize A Interactive
Alternative representations:
More
—]Dg{ :|'[2 3 2+2:I{1—]|:|g'{ L. I|I| 3. 942
7
22+1)242) 22 24152 q2+21 T 23 212 242
}T =
?{144 { lng'{m”-"ﬁ +2_4{ 1[’5"{12” }
i
Open code
{1—]03‘{#]:[2 3 - 242){ 1-log{ 5 L) 3 242 .
2(241)(242) 22 2412 ¢2+21 T 2312 @
o - 1
] 1 8 1 1
?{m {1 - lﬂlg[ﬂ} lcgﬂ{ﬁ ” + ﬁ + a {1 - lﬂg[ﬂ} hjgﬁ{E :” }
T
—]Dg{ :|'[2 3 2+2;|{ —]Dg{—llll 3. 243
7
22e1)(242) 22 212 @e2) 28 @12 242)

?{1 {1”“[1[ ” 288 {1+L11{ }”

Series representations:
More



[.1.35{ )2 [w 22(10g{ 1) 3500 ]]? ,

2{241){242) 22 |;2+1;12|;2+2] 23-::2+1;|2 {242)
T - 72a
N[_Lk N{__lk = _i}k
719 +10log(11) + 3 log*(11) - 10 Z L 6logilly Z = 43|y
k=1 k=1 k=1
Open code
Enlarge Data Customize A Interactive
{1—]05‘{11—2]:[2 s 3 2+2:I{1—]Dg'{ L I|I| 3 %242 7
2(241)(242) 22 2412 242) 23 (2412 (242)
}T —
1 argil2 - x argil2 —x) 2
= g —Q—EGIH{E—}J+12N2 {E—}J _
T2r T 2

rrg[l? - x}J

10logx)-12:in logix)- 3 logz[x} +

+

® -1 (12 -x arg(l2 - x) | & (-1)F (12 - x)° x7*
Z i " x *12”{ g }JZ ) y
- k

k=1
[_1 [12_ k .~k (5] [—1k[12— k .k
Elng[x}z } : X5 x —3LZ ) . Xy x b

k=1 =1

2{241){242) 22 |;2+1;12|;2+2] 23 -:.'2+1;|2 {242)

[.k.g{ )2 [w 22(108{15) 3 540 ]]?

i
117 (-5l + 5) 11 [(-51I(1 + 5)
J+3[ ES5-0 +
5

1
— 719 +10|Res
79 [g ( 5=

T
- 1175 -5)T(1 +5 117 [(-5)(1 +5
10 ZRESS=_.: } +a) +6 [Ressd;. } }]
py 5 5

i 11 M(-5)30(1 + s b 11 (-5l + 5
i=1 5 i=1 5

5

Integral representations:

[{l-k-s{f—sz [ 22)(1os{3) 5202 ]]?

. . 2
2(241)(242) 2@z 2@ 242) 7(9+10 [ rl dt +3 ([ ;1 dtf’|
T a T2r
Open code
Enlarge Data Customize A Interactive



2(2+1)(242) 2212412 242 23241 242

[l:l_.ll:'gl:ll_z]]a +[|:3 2+2]l{1-]ng{ﬁ:l:| A 3 .942 ]]?

s
?[35}12 20 ey LT 1Qsn) 4o g U'I_wﬂ 1175 [=s)? [{14s) 45]2]

—I sty [{1-s) —I Wty [{1-s)

288 1°

sqrts * ([((-In(1/12)y"2))(*EFDE+2)D)) + ([((*2+2)(1-
In(IA2)PNAR"2(2+1)"2*22))D) + ([(BF2F2))NA2"3(2+1)2(2+2))])
" (-ls(Z)f (@x2+D(-bgL)  g.g.2

Vs [2[2+ 12+2) +[ 22+17@+2 2 @+17 [2+2}H

Open code

e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
Exact result:

\'E[ . 5 (1 +log(12) . (1+1 [12}}2]
— + — 0 — 0
36 T 1g L oEGAlT o (TR

Decimal approximation:
More digits

1.626532917732881780867143275628355288028701467384440287973...

Open code

This value 1,6265329.. is very near to the golden ratio. It can be defined a golden
number

Property:

.\J."E(i+i

1
(1+logil2n+ — (1l+lo [IE}P‘EJ is a transcendental number
ETRE T e T

Alternate forms:
More

1
55 wJE (9 +log(12)(10 + log(1728)))

Open code

Enlarge Data Customize A Interactive
1
= \E (9 +31og”(12) + 10 log(12))

Open code

Vv 1 5
e \Elngz[lzh e \E log(12)

Open code

10



Continued fraction:

° Linear form

: 1
+
1+ 1
1 1
T T
1+ 1
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o 1
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Open code o
Enlarge Data Customize A Interactive

Alternative representations:
More

\G[{l—lng{ﬁ”‘z [[3 2+2}{1—10g[é”+ 3 9.9 ]]

+
22+1)2+2) 22+17 2+ P2+ 2+

(g (-1 )) e+ 2 [ -on{ ) )B

Open code

E[{l—log{é”‘? [[3 2+2}{1—10g[é”+ — ]

+
22+1)2+2) 22+17 2+ P2+ 2+

8 1y 8 1 1
e Somal Rk ogia] ]1!5
[144( R Dg“(lz J]+ 288 24( s Dg“(lzJ]z

Open code

2[2+1}[2+2} 222 51P (242 222+1722+2

(e ot ) g+ s (1 tle- ) )5

Series representations:
° More

J_[ ~log(L [[3 2+2}{1—lug[ﬁ}}+ Ix2+2 ]]:

11



22+ 1)2+2) T [ L 23[2+1} 2 +2)

E[{l—lng{é}}z +[[3 2+2}{1—10g[é” g DT ]] 2\/_

{__1 k o e _1
11 11

9+1D10g[11}+310g2[11}—1l32_: : [11}; Z{

Open code

Enlarge Data Customize A Interactive

+
22+1)(2+2) 221 2D P 24+17 2+ D

E[l) aenl)_ases ),

1 arg(l2 -x arg(12 —x) 2
35 5 [ro- 200 | EET g [MECEF

i T

arg(l2 - x

10 lng[x}—lﬂzn{g—}chg[x}—Blugz[xH

iy By ' o'y o arg(12 -x) | & (-1 (12 -x)F x™*

Z } +12ur{ B }JZ } +

k
k=1 k=1
ol B [12—x+" x* 2 -1F (12 —xf X

510 (x —3 for x ]

\G[{l—lng{é}}z [[3 2+2}{1—10g[ﬁ”+ 3.942 H:

.
22+1)(2+2) 222D ED Pl B o i B

1 1175 (-3l + 5 117 (=53 I(1 + 5)
E 45 [9+ 10 [Ressd;. s bl }J‘PB(RESs:D ! il ]2 +
5 5

Lk 1175 [(—-)I(l + s 1175 I(-5)I(1 + 5)
10 ZRESS=_;' ! i +6 [Ressd;. C J

§ 5

i=1

o 1175 -5yl + s = 115 -5l +s
}_‘Ress:j } i }+3LZ Res;—; } i }]z]
5 5
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Integral representations:

N N ]

H
2(2+1)(2+2) P E2EEED 22+ 2+

1 12 1 12 1
—\“5[ :mj = i BU —dth]
72 2 1 = 1t

Open code

Enlarge Data Customize A Interactive
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.
e B T L 222+17(2+2) P2 aed
N [35}1; —20ix fio NS N=sP Ml4s) 4o o [J-‘-.m+y 1175 1(-s)® [{14s) "“]2]

a4y M{1-s) =1 24y M1-s)

\E[[l—lag[ﬁ}}z [[3 2+2}[1—10g[$”+ 3 9.9 ]]

fo1

288 17

sqrt4.96 * (([((1-In(1/12))"2)))/((2*+DE2+2)ND) + ([([(B*2+2)(1-
In(1/12))/((2"22+1)"2*2+2))D) + ([([(B*2+2))NA((2"3(2+1)"2(2+2))])

Input:

m[[l—lcg[é}}z +[[3 2+2}[1_1ag[ﬁ}}+ b H

22+1)2+2) 222+172+2)  2°2+17@2+2)
Open code
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
Fewer digits
More digits

1.620013721487843502305150877481903579316155571704957149040...

This value 1,620013 is very near to the golden ratio. It can be defined a golden
number

Alternative representations:

More
(1-log( L) (3 2+2)(1-log(L)) 3%2+2
\ 4.96 2

’ 2[2+1}[2+2}+[ 22 2+172+2) +23[2+1}2[2+2}]

b5 30 on )

12 12

Open code

Enlarge Data Customize A Interactive

Jase (1-log2)f (@ 2+2}[1_1ng[é}}+ P H

i
22+1(2+2) T TR @D 22(2+1P@2+2)

8 1 8 1 1
(522 (1 -tosioon( 55 )+ 55 + 5 (1 oot | 48

12

Open code

13



4.9

- il

(1-og )] [ 2+2(1-log(3) 3,242 H

+ +
22+1(2+2) 22[2+1}2[2+2} 2212+1F2+2)

[144 (“L“(l : ]]* o (““1[1- i]]z]m

12 288 24 12

Series representations:
More

{l—lag[é}}z (3 2+E}[1—10g[i” 94242
Y 4.96 12 I
’ 2[2+1}[2+2}+[ 22+172+2 2P @+172+2)
1%k 11%
] 1 o (=1 o 1
9+1Clz[ } [ } Z[ .II [ 12} ZP—1.3?624J~:[2]
k=1 x k=0 k
Open code
Enlarge Data Customize A Interactive
(1-log(Z)] (G 2+2(1-log()) S
y 4.96 L =
*®l2ene+n’ 2°(2+172+2) +23{2+1}2[2+2}]
o CDF (- (o DR (=BT & (-0.252525)k (-1
9410 Z [ } Z [ 12} Z : [ Z}k
k=1 k k=0 L
Open code
[l—lag[é}}z (3 2+E}[1—10g[i” 9P
v 4.96 L =
’ 2[2+1}[2+2}+[ 2°(2+172+2) +23{2+1}2[2+2}]

75 xeln | M2 o r01oe{ ;) a5

72 . 2
(-11* (4.96 — x)* i
\qg .F: - [Z}k for (x e R and x
=0

Integral representation:

S5 (1-log( L)) [[3 2+2}[1—10g{é”+ 9949 ]]=

+
22+1)2+2) 22 IR D 22(2+17(2+2)

1 ._1_1 ,_1_1
= Q—IDJIE—Jt+3 Jl‘?—d’t
72 1 t 1t

y 4.96

sqrt4.95 * ([(((A-In(1/12))"2))N/((2*2+DE+2))ND) + ([([(B*2+2)(1-
In(1/12))/((2"22+1)"2*2+2))D) + ([([(B*2+2))N/((2"3(2+1)"2(2+2))])

14



Input:

m[[l—lcg[ ) [[3 2+2}[1—1ag{ﬁ}}+ dwaiy H

22+1)2+2) 222+172+2)  2°2+17@2+2)
Open code
e lomixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
Fewer digits
More digits

1.618379819184592768786702705321330624676937187687084367464...
1.6183798191845927687867027053213306246769371876870843

This value 1,6183798 is a very good approximation to the golden ratio.

Alternative representations:

(1) [ 2e2(1-lgL) 5 2.2 “

A 4,05 - -
22+1(2+2) T TR @D 22(2+1P@2+2)

1 bl 2 o 558

Open code
Enlarge Data Customize A Interactive
1142 1
e [l—lag[E” 3 (3 E+E}[1—10g[E” : 3.949 3
' 2(2+1)(2+2) 222+1°2+2) 2°@2+1%2+2)

8 1 8 1 1
[— [ - lng[a}lugﬂ[lz D+ — [ lug[ﬂ}logﬂ[ T J]Z]w,.' 4.95

144 288 * 24

Open code

202+1)(2+2) 22+1722+2) P2+ 12+

(el ) s ol )V

12 288 24

%[[1-1%[%}}2 +[[3 E+E}[1—lag[$”+ 9 5 ]]:

Series representations:

- [l—lug[é”2 [[3 2+2}[1—10g[é” 3.924+2 ]]_

4/ 4.95 +
22+1)(2+2) 22[2+1}2[2+2} P2 2+122+2)

3.95 9+102‘ Z‘ Ze‘l'g?gm[z]
72 k-1 k-1 k=0 ke

Open code

15



Enlarge Data Customize A Interactive

\IT';E [l—lcg[é}}z (3 2+2}[1—10g[é” 3.94+3 H=

+ +
22+12+D 222+1F 2+2) 2425 1Y 24D

e 3.95 [9+10 i ﬂ 3 -1 [‘%}k « (-0.253165)* [‘.%L
72 ) N i - : -
= k=0

[~1=

e
I
—

Open code

—((1-log(L)] (@ 2+2(1-log(1)) 3%2+2
+49a 2[2+1}[2+2}+[ PR I Tl o Sy +23{2+1}2[2+2}]=

1 arg4.95 -x) 1 1
EEXP[’”{ T mg_lmug[lz]+3bgz[12]]

V{;i (-1 (4.95 - xf x7* [_é}k fori(x e Rand x <0

T k!

Integral representation:

Ja95 [1‘103%”2 [{3 E““E}[l‘l“g[é}h %242 ]]:

o3
22+12+2) PRI EED 22+172+2)

1 Pl e |
o 9—10]1~—Jt+3 J”—a’t
72 1t A

4 4.95

Continued fraction:
Linear form

1+

1+

1+ 11
1+ I
1+ 1
1+ I
1+ 1
1+
2+ 1
1
1+ T
3+ 1
2+
O+

1+ 1
1+

5+ 1
1+

2F-— L.

16



Open code

Enlarge Data Customize A Interactive

Possible closed forms:
More

root of 703 x° +88201 x° - 154180 x + 15530 near x = 1.61838 | =

1.6183798101845927687800751
2399071496

4657068321

= 1.61837981018459276881307
1

root of 15530 x° - 154180 x% + 88201 x + 703 near x = 0.617902
1.618379810184502768780078 1

Where:

(1.618379819184592768 * 4657068321) / 2399071496

Input interpretation:

1.618379819184592768 - 4657068 321

2399071496
Open code
Enlarge Data Customize A Interactive
Result:
More digits

3.141592653589793236882550384817710326378701637493841492417 ...

This result, obviously, coincide with 7t

Continued fraction:
Linear form

3+

7+

15+

1+ 1
202+

1+ 1
1+

1+ 1
2+

1+ 1
3+

1+ 1
14+

2+ 1
1+

1+ 1
2+

24— —

2+i-

Open code

17



Enlarge Data Customize A Interactive

More

r = 3.1415926535807932384626
log(Gee) = 3.1415926535897932384626
V 6(2) =~ 3.1415926535897932384626

Now, with 4.9454 and 4.9582, that are:

49454 = (1.2108+1.2619)/2 * 4 and 4.9582 = (1.2108+1.2683)/2 * 4 where
1.2108, 1.2619 and 1.2683 are Haudorff dimensions and 1.2108 is:

{;/"z’r — 3VT8+ (/27 + 3VT8
3

2log,

or root of 2% — 1 = 2(2-=)/2

We obtain:

sqrt4.9454 * ([((A-In(1/12))" 2 ((C*+DE2))D) + ([(B*2+2)(1-
In(1/12))/((2"22+1)"2*2+2))D) + ([([(B*2+2))N/((2"3(2+1)"2(2+2))])

138 1y
,—4 e [l—lng[E” . (3 2+2}[l—10g[E” . 3,940
22+1)(2+2) 222+172+20 222+ 2+2)
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
Fewer digits
More digits

1.617627669940794513682360921908945608311992614131127053086...

More

P [ [l—lng[é”‘? [[3 2+2}[1—1ag[é” 3 2.9 ]]

+ +
22+1)@2+32) T i R B P 2:1%2+D

[8 ety = 8 ! sty ~ ]2]«149454
144[ | Dg"[ 12D+ 288 24[ | Ug"[ 12] :
Enlarge Data Customize A Interactive

18



A 4.0454 + +
22+1(2+2) P 1R @2l 222+1F2+2)

a2 1 8 1 1
[E [ - logla) lngﬂ( T D +— 24 [ - logia) lcgﬂ( T ]]Z] 4 4.0454

288

(1-log[L)f [{3 2+2)(1-log(2)) 3.2+2 ]:

Open code

[]__lng[é”z [{3 2+2}[1—1ﬂg[ﬁ}} 3.2+2 ]]=

A 4.0454 + +
22+1)(2+2) P il 222+ 2+

[ll[hul[l 1—12]] 2—28+i(1+u1(1 112]J2]1|'|4_g454

Open code

logp

. x)is the base-b logarithm
e Lipixiisthe polylogarithm function

Series representations:
More

2
[l—lng[i” 3 2+2}[1—10g[i” 3,242
v 4.9454 s L -
2(2+1)(2+2) P2+ 1722 22 2+172+2)
k 114k 114k
1 o (=1} - w (— 1} o 1
— 4/ 3.9454 |9+10 Z # Z [ zf-l-”‘?'ﬁ'—”‘ 2
72 k
k=1 k=1 k=0
Open code
Enlarge Data Customize A Interactive

y 4.9454

&
22+1)(2+2) 22 1R 2D 2P22+1022+9

[1—10g[$}}2 [{3 2+2}[1—1c:g[$}}+ 35242 ]]:

3 11 k k 1 L . )
1 V39454 g+10i&+3 i[‘l} () ))&, -0.25346) (- 1),
72 ) 2 i =
3 k=1 k=0
Open code

(1-log(L)f [{3 2+2}[1-1c:g[ﬁ}}+ 3.2+2 ]]=

A 4.0454 +
22+1)(2+2) 2 2+1P 2+ 212 2+D)

o L AR

w (-1)F (4.9454 —x)* x* [- l}

\GZ . 2% for(xcRandx <0

k=0 k!

Open code

ny . . ' o
?IS the binomial coefficient
. m |

19



° n! iz the factorial function

e ldigisthe Pochhammer symbaol (rising factorial)
o A1Zziisthe complex argument

. |x] i= the floor function

. i iz the imaginary unit

e Histhe setof real numbers

° Integral representation:

Janzn [1‘1°g[é]}2 [[3 2‘“2}[1‘105[%”+ Ix2+2 ]]:

+
22+1)2+2) 2 2+17 2% 23 2+ 172 (2+2)
1 e |
= 9—1Gjlﬂ—dt+3 Jlﬂ
72 1 t 1

-

1
7 d’t]z]ﬂu' 4.9454

1.6176276699407945136823609219089456083119926141311270

This value 1,617627 is very near to the golden ratio. It can be defined a golden
number

Continued fraction:
Linear form

1
1+ " 1
4
1 1
N 1
1+
1 1
= 1
1+
1 1
N 1
2+ I
44+ 1
4+ I
3+ 1
1+
1 1
N 1
5+ I
2+ 1
24 T
1+ 1
284 —m————
1 1
ki 1
3+
3 1
S |
1+=
Open code o
Enlarge Data Customize A Interactive
Possible closed forms:
More
21 FP-10007

=~ 1.6176276699407945145403
3(233 P-2365)

1
2—9(13+25¢“+81fl+4‘ - 2904 1+ +27a+7a —60 l+}r]t

1.617627669940794513664117
20



2256 w7 — 6613 + 1888 v — 5067 »°

= 1.617627669940794514550 1
S0nr

. Fiz the plastic constant
° n! iz the factorial function

sqrt4.9582 * ([(((1-In(1/12))"2))(C*+DE+2))D) + ([(*2+2)(1-
In(1/12))/((2"22+1)"2*2+2))D) + ([([(B*2+2))N/((2"3(2+1)"2(2+2))])

Input interpretation:

m[[l—lng[ﬁ”‘? +[[3 2+2+[1_1ng[é}}+ 3.2:+2 H

22+1)(2+2) 2% 2+172+2) 22°2+17@2+2
Open code
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
Fewer digits
More digits

1.6197197407110909681908008098835500608324225205607880926308...

This value 1,619719 is very near to the golden ratio. It can be defined a golden
number

Alternative representations:
More

m[[l‘k’g[ﬁ}}z [[3 2+2}[1‘1"g[ﬁ}}+ Fx2+2 ]]:

+
202+ 1)(2+2) 222+172+2) H2e1y@sd

1) 3 - e

12 12

Open code

Enlarge Data Customize A Interactive

m[[l‘k’g[ﬁ}}z [[3 2+2}{1‘1"g[é}}+ Ix24+2 ]]:

i
22+1)(2+2) 22124+1P(2+2) 2 2+12 2+

8 1 8 1 1
[E (1 - logia) lngﬂ[—]] L (1 - logia) lagﬂ[ﬁ]]z]w,' 4,9582

T
12 288

Open code

3
22+1)(2+2) 222+122+2) 3 e @ed

8 : 1 8 1 , 1  E——

Open code

m[[l—lng[é}}z [[3 2+2}[1—10g[é”+ 3.924+2 ”:

21



e lozpix)isthe base=b logarithm
e Lipixiisthe polylogarithm function

Series representations:
More

m[{l‘k’g[ﬁ}}z [{3 2+2}{1‘1°g[ﬁ”+ 3 %242 H:

>
22+1)2+2) 22024 1V (2% D) 22(2+17°(2+2)

ki 11 ko 11
1 = 5 {_E} a1y {_E} L
5V 3:9582 9+IDZT+3 ZT Ye [;]
k=1 k=1 k=0
Open code
Enlarge Data Customize A Interactive

+
22+ 1)2+2) 2@+ 1R 2w P 2+172+2)

m[{l—lcg[é}}z [{3 2+2}{1—10g[é”+ 3.9249 ]]:

1 o (-1f (-2 ) o {(—1)F {—ﬂ}ﬁc o (—0.25264) {—1}k
—5 ¥ 3.9582 9+1D£T12+3 ZT” N L
k=1 k=1 k=0
Open code

m[{l—lng[é}}z [{3 2+2)(1-log( L)) 3,242 ]]=

* +
22+1)(2+2) P 1R 2l 22 2+1F2+2)

1 4 9582 - 1 1
) exp{z‘nlarg{ 2 X}J](g—lﬂlng(EJ+310gz(E D

72 2
w (-1 (4.9582 - xf x* (- 7),
vx Z ket for(cxe Randx <0
k=0 E:
Open code
ny . " ' e
ils the binomial coefficient
. m)
° n! iz the factorial function
e laipisthe Pochhammer symbol (rising factorial)
o AlZiziisthe complex argument
° |x] i= the floor function
e iistheimaginary unit
e K isthe setofreal numbers
[ )
L] Integral representation:

m[{l‘k’g[é}}z [{3 2’“2}{1‘105[%” Ix2+2 ]]:

+ +
22+1)2+2) 2 2+17 2% 23 2+ 172 (2+2)

1 ,_1_1 ,_1_1
= [9— mj - JHSU : .::r]z]# 4.9582
1 1

22



1.6197197407110909681908098988355996983242252056078809

Continued fraction:
Linear form

1+ . I
4
1 1
N 1
1+
1 1
£ 1
1+
2 l
N 1
2+
1 l
o 1
137+
1 1
i 1
14+
1 1
T 1
1+
2 1
* 1
1+
= 1
T 1
1+
9 1
= 1
5+
1+—=
Open code
Enlarge Data Customize A Interactive

Possible closed forms:
More

—428 ¢ ¢! + 148 + 333 ¢ + 5070 £*
7622 ¢

= 1.619719740711090968154878

4655864421 _
= 1.61971974071109096820015
0030469342
root of 118 x° —90035 x° + 124864 x + 33460 near x = 1.61972 | =

1.619719740711000068188836
The mean of the two results is:

1/2 * (1.6176276699407945136823609219089456083119926141311270 +
1.6197197407110909681908098988355996983242252056078809)

Input interpretation:

1
5 (1.6176276699407945136823609219089456083119926141311270 +
1.6197197407110909681908098988355996983242252056078809)

Open code

Enlarge Data Customize A Interactive
Result:

1.61867370532594274093658541037227265331810890986950395

Open code

23



Repeating decimal:

1.61867370532594274093658541037227265331810890986950395

1.61867370532594274093658541037227265331810890986950395

This value 1,6186737 is a good approximation to the value of golden ratio.

Continued fraction:
Linear form

1
1+ " 1
4
1 1
N 1
1+
1 1
= 1
1+ 1
1+ 1
1+ I
5+ 1
2+ T
+- 1
12+ I
1+ 1
14+ I
1+ 1
24 I
1+ 1
2+ T
1+ 1
1+ T
1+ I
T+=
Open code
Enlarge Data Customize A Interactive
Possible closed forms:
More
—
3 [ 1145327 o
i N 1.618673705325042754207
5 ‘q 1553 149
4 10520929 :
— cscz[—J = 1.61867370532504276 1040
11 1055610
2776584071 = o
= 1.61BA73705325042740046573
5388015685

e cso(x)isthe cosecant function

We have also:

((CCCLCCA-InCI/12))/((2* 2+ D)) + (12 22+1D))D)))

Input:
24



X
l—lng[E}+ 1
2¢2+1) 222+

e lomixiisthe natural logarithm
Enlarge Data Customize A Interactive

> sl
== og(1lL))
T

° More digits

0.664151108298000051704951579973146473466415137757209993329...
0.664151108298000051704951579973146473466415137757209993329

1
T i1 +logil2yis a transcendental number
° More
1 logil2)
47 6
Enlarge Data Customize A Interactive

1
— (3 +2log(12p
1g W T<08

1
12 (3 +4log(2)+ 2 logi3n

° Linear form

25



1+ 11
1+ 1
1+ 1
43+ 1
1+ 1
1+ 1
85+ I
1+ I
S+
1 1
& 1
1+
2 1
N 1
17+ T
13+ 1
2+
1 1
3 1
1+
E 1
N 1
2+ T
1+ 1
12+ =
Open code
Enlarge Data Customize A Interactive
Alternative representations:
More
1
2(2+1) +22[2+1]\_E| %8| 12))" 12
Open code
1
_IDE{E} 1 ]_( Y [1]] 1
= = OFia) 1o e
22+1) 22+ 6 Bk 2 12
Open code
1
~log(-) 1 1 1y 1
- :—(1+L11(1 ]]+—
2(2+1) 222+ b 12/)° 12
Series representations:
More
_10g{_1} oy k
12 . 1 =} 103’[121}_3 =
2@+ 2@+ 4 12 e
Open code
Enlarge Data Customize A Interactive

26



1

_IDE[E}+ 1 _

22+1) 222+

1 1 argil2 -x); logix) 1 & (- 1 (12 - xf x*
| 5

a 3" a2n 6 k

k=1

Open code

1
-lag[E} 1 1 1, arg(l2-z) z.:.}J ( J
{—

22+1) +22[2+1}::¥+5 2
logizg) 1 jarg(l2 -zg) 12 [12 z0 ) z
— logizg) - =
6 +5{ 2% J s 52

Open code

arg(ziis the complex argument
[ ] (=]

. |x] iz the floor function

° More information
Integral representations:

1
_IDE[E} 1 1 1 j‘lzl s
+ = — + — —
22+1) 22@2+1 4 6.4
Open code
1
% IGE[E} 1 1 i iwsy 1175 (-5 I(1 + 5) |
+ =—- - — a1 0
212+ 1) 2212+ 4 12x Jiwy ril-s)
Open code

2 * sqrt[[LLLLCCCCcceececcereccl-
In(1/12)))/((2*+D DN /(@ 2D DN

Input:

lcg[ } 1
\2[2+1} 22(2+1)

Open code

e lomix)isthe natural logarithm

Enlarge Data Customize A Interactive
Exact result:

2\/ . 1[1 logi12
g o
12+5 +1og(l2))

Decimal approximation:
More digits

1.620900332813331738708308138822260132078517498142626328678...

1.629909332813331738798308138822260132078517498142626328678

27



This value 1,629909 is very near to the golden ratio. It can be defined a golden
number

Property:

[ 1 1
E,J - + 5 (1 +logil2y is a transcendental number

Alternate forms:
More

2log(12)
il

\ 3

Open code

Enlarge Data Customize A Interactive
f

1
\f' 3 (3 +2log(l2y

Open code

1
\f' 3 (3 +4logi2)+2logi3n

Continued fraction:
° Linear form

: 1
+ 1 1
+
1 1
N 1
1+
9 1
3 1
2+
1 1
N 1
4+
A 1
o 1
1+ I
68+ 1
1+
7 1
N 1
27+
l 1
" 1
1+
1 1
T 1
4+
1 1
b 1
4+
3 1
e T
2+—=
Open code a

Enlarge Data Customize A Interactive

Alternative representations:

° More

28



1—102{1—12}+ : —2\/}(1 luzzg[i]]+i
B 12

22+ 222+ 12
Open code
1
1 -log() 1 1 1y 1
- I (1 —lcg[a}lngﬂ(—]]+ —
22+ 222+1 6 12 12

Open code

l—llzng{l—:;}Jr 1 22\/

1y 1
1+Li (l——]]+—
22+1)  222+1) [ W12l 12

[= N

Series representations:

° More
3+4log(l2h-2 59 {—_ﬂ
1- 10g{1—12} 1 +log(12) -2 24, —,
+ =
212+1)  22@2+1) V3
Open code
Enlarge Data Customize A Interactive
1
1- lng{E } 1

+
22+ 22@2+1)

&
\/3+4”Tlmgzlf—x:lJ+210g[x}_22km -1F (12-xf x

=1 k
V3

Open code

1
l—lng{E}+ 1
2(2+1)  222+1)

1 1 arg(12 - x) L oy b By e
2 | —+-|1+2 {—Jl - for x <0
12+I5[ +arm o + l0gx) kz_‘l i I

Open code

o Algziisthe complex argument

. |x] iz the floor function

° More information
Integral representations:
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l—ng—l} 1 [ 2 121
[12 Il 5 [ —dt

2'\ 22+1) +22[2+1} =y'*3 ),

1] I
l—lng[E} 1 | ; r.m_v 117% I{(—s5P I(1 + 5)

2 + =/ ds
N 2@+ 2@+ \ 3rdiew r(l-s)

1.992 * sqrt [[TLL(CCCCCCCCCCCCec-
In(1/12)))/((2*+D DN /(@2 D) DI

1.992 =1.2108 * 3 —1.6402 = 1.9922 where 1.2108 and 1.6402 are Hausdorff
dimensions. The dimension 1.2108 1is:

Y27 - 3y/78+ (/27 + 3VT8
3 b

2log,

or root of 2* — 1 = 2(2-®)/2

2 -
\ 22+1 22241

e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive

Fewer digits
More digits

1.623389695482078411843114906266971091550203428150055823363...
1.6233896954820784118431149062669710915502034281500558

This value 1,623389 is very near to the golden ratio. It can be defined a golden
number

More

1- log[—lj

1.992 12 L 199 Ili[l lo [iD i
T 2@+ T 2@en \Jﬁ Bel12))" 12

Enlarge Data Customize A Interactive
30



1
1.992 : —lﬂg[ﬁ} + - = 1.992 \/E [1 - logia) log [i]]+ i
22+1) 222+1y 6 “\12)) " 12
Open code
1
1.992 1~ log;) s 1 100 \/E [1+u1(1- i]]+ L
22+ 2°@2+1 6 12 12
Open code

Series representations:

More
k
1-log(;) 1 s SR
1.992 2 =1.992 | -+ - >
22+ 222+1 il k
Open code
Enlarge Data Customize A Interactive
1 ki3 1 1k 1
l—lag[E} 1 = 1) {_4 T8 lcg{ 12 } {_2}k
L1802yl —r o =1.992)" I
2+1) 2@+ £ !
Open code
1
1—10g[E} 1
1.992 + =
2(2+1)  222+1)
1 kil ¥ &
1.992 i 3-4inx arg{E s —210g[x}+2i{_1} {12 x} * forx =10
' 12 x = k ‘

Open code

° n! iz the factorial function
e laipizthe Pochhammer symbol (rizing factorial)

o Algziisthe complex argument
. |x] iz the floor function
e iistheimaginary unit

° More information
Integral representation:

1-log X
1.992 g[ 12} i - = 1.992 \/
2i2+1)  222+1

1
12

| =

JL

Sh| =

1
4

Continued fraction:
Linear form
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1+

1+ 1
1 1
N 1
1+
1 1
= 1
1+
1
9+ 1
12+ I
1+ 1
3+ 1
1+ 1
27+ I
2+ I
1+ I
45+ 1
24+ T
1 ). L S
T 1
1+———
1 1
1 1
1+ I
2+=
Open code
Enlarge Data Customize A Interactive
Possible closed forms:
More
7 + 650 & — 6 &2 (o
= 1.56233B0/054820784123602
2(316 + 77 ¢ + €°)
root of 9974 x3 +1970x% - 71519 x + 68240 near x = 1.62339 =
1.62338069548207841187 2583
m  root of 65820x° -21651x% +3308x-5010 near x =0.516741 =

1.623389695482078411857963

1.9649 * sqrt[ [[[[[(CCCCCCCCCCCrec-
In(1/12)))/((2* 2+ D DN /(@2 D)D)

Where 1.9649 = 1.5849 * 2.04- 1.2683 where 1.5849, 2.04 (mean between 2.06 and
2.02) and 1.2683 are Hausdorff dimension:

Input interpretation:

1-log(—~] 1
1.9649 | [12}+
\ 2@+ 22241

Open code

e logzixiisthe natural logarithm

Enlarge Data Customize A Interactive
Result:

Fewer digits
More digits

1.601304424022457766782397830985929466760539516050223236609...
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1.6013044240224577667823978309859294667605395160502232

This value 1,601304 is very near to the golden ratio. It can be defined a golden
number. Furthermore, this result is a good approximation to the value of the electric
charge of the positron.

More

1-log(-) 1 M I .01
1.9649 | 12 ~1.9649,] = [1-1 :.[—]] o
’ g‘i 22+1)  2@+1) \Iﬁ %8127 12
Open code
Enlarge Data Customize A Interactive
1 -log() 1 I %
1.9649 .| o _ 1.964 —[1-1 1 [—]] i
PP\ Zary T2Zeln 0 O § |1 -los@ o 35 )+ 1
Open code
1-log( ) 1 1 e
1.0649 | 12 ~1.9649 [ = [1 Li [1- —]] i
¥ 2@+) T Za.y Ve ll+ill-g))

More

1- lng[—l} 1 1@
1.9640 | 12 =1.0649 | = + = 1 12
\ 22+1) 222+ \4%&; K
Open code
Enlarge Data Customize A Interactive
l—lng—l 1 00 T —E—llcg {2
1.9649 ,| [12}+ 1 =1_9549L [ 4 6 1 [12” [ 2k
Open code
1-log(,-) 1
1.9649 .| 12 _
\ 2@+1)  22@2+1)
arg( - -x U (L

k

F

1
1.9649 | — [3-4
9 9*‘1- 12[ iT

- 2 logix) + 2 2‘
k=1

33



Open code

° n! iz the factorial function
e laipizthe Pochhammer symbol (rizing factorial)

o aAlgiziisthe complex argument
° |x] i= the floor function
. i iz the imaginary unit

° More information
Integral representation:

1- log L / 1 1 - 1
1.9649 [12}+ = 1.9649 —-——Lllz-dt
2@+ 2@2+1) V4 6.1 ¢t
Continued fraction:
Linear form
g 1
+
1+ 1
1+ 1
1
1+ I
1+ 1
30+ I
15+ 1
2+ 1
2+ 1
2+ I
2+ I
2+ I
1+ 1
1+ T
1+ 1
1+ I
1+ 1
13+
9 1
G 1
8+
3+—=
Open code
Enlarge Data Customize A Interactive
Possible closed forms:
More 1
bgtiﬁ[495—9?ﬂﬁg+95f+1?f2—9ﬂn+?4nﬂ}z

1.6013044240224577667 78807
x| root of 46981 x° -62628 x% +937x+9572 near x = 0.509711 =~
1.601304424022457766771270

1415933283 » o
= 1.601304424022457766773069
2777913764

From sum of the three results multiplied by 1/3, we obtain the following mean value:
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1/3 *
(1.6013044240224577667823978309859294667605395160502232+1.623389695482

0784118431149062669710915502034281500558+1.62990933281333173879830813
8822260132078517498142626328678)

1
3 (1.6013044240224577667823978309859294667605395160502232 +

1.6233896954820784118431149062669710915502034281500558 +
1.629900332813331738708308138822260132078517498142626328678)

Enlarge Data Customize A Interactive

More digits

1.618201150772622639141273625358386896796420147447635109559...
1.618201150772622639141273625358386896796420147447635109559

This value 1,6182011 is a good approximation to the golden ratio.

Linear form

1+ " 1
+
1 l
N 1
1+
1 1
s 1
1+
1 l
y 1
1+
9 1
i 1
16+ T

Enlarge Data Customize A Interactive

More
103’[ 19643 481 }

—— 48031 ©  1.6182011507726226366059
log44)

of 685x% -2233x° +70x® - 2430 x +8514 near x = 1.6182 =
1.618201150772622639133167
35



3078491603
5976615824

= 1.61820115077262263914814 14

From the following expression based on the multiplication of the three original
results, we obtain:

(((exp(0.5 *0.727407634338359360680321320665207117184924350065043987928
*0.664151108298000051704951579973146473466415137757209993329))))"2

exp (0.5 - 0.727407634338359360680321320665207117184924350065043987928
0.664151108298000051704951579973146473466415137757209993329)

Enlarge Data Customize A Interactive

Fewer digits
More digits

1.621105925722800466699514291963014385232411449473208761283...
1.6211059257228004666995142919630143852324114494732087

This value 1,6211059 is very near to the golden ratio. It can be defined a golden
number

Linear form

1+ : I
+
1 1
N 1
1+
1 1
2 1
1+
3 1
N 1
2+
1 1
o 1
1+
2 l
i3 1
1+
1 1
N 1
1+
l l
3 1
21+
1 1
T 1
20+
1 1
b 1
1+
1 l
L |
4+ =
Enlarge Data Customize A Interactive

More

36



| 12144755
! = 1.62110592572280054388

Y 18485277
667459 178

1293490337
- 143 x° +191x* -396x° -873x% +340 x +510 near x = 1.62111 =

1.62110592572280046675333

= 1.621105925722800466606217

(1.6211059257228 * 27/2)+(23.3621)"2

where 23,3621 is a black hole entropy

1.6211059257228 - 27° + 23.3621°

Enlarge Data Customize A Interactive

1727.5739362619212
1727.5739362619212

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

Linear form

1727 +

1+

1+

2+

1+
7+

2+

2+

1+

3+

37



Enlarge Data Customize A Interactive

More

4929 5619 3321e
50 100 5
973¢! 989 1991

5 B e

78302 5138 531x

’ s - 1727.57393626192110700
55 B4 B

= 1727.57303626192118037

+874 ¢~ 1727.573936261921210256

Indeed:
(1.6211059257228 * 27"2)+(In (13996663 144))"2

1.6211059257228 - 27° + log®(13996 663 144)

Enlarge Data Customize A Interactive

More digits

1727.5732256476...

e logzixiisthe natural logarithm

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—

Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number

1729

More

1.62110592572280000 - 27° +log” (13996 663 144) =
1.62110592572280000 - 27° + log>(13 996663 144)

Enlarge Data Customize A Interactive

1.62110592572280000  27° + log(13 996 663 144) =
1.62110592572280000 277 + (logia) log, (13 996 663 144

1.62110592572280000 - 27° + 10g2[13 006663 144) =
1.62110592572280000 - 27° + (-Li;(-13 996 663 143))°

More
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1.62110592572280000 277 + 10g2[13 006663 144) =

= _é}k
1181.78621985192120 + |log(13 996 663 143) - Z[ 13*‘“‘"'5;'53 -
k=1

Open code

Enlarge Data Customize A Interactive

1.62110592572280000 - 27° +log” (13996 663 144) = 1181.78621985192120 +

[2 rrgtu 906 663 144 — x) ® (~1/ (13996663 144 — x)f x* ]z
IaT

logix) -
2 +g}ké k

Open code

1.62110592572280000 Gl lﬂgz[lB 006663 144 =
arg(13006 663 144 - z.;.}J [1 [ 1
og

— |+ logi(= }J—
2 ZDJ-'- BN

1181.78621985192120 + [lag[z.;.l 5 {

L (-1} (13996 663 144 — zg)* z5* ]Z
k

k=1

1.62110592572280000 - 27° + 10g2[13 996 663 144) =

*13 005663 144 1 2
1181.78621985192120 + U . dt}
J1

Open code

Enlarge Data Customize A Interactive

1.62110592572280000 277 + 1Dg2[13 006663 144) =
i ca+y 13996 663143 75 [{-s)2 [{14s) " 2
[ —i a4y [{1-s) ds
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The cases c = 24k, k € Z, are rather special in that they are the only ones that allow
for the possibility of holomorphic factorization. In the self-dual case, where the space of
states of the theory consists only of the vacuum representation, holomorphic factorization

implies that the partition function factorizes as
Zo(7,T) = Ze(T) Ze(T) (1.4)

with Z.(7) and Z.(T) being separately modular invariant. Although there exists no com-
pelling argument for considering only the cases ¢ = 24k, the decomposition (1.2) of the
action as a sum of two terms is suggestive of a factorization of the form (1.4), and the
absence of CFTs with the required properties at lower central charges points towards the
value ¢ = 24 above which there is a proliferation of holomorphic CFTs. Be that as it
may, the assumption of holomorphic factorization tremendously simplifies things, as one
may uniquely determine the partition functions of the sought CFTs by imposing modular
invariance and requiring that the primaries associated with black-hole states enter at the
highest possible level. For ¢ = 24 and ¢ = 48, the (holomorphic) partition functions read

Zoa() = j(7) — 744
— ¢ ' + 196884 ¢ + 21493760 ¢ + 864299970 ¢° + 20245856256 4* + ... , (1.5)
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and

Zys(1) = j2(7) — 1488 j(T) + 159769
— g% + 14 42087520 ¢ + 40491909396 ¢* + 8504046600192¢° + ..., (1.6)

where j(7) is the modular j-funetion and g = e?™T  The partition function in (1.5) defines a
very special theory among the 71 holomorphic CFTs believed to exist at ¢ = 24 [14]. It was
first constructed by Frenkel, Lepowsky and Meurman [15] (see also [16]) by considering 24
chiral bosons on the Leech lattice and using a Zs orbifold to project out the 24 dimension-1
primaries. The 196884 dimension-2 operators correspond to one Virasoro descendant plus
196883 primaries whose number is the dimension of the lowest non-trivial representation of
the largest sporadic group, the monster group. In fact, each coefficient in (1.5) equals the
number of descendants at this level plus the dimension of an irreducible representation of
the monster; this observation forms part of monstrous moonshine, an unexpected connec-
tion between modular functions and finite simple groups. For the partition function (1.6)
and, in general, all Z4x(7) with k& > 2, the corresponding CFTs have not been identified,
but the number of available lattices in these dimensions makes their existence plausible.
Furthermore, the counting of microstates in the CFTs under consideration yields, for all
values of k, an entropy that is very close to the corresponding Bekenstein-Hawking entropy
of the BTZ black hole. These facts led Witten to propose that three-dimensional quantum
gravity with ¢/16G = k € Z is dual to the ¢ = 24k series of extremal CFTs. In particular,
for the most negative possible value of the cosmological constant, the dual CFT has been

conjectured to be the ¢ = 24 monster theory.

2. Genus one extremal partition functions for ¢ = 8m

The main purpose of this paper is to note that the arguments mentioned above may apply,
with minor modifications, to the case where the central charge is a multiple of 8, ¢ = 8m
with m € Z. In the Chern-Simons formulation this corresponds to taking a three-fold
diagonal cover of SO(2,1) x SO(2,1) as the gauge group. Note that the resulting values
of the Chern-Simons couplings, k. g € %Z, fit nicely with the last quantization condition
in (1.3). In the cases ¢ = 8m, holomorphic factorization is no longer possible in the strict
sense, but one can still have holomorphic factorization up to a phase. This, along with
the requirement that the primaries associated with black holes appear at the right level,
uniquely specifies the partition tunction for each value of m. In what follows, we describe
the construction of these partition functions, and we state exact and approximate formulas
for the corresponding degeneracies of states.

2.1 Partition functions

The starting point of our construction is the well-known fact that, for a CFT of central
charge ¢ = 8m, there exists the possibility that the partition function factorizes as in (1.4),
but with the holomorphic part picking up a phase under I' : 7 — 7+ 1,

Zgm (1) — e ™8 70, (1) (2.1)
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and with the antiholomorphic part picking up the opposite phase o that the full parti-
tion function is modular variant (see e.g. [14, 17 ). Assuming that this is the case and
furthermore assuming as in [10] that the theory is self-dual. the construction proceeds as
follows. In the absence of primary fields, the partition funection of such = theory would he

just the vacuum Virasoro character,

ZogmlT) = g~™/3 H - qn =q ™3 Zﬂ (P(n)— Pn—1))¢", (2.2)

=2
where P(n) denotes the murher of partitions of n. This partition fimetion clearly cannot
account for the degeneracy of the BTZ black holes and, in addition, transforms non trivially
under § : 7 — —1/7. To remedy these problems we would like W add primaries, Lo be
identified with operators creating BT7 black haoles, in snch a way that modular invariance
up to a phase is restored. To figure out the conformal weight of such states, we note that,
chousing the additive constant in Ly su that its eigenvalue is fi— o5 where [t is Lhe conformal

welght, Ly is related to the mass and sngular momentum of a B1'Z black hole according to
Ege %{EM +0), (2.3)

and the Bekenstein-Hawking entropy reads [1§]

e
SBH(T?I, LD} == 4‘]‘:’1/ f-_'_f].Lﬂ = 4?1'\;‘ Lp._ (2—1:]

with similar relations for the antiholomorphic sector. The minimal mass of a hlack hole

corresponds to the case {M = |J|, i.e. Ly = 0, for which the entropy vanishes. Therefcre,
oar h r!.ﬂan 1.0, fnr})‘b h

seomiated with the bla, L' hole states should app or L )
d o' o e

the primaries
"

where

— | +1 (2.5)

On the other hand, according to a result of Hohn [18], the dimension of the lowest primary
in a self-dual CFT has an upper imit given by i < hy,. Therefore, our requirements can
be satisfied only if h = h,y,, thar is, if the full partition function has the form

Zanlt) = g3 ( I + oG+ J] _ (2.6)
/

s 1y
=2

Such partition functions are called extremal and have the remarkable property that they
are uniquely determined once one imposes modular invariance up to a phase. Namely,
A Y

the requirement (2.1) fixes a self-dual partition function with ¢ = 8m to be a weighted
polynomial of weight m/3 generated by j1/3(7), with the general form [19]

[m/3]
Zam(T) = 1™3(T Z axfr) (2.7
The coefficients a, are then determined by matching the terms of order ¢"~"™/3, r =
0,...,[m/3], with those in (2.6) as in [10] (see also [20]). The results of this analysis

are given below.
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For ¢ = 8, 16, we have h;; = 1 meaning that the extra states enter at level one above
the vacuum. Therefore there exists no mass gap and the extra states must correspond to
massless fields arising as a result of a gauge symmetry. In fact, as the self-dual partition
functions for ¢ = 8 and ¢ = 16 are well-known and believed to be unique, the result can be
immediately anticipated. Indeed, applying the matching procedure we find

Zg(1) = j3(r) = V3 + 248 7% + 4124¢%% + 3475247 + 213126412 4 ..., (2.8)

which is the vacuum character of the level 1 affine Ej theory (or ¢—'/3 times the McKay-
Thompson series of elass 3C for the monster) and

Zig(r) = §¥3(7)
— ¢ 1 496 ¢® 1+ 69752 M + 2115008 ¢7/* + 346706204"%3 4 ... (2.9)

which is the vacuum character of the level 1 affine Ex x Fx theory. Due to the presence
of Kac-Moody symmetries, these extremal CFTs cannot be directly relevant to pure AdS,
gravity but, possibly, to extensions of AdS3 gravity including gauge fields with Chern-
Simons interactions [10].
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For ¢ = 24, 32, 40, we have hy, = 2, i.e. the extra states enter at level two above the
vacuum and the required mass gap exists. For ¢ = 24 we find the partition funetion (1.5)

discussed earlier on. For ¢ = 32 and ¢ = 40, we obtain the partition functions

Za(r) = §3(r) — 992 jY3(r)
= g3 £ 139504 ¢%/3 + 69332002 ¢°/3 + 6998296696 ¢°/°
+330022830080 g1/ + .. . | (2.10)

and

Zso(r) = 7553(1) — 1240 52/3(7)
= ¢33 + 20620 ¢'/% + 86666240 ¢/ + 24243884350 47/3
+2347780456448 ¢'/3 + .. . (2.11)

These partition functions have been first obtained by Hoéhn in [19] and the corresponding
CFTs have been identified with Z», orbifolds of theories defined on even unimodular lattices
of the respective rank possessing no vectors of squared length 2. Proceeding in this manner,

we may in principle specify the partition function for any value of m. Explicit formulas up

to ¢ = 88 (omitting the cases ¢ = 48, 72 already considered in [10]) are given below.

Zss(T) = §7/3(r) — 1736 143 (1) + 401661 j1/3(7)
= q /3 4 1% 1 7402776 ¢%/3 33041442214 ¢°/3
+16987600857280 ¢%/3 + 2008621352249926 ¢' /3 . . . |
Zea(t) = 72/3(r) — 1984 53 (7) + 705057 j%/3 (1)
= g3 4 3 L 278512 ¢'/3 + 13996663144 ¢V + 19414403055040¢7/3
+769385603725340 ¢'%/3 + 1062805058989221728¢13/3 + ... ,
Zso(T) = §193(1) — 2480 573 () + 1496361 4/3 (1) — 132423391 7'/3 (1)
= g 108 4 g3 4 ¢~ 1/3 1 173492852 ¢*/3 + 4605630250012 ¢/
+R461738959649848 ¢*/3 + 4203800043969667206 ¢11/3 + . .. |
Zag(t) = j13(1) — 2728 %3 (7) + 1984260 5°/3 (1) — 302198519 5273 (1)
=g 1B 4 ¢5/8 4 ¢=2/3 4 2365502 ¢'/3 + 907649518712 ¢*/3

+4712143513485758 ¢°/3 + 4723281033156413468 ¢'°/3 + . .. . (2.12)

These partition functions have not been, to our knowledge, previously identified in the
literature. It would be interesting to examine whether corresponding CFT's actually exist.
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2.2 Microstate counting

In what follows, we will verify that the partition functions constructed above can account for
the degeneracy of the BTZ black hole states. According to Witten's interpretation, the new
states appearing at each level are divided into primary states, corresponding to black holes,
and Virasoro descendants of lower-lying primary states, corresponding to lower-mass black
holes dressed with boundary excitations. Therefore, the number of microstates associated
with black holes of a given mass is given by the number of primaries at the corresponding
level. The total number of states D(m, Lg) at a given eigenvalue Ly = h — % is read off
from the relation -

Zsm(r)= 3., D(m,Lo)g", (2.13)

Lo+m/3=0

and the number d(m, Lg) of primaries is then obtained by subtracting the number of
descendants at this level. Once d(m, Lg) is determined, we can define the microscopic

entropy
S(m, Ly) = Ind(m, Ly) . (2.14)

In practice, the contribution of descendant states to D(m, Lp) is negligible and we can
trade d(m, Ly) for D(m, Lg). In any case, the entropy computed by means of (2.14) turns
out to be quite close to the semiclassical entropy (2.4), as explicitly shown on table 1 for
m =3,....8 and for the first few values of Lg.

However, this agreement is a mild check of the proposed duality since it is mostly
controlled by modular invariance! rather than by the detailed structure of the theory. To
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m Lo o g SeH | Lp il ) Sen
1 106883 12,1004 | 12,5664 1 42087510 17.5764 | 17.7715
3 2 21296876 16.8741 [ 17.7715 6 2 AD44R8D21875 24.4233 | 251327
3 | 842600326 |20.5520 | 21.7636 3 | 3463511703277  29.7668 | 30.7812
273 139503 11.83458 | 11.8477 2/3 7402773 15.8174 | 15.6730
1 5/3] 69193188 18,0524 | 18,7328 7 5;’3 33934030437 242477 | 24,7812
R/3| 6928824200 | 22 6580 | 23 /3954 R/3 | 16953652012291 304615 | 313460
1/3 20619 9.9340 | 9.3664 1/3 278511 12,5372 | 11.8477
5 4/3| 86645620 |[18.2773|18.7328 8 [4/3| 13996384631  23.3621 | 23.6954
773 24157197490 | 23.9078 | 24.7812 7/3|19400406113385 30.5963 | 31.3460

Tahle |: Nepeneracies, microsenpic entropies anc semiclassieal entropies for the first frw valnes of

m oand Lg.

see this, we recall that the Petersson-Rademacher formula [21, 22 completely determines
the coefficients F'{I) of 7'=¢/?* in the expansion of a modular form of weight w in terms of
the corresponding polar coefficients F(n), n — 37 < 0, according to [23]

% _n\{l—tﬁw
Fy-w Y (E5 Fir)

n—ef24<0

(4 ' : :
YZ 11 (1= =) e (1 (5 -0) (1-5) ) @19

where Klia,b: %) i the Kloosterman sum

2
Kl(a,bik)= Y. er_!-:p( M e b)} (2.16)
de(T/RE) 4
and I, (z) is & modiflied Bessel [unction ol the first kind, Using (his expression [or the
coefficients D(m, Ly) of the partition function Zsp(7r) and noting that for an extremal

CFT the polar coefficients are the same as those in the vacuum character (2 .2) namely

D(m,n— %) =Pn)— P(n- 1) forn=0,...,[m/3], we find

[n/3]

Di(m.Lp) = 21 Z

[+ @)
xz Kl(Lgn——k "(F»Vf = L(.) (2.17)
J'C=l

where we note that the n — 1 term vanishes smee [’(1) — I’(0). In this expression, the
only factor that depends on the details of the theory 12 F(n) — F(n —1).

Eq. (2.17) is an exact result. which can be used to derive various approximate ex-
pressions, appropriate for lmiting cases. A first simplification is to use Weil's estimate

P(n—1))

Kl(a.b; k) =~ VT to obtain the expression

Di(m, Ly) ~ 2 [m“‘T‘HE| (3= (P P! \f“ N 7 218!
(m, Lo) =~ ?T‘,__,!V (n) — P{n—1)) 2 —Vf——ﬂl 0|, (218
=0

7

._n
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which turns out to be in excellent agreement with the actual number of microstates. The
semiclassical results usually quoted in the literature are obtained by taking the large-m
and large-Lg limit, using the asymptotics I(2) ~ e*/v/272, and keeping only the n = 0
and & = 1 terms in the two summations., Doing so, all information about the details
of the theory (apart from the ground-state degeneracy) disappears, and one obtains the
Hardy-Ramanujan formula

/23y1/4 .
D(m, Lp) = %% exp (471', / %Lg) ; (2.19)
0

which is valid for any CFT of central charge ¢ = 8m and leads to the entropy

S(m,Lg) =~ Sgp(m, Ly) — %lu Sgr(m, Lg) + ln? +1In 4”‘/5 , (2.20)

"

which is the Bekenstein-Hawking result plus the logarithmic corrections [24, 25]. Therefore,
in the semiclassical limit one recovers the Bekenstein-Hawking entropy, as guaranteed by
Cardy’s formula [26], while the qualitative agreement for smaller values of m and Ly, as
those shown on table 1, is due to the convergence properties of the sums in (2.18).

On the other hand, the exact formula (2.17) (or its approximation (2.18)) allows for
a controlled expansion that makes it possible to determine the various corrections to the
semiclassical results. In particular we note that the partition numbers P(n), being the

n=1/24 in y=1(q), admit themselves the Petersson-Rademacher expansion

1 3/4
- 1 £ dr |1 1 -
P(n) =2 (ni—l) N - Kl <n . ﬁ,—ﬂ;k) Iy (? i ('n s 9—4)) . (221)
24 G e

k=1

coefficients of g

Substituting (2.21) (or a suitable approximation thereof) in (2.18), and expanding around
the semiclassical limit (m, Ly — oo, Lg/m fixed), one may in principle calculate all leading
and subleading corrections to the Bekenstein-Hawking formula in a systematic manner. It
has been reported in [10] that a study of these corrections is in progress.

Note that with regard In (13996663144), the value that we have used is that
highlighted in yellow.

This makes us understand that Ramanujan already had in mind the mathematics of
the monster theory and was aware that one day it would be used in an innovative way
as in the case of physics applied to the study of entropies and microstates of black
holes.

The complete formula is:

(((exp(0.5 * 0.72740763433835936068 * 0.66415110829800005170))))*2))) *
2772+(In (13996663 144))"2

Input interpretation:
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exp”(0.5 - 0.72740763433835936068 - 0.66415110829800005170) - 27° +
log” (13996 663 144)

Open code

e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive

Fewer digits
More digits

1727.573225647597397810783318505741982715616943090249898511...

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

exp (0.5 0.727407634338359360680000 0.664151108298000051700000) 27 +
log* (13996 663 144) = 27° exp”(0.241554) + log? (13996 663 144)

Open code

Enlarge Data Customize A Interactive

exp (0.5  0.727407634338359360680000  0.664151108298000051700000) 27° +
log®(13996 663 144) = 27° exp®(0.241554) + (log(a) log, (13 996 663 144))°

More

exp~(0.5  0.727407634338359360680000 - 0.664151108298000051700000) 27° +
log®(13996 663 144) =

e
13 006 663 142:1||
k

729 exp’(0.241554) + | log(13996 663 143) - >
k=1

Open code

Enlarge Data Customize A Interactive

exp (0.5  0.727407634338359360680000  0.664151108298000051700000) 27> +
log®(13 996 663 144) = 729 exp”(0.241554) +

[2 Frg[la 996 663 144 x}J & (-1% (13996663144 — x)* x* ]Z
Iar

logix) -
27 hlar kZ; k

Open code
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expz[D.E 0.727407634338359360680000  0.664151108298000051700000) 277 +
log* (13996 663 144) =

(13996 663 144 - 1
729 exp?(0.241554) + | log(zo) + | —2 ZD}J [105(_]+ e }]_
EJ'T ZD
& (-1)F (13996 663 144 — zg ) =3¢ ]z
k
k=1

Open code

° argiz)is the complex argument

° |x] i= the floor function
. i iz the imaginary unit

Integral representations:

exp?(0.5 - 0.727407634338359360680000 - 0.664151108298000051700000) 272 +
- *13006 663 144 1
log?(13 996 663 144) — 720 exp?(0.241554) + U Cat
1

Open code

Enlarge Data Customize A Interactive

expz[D.E 0.727407634338359360680000 0.65415IIDEEQEDDDDSITDDDDG}2?2+
log®(13996 663 144) =

[J-mﬂ 13906 663 143~ [{-s)° [{145) e 2
—i pa+y [{1-s) _
729 exp?(0.241554) + S for -1
442 5°
Open code
° Iix iz the gamma function
[ )
Note that:

(((((((((((exp(0.5 * 0.72740763433835936068 * 0.66415110829800005170))))"2))) *
2772+(1In (13996663144))"2)))))) /15

Input interpretation:

[exp‘?[D.S 0.72740763433835936068 - 0.66415110829800005170) 27 4
log®(13996 663 144 ™ (1/15)

Open code

e logixiisthe natural logarithm

Enlarge Data Customize A Interactive
Result:

Fewer digits

More digits
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1.6437247619250813701782504607852006204934261344671712719091 ...

1.6437247619250813791782594607852906204934261344671712

This value 1,643724 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:
Linear form

: 1
T+ 1 1
.
1 1
N 1
1+
2 1
5 1
5+
1 1
N 1
1+
1 1
o 1
2404
2 1
b 1
1+ I
117+ I
1+
l 1
s 1
1+
8 1
T 1
1+
3 1
% 1
1+
1+—=

Open code

Enlarge Data Customize A Interactive

Possible closed forms:
More

1752848168 «

3350156337
—797 — 261 e+ 574 &

3(276 +59 ¢ + 16 £%)
root of 28309 x° - 62583 x7 + 7125x + 31655 near x = 1.64372 =
1.643724761925081379105766

= 1.643724761925081379131481

= 1.6437247619250813794630]

And that:

[((((((((exp(0.5 * 0.72740763433835936068 * 0.66415110829800005170))))*2))) *
2772+(In (13996663 144))"2))))*1/15)))]*10 * sqrt(27) - sqrt(16)
Input interpretation:
[Expz[D.S 0.72740763433835936068 - 0.66415110829800005170) - 27° +
log?(13996 663 144)) ~ (1/15)° /27 -y 16

Open code
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e logzixiisthe natural logarithm

Enlarge Data Customize A Interactive
Result:

Fewer digits

More digits

744.1227446543736282587233230283077078736238041407019814899...

Alternative representations:

[Expz[Cl.S 0.727407634338359360680000 - 0.664151108298000051700000) 27 +

log?(13996 663 144)) ~ (1/15)'° 4/ 27 4

—v 16 +15/ 277 exp®(0.241554) + log?(13 996 663 144) ﬁ.fz?

Open code

Enlarge Data Customize A Interactive
[expz[D.S 0.727407634338359360680000 0.664151108298000051700000) 277 +

log®(13996 663 144)) ~ (1/15)° /27 —+/ 16
10

—y/ 16 +15/ 277 exp®(0.241554) + (log(a) log, (13996 663 144)° /27

Series representations:

(exp(0.5  0.727407634338359360680000 - 0.664151108298000051700000) 27° +
log*(13996 663 144)) ~ [1;15}1'3 V27 -4/ 16

o o (=11 (16 - b _
_\,’; Exp(!ﬂargtlﬁ :vr:}”Z :! X [ z}k N XP[‘”Frg[sj x}”

2
T k=0

1 L 2/3
{_ 13 06 653 143 }
k

729 exp?(0.241554) + |log(13996 663 143) -
k=1

@ (-1F @7-xf x* (=),
forixeRandx <0

k=0 kt

Open code

Enlarge Data Customize A Interactive
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[Expz[Cl.S 0.727407634338359360680000 - 0.664151108298000051700000) 27 +

log*(13996663 144)) ~ (1/15)"° 4/ 27 -4/ 16 =
(-1) [—zl}k[lf:—z.;.}k z.;.“"‘

V{— 1 3 1/2 |arg(16-zg )2 m)) 142 |arg(16-2g (2 )] o
= (2 . S
2 1
2 k=0

1 W2 lagl27-2p ¥2ml g0 argiz 720 (2 m)
K=t zg
Ep

1 /3

13
ol B
729 exp(0.241554) + |log(13 996 663 143) - Z[ osee

k
k=1
14k [_ 11 i k &
® i—1y 21,{[2? Zo) Eq
k!
k=0

o AlZzlisthe complex argument
. |x] iz the floor function
° n! iz the factorial function
e laipisthe Pochhammer symbaol (rising factorial)
. i iz the imaginary unit

o K isthe setofreal numbers

Integral representations:

(exp®(0.5 - 0.727407634338359360680000 - 0.664151108298000051700000) 277 +
log®(13 996663 144)) ™ (1/ 15" 27 -/ 16 =
13906663 144 1 /2
—4/ 16 +[?29 expzm.241554}+U E.ng]z 27
1

Open code

Enlarge Data Customize A Interactive
[Expz[D.S 0.727407634338359360680000  0.664151108298000051700000) 277 +

log*(13996 663 144)) ™ (1,15)"" y/ 27 -/ 16 =

[J-mﬂ 13906 663 143 ~S [{-s)? [{14s) i

2 .3/3
=i a4y Mi1-s) ] V{E

45

— 16 +[729 exp®(0.241554) +

for -1 0

Open code

° Iix iz the gamma function
[ )

Where 744.1227... =744 that is a number of the Laurent series in terms of q.
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We remember that several remarkable properties of j have to do with its g-expansion
(Fourier series expansion), written as a Laurent series in terms of g = exp(2xir) (the
square of the nome), which begins:

1 . .
i) = Py 744 + 196884q + 21493760¢> + 864299970¢" + 20245856256¢" + - - -

We note that:
From:

Modular equations and approximations to m (S. Ramanujan)
Quarterly Journal of Mathematics, XLV, 1914, 350 — 372

We have that:

64(ges + gort) = "V — 24 1+ 4372 "V 4 ... = 64{(1 + VD)2 + (1 - V2)12}.

Hence
™V _ 9508051.9982
64(G2 + G7Y) = ™3 4+ 24 + 4372 V3T — ... = 64{(6 + V37)® + (6 — V3T)5}.
Hence _
o™V — 100148647.990078 . . . .
\’@ 12 . ,,F)_g 12
64(g2% + ge2Y) = VB _ 24 4 4372V ... = 64{ (—° TQ ) 4 (—'j _;“ ) } .
Hence
A SEE m i e
€ ' = 24001201 (ol . DYUYUusA | |

Now, from the three values 24591257752, 199148648 and 2508952 , we obtain:
(24591257752 — 199148648 — 2508952)"1/47

“J 24591257752 — 109 148 648 — 2508952

Approximate form
Step-by-step solution

2347 %] 3048700019
Enlarge Data Customize A Interactive
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Decimal approximation:
More digits

1.663420330383565100580777083813405500763471728405377583846...

Open code

Alternate form:

root of x*7 — 24389600 152 near x = 1.66343

1.663429330383565109589777083813405500763471728495377583846

This value 1,663429 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:
Linear form

1+

1+

1+

1+ 1
33+

1+ 1
1+

1+ 1
8+

1+ 1
16+

406+

Open code

Enlarge Data Customize A Interactive
Possible closed forms:
More

x root of 560x° -82x% +31x° —680x% +40 x + 148 near x = 0.529486 | =

1.663429330383565109573511
2(-39-12r+322 %)

~160 + 12197 + 6 °
root of 73x° —100x* +23x° - 174 x% —-881 x + 1677 near x = 1.66343 | =

1.66342933038356510977190

= 1.66342933038356510946117

and

1.66342933038 = 1,663;
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1.663%

Enlarge Data Customize A Interactive
744,045063887645470086511268055058081944703
744.045063887645470086511268955058081944703

More

10373 ¢ e! +4791 — 555 ¢ — 8402 ¢°
=~ 744.04506388764547008 19983

30 e
Enlarge Data Customize A Interactive
12995 77! - 187 + 15724 7 + 1280 7°
= 744.0450638876454 7008602589
152~
x° - 753 x* +6659 x° + 2882 x° + 1436 x - 1397 X =T744.045 =

744.045063887645470007274
. n! iz the factorial function
where:

744.0450638... = 744 (see pag. 53)

Now, we have that (From Wikipedia):

Ramanujan's master theorem (named after Srinivasa Ramanujan) is a technique
that provides an analytic expression for the Mellin transform of an analytic function.
It was widely used by Ramanujan to calculate definite integrals and infinite series.
An alternative formulation of Ramanujan's master theorem is as follows:

™

fulx'f-‘m{nj —2M1) + ?A(2) — - Yz = A(=a)

sin(ms)
which gets converted to the above form after substituting

p(n)
Alp)= T(1+n)

and using the functional equation for the gamma function.

The integral above is convergent for 0 < Re(s) < 1 subject to growth conditions on ¢ .
A proof subject to "natural" assumptions (though not the weakest necessary
conditions) to Ramanujan's Master theorem was provided by G. H. Hardy employing
the residue theorem and the well-known Mellin inversion theorem.

From pag. 198 of:
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RAMANUJAN

TWELVE LECTURES ON
SUBJECTS SUGGESTED BY HIS LIFE AND WORK

BY

CAMBRIDGE
G. H HARDY
Sadleirian Professor of Pure Mathematics in the AT THE UNIVERSITY PRESS
University of Cambridge 1940

11.8. I quote a few of Ramanujan’s special cases.
(i) If 0 <8 <Min (e, £), then

(™ s fy, ) L) TEOT@=8)[f=1)
Jo CHRCE I'(a) I'(B) I'ly —s)

Here F(a,f,v,z)is the hypergeometric function, defined for 0 <a <1 by
the usual power-series and for > 1 by analytie eontinuation.

( x - -

(i) If 0<g<l, ¢>0, and 0 << g¢*?, then

F_,J_H (+age) (1 +ag®).. . m = (1-g")(1-ag")
T (l4z)(1tgx) (14¢%) ... sinsm 7y (1 —g™) (1 —ag™ %)

(iv) If 0<s<1, then

o (=Lman . I()
f ¥ 0 n'§(2n+2 thsiie £(2—28)

HR 13
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Of these, (i) and (ii) are straightforward corollaries of what we have
proved. To prove (iii), we use the expansion

L R |

Bixz) = LHagx)(1+ag°) ... _lﬁ,u aq) (1 —ag®) ... (1 —ag*)
(%) (1+2z)(1+gx) (1 +7%)... Z( ) g)(l—q) (1—g™)

which is casily deduced from the functional equa,tmn
(1+aqz)D(gx) = (1 +x)D(x)
satisfied by d(x). Here
_ = (—ag) (1 —gn)
801 = 11 (1= 1 —agwrey

Finally (iv) is a formula found independently by M. Riesz, and used by him
to determine a very curious necessary and sufficient condition for the truth
of the Riemann hypothesis. On this hypothesis, the formula is true for
0 <s<$. An alternative form of &(x) is

1—'! Ju(m) .L_..adrmﬁ

1

zm,

D(z) =
where u(m) is the Mobius function.

We take
(iii) If 0<g<1, >0, and 0 <a<g*?, then

©  (l+agx)(l+agqix) ... T 2
Jﬂxs1(1+$)(1+qx}(1+g2x)...dx smswl}

(Lg% (1—agm)
(T—g") (1—ag™~)

Witha=12; q=0.5=1/2; m=2;ands=0.625=5/8 , we obtain:

Pi/(sin0.625*Pi) * [(((1-0.571.375)(1-1.2%0.5°2)))/(((1-0.572)(1-1.2%0.5"1.375)))]

T (1-8.5%97)(1-1.2x0.5%)
sin(0.625)xr (1 -0.5%)(1-1.2x0.513%)

Enlarge Data Customize A Interactive

Fewer digits
More digits

1.824002225137542357761741865167807325687964588509059637910...

More

((1=0.5215)(1-1.2% 0.5\« a1l —0.5M37) 1 = 1.2.x0.5%)
(1-0.5%)(1-1.2-0.5%%7))(sin(0.625)m)  ((1-1.2 -0.51375)(1-0.52 )}
csc{0.625)
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Enlarge Data Customize A Interactive
[(1=0.5") (1 <1.2% 0.5«

((1-0.5%)(1-1.2 - 0.5"37))(sin(0.625) m)

x(1-0.5197)(1-1.2x0.5%)
(wcos(-0.625 + 7)) (1 - 1.2 - 0.5} {1 - 0.5%))

Open code

[(1=0.5"175)(1-1.2% 0.5 )=

(1-052){1-1.2 0.5 (sin(0.625)m)
x(1-0.5137)(1 -1.2x0.5%)

[rcos(0.625 + 2 ])((1 - 1.2 0.537%) (1 - 0.5%))

Series representations:
° More

(1-0.5"%){1-1.2x0.5%)x 0.533636

((1-0.57)(1-1.2  0.5%%7))(sin(0.625)m) S (1 J142400.625)

Open code

Enlarge Data Customize A Interactive
((1-0.57)(1-1.2 0.5%))x 1.06727
(1-05%)(1-1.2 0.5"37%))(sin(0.625)m) T -1k 0.6251+2K
k=0 (142k)
Open code
(1-0.5"37)({1-1.2x0.5%))x 1.06727

(1-05%)(1-1.2 0.5'37%))(sin(0.625)m) (-1f [0.625 -T2k

. Z:LD (2k)!

Open code

e Jniziisthe Bessel function of the first kind
e n!isthe factorial function

.
Integral representations:

[(1=0.5"179)(1-1.2% 0.5 )}« 1.70763

(1-05%)(1-1.2 0.5"™))(sin(0.625)m [ 'cos(0.625 t) dt

Open code

Enlarge Data Customize A Interactive
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(1-0.5"7)(1-1.2x0.5%))x 6.83054 i x

(1-0.5%){1- 1.2 0.5"™))(sin(0.625)m) Vi fioty OB 4,

—i sa+y 532
Open code
((1-0.5"73)(1-1.2x0.5%)x 6.83054 i
| 1) _ i
((1-05%)(1-1.2-0.5"7))(sin(0.625)m)  J, [i=+r £3235 1)
' . —i a4y l'I: 3—5]
L2
Open code
° iizthe imaginary unit
. Iixiis the gamma function

1.8240922251375423577617418651678073256879645885090596

Continued fraction:
Linear form

d 1
+
1+ 1
4 1
N 1
1+ T
2+ 1
5+ T
1+ 1
3+
1 1
o 1
7T+ I
2+ 1
1+
l 1
N 1
2+ I
2+ 1
1+ 1
3+ 1
1+
P T
= 1
Hhe— v =
19+ I
1+=

Open code o
Enlarge Data Customize A Interactive
Possible closed forms:
More

1
\ EEJ (—713 +969 ¢ - 485 r + 142 log(2)) = 1.8240922251375423568227

2422511509 »

4172236609

root of 8031x® -2625x% -11537x - 18964 near x = 1.82409 =
1.824092225137542357781353

= 1.824002225137542357705278
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And:

(((((Pi/(sin0.625*Pi)*[(((1-0.5°1.375)(1-1.2%0.52)))/(((1-0.5°2)(1 -
1.2%0.5°.375)])))) 1 1

Input:

r (1-0.5"7)(1-1.2- 057\
sin(0.625) 7 (1-0.5%)(1-1.2»0.5"%")

Open code

° Units »

Enlarge Data Customize A Interactive
Result:

Fewer digits

More digits

743.9002672198166858938960753927696167396736038223646199254...
743.90026721981668589389607539276961673967369382236461

Continued fraction:
Linear form

743 +

1+ 1
0+

37+ 11
3+ 1
04
1+

4+ 1
T+
6+ 1
4+

T+ 1
2+

2+ 1
1+

2+ 1
1+

P S
3+

1
L+
f|.+i

Open code

Possible closed forms:
More

57900 - 193687 x + 76 150 x*
86
Enlarge Data Customize A Interactive
i (1560 ¢™ + 2570 1 — 3516 log(m) + 375 logi2 m) + 650 tan ™~ (m)) =
743.000267219816685804 1452
488203011
3825202639

= 743.90026721981668594147

—tﬂn(csc( ]J = 743.00026721081668505508

1 J ; ]
. tan  (x) is the inverse tangent function
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e logzixiisthe natural logarithm
e cso(x)isthe cosecant function

Where 743,9002672... = 744 (see pag. 53)
We have also that:

In(((((Pi/(sin0.625*Pi)*[(((1-0.571.375)(1-1.2%0.5/2)))/(((1-0.5"2)(1 -
1.2%0.5°1.375))D))))

T (1-05"37)(1 -1.2x0.5%)
sin(0.625)x (1 -0.5%)(1 - 1.2%0.5137)

de

Open cc

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

Fewer digits
More digits

0.601082452401084817407801431494369140831890233052787664768...
0.6010824524010848174078014314943691408318902330527876

More

[ (1-05"7")(1-1.2x0.5% )= ]
5 ((1-0.5%)(1-1.2 0.5"%))(sin(0.625)m)

[ x(1-0.5197)(1 - 1.2 x0.52) ]
Ze :
“Ii1-1.2 - 05137} (1 - 0.5%)) (x sin(0.625))

Open code

Enlarge Data Customize A Interactive
: [ ((1-0.5299)(1-1.2x0.5 = ]
o =
= ((1-0.5%)(1-1.2 0.5°%))(sin(0.625) )

x(1-05"7)(1-1.2 x0.5%) ]
(1-1.2-0.5"7)(1 - 0.5%)) (x sin(0.625))

logia) lngﬂ[

Open code

[ (1-05""")(1-1.2x0.5%))= ]
= ((1-0.5%)(1-1.2- 0.5"%%))(sin(0.625) m)

1 xfl-0.57){1-1.2x05%)
0
[ cos(-0.625 + 7)) ((1 - 1.2 0.5%7) (1 - 0.5%))

More
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3 l}k {_1 N 106727 }k

g[ (1-0.53"5)(1-1.2x 0.5%)x ]: _i [ Sini0.625)
((1-05%)(1-1.2- 0.5"37))(sin(0.625)m) ) (2 k
Open code
Enlarge Data Customize A Interactive
{(1-0.517)(1-1.2x0.5%)x 0.533636
g[[[1 -0.5%)(1-1.2 D.sl-”'-‘]}[sinm.ﬁzmm] 3 Dg[ > o =1 J1.24(0.625)

Open code

[ {(1-0.51)(1-12x05)x ] - 1.06727

g :

((1-0.5%)(1-1.2 - 0.5"%"))(sin(0.625) m) 3 E (-1f0.6251+2k
k=0 (142 k)

Integral representations:
More

g[ (1-05"7)(1-1.2 0.5%))n ]_f;%;?ﬁ%%lﬂ
((1-0.5%)(1-1.2 0.5'37%))(sin(0.625)m) ) -1

Open code

Enlarge Data Customize A Interactive
[ (1-0.5")(1-1.2x0.5%))x ] 1 1.70763 ]
g ; = logf —
((1-0.5%)(1-1.2- 0.5"37))(5in{0.625) m) |,'cos(0.625 t)dt

Open code

[ (1-0.519"9)(1-1.2x05 )= ]_
2 ((1-0.52)(1- 1.2 0.5"%7))(sin(0.625)m) )

6.83054ix
log S [y 00076563515 WLred
o sy e T A

=i a4y 532

1/In(((((Pi/(sin0.625*Pi)*[(((1-0.5"1.375)(1-1.2%0.5"2)))/(((1-0.5"2)(1 -
1.2%0.5°1.375)))))))

Input:

1
[ = {1-0.51-375)(1-1.2 0.533]
Bl Gin0.62507 {1-0.52)(1-1.2x0.5! -375)

Open code

e logixiisthe natural logarithm

[ Units »
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Enlarge Data Customize A Interactive
Result:

Fewer digits

More digits

1.663665269224544121719548902609545620433511035742294422968...
1.6636652692245441217195489026095456204335110357422944

This value 1,66366 is very near to the golden ratio. It can be defined a golden
number.

Alternative representations:

More
1 1
f[1-0.51-378)(1-1.2 - 0.52))r & m(1-051-375)(1-1.2 . 0.52)
g[l:l:l—D.SE:ll:l—l.Z 0.51-3?5;|j|<sinf.n.625m] ﬂg"[f,n:l-l.z 0.51-3?5;.q1-u.52j|]f.nsinf.n.uszsn]
Open code
Enlarge Data Customize A Interactive
1 1
{(1-0.51-375)(1-1.2 - 0.52))r & n(1-0.5!-37%)(1-12 - 0.5?)
g[qql-n.sﬂqu-l.z |:|.51-3?5;|j|qsinf.u.525m] lng[mlngﬂ[ﬁl_l_z I:I.El'3?5:||:1—U.52]]-::rsin-:D.ﬁZS]]]

Open code

1 1

[ {(1-051-375)(1-1.2 - 0.52))x ] [ m(1-0.51-375){1-132 . 0.5%) ]
8 {{1-0.52)(1-1.2 - 0.51-373 )} {sin(0. 625) ) fr cosf-0.625+L))({1-1.2 - 0.51-375){1-0.52))

Series representations:

More
1 1
{(1-051-375)(1-1.2 - 0.52))x (-1 (~14 L0877 e
g a 13750 \ o : sinf0.625)
1-0.5%){1-1.2 - 0.5 -2 |} {=in{0. 625} ) Z‘
(! 8| i k=1 L
Open code
Enlarge Data Customize A Interactive
1 1
1 [ f{1-0.51-375)(1-1.2 - 0.52 )} ] 0.533636
b 2 ;
g {(1-0.52)(1-1.2 - 0.51-373))(sin0.625) m) g Zfﬂﬁ-l-‘kﬁukm-ﬁzﬂ
Open code
1 1
[ {(1-0.51-375)(1-1.2 - 0.52))x ]
, CT 106727
8 {{1-0.52)(1-1.2 - 0.51-373 )} {sinj0. 625) 1) log =
; t e -1 naagl+2k
k=D (142k)
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Integral representations:

More
1 1
[ {(1-0.51375)(1-1.2 « 0.5%))n ] & %
~sinfl. 11
B0 (1-12 051 no.6zim) i L dt
Open code
Enlarge Data Customize A Interactive
1 1

g[ {(1-0.51375){1-1.2 - 0.52))x ] la [ 170763 ]
{{1-0.52)(1-1.2 - 0.51 375 )} (sini0. 625) ) [ cosin 625 0y dt

Open code

1 1 ¢
[ {(10.51375)(1-1.2 - 0.52))x ] & &
B {(1-0.52){1-1.2 - 0.5 -375)) {sini0. 625) m) log - 6'8_3533'?-;5&3“.“5
it .
7 i, SO,
Continued fraction:
Linear form
: 1
+
1+ 1
1 1
N 1
1+ 1
36+ 1
2+ T
1+ 1
4+
1 1
o 1
17+ 1
1+ 1
8+ I
1+ I
1+
1
9+ 1
1+ T
8331+ 1
2+ 1
1+ 1
2+
1+—=
Open code
Enlarge Data Customize A Interactive
Possible closed forms:
" 14352431
cor[sin[— ]] ~ 1.66366526922454400025
1621213

3(-53+62r+447%)
2(-559 + 271w + 23 a7}

= 1.66366526022454412163972
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1128468619 «
2130950732

= 1.6636652602245441216064 1

Note that:

1.663665269224544121719548.... = 1.663;

1.663"%°

Enlarge Data Customize A Interactive

744.0450638876454700865112680955058081944703
Note that:
744.045063887... = 744
The value is part of this expression:
Zay(T) = j(r) — 744

— ¢~ 4 196884 ¢ + 21493760 ¢ + 864299970 ¢3 + 20245856256 ¢* + ... , (1.5)

From Wikipedia:

The g-expansion and moonshine

Several remarkable properties of j have to do with its g-expansion (Fourier series expansion), written as a Laurent series in terms of ¢ = exp(2mit)

(the square of the nome’), which begins:
i(r) = % + 744 + 1968849 + 21493760g” + 864299970¢° + 202458562564" + - - -

Note that | has a simple pole at the cusp, so its g-expansion has no terms below q_l.

All the Fourier coefficients are integers, which results in several almost integers, notably Ramanujan’s constant:

V1% ~ 640320° + 744
The asymptotic formula for the coefficient of q” is given by

elxy/n

V2n3/4 ;

as can be proved by Hardy—Littlewood circle method.[2IE]

We have that:
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™18~ 640320° + T44

64032073 + 744 = 262537412640768744;

262537412640768 744

Step-by-step solution

2%+ 310939058860032031

10939058860032031 * 24
10939058860032031

10939058 860032031 is a prime number.

10939058 860032031 has the representation

10939058 860032031 =2*° . 3% . 3335% + 31.

10939058860032031 — 31

10939058860032000
10939058860032000
215,32, 5% 9233 » 293

((10939058860032000/4096)/8))/125

10939058 860032 000
4096
8

125

Enlarge Data Customize A Interactive

Step-by-step solution

2670668667

2.670668667 = 10°
2670668667

3?2 « 237 x 20°
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((((((sqrt(sqrt(sqrt(sqrt(sqrt(sqrt(sqrt(2.6 70668667 x 10°9))))))"3

Input interpretation:

[ [
.“ \ v\ ,,ql \H 2.670668667  10°

Open code

Enlarge Data Customize A Interactive

Result:
Fewer digits
More digits

1.663169095657893915789620672677514240677986049693564305452....
1.6631690956578939157896206726775142406779860496935643

This value 1,663169 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:
Linear form

1
1+ . 1
+
1 1
N 1
1+ 1
31+ 1
0+
1 1
= 1
B+
5 1
& 1
2+ 1
80+ 1
2+
1 1
N 1
2+ 1
16+ 1
B+ T
12+ 1
5+ 1
O+ 1
3+ 1
2+=
Open code
Enlarge Data Customize A Interactive

Possible closed forms:
More

1
1Dg[ﬁ (-6(86+v2 | +e+8e” +377+ 165 ;F]J - 1.663169095657893915706 127

4584 ¢ ¢! + 6949 — 650 ¢ — 4705 &2
5200 ¢

= 1.663169095657893915700480
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3907187507~

= 1.663169095657893915773883
7380362947 e 923

Or:

(((((((2.670668667 x 1079)*1/128))))"3

agf 3
"% 2.670668667 - 10°

Enlarge Data Customize A Interactive

Fewer digits
More digits

1.6631690956578939157809620672677514240677986049693564305452...

(1.663)°13

1.663"%°

Enlarge Data Customize A Interactive

744.045063887645470086511268955058081944703

With regard the number 2670668667 that is equal to:
37 x 23° x 297

we have that:

(372 + 2373 +2973)/21 — 13

1
00 L T o [ W
21 :

Enlarge Data Customize A Interactive

Step-by-step solution

362092
21

More digits

1728.190476190476190476190476190476190476190476190476190476...
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This result 1728,19047... is very near to the mass of candidate glueball f,(1710)
meson. Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an
elliptic curve. As a consequence, it is sometimes called a Zagier as a pun on the

Gross—Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan
number 1729

And:

(372 + 2373 +2973)/21 - 13))*1/3

[ 1
@'51[32-+233-+293]-13

Enlarge Data Customize A Interactive

92/3 o 9073
21

° More digits

12.00044090090791782513271224337052142845697623077202504263...
12.00044090090791782513271224337052142845697623077202504263

° Linear form

12 +

2268 + 1
12+

3402+ 1

Enlarge Data Customize A Interactive

° More
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Q518908977 o

= 12.0004409009079178249760

2491952984
root of 287 x* -3339x° —1513x% +3011x+76 near x = 12.0004 =
12.000440900907917832291

x| root of 68Bx% —354x% —2004x% + 7371 x + 6338 near x =3.81986 |~

12.00044090090791782571127

This result 12,00044 is very near to the value of black hole entropy 12,1904

2% (372 + 2373 +2973)/21 - 13))*/3

Input:

| 1
z,i/ o (3%5.08" 4 29%) 1%

Open code

Enlarge Data Customize A Interactive

Result:
4213 5f 9073
21

Decimal approximation:
More digits

24.00088180181583565026542448674104285691395246154405008526...
24.00088180181583565026542448674104285691395246154405008526

2

Continued fraction:
Linear form

1
24 + 1
1134 + I
24+ 1
1701+
1
19+ I
&4+
1 1
™ 1
80+
% 1
N 1
1+ I
16+ 1
2268+ 1
15+ S
3+ ——
1+ 1
1+ 1
1+=

Open code

Enlarge Data Customize A Interactive

Possible closed forms:
More
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x| root of 6x*+77x° —11x% -7339 x+ 1937 near x =7.63972 =
24.000881801815835648779

x root of 748 x% +7232x° —88498 x-79527 near x = 7.63972 =
24.00088180181583564 7680

O51B90BQY7 :
= 24.000881801815835649952
1245976492

This value 24,00088 is linked to the "Ramanujan function" (an elliptic modular
function that satisfies the need for "conformal symmetry") that has 24 "modes"
corresponding to the physical vibrations of a bosonic string.

(372 + 2373 +2973)/21 - 13))M1/15

[ 1
l,i/ — (32 +23% + 2013
21 -

Open code

Enlarge Data Customize A Interactive

2115 15' QDTB
21

More digits

1.643763908200944074993486957351705708135875962232094376229...

Open code

Step-by-step solution

21
Open code
f 21x1° -36292 near x = 1.64376
Fewer roots
More roots
More digits
| Polar form j

; | 0073
G 1{, " &2 =1.64376 (real. principal root)

Open code

2115 15| QI:I'?S P-:Z imy 13
21
2115 15| 90?3 P-:41':r],-'15

21

= 1.50165+0.6686

=1.0999+1.2216+
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O
]
=]
[#%]

PAE L = 21 L 0.5080+1.5633;
PAE L 92? £8PV L _0.17182 +1.63476 5
pAa L 92?3 £23  _0.8219+1.4235
A A 92? TS L 1.3298+0.9662
A A 92? LTS L 1.6078+0.34176§
21515l 2973 aainiis g gom8 03418,

22/13 15 e TS L _1.3208_0.9662;

]
| u%e I e Y I
= ]|
L

1.643763908200944074993486957351705708135875962232094376229

This value 1,643763 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:
Linear form

1+

1

+

1+

1+ 1
44

5+ 1
2+

2+ 1
2+

1+ 1
5+

S5+ 1
1+

1+ 1

Open code

Enlarge Data Customize A Interactive
Possible closed forms:
More

[, [1D4?86603
—csc|sin

e ]J = 1.643763908200944074929356
27185929
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1 i '
108’[; [—245 +264/2 +452¢ + e? +359 - l';c'?TE]] =
1.643763908200944074950096

1632684491 »
= 1.643763908200944074942054
3120417462

For the number 2670668667, we have that:

(2670668667)"1/43

Y 2670668667

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

32."43 55?3."43

More digits

1.656623131700938350588250784144015045800286513181051496304...
1.656623131700938356588250784144015045800286513181051496304

This value 1,65662 is very near to the golden ratio. It can be defined a golden
number. It is also very near to the 14th root of the following Ramanujan’s class

invariant Q = (Gsos/G1o1/5)° = 1164,2696 i.c. 1,65578...

Linear form
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1+

1+ 1
1 1
N 1
1+ T
10+ 1
2+
1 1
N 1
1+ I
10+ 1
B+ i
3+ 1
6+ i
1+ I
3+ I
+- 1
4+
3 1
T 1
10+
5 1
= 1
4+ I
11+—=

Open code o
Enlarge Data Customize A Interactive
Possible closed forms:
More 1
2 _1f 487210 s
£ zcos (— - 1.65662313170093820622
5 1187867

root of 2333 x° +11030x% -23474x-1990 near x = 1.65662 =

1.65662313170003835657 7428

1

=

root of 1990 x° + 23474 x% - 11030 x — 2333 near x = 0.603638
1.656623131700938356577428

While:

(2670668667)"1/45

Input:

N 2670668667

Open code

Enlarge Data Customize A Interactive
Result:

Approximate form

Step-by-step solution

3245 19 667

Decimal approximation:
More digits

1.619871053009393107829166190319121018263762592689885020418. ..
1.619871053099393107829166190319121918263762592689885929418
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This value 1,61987 is a very good approximation to the golden ratio.

Continued fraction:
° Linear form

1
1+ " 1
+
1 l
N 1
1+
1 1
= 1
1+
9 1
§ 1
2+
2 l
& 1
1+
9 1
= 1
6+ I
1
N 1
T+ I
1+ 1
32+ 1
2+ 1
8+______T____
3+ 1
1+
1 1
gL
b+—
Open code o
Enlarge Data Customize A Interactive
Possible closed forms:
° More '

1 .
IDg(E [355 a7 es 2] e’ <B2n-12 ;F]] = 1.61987105309939310748633

root of 3x° +723x% -780x° —208 x® -691x-31 near x = 1.61987 | =

1.61987105309939310782 14348
700139 224 r

—————— =~ 1.61987105309939310768424
1357856379

With regard the principal result, 10939058860032031 * 24 , we have that:

(10939058860032031 * 24)*1/79

[nput:

Y 10939058860032031 - 24

Open code

Enlarge Data Customize A Interactive
Result:

Approximate form

Step-by-step solution

237 W 32817176580 096 093
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Decimal approximation:
More digits

1.661483723582883506117185983709541728777000317980456501142. .

Alternate form:

root of x™ -262537412 640768744 near x = 1.66148

All 79th roots of 262537412640768744:
More roots
More digits

| Polar form j

237 7 39817176580 096 093 ¢® ~1.661484 (real. principal root)

Open code

Enlarge Data Customize A Interactive
937 7 39817176580 096093 £27™™ . 1.65623+0.13201

Open code

237 T 39817176 580096093 ¢4 ™™ . 1.64051+0.26318 i

Open code

237 7 39817176580 096093 &5/ 1.61441 +0.39268 ;

Open code

2%/ 7 32817176 580096093 ™™ ~1.57811+0.5197:

Open code

1.661483723582883506117185983709541728777000317980456501142

This value 1,661483 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:
Linear form
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1+

1+ 1
1 1
N 1
1+ 1
20+

Open code

Enlarge Data Customize A Interactive

Possible closed forms:
More

[ (12569401!5
—Cscjcof] —————

20471823
root of 7099 x° —4539 x — 45333 x +55290 near x = 1.66148 | =

1.6614837235828835055166
1100641694

2081132551

]J = 1.6614837235828835084460

= 1.661483723582883506150718

And

(10939058860032031 * 24)*1/85

Input:

"V 10939058860032031 - 24

Open code

Enlarge Data Customize A Interactive
Result:

Approximate form

Step-by-step solution

23/35 % 32817176580 096 093
Decimal approximation:
More digiés! t

1.602993130363918446428105914054790618724144702189038634454...

(10939058860032031 * 24)*1/83

Input:
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%Y 10939 058860032031 - 24

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

2%/82 8 35817176 580 096 093

More digits

1.621323858200818550036361900666530367161510567528580238624
Note that:

(10939058860032031 * 24)*1/82

81E'IIIDQBQDSSSEIDDBZDBl 24

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

2%/82 8 35817176 580 096 093

More digits

1.6309068656522139497052603609545931492615237821019178444444

of x%2 —262537412640768744 near x = 1.63091

Thence:

1/3 * ((((((10939058860032031 * 24)°1/83 + (10939058860032031 * 24)*1/85 +
(10939058860032031 * 24)*1/32))

[Sf,f' 10939 058 860 032031 - 24 +

il

oY 10939058 860032031 - 24 + ¥ 10939058 860032031 24]

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution
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[23-"“ o 32817176580 096093 +
2383 83 25817176 580096 093 + 252 %3 32817176 580096 093

Decimal approximation:
More digits

1.618407951405650318380012427755750826166964363578035430174...

il =

Alternate forms:
1
T " 10939058860 032031
384

[1 +2%7055 32817176 5800960934 7055 4 2%%™ _ 32817176 580096 ﬂ933-"5‘-“-“°}

Open code

Enlarge Data Customize A Interactive
b Sff 10939058 860032 031
334.!'85 N
23/%3 %3 10030 058860032031  2%%2 % 10939058 860032031
782/83 = 781/82

1.618407951405650318389912427755750826166964363578935439174

This value 1,6184079 is a very good approximation to the golden ratio.

Continued fraction:

° L:iLnear form 1
+ 1 1
+
1 1
N 1
1+
1 1
= 1
1+
1 1
= 1
1+
2 1
B 1
1+ T
12+ 1
2+ 1
27+ I
1+
2 1
2 1
181+
3 1
T 1
5+ T
10+ 1
2+
1+—=
Open code
Enlarge Data Customize A Interactive

Possible closed forms:
More
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3453289931 n - =
= 1.6184079514056503183820887

6703 396550
348 ¢ ¢! + 7458 - 605 ¢ + 698 ¢ o
~ 1.618407951405A50318340718
3410 ¢
x root of 2207 x* - 7755x° +872x% + 1080 x + 117 near x = 0.515155 =~

1.618407951405650318345416

Now, we return to the above expression:

1 . .
i(r) = - 744 + 196884q + 21493760q° + 864299970¢" + 202458562564 + - - -

We note that:
196884, 21493760, 864299970 and 20245856256

(196884)71/24

4 196884

Open code

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

723 % 1823

More digits

1.661851069825918768661753304111836706819077348669610726297...

1.661851069825918768661753304111836706819077348669610726297

More

PP e-2leadbinign (Be2 oo m)™? cscie m) = 1.661851069825018770774
Enlarge Data Customize A Interactive

580 ee!+4221 -8778 ¢ + 1810 ¢2

100 ¢
1
mg{§5[218-5? 2 -122f-23f2-500n+259n2”a
1.66185106082501876875244

= 1.6618510698259187684 2506

(21493760)*1/33
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N 21493760

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

V2 % 10495
More digits

1.667981712173921708702570158480649311205406305330737426884....

1.667981712173921708702579158480649311295496395330737426884

More

1 |2
5 \J =5 (143 - 553 ¢ + 729 7 — 260 log(2) ~ 1.667981712173921708587440

Enlarge Data Customize A Interactive
2656273788 .
= 1.667981712173921708733425
5003010619

f 448 x° -448 x* =571 x> -50x% +649 x-610 near x = 1.66798 | =
1.66798171217392170868005

(864299970)"1/41

% 864200970

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

3541 4 3556790

More digits

1.651837901422508270745515274482122909077629512025852052567. ..
1.651837901422508270745515274482122909077629512925852052567

More

3(-4470 - 616 ¢ + 43 &2 _
-— - ~ 1.65183790142250827054572
3893 ¢
Enlarge Data Customize A Interactive
2
-3 (73" - 976 x — 474 log( + 286 log(2 m) + 1102 tan~ ' (m) =
1.6518379014225082742064

5 | ;36853827 :
[ ]a 1.651837901422508270740 1482

—msin”| ———
4 52223216
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(20245856256)"1/47

7 20 245 856 256

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

214_.'4? 33_.'4? 4{,1 45 767

More digits

1.656852120171993470196854751249842224313942850629294901244. .
1.656852120171993470196854751249842224313942859629294901244

More

x root of 1579x% -3315x% -1360x% +270 x+600 near x = 0.527392 =
1.6568521201719934702 1430
Enlarge Data Customize A Interactive

6222535142
11798681639

1
2 (150 C +297 - 3047 +45x° — 301 rlog(2)+ 214 x log(3)) =

= 1.6568521201719934701975548

1.656852120171993469807

In conclusion, we have:

1/4 * [(196884)71/24 +(21493760)*1/33+(864299970)* 1 /41+(20245856256) /47]

[24'195 884 + 3 21493760 + 864299970 + i 20245856 255]

Ju | =

Enlarge Data Customize A Interactive

Approximate form
Siep—by—step solution
: [lf,f 2 V3 1823 +¥2 N 10495 + 2147 . 3% ¥ 45767 +3%*1 % 3556 790 ]

More digits

1.659630700898585554576675622081112787876536529138873776748...

1 | o | E—
: [229_.4192 %l 3 24/ 1893 4 238123 3%. 10495 +
940/41

71927 47 ¥ / .
o527/1927 _ o3/47 4*3,' 45767 + 3941 %Y 1778 305

82



Enlarge Data Customize A Interactive
V3 W1s23 10495 3¥V {45767 3541 1778305
5 gll12 N P E i o  933/47 N o 94041

1.659630700898585554576675622081112787876536529138873776748

Continued fraction:
Linear form

: 1
T 1 1
+
1 1
N 1
1+ i
15+ 1
T+
1 1
- 1
73+
6 1
T 1
2+
3 1
5 1
4+
1 1
N 1
1+
1 1
= 1
1+
1 l
T 1
3+
3 1
A 1
1+
T L
S |
1+=
Open code h
Enlarge Data Customize A Interactive
Possible closed forms:
More l
x| root of 68 x%-1038x° -823x% - 781 x +790 near x =0.528277 | =
1.659630700898585554537768
787440 187 x
————— +1.659630700898585554599800
1490582 396
x| root of 9838 x° +111440 x° - 48527 x -6915 near x = 0.528277 =

1.6596307008985855545775998

From the 47" root of the sum of the four values, we obtain:

[(196884) +(21493760)+(864299970)+(20245856256)]1/47

Input:

*J 196884 + 21493760 + 864299 970 + 20 245 856 256

Open code
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Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

7 21131846870

More digits

1.658362607333663510312275724349038207681998158528821313636...
1.658362697333663510312275724349038207681998158528821313636

This value 1,658362 is very near to the golden ratio. It can be defined a golden
number.

Linear form

1+ . 1
+
1 T
N 1
1+ 1
12+ 1
1+
9 1
N 1
2+ 1
42+ 1
1+ T
17+ 1
24 I
26+ I
1+
1 i
i 1
1+
9 I
T 1
1+
1 1
) 1
70+ I
1+—=
Open code
Enlarge Data Customize A Interactive
More
318930138
L T 1.65836269733366351028240
604 196449
-of 9760 x® —-38430x% +17812 x + 31637 near x = 1.65836 | =
1.65836269733366351026652
x| root of 52966 x° —-45227 x° + 1153 x +4203 near x = 0.527873 =

1.65836269733366351028018

We have also that:

1/2 * (((([(196884) +(21493760)+(864299970)+(20245856256)]°1/49 + [(196884)
+(21493760)+(864299970)+(20245856256)]1/50))))
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[43;' 196 884 + 21493 760 + 864 299 970 + 20245856 256 +

B |

*Y 196884 + 21493 760 + 864299 970 + 20 245 856 256

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

1 sen . ;
- [SEF 21131846870 + W 21131846870 ]

More digits

1.616631329333862904719853132465414230688506142720011616094...
1.616631329333862904719853132465414230688506142720011616094

This value 1,616631 is very near to the golden ratio. It can be defined a golden
number.

*Y 10565923435 [1 + 2% 21131846870

2 42750

10565923435 *Y 10565923435
249/50 N 48/40

Linear form
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Open code

Enlarge Data Customize A Interactive
Possible closed forms:
More

158850235

308692973
2(-309 - 212 ¢ + 85 ¢%)

5%5-—2D4f-+43f2
102[% [—5':' + 287 w,"? ~319¢e+164¢” +127 - BSNE]J =
1.616631329333862904790558

= 1.61663132933386290439206

= 1.6166313293338629001615

Note that, if we regularize this last expression multiplying for 10™°, we obtain a result
practically equal to the Planck length. Indeed:

Input:

[ﬁﬁ195884+21493?5D+8542999?D+2D245855255 +

1
2

: 1
5%195884+21493?50+8542999?D+20245855255] e

Open code

Enlarge Data Customize A Interactive
Result:

Approximate form

Step-by-step solution

21131846870 +*¥ 21131 846870
200000 000 000000 000 000 000 000 000 000 000

Decimal approximation:
More digits

1.6166313293338629047198531324654142306885061427200116... x 107*°
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1.6166313293338629047198531324654142306885061427200116 x 107
1.6166313293... x 107

—
[AG
fpim \/r_—a 14p =~ 1.616 229(38) x 10 ¥ m

Or:

[(196884) +(21493760)+(864299970)+(20245856256)]1/(495.191/10) *1/10°35

405 19

: 1
1%\ 196884 + 21493760 + 864 299 970 + 20 245 856 256 T

Enlarge Data Customize A Interactive

Fewer digits
More digits

1.6162336403126797183038065018378372745726155857120625. .. « 10733
1.61623364... x 107

where 495,191 is an average value of the four Kaon mesons rest masses.
We have also that:

(((([(196884) +(21493760)+(864299970)+(20245856256)]"1/47)))) *
(0.9243408+0.9239102+0.0814135+0.081816+0.07609)/2 * 10"3

where 0.9243408, 0.9239102, 0.0814135, 0.081816 and 0.07609 are results of
Ramanujan’s mock theta functions (see our previous papers)

] 196884 + 21493 760 + B64299 970 + 20 245 856 256
1
[5 (0.9243408 + 0,9239102 + 0.0814135 + 0.081816 + G.D?ISDQ}] 10°

Enlarge Data Customize A Interactive

Fewer digits
More digits

1730.974522627092300527176295008591932864906368399545387059...
1730.9745226270923005271762950085919328649063683995453

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
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curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

More

~5582 ¢ ¢! - 23950 - 4865 ¢ + 27 790 ¢
22¢

Enlarge Data Customize A Interactive

51127 7!'+5511+15761x-5701 »°

21w
3773 950 423 4581+vn
- ks ¢

= 1730.974522627092300536341

= 1730.974522627092300543489

-162 7 = 1730.974522627092300521 1858

2 T 1..!'?
Or:

(((([(196884) +(21493760)+(864299970)+(20245856256)]1/47)))) * (64*16+27-9)

7 196884 + 21493760 + 864299 970 + 20 245 856 256 (654~ 16 + 27 — 9)

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

1042 % 21131846870

More digits

1728.013930621677377745391304771697812404642081187031808809...
1728.013930621677377745391304771697812404642081187031808809

Linear form
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1728 + 1
71+
1 l
N 1
3+
1 1
= 1
1+
1 1
N 1
2+
1 l
& 1

45+ T

10+

54

2+
2+

1+
1+

ly—m———
1+ ———
226+ 1
1+ =

Enlarge Data Customize A Interactive

More

~4801 ¢ e! + 871 + 20260 ¢ + BOBG &2
18 ¢

1
15 (583¢” + 2827 + 3714 log() + 628 log(2 ) - 1982 tan”'(m)) =

=~ 1728.013930621677377760594

1728.0139306216773777444650

9574 [(3) 1583 »*

-256£(5)+85 Rl = 1728.013930621677377756877

° n! iz the factorial function

° tan I (x)is the inverse tangent function
e logzixiisthe natural logarithm

e (s isthe Riemann zeta function

This result 1728,01393 is very near to the mass of candidate glueball f,(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number

1729

We note that the mean of the two results is:

1/2%(1728.013930621677377745391304771697812404642081187031808809+1730.
9745226270923005271762950085919328649063683995453)
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1
2 (1728.013930621677377745391304771697812404642081187031808800 +
1730.9745226270923005271762950085919328649063683995453)

Open code

Enlarge Data Customize A Interactive
Result:

More digits
1729.494226624384839136283799890144872634774224793288554404...
1729.494226624384839136283799890144872634774224793288554404

Continued fraction:
Linear form

1
1720 +
2 1
’ 1
42+ :
1+
4 1
% 1
17+
1 1
i 1
3+
1 1
N 1
3+
1 1
: 1
5+ 1
2+ 1
11+
1 1
7 1
2+ i
4+ 1
5+ I

13+ 1

1+ =

Open code ane

Enlarge Data Customize A Interactive

Possible closed forms:
More

439¢! 9283 2312 2669«
- - - = 1729.4942266243848391406528

2 12 e
~99692 + 300468 r + 6395 2
99692 + 408 72 DT 1729.494226624384839119913
T

1 .
5 (12005 £(3) - 13593 0(5) + 11277 + 145 1) = 1729.4942266243848391327685

° n! is the factorial function
e (s isthe Riemann zeta function

This result 1729,4942 is very near to the Hardy—Ramanujan number 1729.

Now, we have:
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- 3 —"--'p-v
T T Dy
e 2
i = TR - e
“1":: G

https://math. stackexchange corrl/questldns/ 1418289/an integral-identity-from-
ramanujans-notebooks

For n =2 and a = 2,5 we have that:

(((((sin(2.5) / (1+2) — sin(2*2.5) / (142%2) + sin(3*2.5) / (1+3%2))))))

Input:

sin(2.5)  sin(2«2.5) sin(3-2.5)
1+2 142%2 = Li3x2

Open code

Enlarge Data Customize A Interactive
Result:

Fewer digits

More digits

0.525275566316052076264743943600259633300048232010284932567...

Alternative representations:
More

sinf2.5y  sin(2 2.5 sini3 2.5 1 1 1
= —_ 2 +
1+2 1+2-2 = 14322  B3csc@5) 5escd) 7 cse(7.5)

Open code

Enlarge Data Customize A Interactive
sin(2.5y  sinf2 - 2.5 sin3 2.5
1+2  1+2x2 ~ 1+3x2

% cns[—2.5+ %]— é cas[—5+ g] - % cas[—?.S + %]

Open code

sin(2.5) sin(2 - 2.5 sin3  2.5)

142 142x2 = 143x2
—E CDS[2.5 + E]+} cos{5+ I]— } CGS[T.S +£]
3 2/ 5 2/ 7 2

Series representations:
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More

sin(2.5)  sin(2 < 2.5) sin(3 2.5

1+2  1+2x2 = 1+3x2
@ (-1)*(0.833333 ¢! 93258k _ 321888k 1 1 07143 £202751K)

(1+2kp

k=0

Open code

Enlarge Data Customize A Interactive

sin(2.5) sin(2 < 2.5) sin(3 - 2.5)
1+2  14+2x2 = 1l+dx2
@ sin[;;—” +z.;,} [35 2.5 -z ~ 21 G-z +15(7.5- z.;,}k}
k%‘n 105 k!

Open code

sin(2.5) sini2 - 2.5 sin3 2.5
1+2 Tided = 14943 ©

o (-1 (35(25 -1 F-21(5- 2 4 15(75 - 1))

z 2
o 105 (2 k)

Integral representations:
sin(2.5y  sin(2 < 2.5) sing3 - 2.5)
142  1+2x2 &= 1+3%x2
"1
J (0.833333 cosi2.5t —cos5t1+ 1.07143 cos(7.5 tn dt
0

Open code

Enlarge Data Customize A Interactive
sin(2.5)  sin(2 < 2.5) sin(3 - 2.5)

142 di9x2 = Llidws
1J.w+]’f—21.8?5_15+5 [D.EEITSETE?'EIES"S 5 D-25f15.625,15 + G.EDESBB f20.312535}.\,‘?

J—u’mﬂ ”1-53-'2

forv =0

d s

Open code

sin(2.5y  sin(2 - 2.5 sin3 - 2.5
143 1i%%2 = Lidwg =
ity e FI2238S (1) DRTBET 7278875 _ (0,25 £ 08985 , 0.208333 V%) 1(5)Vr

‘L'Wﬂ I}TF[E —5}

2

ds tor( 1

((sqrt(3)/2))*1 / ((((sin(2.5) / (1+2) — sin(2*2.5) / (1+2*2) + sin(3*2.5) / (1+3*2))))))
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Input:
V3 1

2 sinf2.5)  sinj2-2.5) " gin(3-2.5)

142 1422 1432
Open code
Enlarge Data Customize A Interactive
Result:
Fewer digits
More digits

1.648706810899636317800985515303336448631444087218442864884....
1.6487068108996363178009855153033364486314440872184428

This value 1,6487068 is very near to the golden ratio. It can be defined a golden
number.

Alternative representations:
More
v3 v3
[sin-:E.S:l _sini2 2.5)  sin3 2.5;} - [ S }
142 142 <2 142 <2 3cec{2.3) Jcsc|3) 7 esc{7.3)
Open code
Enlarge Data Customize A Interactive
V3 V3

inf2.5) =in2<2.5) =3 »2.5) 1 1 1 r
[5'“1 i Ao Lo '}2 2 [— cns[—E.E + 5}— = cns[—S + ’1}+ = cns[—?.S + 1”
142 142 2 143 .2 3 2l s al7 7 2

Open code

V3 V3

inf2.5) =in2+<25) =03 »2.5) 1 1 1 ;
[5'“1 i Ao L '}2 2 [— 2 CGS[E.S + £}+ = CDS[S + ’1} -= cns{?.S + = ”
142 142 2 143 .2 3 al7 s a2l 7 2

Series representations:

More
V3
[5i11-:2.5;| _sni2-25)  sin3 2.5_1} -
142 142 - 2 143 2

1
msﬁzfﬂz*[z]
k

> o AN (35 T2k (2.5) - 21 1 54(5) + 15 1,24 (7.5)

Open code

Enlarge Data Customize A Interactive
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-1 (3-x) x-k{-l]k

3-x) @ L2
Ney 105 ex {mlELJ}v'x
3 3 F 2n Zic=o k!
[sin-:E.S:I_sin-:Z 25)  sin(3 2.5]}2 . ‘_lel:l?S!.I.SEESSJ:_ZID!.3.21888k+225_r4.IIIE';'81k]
142 142 %2 143 % 2 Z - :
k=0 {142k}t
forixeRandx =0
Open code
1
-1 @3-k k(-2
3-x) m 20k
L 105 ex [ur[EL“v'x
3 3 P e Lk=0 k!
sn(2.5) sni2 2.5  sm3 2.5_1} . 2ginl ¥ 4 (25
. (2.5 20 £ -21 (524 F*+15 (7.5 -2 ¥
[ 142 142 .2 143 - 2 Z"" {5+l - o w7
k=0 k!
forixeRandx <0
Integral representations:
v 3 0.6+ 3

[Simz-'ﬂ _sini2 2.5) , sin3 2-5?}2 a J'D'l[cas[z.S t}— 1.2 cos(5 t) + 1.28571 cos(7.5 t)) 't
1+2 142 <2 143 < 2

Open code

Enlarge Data Customize A Interactive
v3
[5i11n:2.5:| _sinf2-25)  sin3 2.5_1} -
142 142 =2 143 =2

1.86667irv3

!.—2 1.8 ?5."5 +5 % !.?. 812 5."5 -0.933323 E‘l L.62 5."5 0. FTTFTTR I"ED 312 5."5 'l

\.l'? i a4y ds

—i oo 4y g2

Open code

V3

[5i11n:2.5:l _ Ein{2 = 2.5) G sini3 2.5]}
142 142 < 2 143 =2

105ixv 3
I:5|5.25 !.—2.64351 5_ 5o !,—1.332585_'_43_?5 F_D'44628?5:IF15:I

tor 0

.".i'_ ‘:'.m +y
.r—u sy F{ ?E_ _5]

0.85 / (((((sin(2.5) / (1+2) — sin(2*2.5) / (1+2*2) + sin(3*2.5) / (1+3*2))))))

Where 0,85 is a point trajectory u of Ikeda map (from Wikipedia)
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u=0.85
Input:
0.85
smi2.5) _ sin{2-2.5) H =imn{3-2.5)
142 1422 1432
Open code
Enlarge Data Customize A Interactive
Result:
Fewer digits
More digits

1.618198245849046564239849423375290165214435455677125942654. .
1.6181982458490465642398494233752901652144354556771259

Alternative representations:

More
0.85 0.8B>
sin(2.5) _ sinf2 2.5) sin{3 2.5) N 1 o TE . T
1+2 142 =2 143 <2 Jese(2 ) Jese(d)  Yese(7.3)
Open code
Enlarge Data Customize A Interactive
0.85 0.85

ini2.5) sn2 2.5 _ sini3 2.5 1 7 1
e _ ot Lo ool cas{—E.S + 5}— = cas{—S + ’1}+ 2 cns{—?.S + 5}
142 142 -2 143 - 2 3 2/ s 2zl 7 2

Open code
0.85 0.85
in25) sm2 2.5 _ sn3 2.5 1 1 1
smis.o) _ 9t Ly o U CDS{E.S + E}+ = cns{S + 5}— 2 cns{?.E + 5}
142 142 % 2 143 - 2 3 2] s 2l 7 2

Series representations:

More
0.85 2.55
sin2.5) _ sin{2 < 2.5) _ sini3 2.5) W (-1 [2.5142k 3321888k 3 7140 4 02981 k)
1+2 142 =2 143 <2 Z :
k=0 (142 k)t
Open code
Enlarge Data Customize A Interactive
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0.85 2.55

sin{2.5) _ sin{2 - 2.5) i Ein{? -~ 2.5) & sin{E:,!‘Ewg:I{-:E.S—znilk—ﬂ.ﬁﬁ—zn:Ik+0.4285'?1-:'?.5—z|:|:lk:|

1+2 142 22 143 =2
k=0 k!

Open code

0.85 2.55
in(25) sn2 2.5 _ sn3 2.5 T2k T2k T2k
MM Eaa], oM FER. L ! i ¢—1Jk{{2.5-2)2 -0.6-;5-2)2 +U.425!5?1|:?.5—2:|2 |
142 142 2 143 - 2 Z
k=0 {2kt

Integral representations:

0.85 1.02

sin@5) _sin2 25) , sin(3 25 [licos(2.5t) - 1.2 cos(5 t) + 1.28571 cos(7.5 t)) dt

142 142 - 2 143 <2

Open code

Enlarge Data Customize A Interactive
0.85
sin(2.5) _ snf2 - 2.5)  sn3- 25
1+2 142 <2 143 <2
3.17333:in f
or
s F—21.8?5|l5+5 ‘P?.EIESJS -0.933323 F15.I525,|5 0. T77TTE FEDS]'ES.'S]
nf i a4y
i : ds
=i a4y 53.'2
Open code
0.85
sin(2.5) _ sin{2  2.5)  smn3 25
1+2 142 <2 143 <2
11.9ix f
or L
oy (37567204351 555,71 BIRES 5 0166704462875 1y,
—i sy r{%—s]
Continued fraction:
Linear form
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1+

1+ 1
1 1
N 1
1+
1 1
- 1
1+
1 1
N 1
1+
2 1
N 1
19+
1 1
+ 1
24
1 1
T 1
5+
1 1
" 1
1+ 1
3+ 1
B+ 1
O+ 1
1+
2 1

e

2+=

Open code aan

Enlarge Data Customize A Interactive

Possible closed forms:
More

1 —
lag[ﬁ [—358 G Y T, | TS [P a%]] ~ 1.618198245849046564251087

x| root of 2400 x% +2889x° +172x° -523x - 340 near x = 0.515088 =

1.618198245849046564260622
350716649

= 1.61819824584004656401 122
680886196 ? ?

This value 1,618198 is a very good approximation to the golden ratio.

((sqrt(3)/2))*1 / ((((sin(2.5) / (142) — sin(2*2.5) / (142%2) + sin(3*2.5) / (1+3*2))))))
* (13*8) *(8+2) +13

Input:

V3 1
s . . (13x«8)(8+2)+13
2 ami2.5)  smi2-2.5) " sm{3-2.3)
142 1422 1432
Open code
Enlarge Data Customize A Interactive

Result:
Fewer digits
More digits

1727.655083335621770513024935915469906576701850707180579479...
1727.6550833356217705130249359154699065767018507071805

Series representations:
More
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V3 (13 B)B+2)

2{5in12.5) _ Eini2 - 2.5} 4 sini3  2.5)
142 142 - 2 143 <2

+13 =

13 |2, (-1)% (35 J1,24(2.5) - 21 J 124 (5) + 15 1,74 (7.5) + 2100 V2 Ziwo 2+ [

b e
——
—

S 1 (85 T1454(2.5) - 21 J14p4(5) + 15 J 1454 (7.5)

Open code

Enlarge Data Customize A Interactive
V3 (13 -8)(8+2) 4
2{5in-:2.5:| o gin(2 2.5} gin(3 < 2.5) * =
142 142 =2 143 2
o [—l}k {8?,5f1'83258k - 105 f3.21888k +112.5 04'02981k}
13 +
o (1+2ky
“1 3 —xf [——1}
arg(3 —x) il 2k ||/
4200 {—J]
EXP[” Fa Vx é k! /
oo [—l}k {8?.54’1'83258k g 105 fg.zlﬂﬂﬂk ¥ 112.5 f4'02981k}
for R and 0
L£ (1 +2k) ] :
Open code
V3 (13 8)(8+2)
+13 =

2{5in¢2.5)_5i1‘|{2 2.5) =3 -2.5)
142 142 - 2 143 2

—l]l‘lc [B—Jr:}‘lc x* {—l}
argi3 - x) s 2 Mk
13 42[][]&1:[ {—” X
[ [ it 2 \({_Z '3
k=0
> sin{kE—" +20)(35(2.5 -39 215 - 29" +15(7.5 —zu}k}]] ;
/

+

k=0 !

[N sin[*‘z—" +20)(35(2.5 ~ 2 215 - z)f +15(7.5 —z.;.}k}]
k

k!
=0

forixeRandx <0

Integral representations:

v3 (13 88+2)

. . - +13 =
E{Emn:Z.SJ _ sm{2 - 2.5) + g3 - 2.5)
142 142 - 2 143 « 2
624,43

13 +

'(cos(2.5 t) - 1.2 cos(5 t) + 1.28571 cos(7.5 t)) dt

Open code

Enlarge Data Customize A Interactive
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V3 (13 B)B+2)

[5i11-:2.5:-_5i1'|-:2 2.5)  =nf3 2.5]}
142 142 - 2 143 < 2

+13 =

1941.33ix v 3
13+ n T - ac ) AL/ a2 2515
T 21875545 I::..f.Sl._E_-s_D.,;.33333 56255 n monoag I.._I:I.31._5_-5I|
v JLoN - ds
F—i a4y 532
V3 (13 B18+2)
f . : +13 =
[5m-:2.5:- _ =n2 - 2.5) + smi3 2.5]}
142 142 - 2 143 <2
5203
13+ 4 022385 2.27887 3.0898 4 47609 5, T
J'""”” g T IEEIRE 0 ARTRS TS 50 510 25 ¢ VP 540, 308333 £ 7OV S | Ts)Y d
i 5
J=j cody e
Lo, J:r[l:E—sJ

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

(((((((sqrt(3)/2))*1 / ((((sin(2.5) / (142) — sin(2*2.5) / (142*2) + sin(3*2.5) /
(143%*2)))))) * (13*8) *(8+2) +13)))))"1/3

V3 1
3| = : : (13«8)(8+2)+13
2 am{2.5)  smi2-2.5) + smn{3-2.5)
“i 142 14242 1432
Enlarge Data Customize A Interactive
More digits
11.9992...
11.9992

This result is very near to the value of black hole entropy 12,1904

2#((((((((sqrt(3)/2))* 1 / ((((sin(2.5) / (1+2) — sin(2*2.5) / (142%2) + sin(3*2.5) /
(143%*2)))))) * (13*8) *(8+2) +13))))))"1/3
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V3 1
3

2 4 . . : (13:8)(8 +2) + 13
| 2.5 s simf2 <2.3) smf3 «<2.5)
.‘1 142 1422 1432

Open code

Enlarge Data Customize A Interactive

Result:
° Fewer t_jigits
° More digits

23.99840305733378670613693580857245246812107123558458296167...
23.998403057333786706136935808572452468121071235584582

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

Series representations:
° More

: | v3 (13 8)8+2)

3 P [sinf.z.SJ _sin2 25) _ sin(3 2.53}
*"i 142 142 2 143 - 2

+13 =

1
27300v2 5P 27 [z ]
k

2313+ —
\I > o (1 (85 J1424(2.5) - 21 J1,2(5) + 15 J1,24(7.5)

Open code

Enlarge Data Customize A Interactive

5 | V3 (13 - 8)(8+2)
«‘3‘ 9 [5in-:2.5] _sin2_ 25) _ sini3 2.5_1}

142 142 2 143 =2

+13 =

o o -1 a-xf x (-1
520 exp[”r[a—lgz':g_x]“v'x i = I: 2%
m I

2 113+
) o (-1F(0.833333 (1 B325Bk_,3 21888k ) 7143 402981 k)
\ zkﬂ: (142 k)
|
moand

Open code

| V3 (13 8)(8+2)
2 4 or _ ; +13 =
w 2 [sm.E.S] anf2 - 2.5) L smi3 2.53}

142 142 = 2 143 = 2

0k @k x®(-2)

arg(3-=x) |} . 7 o
2 113+ i EXp[”rlT“\.'x Ef:ﬂ k! forixeRandx =0

sin{ 2% 420 )(25 (2.5 -29 —21 (52 /£ 415 (7.5 ¥

‘{ z;lﬂ 105 k!
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Integral representations:

V3 (13 8)(8B+2)

8 — _ : P §: (o
2 [sm-:E.S;l _ =2 - 2.5) . zmf{3  2.5)
N 1+2 1+2 < 2 143 < 2
624.v3
2213+ =
' (cos(2.5 t) - 1.2 cos(5 t) + 1.28571 cos(7.5 t) dt
Open code
Enlarge Data Customize A Interactive
V3 (13 8)(B+2)
8 — , : I :
2 [sm-:Z.S;l _ zm{2  2.5) 4 zm3 - 2.5)
142 142 < 2 143 - 2
520V3
2 113+
3 : e~ 218751545 (0 267857 ¢ B125/5 025 ¢1 5 625/5 40 208333 2031255 )
i a4y d s
=i a4y imsdi2
1'..|' (]
Open code
V3 (13 8)(8+2)
4 — : _ S e (.
2 [sm-:E.S:l _ amn{2 - 2.5) an(3 - 2.5)
142 142 = 2 143 %2
520V3
2113+
3 i P—4.§'EEEES I:D.ZIS?SS?E'E'E?SE?S _0.25 I'E'DE'DSS-H:I.EDSEBE l.4.4?l5|3.c'5:| I.'-:sil‘u'T
q =i ooty im F{;——s]

tor 0 l

((((sqrt3)/2)* 1 / (((sin(2.5) / (1+2) — sin(2*2.5) / (142*2) + sin(3*2.5) /
(1+3%2)))))) * (13*8) *(8+2) +13)))))"1/15

Input:

V3 1
1] —— X = . . (13<8)(8+2)+13
2 amnid.5)  =sni2-2.5) + smn{3-2.3)
142 1432 143x2
Open code
Enlarge Data Customize A Interactive
Result:
Fewer digits
More digits
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1.643729954123078657781777294178596332364111423430741287408 ...
1.6437299541230786577817772941785963323641114234307412

This value 1,643729 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:

° Linear form .
1+ " :
4
1 1
! 1
1+
4 1
5 1
5+
1 1
i 1
1+
1 1
N 1
2+ T
2+ i
T+
1 1
N 1
3+ 1
12+ 1
1+ 1
3+ 1
+- i
40+ 1
1+
1 1

VX
1+=
Open code seE

Enlarge Data Customize A Interactive

Possible closed forms:
More

2D eTUTIIN L1848 € tan(e m) sec’ (e m) = 1.643729954123078658217 1
{3880?593}54

AIAT6T T - 1.6437299541230786 18609

Fin
1376790807 x
2631402971

= 1.643729954123078657778913
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From eq. (7) of above manuscript, we have that:

sqrt(Pi) * - ((((e*((-2sqrt(P1))) * (((((sin ((2sqrt(P1)))) - ((((e"((-2sqrt(3P1))) *
(((((sin ((2sqrt(3P1))))

Input:

Vr (37 (snf2yx)-e*V7 sinf2y37)
Open code

Enlarge Data Customize A Interactive

Exact result:
AN \G [sin[E \'{;] _gavax 5111[2 ‘j;]]

Decimal approximation:
° More digits

-0.02006811350054571936340564661112991089574327659186184116...

Alternate forms:

° More
AN \',: [e“ AE sin[wa:] - sin[Ew,." 3x ]]
Open code
Enlarge Data Customize A Interactive
Pk \G 5111[2\(:] AN AR \G 5111[21,.' 3}1’]
Open code

prt \": sin[\/;] cns[w,.":] _gpra¥EaiaE \‘: 5111[1,."';] cus[m]

Continued fraction:
Linear form

-49 +

-1+

o 1
-1+

-8+ 1
-3+

-3+ 1
-1+

Alternative representations:

° More

104



\G Kby [sin[E \G] g 'ji sin[E m]] -

1 243
f—Z v ym i
[CSC[E Vo) csef2 m}J

Open code

Enlarge Data Customize A Interactive

\(': e L3 {sin[Eﬁ] o el sin[E \',;]] :—
e2VT [cas[ —2\',_] cos[ -2 ]_21"'3"]\,':

Open code

\G c'z_"'? [sin[E \G] ¥ S EL] ;srm[ ]]
a4 [—r_‘n::s[2 +2 \'/_]+c05[5 +2 S;T]c"?'”" ]\K:

Series representations:
More

\{{; e 3 [sin[E \({:] ¥ hELY sin[E m]] =

o 212K f-2{1+‘-“?:|‘-“? [31,'2#: il u'ﬂ] (—m)
2 .
e (1+2ky
Open code
Enlarge Data Customize A Interactive

\G e 3 [sin[? \({:] % hELY sin[E EJ -

21443 | w4k '
" ol4zk {+ ] mH ”[_31,2+k+f2u Ir]ﬂ_l#:

Z (1+2ky

k=0

Open code

— — _14F k 247 _1/241/2{142k|
-\l,;f_z"'l” [sin[?ﬁ]—f_z"lgn Sin[zmnzé[[ 19521 :liw;nk; + + |+

i 2y T 243 1 i '
[_1}1+.l: 9142k 31.f2L1+2k]f 2 m -2+ 3nr N1,2+1x2L1+2k.|]

i1+2kn

Integral representations:
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\1{; e 03 {sin[?ﬁ] B hELY sin[E \'E]] -
LI[E e T, m cns[E \G t] —243 &7 Vr-293x ncas[E \"E t]]d’t

Open code

Enlarge Data Customize A Interactive
\1': Mo b3 {sin{? \{':] gl sin[E \',;]] -

" ooty !f—Zu':r—n,-5+5 "'l}'r M-z vm-243m ~{3nm)s+s ,,f3ﬂ_ :
- ds5 Tor
—i sa+y

+
9 4312 9 432

Open code

\": Y [sin[E \’:] P S sin[E*.,.' 3r ]] =
-2+ n _1j2(1-2s) I'(s) 2+4r-=2vanr i3 }1.-'211—25] I'is)

j‘:’mﬂr Ie a i€ m
- +
=i ea+y EFG —5} EF[E—S}

Open code

ds tor(

° Iix iz the gamma function
[ )

Multiple-argument formulas:
More

\G f'z—"'? [sm[ ;r] g aar sm[ \/B_ﬂ] -
e 2V \/_{2 cos[\/_] sm{ ] 2y s cus[m] sin[m”

Open code

Enlarge Data Customize A Interactive
x e2V" (sin E\{{: _e2V37 gin 2\',; -
Vo 7 (in(2x ) [
[1-2 070 o (- il o sin( 43 )

Open code

\G W3 [sin[E \{{:] g sin[E \',;]} -
ﬁ[? & Y& V{: Sin[ﬁ{; + kz—HJ—Ef_z ¥E-dar \J{: Sin(k—; +y 3 D

k=0

The inverse of the expression is:
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L/ (((C((((sqrt(Pi) * - ((((e"((-2sqrt(Pi))) * (((((sin ((2sqrt(P1))))
2sqrt(3P1))) * (((((sin ((Zsqrt(3P1))))N)N)))

Input:
1
Vi [c'z i {5111[2 Vir)-e? ¥ar sin(2V 3 }]]
Open code
Enlarge Data Customize A Interactive
Exact result:
02 Vo

Vi [sin[E Vi )-e2V37 sin(2 v’ﬂ}]

Decimal approximation:
More digits

-49.8302942114019159581012768892254786959950378932234568014...

Alternate forms:

More
1:“2 Vo
Vi [c'z Van sin{2V3 7 ) - sin(2 ‘«"';}]
Enlarge Data Customize A Interactive

&2 Vo424 3n

Vi [fz T3 sin{2Vr | - sin(2 m}]

Open code

f2\.n'n+2u'3n

262V37 sin(Vr ) cos(Vr ) -2V sin(V3r)cos(V3r)

Open code

Continued fraction:
Linear form

-409 +

-1+

—4+

-1+ 1
-B+

-3+ 1
-3+

-1+
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Alternative representations:
More

1

Vi eV (sin2Vr)-e V37 sin2V3x)) -2 ﬁ[

Open code
Enlarge Data Customize A Interactive
1
Vi e2Vr {sin{E Vir)-e? LD sin(2v 3w }]
1
2V [cns{g -2 \"?} —cas{g -2V3nr }f‘_z ""ﬁ] Vi
Open code
1
Vi e2VT [sin{E Vi)-e2V3 sin(2vV3x }]
1

o2V [—cus{g +2 \"?}+cns{g +2 m}ﬁ ""ﬂ] Vi

Series representations:

More
1
i a [sin{z Vi )-e2V3" sin(2V3n }]
2(1443 |V
& { + :I m
s ()l He gl42k [31,'214:_!2 ﬂﬁ]nlpm
oa
d Zk:ﬂ {142 k)
Open code
Enlarge Data Customize A Interactive
1
Vo e2Vr [sin{E Vr)-e2V3" sin(2V3n }]
021.-'11
(-1 zl+2k ~2¥3n [_31,.'2#:”2 u’ﬂ]nuzm
"llf_ )
= Zk:ﬂ (1+2k)!
Open code
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1
Vi e2Vr [sin{E Vi )-e2V37 sin(2 v’ﬂ}]

- v

-1 [{2 Vi EPE 2 Var -3+ “’ﬂ.?k]

EG
k=0 2k}

Integral representations:

1
Vi e2VT [sin{E Vi) -e2V37 sin(2 v’ﬂ}]
2T

e

Vi LI[Z Vr cos(2Vr t)-2¢72 Var V3x cos(2V3nr t}] dt

Open code

Enlarge Data Customize A Interactive
1

Vi e2Vr {sin{E Vr)-e2V37 sin(2V3 7))

o2 3

for 0

2532 25302

‘u'f? J‘:’oﬂﬂr iva 2 VEr 3mis4s ; -misds i
—i a4y

Open code

1
Vi e2Vr [sin{z Vr)-e2V37 sin(2V3 7))

&2 W

for 0

d s

: je 2V anm [*-'?—35:;""3” ]-:3113‘5 Tis)
”I_i"l' JJ.\}{I+}'

—i gty 2”{%-5]

Multiple-argument formulas:
More

1
Vi e2VT [sin{E Vi) -e2V37 sin(2 v’ﬂ}]
&2 v

Vi [2 cos(Var | sin(Vr)-2¢7? LT cos(V3r) sin[m}]

Open code

Enlarge Data Customize A Interactive
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1
vt L [sin[E v'?} _e2¥3nm sin2V 3 ]]

& ¥

Vi I_Eﬂj [2 sin[\.’? + % } _2.2V3n sin[% + x’ﬂ}]

Open code

1
Vi e2V7 [sin[z Vi)-e? ¥ar sin(2v 3 ]]

EZu':r

Vi [—f'2 Var [3 5111[2 \/?]—451113[2 \/?]]+ 3 sin[”? ] —451113[”? ]]
3 3 3 3

(89+55+21+8)/5 * 1/ ((((((((sqrt(Pi) * ((((e"((-2sqrt(P1))) * (((((sin ((2sqrt(P1))))
- ((((e*((-2sqrt(3P1))) * (((((sin ((2sqrt(3P1)))))))))))

1
(E (89 +55 + 21+3}]

1
v [r"? = [5111[2 Vr)-e? 13 sin(2 ‘-’ﬂ}]]

Open code

Enlarge Data Customize A Interactive
Exact result:

173° Y=
5V [5111[2 Vi)-e? EEs sin(2V3nr }]

Decimal approximation:
More digits

-1724.12817971450629215030418036720156288142831110553160532...
1724.128179714506292150304180367201562881428311105531605329

Alternate forms:

More
4 o
5vVrn [c'z Van sin{2V 3 ) -sin(2 \."?}]
Enlarge Data Customize A Interactive

173 €2 Vo2 3n

5V [fz Yas sin{2 V' ) - sin(2 m}]

Open code
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173 &2 Vo424 3n

102V37 v sin(Vr )cos(Va)-10Vr sin(V3x)cos(vV3r)

Continued fraction:
Linear form

1
-1724 + 1
-7+ 1
-1+ 1
-4+ 1
-25+ 1
-1+ I
-1+ 1
-1+ 1
-78+ I
-5+ 1
-5+ 1
-2+ 1
-1+ I
—4+
-5+
Alternative representations:
More
BO+55+21+8
[\"F [f'z""? [sin[z Vir)-e? L sin(2v 3 }]]]5
173
5|27 1 2V %
u:s::{Z 1.-'?] r_'scg.? ﬂ'ﬂ]
Open code
Enlarge Data Customize A Interactive
BO+55+21+8
[\"F [c'z""? [sin[z Vir)-e? Ll sin2V 3 ]-m 5
173
5[(“_2 Vi [cu::s{E 13 \-"';}—cus{ﬂ -2v¥3nx }t“_z ""ﬁ] ‘-"?]
2 2

Open code

B9 +55+21+8
(V7 (27 (sin2 V) -2V sin(2v3x)))5 .
173
5 [t‘_z Vi [—cns{g +2 \"?} +cas{§ +2 \.’E}ﬁ “"ﬂ] V’;]

Series representations:
More
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B9+55+21+8
[v’? [f-”? [sin[E Vi )-e2V37 sin(2 v’ﬂ}]]]s .

2(14v2 | Vr
17 AV
(ol p142k [31,.'2#:_?2 T3 ]n1.-'2+k
5vr 3
Zk:ﬂ {142k}
Open code
Enlarge Data Customize A Interactive

B9 +55+21+8 B
(V7 (Y7 (sin(2V7) -2V sin(2V37))))5 )

173 27"
i (1 gl +2k ~2¥3n [_31,:'2+k+r2 u’ﬁ]nlgzm
S ZN
k=00 (142 k)

Open code

B9 +55+21+8
(V7 (V7 (sin2 V) - e2¥7 sin(2V3x))))5 )
173 2 V7

-1f [{z Vi -IPE -2 Var (-Z+2 v'ﬁ]“]

5Vr Zk:ﬂ (2k)!

Integral representations:

B9 +55+21+8 B
(Va [f-*?ﬁ (sin(2V7)-e2Y37 sin(2V3x ))))5 )

173
5vVn J;l[E Vr cos(2Vr t)-2¢72 Vir V3x cos(2V3nm t}]d’t
Open code
Enlarge Data Customize A Interactive

B9+55+21+8 B
(Vx [f-z V7 (sin(2¥r ) -e2V37 sin(2V3x ))))5 )

173 YT _
Tor [
o g 2V I —{3mls4s . T 54s
5,,|'ﬂ_ i ooty [: 3 £ - _ir o ds
Aoy 25 25

Open code
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B0 +55 +21+8
[G [f-z n [sin[E Vi )-e2V37 sin(2 m}ms )

173 2 V7
for 0 !
- je2Van [\;'_3 35 2V 3 ]liEIr:I_S [is)
I a4y
SV J—:‘w+]r 2F|:%—s'| 4

Multiple-argument formulas:
More

B9 +55+21 +8
(Vr (e2Y7 (sin(2Vr ) - 2¥37 sin(2V3x )))|5
1 o
5V [2 cos(Vr )sin(Vr |- 22 Y37 cos(V3r)sin(V3r)

Open code

Enlarge Data Customize A Interactive
B9+55+21+8

[v’? [f-z ¥ [sin[E Vi) -e2V3T sin(2 m}]]] 5
1732V
5vr ﬂ)i:n [2 sin[‘u"? + %}—2 2V sin[k?” + m}]

Open code

B0 +55+21+8
(Va (2V7 (sin(2 V) -e2Y7 sin2V37))))5

173 2V7

5vn [—f‘_z ¥ar [3 sin[E \/E]—‘tsing[z \/E]]+ 3 sin[bf ] —451113[2‘;? ]]

This result is very near to the mass of candidate glueball f;(1710) meson.

(1724.128179714506292150304180367201562881428311105531605329)*1/3

Input interpretation:

13,'{ 1724.128179714506292150304180367201562881428311105531605329

Open code

Enlarge Data Customize A Interactive
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More digits

11.99103075076044025783900047488004862208676261450239724576...

This result is very near to the value of black hole entropy 12,1904
2 *(1724.128179714506292150304180367201562881428311105531605329)"1/3

2 wg," 1724.128179714506292150304180367201562881428311105531605329

Enlarge Data Customize A Interactive

More digits

23.98206150152088051567998094976189724417352522900479449153...
23.98206150152088051567998094976189724417352522900479449153

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

Linear form

23+

1+

54+

1+ 1
2+

1+ 1
14+

41+

More
it

.\,' 1o (—13210 - 2054 ¢ + 7419w + 1785 log(2)) = 23.9820615015208805131513

Enlarge Data Customize A Interactive
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root of 15x° —370x* +243x° + 110 x* - 735 x - 485 near x = 23.9821 =

23.9820615015208805168746
x root of 6120 x° —-53004 x* +52093 x - 26134 near x = 7.63373 =

23.98206150152088051458215

(1724.128179714506292150304180367201562881428311105531605329)*1/15

Input interpretation:

1\?“ 1724.128179714506292150304180367201562881428311105531605329

Open code

Enlarge Data Customize A Interactive

Result:
More digits

1.643506035689250860107890861080401145898953380697247529715...
1.643506035689250860107890861080401145898953380697247529715

This value 1,643506 is very near to the golden ratio. It can be defined a golden
number.

Continued fraction:

Linear form

: 1
T+ 1 1
+
1 1
N 1
1+
4 1
= 1
T+
1 1
N 1
1+
1 1
o 1
5+
2 1
b 1
2+
2 1
N 1
17+
6 1
S 1
24
2 1
T 1
1+
1 1
1 1
1+ I
10+=
Open code
Enlarge Data Customize A Interactive
Possible closed forms:
More
root of 556 x° +46210 x? - 72092 x - 8803 near x = 1.64351 | =
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7387516657

1412137682
-12047 - 9244 ¢ + 5626 ¢°

084 ¢

= 1.6435060356892508601 15508

= 1.643506035680250850620

(1.643506035689)"(1.1056*12)
Where 1,1056 is the value of Cosmological Constant that is 1,1056 * 10

Input interpretation:

1.643506035680 11056712

Open code

Enlarge Data Customize A Interactive
Result:

Fewer digits

More digits

728.9219624325543442289244289541920710974677222934873739530...
728.92196243255434422892442895419207109746772229348737 = 729

Where 729 regard the following Ramanujan expression 6° + 8 =9’ — 1 =728

Continued fraction:
Linear form

1
728 + . 1
N 1
11+ 1
1+
” 1
i 1
2+
1 1
N 1
1+
2 1
B 1
3+
3 1
¥ 1
3+
1 1
N 1
24
3 1
= 1
1+ I
13+ 1
2+
1 1
1 1
1+ 1
3I+=
Open code -
Enlarge Data Customize A Interactive

Possible closed forms:
More

2(223 + 380V + 6807 - 2962 + 2760 %)
= © ~ 728.9219624325543442205864
il

22217 39271 1260911~
- - - = 728.921062432554344257440
3 13x 65
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3x° -2186 x* - 555 x° - 2382 x° — 2250 x + 848 x =728.922 | =
728.9210624325543442228450

Note that:

(1.643506035689)7(1.1056*12)+16

1.6435060356801 199512 | 14

Enlarge Data Customize A Interactive

Fewer digits
More digits

744.9219624325543442289244289541920710974677222934873739530...
744.92196243255434422892442895419207109746772229348737

Where 744,9219 is very near to the number 744 of the Laurent series in terms of q.

We also obtain:

(1.643506035689)"(1.1056* 12)+27*2

1.64350603568911%58°12 L 97 9

Enlarge Data Customize A Interactive

Fewer digits
More digits

782.9219624325543442289244289541920710974677222934873739530...
782.92196243255434422892442895419207109746772229348737

Linear form
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782 + . 1
N 1
11+ 1
1+
2 |
= 1
2+
1 l
N 1
1+
2 l
B 1
3+
3 1
¥ 1
3+
1 1
N 1
2+
3 1
= 1
1+ T
13+ 1
2+
1 1
T 1
1+
3I+=

Open code

Enlarge Data Customize A Interactive

More

1
5 (48" +1693 7991 log(m) - 2760 log(2 =) + 1684 tan” ' (7)) =

782.921962432554344236311
21947 39271 12691l~x

+ = 782.921962432554344257440
5 137 65
1566 77!+ 5983 - 5798  + 33792 »° s
145 = 782.921962432554344230350
T

This result 782,92 is very near to the rest mass of Omega meson 782.65+0.12

Now:

~(1/12.57) * ((89+55+21+8)/5)) * 1/ (((((((sqrt(Pi) * ((((e"(-2sqrt(P))) * (((((sin
((2sqrt(P1)))) - (((("((-2sqrt(3P1))) * (((((sin ((2sqrt(3P1))))))))

where 12,57 is the value of black hole entropy 12.5664 =~ 12,57

1 |1 1
ik S [—[89+55+21+8}] EE — s P R
12.57 [\5 Vo [f'z"'” [5111[2 Vi )—e? V37 gin(2 M’B}r]}]

Open code

Enlarge Data Customize A Interactive

Fewer digits
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More digits

137.1621463575581775775808313736834074448232546623334610445..

Alternative representations:
More

89 +55+21 +8
[5 [v’? [f-z ¥ [sin[E Vi )-e2V37 gin(2 v’ﬁ}]m 12.57

173
— _2van
SRIESTENE [ L sanet TR
-:9:{2 1.-':r:| u:sx:l;.?u' EJT]
Open code
Enlarge Data Customize A Interactive

B9 +55+21+8
[5[\.’? [f-z = [sin[z Vi) -e2V37 sin(2 v’ﬁ}]]]] 12.57
173
5 12.5?[{2 a [cas{g ~2Vr)-cos(2 -2V3n)e? "ﬂ] v’?]

Open code

B0 +55+21+8
(5(Vr (27 (sin(2Vr)-e2Y27 sin(2V37 ))))] 12,57
173
5 12.5?[.:='2 Vi [—cas[g +2 ‘u"?}+cc:s[g +2 m}f"? "'ﬁ] V'?]

Series representations:
More

B9 +55+21+8
(5(Var (e2Y7 (sin(2r ) - e2V27 sin(2V3 ))))) 12,57 )

_[[1_3?5ggexp[2m§[—l+m [z]+2mz[ 1+3m [é]]]f
Vr)-

1

[1,,' -1+ [exp[Ey"—1+3n i[_1+3”} [EHZ[—l} J1+2k[ m
k=0 k 1k=|:|
Z[—l}kjhzk[z-\"BH]JZ[_]__,_H}-‘E[E]
k=0 k=0

)

Enlarge Data Customize A Interactive
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89+55+21+8 _
[5 [v’? [f-z = [sin[z Vi) -e2V37 sin(2 v’ﬁ}]]]] 12.57

@ [—l}k (m —x}k x* {— l}k

_[[1.3?529 exp[E exp[rﬂargm_ﬂ”\'qz T e

2
k=0
k k -k 1
, [ frg[h_x}”\/_i[_l} Br-x*x {'E}k /
[ 4 e o X
it 2 i k1 /

2

e 557
o 22220 5O LS

k=0
i -1 J1+2k[2 Vf:] » i[—hk J1+2k[2 E]]
k=0 k=0
o (-1 or-xf Xk (- 1) H "
k=0 k|

89 +55+21+8 _
[5 [G [;--2 = [sin[E Vi) -e2V3 sin(2 v’ﬁ}]]]] 12.57

e [—l}k (o —x}k x* {— l}k

_[[2.?5259 Exp[E explin| ZE2 )y x Y T

2
k=0
k k -k 1
, [ frg[h_x}”\/_i[_l} Br-x*x {_E}k ;
[ 4 e o X
it 2 i k1 /

w (-1 (r-xf x7* {_El}k]

oo [ [

2 —
k k& 1
CjargB3r-xypy T -1y @m-x)" x {_E}k

2
k=0
@ (L1 9142k ik

Z (1+2k)! -

k=0

& [_l}k 21+2k 1,!'3}1_1"'2":]]] : |
or (X K and

E‘ (1+2kp

k=0

Integral representations:
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89 +55+21+8 _
[5 [v’? [f-f ¥ [sin[E Vi) -e2V37 gin(2 m}]]]] 12.57

2.75259 2 V7

v LI[E cos(2t V)V —2¢72 var cos(2t V3r) de’t

Open code

Enlarge Data Customize A Interactive
B9 +55+21+8

(5(Var (27 (sin(2r) - e2V27 sin(2V3x ))))) 12,57 .

2(Vm +/3n)
L

550517« :
= ol
A —2 a2
s=ym=is — s43mr°fs —
2 pisady 921"'3”:9’-1 oy -A oy an
vao© [t . ds
=i ca+y g2

Open code

89 +55+21 +8 _
[5 [v’? [f-z = [sin[z Vi )-e2V37 sin(2 v’ﬂ}]]]] 12.57

55051720737 0 ; |
Lo ar 0 y

. rn:sz[yz"lgﬂ 1«'71_25_1!?1_25]
1"_:'1- JI.G{I+}'

—i gy Fl}%—s]

ds

Multiple-argument formulas:
More

89 +55+21+8

(5(V (¢2V7 (sin(2Vr)-2V7 sin(2vFx))))) 1257
2.75259 62 V7

_[2 cos(Vr ) sin(Vir | - 2 €72 Var ccs[m}sin[m}] Vi

Open code

Enlarge Data Customize A Interactive
B9 +55+21+8

[5 [v’? [;«'2 = [sin[E Vi) —e2V37 sin(2 v’ﬁ}]]]] 1257
. 2.75250 2V 7
{2 cos(Vr )sin(Vr |- 272 VAT cos(V3n) sin[m}] Vi

Open code
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804+554+21+8

[5 [‘-."? [.E‘_z v [5111[2 Vr)-e? ¥ax sin(2 \.’E]m] 12.57 -

2.75259 &2 V7
[3 sin[2 ‘f ] —451111%) +e2V3 VT sin{2 “'33—” ] [—3 +4sinz[2 “':—T]]] Vi

This result 137,1621 is very near to the mass of the Pions 7 : 139.57018(35) MeV/c”

0
7 :134.9766(6) MeV/c® and to the inverse of fine-structure constant o that is
137.035999084(21).

Also for the exact value of black hole entropy, 12,5664, we obtain a similar result:

1 1 1
- 66 [—[89+55+21+8}J — = — — —
e Vo [p'z"'” [5111[2 Vr)-e? V3" sin(2 "I'IBET]J]
Open code
Enlarge Data Customize A Interactive

° Fewer digits
° More digits

137.2014403261480051685688964514261493252982804228364213561...
137.20144032614800516856889645142614932529828042283642

° Linear form

1
137 + 3 1
+
1+ 1
1
26+ I
1+
1
34+ I
13+ 1
1+ T
3+ 1
5+ 1
12+ 1
1+ I
3+ I
2+ I
O+ 1
1+ T
3+ 1
1+ 1
2+ 1
2+ =

Open code

Enlarge Data Customize A Interactive
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More
|

1
\J 3 (—5640+ 21513 ¢ +2741 7 - 7180 log(2)) = 137.20144032614800516593804

—840 + 1405y 7 + 20557 — 1334 272 + 237 2°
Tm

~26+24e+41e” +89y 1+e —12V 1+e® -52m+6a° +29y 147 -90V 1+a° =
137.20144032614800516828034

= 137.2014403261480051671739

For the value of the black hole entropy 12,1904 (that is In 196884), we obtain:

-(1/(In 196884)) * ((89+55+21+8)/5)) * 1/ ((((((sqrt(Pi) * ((((e"(-2sqrt(Pi))) *
(((((sin ((2sqrt(P)))) - ((((e((-2sqrt(3P1))) * (((((sin ((2sqrt(3P1)))))))

1 1 1
—# [—[89+55+El+8}} = — — =
0g(196884) |15 Vo [I"_z v [5111[2 V- g 2N sin(2 m'}]]
Open code
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive

173 62V7

5vr log(196884) [sin[E Vir)-e? Y3z sin(2V3nr }]

More digits

141.4336217407279728140079522488479700597389145169286296157...

+
This result 141.433 is very near to the mass of the Pions « : 139.57018(35) MeV/c”
0
 :134.9766(6) MeV/c?

More
173 &2 yr+2y3n

5V log(196884)(¢*¥3" sin(2Vr ) - sin(2V 3 )

Open code

Enlarge Data Customize A Interactive
TPt =

5V (2log(2) + 3log(3) + log(1823)) [f-z V3T §in(2V 3 ) - sin(2 v?}]
-[[1?3 2 Ymeavan ]jf [m V37 1 log(196884) 5111[4:] cas[ﬁ] .

10 -‘I{; log(196 884 Sin[m] CGS[E]]]

Open code
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Continued fraction:
° Linear form

141 +

2+ 1

3+ 1

3+ 11
1+ 1
3+ T
11+ 1
1+
1+ 1
1
1+ T
3+ 1
1+
1+

4+ 1
2+

1+
2+

1
1+
3+l

Open code

Alternative representations:
° More

89 +55+21+8
(5(Var [V (sin(2Vr) - e2Y37 sin(23n )))}) log(196 884 )

173
5 log(196 884}[{“_2 0 [CDS{E -2 \"'?} —t:u::s{E -2V3nr }{“_2 "ﬂ] \.-'?]
2 2
Open code
Enlarge Data Customize A Interactive

B9 +55+21+8 B
(5(Va (V7 [sin2Vr) -V sin(2V37)))|) log196 884) )
173
5log,(196 884}[@'2 \ {cas{g -2 \-"?} - cas{g =g m}ﬂ "’ﬁ] \"?]

Open code

B0 +55+21+8

(5(Var [V (sin2Vr) - e2Y37 sin(2V37r)))|| log196 884) )
173

5log,(196 884}[¢='2 i [—cos[g +2Vr +cas{g +2V3r e "ﬂ] v’;]

Open code
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Series representations:
More

89 +55+21+8
(5(Var (V7 [sin(2Vr ) - e2Y37 sin(2V37)))|| log196 884) .

1+¢?] v

173 &2

(1l pl42k [31,'2#:_!,2 van ]n1.-'2+k

D
5+ [lng[lgﬁ 883}—211 @]Z:‘;ﬂ

Open code

[142k)

Enlarge Data Customize A Interactive
B9 +55+21+8

(5(Var [V [sin(2Vr)-eY37 sin(2V3 7)) ]| log196 884) )

e 1 k
—[[1?3 Sl [5 Vr [lcg[lgﬁ 883)- {Wﬂ]
89 +55+21 +8

k=1 k
(5(Vr [V [sin2Vr ) -e2Y37 sin(2V3 7)) ]| log196 884) )

—[[1?3 Sl [5 Vr [10g[195 883)- ) {WM]

ke
k=1

w (~1)ff 2142k 29 Ea [_31,-'2+k L EF ]ﬂ_l,-'2+.lc

(1+2k)

Open code

fig (2 ky

Integral representations:
More

B9 +55+21+8 _
[5 [v’? [f-ﬁ Vn [sin[E Vi )-e2V37 sin(2 m;]]]] log(196 884)

1+u'?]u'T

173 2|
107 log(196884) _[;1{02 W cos(2Vr t)-v3 cos(2V3r t}]d’t

Open code
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Enlarge Data Customize A Interactive
B9 +55+21+8

(5(Vr [¢2V7 (sin2Vr ) -e?Y3 sin(2V3 7)) )| log196 884)

1+¢?] v

346 f‘zl{

f. 1T )
3T s4s [\.'?_92{1" 3m +n.-'s:|]

5V logi196884) [\ =%

o +y

7 ds
g2

Open code

89 +55+21+8
[5[»!? [f-z ¥ [sin[E Vi) -e2V37 gin(2 v’ﬁ}]]]] log(196884)

17362V
5 ‘u"?{jiw'sss“ rl dt| J'U'I[E Vi cos(2Vr t)-2e72 V3r N 3x cos(2V3r t}] dt
Open code
Multiple-argument formulas:
89 +55+21+8 ~
(5(Vr [V [sin2Vr)-eY37 sin(2V3 7)) ||| log196 884) .
1732 V7
5V log(196 334}[2 cos(Vrr )sin(Vrr ) -2¢2V37 cas[v’ﬁ}sin[m}]
Open code
Enlarge Data Customize A Interactive

89 +55+21+8 B
[5 [v’? [f-z = [sin[E Vi) -e2V3T sin(2 m}]]]] log(196884)
17t ¥
5 log(196 884 ﬂ;ﬁ[z sin(Vir + £2) - 2237 sin(2 4 m}]

Open code

89 +55+21+8
(5(Var [V [sin2Vr ) - e2Y37 sin(2V37)))|| log196 884) .

_[[1?3 & "?]!f [5 \/ir_g[wﬁ 884) [:;"ﬂ [3 sin[z E]—ﬁlsing[z E]]Jr
A

Open code
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We have in conclusion, that:

1

1
[——[39+55+21+3}] — — - — -
B Vo [I“_E i [5111[2 Vi )—e2 V3" 5in(2v3n ]]]

Enlarge Data Customize A Interactive

173 2V

5vVr [sin(2Vr)-e2 EL sin(2V3r )

More digits

1724.128179714506292150304180367201562881428311105531605329...

This result is very near to the mass of candidate glueball f,(1710) meson

1/3 * (1724.128179714506292150304180367201562881428311105531605329)*1/3

1 4

5 E,.' 1724.128179714506292150304180367201562881428311105531605320
Enlarge Data Customize A Interactive

More digits

3.997010250253480085946663491626982874028920871500799081923. .
3.997010250253480085946.....

This result 3,997... is in the range of the mass of DM particle that is between 4 — 4.2
eV

And
1/(1.2108*2) * (1724.12817971450629215)"1/3

where 1.2108 is a Hausdorff dimension that is equal to:

/27— 3y/T8 + /27 + 378
3 b

2log,

or root of 2% — 1 = 2(2-=)/2

'E,."I 1724.12817971450629215
1.2108 -« 2
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Enlarge Data Customize A Interactive

Fewer digits
More digits

4.951697535001833604988142261276089597423945264426437822289...
4.9516975350018336049881422612760895974239452644264378

Linear form

4+ . I
N i
19+ 1
1+
9 i
* 1
2+
1 l
T 1
2+
1 1
i T
3+
5 1
i 1
5+
3 1
T 1
5+
l 1
i 1
1+
) i
T 1
20+
le—0©>L
b 1
T2+ I
1+—=
Enlarge Data Customize A Interactive
More
416 + 210 ¢ + 385 ¢° e
= 4.9516975350018336060626
4(99 +13 ¢+ 8 ¢7)
8062780141 B
= 4.9516975350018336050 147
5686414416
x| root of 4215 x* - 7500 x° + 2700 x2 - 1446 x - 1075 near x = 1.57617 [ =

4.051697535001833604901272

This value 4,95169 is practically equal to the first value of upper bound dark photon
energy range (1.8 * 10> —4.95 * 10'°~ 5.4 * 10'%) (Physics Letters B 731 (2014)
265271 - Searching a dark photon with HADES)

Now, we have, from the eq. (8) of the above manuscript:
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[(((A78 /((e"Pi - e*(-P1))"2))) + (((2"8 / ((e"(2Pi) - e"(-2P1))"2))) + ((3"8 / ((¢"(3P1) -
e"(-3P1))"2)))]

Input:
I 2° 3°
[fn_f—:r}z % [fzn_f-zn}z b2 [f3:r_f—3n'|_2
Open code - .
Enlarge Data Customize A Interactive
Exact result:
1 256 6561

+ +
[f:r_f—n}z [on_f—Z:r}z [EEH_E—EH}Z

Decimal approximation:

More digits
0.0028099308080937306309182047416578584400591312340800616433...
Open code
Property:
256 B561 :
+ + is a transcendental number
(—e T +fn}2 [_f—zn +f2n}2 [_f—E:r _'_fBJT}Z

Alternate forms:
More

6950 + 7081 cosh(2 m + 260 coshid 7 + cosh(b m)
2 (sinh(2 m) + sinh(4 m)°

Open code
Enlarge Data Customize A Interactive
1 256 ¢*™ 6561 BT
- -
(e — &™) [f4:r B 1}2 [fls.lT s 1'}2
Open code :

1
G {2?2?2 +e 07 L 956 7B L 5047 ¢ 7 _ 12868 ¢ — T072 62" — 7072 27 —
12868 *™ + 6047 57 £ 2567 +¢=m”}csch2[}r}csch2[2 ryesch®(3m

Alternative representations:

More
1 2° g
(e _f—n}z = [fZ:r _f—E:r'l_Z % [fE:r _f—E.IT'}Z =
b 2r i’
+
[_E—ISD +flsu~}2 [_f-zﬁa:r +f3@:|~}2 (- -540° | 540 }2

Open code

Enlarge Data Customize A Interactive
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1! 2" 3" 1t
+ + = +
[f:r _f—n}z [[fzn _f—Z:r'r'Z [f?n _f—Bn}.’Z] [EXPH[Z}— EXp_”[Z}}z

vl 1"
+ !-' L} |
[[expz Tz} —exp =" [E}}z [Exp3 TZ)—exp " [z»:]l}2 ]

Open code
18 28 38
[f:r _f—n}z +[[62:r _f-zn}z o [fEn _f—E.IT'I_Z ] =
1° | 28 3°

+ -
- = - 112 - = - 12 o - - 12
[f—u]u:ug‘n: lil_fl logi l:l} [f 2ilog(-1) _lelng-: 1]} [f Zilog(-1) _f311u:ug-: l:l]_

We have that:

1/ [(((1"8 /((e"Pi - e"(-Pi))*2))) + ((2"8 / ((e"(2Pi) - e"(-2Pi))"2))) + (((3"8 /
((e”(3P1) - e”(-3P1))"2)))]

Input:

1

1B 8 38
e |27 2nE  [An_gan
1\ , 1 ! | !

Open code
Enlarge Data Customize A Interactive
Exact result:
1
1 256 G561
TR (2T 272 ' [3n_3n2
Decimal approximation:
More digits
355.8806490250171392664161612277748667179835000731572058768. ..
Open code
Property:
1
is a transcendental number
1 256 + G561
- 4™ :lE ,:_!.—E Tyl 'l"':I l:—r'3 Tyedm |"E

Alternate forms:
More

2 (sinh(2 m) + sinh4 m)*
6950 + 7081 coshi2 ) + 260 cosh(4 ) + coshibm

Open code

Enlarge Data Customize A Interactive
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1

1 . 256637 . 6561657
el e N L

Open code

=2m 2m
-258 + ¢ +e77 4
2" (59999 + 1812736 2™ + 3572034 ¢*™ + 1812 736%™ +59999 ¢%7)

1426062 + 7081 6™ + 13900 %™ + 7081 £87 + 260 £197 4 2127

Open code

Alternative representations:
More

1

1 28 H
e T (@7 I % (@73
1

18 - o8 4 38
(180,180 t]z (360" 360° ]2 ~e~540° 540 ]2

Open code

Enlarge Data Customize A Interactive
1

18 28 38
(-T2 * T =~ [T 3T
1

for s

18 [ 28 38 ]
- +
fexp izi-exp™" n:z]:I2 I::xp2 Tiz)emp 2 T n:z:l:l2 I'J.:x'[:n3 Moy ey ”n:z]:I2

Open code

1

18 28 38
+ +
I:l.,rr_E,—:r:,E l:-rz.lT_F—E.lT:'E I:L!‘,EJT_E,—EJT?E
1
18 4 o8 - 38
1!,—4' logi =1 _ i logi -1 :112 {F-z i log(-1)_ 2 i logl-1 :112 II!,—Ef log(=1)_ .3 i log{-1 J]-"

((CCCL/ [(((178 /((e"Pi - e"(-P1))"2))) + (278 / ((e"(2P1) - ¢*(-2P1))"2))) + (378 /
((e"(3Pi) - e(-3P1))"2)))]))))"1/12

Input:

1

18 28 38
1,_3/ ey +[,.l!,2n_r-2n]2 + l:l,zn_!,-zn]z]

Open code
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Enlarge Data Customize A Interactive
Exact result:
1

12 1 + 256 + G561
| ,:!.-'T_P—JT:'E ,:!,EH_!.—E:r:,E l:PEH_P—E.-'rF
Decimal approximation:
More digits

1.631581220060107855205194549803006482872644927041958672238...

This value 1,6315812 is very near to the golden ratio. It can be defined a golden
number.

Property:
1

15 a transcendental number

12 1 + 256 ¥ G56A1
: | ,:_!.—n H..ITI-,.."' ,:_!.—En_,_!..?:r:lﬂ ,-_E.—E:rH.En:'E

Open code

Enlarge Data Customize A Interactive
Alternate forms:
More

%"I sinh(2 m) + sinh(4 m 12’ -
\ 65950 + 7081 coshi2 m + 260 coshid ) + coshib m

Open code
1
5 1 256647 B5E1ST
TR (T2 (PTap
Open code

,p'""-"se'} I -E +fl5rr LB

1124!1+EI5D¢=2” + 7081 %7 + 1300057 + TOB1 £87 + 260 £107 4 £127

Alternative representations:

More
1
[
L 28 38
12| +| = = P P
'!H (T2 llr"”—e'_"”rz ed T3 e
1
18 28 38
12 2 o T : oy T s o
\ (-e7180°,,180°P © [_,-360°,,360° T (_-540°,,540°)2
Open code
Enlarge Data Customize A Interactive
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1

[
1‘-21 .:,JT_!,—JT:,E g ,LFEH_P—EH:,E +,:!.3n_!.—3n:|2
1

8 ] 8
12 L + Z + .
‘.q I:f.:x'[:r"-:z]—d.:x'[:f”-:z:l:l2 I::xpz T2 "T{z:ll'l"':' I::xps Tz} "n:z:l:l2

Open code

1

RN
1‘-21 .:,JT_!,—JT:,E i ,:FEJT_E.—EJT:rE T l:!.E.IT_!.—E.IT:IE
1

18 28 38
12 - - 5 -+ N - + ¥ 2 o
\4 ‘l,—d Ing-:—l}_!,: Ing-;—l;l'r- “,—21 lovg (-1 :I_!,.EJ Ic\gn:—l;l'[:! |:l,—31 Ing-:—l;l_!,E i Ingn:—l;l'l

1.631581220060107855205194549803006482872644927041958672238

Continued fraction:

Linear form
d 1
+
1+ 1
1+ 1
1
1+ I
2+ I
1+ T
1+ 1
1218+
3+ 1
1
1+ T
1+ 1
1+ I
1+ 1
2+ T
3+ 1
1+ T
B+ 1
2+
1+ 1
1
4-
8+—
Open code
Enlarge Data Customize A Interactive
Possible closed forms:
More

5(-84-150 7+ 657

~ 1.6315812200601078524034
451 -672 71+ 195 1°
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root of 8880 x° — 18763 x* +29762x - 37180 near x = 1.63158 =
1.6315812200601078551941 ]

x roor of 2464 x% ~136x° - 1457 x° +92x + 185 near x =0.519348 =
1.6315812200601078562655

3% In (((1/ [(((1"8 /((e"Pi - e"(-P))*2))) + (((2"8 / ((e"(2Pi) - e(-2P1))*2))) + (((3"8
/((e"(3P1) - e*(-3P1))"2))])))

Input:
31 -

0

3 1 31 38
TR |27 27 | [an_gang
Open code
e logzixiisthe natural logarithm

Enlarge Data Customize A Interactive
Exact result:

| 1 256 6561
-3 o8 (e _f—n}z ¥ [fZ:r —4.“_2”}2 ks [fB:r _f—3n'|_2
Decimal approximation: . .
More digits
17.62378625728086302197218743104152119802052217009293788755...
Open code

Alternate forms:

More
logi8) + 6 logisinh(2 ) + sinhi4 7)) - 3 log(6950 + 7081 coshi(2 ) + 260 coshi4 ) + cosh(
6
Open code
Enlarge Data Customize A Interactive

o 1 256 ¢*™ 656157
-3log - -

e _Pn}z [34” i 1}2 [fﬁ:r i 1]2

Open code

—6r+6log(e’™ -1)(1+* ™)1+ +* 7)) -
3log(1+260¢*" +7081¢*" +13 900 &5 + 7081 %" + 26007 +e'7)

Continued fraction:
Linear form
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17 +
1+ 1
1 1
N 1
1+ T
1+ 1
1+ I
12+ I
44 T
38+ 1
1+ i
O+ 1
3+ 1
2+ 1
5+ i
3+ 1
8+ 1
3+ 1
1+
1 1
) 1
1+ I
4=
Open code -
Alternative representations:
More
1
3log =
1% 28 38
e s [{Pzn_g-zn]z * (T3 ]
1 1
3108 18 28 38
l:—l'_n +&7 -'2 2 l:—r'_2 T +:’2"':|2 i {_F_E T +r'3":|2
Open code
Enlarge Data Customize A Interactive
1
3log - -

1 i a2t s < ]
{!JT_F—.IT:'Z {E_,E.IT_F—E.IT:'E l:-rg.lT_F—E.lT:'E

1

3 logia) log, 3 T

8
-1 * -2 f m = -3m_3nm
e+ 'l2 |-£ +e2 '|2 |- +£ '|2

Open code
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k
3log - _

1 + 23 £ 38
(TR T[T 2T T (3T 32

1

8 8 8
1 + 2 + 9
[T +s"':|2 |:.—F_2‘IT+!!‘2 m ',2 ,1_9—3 m _H.En:'z

L

-3Lih|1-

Series representations:
More

1
3log _
1B + 23 £ 38 ]
,{Frr_P—JT:,E {E,E.IT_F—.EJT:'E {FEJT_P—EJT:'Z

k 1 256617 6561 T
o -1y [ 1+|:_p_”—p":|2 +{—1+p4”:|2 +|:_—1+p'5”:|2

3
2 ‘

Open code
Enlarge Data Customize A Interactive
1 }r—arg{i] - argizg)
3 1Dg — —fin ] =
18 i 28 5 38 ] 2
{F" il -'2 {E,E m_—2 JT:,E {FEH—F_E .IT:'E
k 1 256 £561 —k
- &h [{—F'" + )2 £ |'l—p‘2”+p2”',2 i ,'_F—31T+P31T:'2 _zﬂr g
3 ].CI (Zn) + 3 d ) |
g(z0) +3 )’ ;
k=1
Open code
1
3log =
B 28 58
{r”-g-ﬂF +[{,,2n_,.—2:r]2 +. l:.FE.rr_F—E.rr:'E ]
1 256 G561
arg[l:—p_” +F|T:[2 2 {_F—EJT_H,EJT:'E + {_F—EJT_H,EJT:'E _x]
-6im - 3logx) +
2
1k 1 256 6561 &
S [{ 4" |2 +{"’_2”+’2”:'2 +'{-F_3"+r3":'2 xrx

Bi - I K forx <0

k=1

Integral representation:
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310g . 1 ey (‘-::"”—:"T]E ':—]-H'4"T:IE -:—1-+:"5"":|2 1

1 P 28 s 38
(e & :IE ,::.E m_—2m :IE .f;-g m_-3m ]E

This result 17,6237 is very near to the value of black hole entropy 17,5764

(5 + 1372 - 1872 * In (((1/ [((18 /((e"Pi - e"(-Pi))*2))) + (28 / ((e"(2Pi) - e(-
2P1))"2))) + (378 / ((e™(3P1) - e*(-3P1))"2)))]))))

-|5+13% - 18% log

e logixiisthe natural logarithm
Enlarge Data Customize A Interactive

256 6561 ]

+ +
—:r.F'Z [fEﬂ_f—zn]Z [f3:r_f—3:r]2

—l?4-—32410g[

(e" —e

More digits
1720.368015786333206372996242552484280380216394370037201855...
1729.368915786333206372996242552484289386216394370037291855

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—

Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

More

-6 [29 +54 lug[

1 256 ¢*7 5551f6”]]

+ +
[P—:r _ f”}z [f4:r _ 1]2 [fﬁrr _ 1}2

Enlarge Data Customize A Interactive
6 1 256 6561
- 29 +54 9E [P’T _ F—:r}.? 2 [Fzrr _ F—2:r'|2 2 [FB:r _ F—B:r'l.?
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~174 - 648 1 + 648 log((e®™ - 1) (1 +&° ) (1 + €™ +&* 7)) -
324 log(1+260 ¢°7 + 7081 ¢*7 + 13 900 &% + 7081 %" + 260 107 +e'7)

Continued fraction:

Linear form 1
1720 + 1
2+
1 1
N 1
2+ T
2+ 1
a3+ 1
S+ 1
1+ I
1+ 1
1+ T
1+ 1
2+ 1
38+ I
4+
1 l
s 1
2+ T
1+ 1
1+ 1
1+ 1
1+ I
16+—=
Open code
Alternative representations:
More
2 2 1
-|15+13° -18° log -
18 28 38
ey +[h,2:r_!,—2:r-'2 . ‘3”;2]
2 1 2
-5-13" +log, 18
8 38
- l""'l2 _2"+e’2 'l2 32
Open code
Enlarge Data Customize A Interactive
2 2 1
-|15+13°-18° log -
18 28 38
!JT F—.IT"2 IIE,EIr —En-|2 Im_ —3.ITI|2]
1 2
-5 -13? + log(a) log, 18

Open code
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-|5 +13 - 18* log| — -

1 + 28 £ 28 ]
g g * v p

e e I 182

Series representations:
More

1
~|5+13% - 18% log -

18 28 28
+ +
TP \Fr TPt Fp

(-1 [—1 g1, 25687 656157
3 [P 7 et TR T 1SR
~174+324 3"
k
k=1
Open code
Enlarge Data Customize A Interactive

1
~|5 +13% - 187 log -
g

1 £ 28 £ 58 ]
e A e e N L R

{—l}k [—1 + 1 + 256 & 6561 r
o (= 4™ Ir2 |:_p‘2 M2’ :,2 ,:_F—E w3 :IE
-174 + 324 E

k=1 k

Open code

1
~|5+13° - 18’ log >
g

1 £ 28 £ 38 ]
TP T\@renp T AT

T arg[ SL% ] — argizo)
Z|:|

-174 -648inm - 324 log(zg) +
2
k 1 256 B561 &k
324i - [l:_rnﬂ’":'z +':"'_2”+"2”:'2 r (e 3743 TR ZUT(ZD
k=1 k

Integral representation:
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18 F 28 S 38
e '7'1_:.—2.-1':'2 (e3 T _—3m2
1 254 G561
_174 324I =& e | - 2 -H'?TIE '3’T+311 1 ¥

1729.368915786333206372996242552484289386216394370037291855
Also:

294 * In (((1/ [((1"8 /((e"Pi - eN(-Pi))*2))) + ((2"8 / ((eM2Pi) - e (-2Pi))*2))) +
(((378 / ((e"(3P1) - ”(-3P1))"2))))]

1
29410
3 1 51 38
& g2 g am_~2my2 ! e T _=3 M2
Open code
e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive
1 256 6561
294 08 (" _f—:r}z ¥ [PEH _P—EH}Z ¥ [f3:r _f—3:r]2
More digits
1727.131053213524576153274368242069077406011172669107912980...
Open code
1
294 log 3 "
,::..-'r_:.—:r-lE +[I::'?"r :—'?"r g+t 3'r —31 '?'
1. + 256G 6561
A G o B <3 '?"r -:. =37, 3-; \2 1
~294 [ - . - dt
J1

(1727.131053213524576153274368242069077406011172669107912980)"1/3

%"I 1727.131053213524576153274368242069077406011172669107912980

Open code

Enlarge Data Customize A Interactive
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More digits

11.99708821184903213470080678544520275214947260445840084950...

This result 11,9979 is very near to the values of black hole entropies 11,8458 and
12,1904

2*(1727.131053213524576153274368242069077406011172669107912980)*1/3

2 %" 1727.131053213524576153274368242069077406011172669107912980

Enlarge Data Customize A Interactive

More digits

23.99597642369986426958179357089058550429894538891680169901...

This value 23,9959 is linked to the "Ramanujan function" (an elliptic modular
function that satisfies the need for "conformal symmetry") that has 24 "modes"
corresponding to the physical vibrations of a bosonic string.

(1727.131053213524576153274368242069077406011172669107912980)"1/15

1'5'; 1727.131053213524576153274368242069077406011172669107912980

Enlarge Data Customize A Interactive

More digits

1.643696711146681075949817755778687452308756973402126828905...
1.643696711146681075949817755778687452308756973402126828905

This value 1,643696 is very near to the golden ratio. It can be defined a golden
number.

Linear form
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1+

1+ 1
1 1
N 1
1+

5+ 1
1 l
= 1
6+
3 l
o 1
1+
1+

T+ 1

1+ 1 I
119+ 1
B0+
1+

L.
1+ ————
3+ 11
2+=

Open code

Enlarge Data Customize A Interactive

Possible closed forms:

More
1
EW4C—5ﬂ—ﬁmn—48f—Enhgﬁhﬂ?gnhﬂEHE
1.64369671114668107571570
94574 /38
2 csch? (—
66443045
root of 445 x% ~5192 x° + 7520 x% -473 x + 269 near x = 1.6437 =
1.64369671114668107594388 14

] = 1.643696711146681075970552

Note that, the mean of the following seven values is:

(1.643696+1.63158+1.643506+1.6437299+1.6487068+1.6437639+1.6437247)/7
l|§||-mr interpretation:
= (1.643696 + 1.63158 + 1.643506 +

1.6437299 + 1.6487068 + 1.6437639 + 1.6437247)

Open code

Enlarge Data Customize A Interactive
Result:
More digits

1.642672471428571428571428571428571428571428571428571428571...

Open code

Now, we obtain:
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3%1.642672471428571428571428571428571428571428571428571428571

3. 1.642672471428571428571428571428571428571428571428571428571

Enlarge Data Customize A Interactive

° More digits

4.928017414285714285714285714285714285714285714285714285713...
4.928017414285714285714285714285714285714285714285714285713

° Linear form

4 1
=+ 1 l
N 1
12+ 1
1+
3 1
X 1
3+
1 1
N 1
1+
3 i
& 1
2+
5 l
e 1
1+
1 i
N 1
1+
2 l
2 1
1+
1 i
b 1
3+
1 i
g 1
1+
4 l
ST |
2+—=
Enlarge Data Customize A Interactive
° More
rof 5077x° -10172x% -71227 x-9570 near x =4.92802 | ~
4.028017414285714285738025
5022457336 o
~4.9280174142857142856762
3775544381
1
f 9570x° + 71227 x° +10172 x - 5077 near x = 0.202921

4.028017414285714285738025

Note that the value 4,928 1s very near to the first value of upper bound dark photon
energy range (1.8 * 10> —4.95 * 10'°~ 5.4 * 10'®) (Physics Letters B 731 (2014)
265-271 - Searching a dark photon with HADES)
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Furthermore, we have also that the value 4,928 is very near to the mean of the value n
i1s: (3.8 +3.8+5.8+5.8)/4=4.8keV concerning the emissivity index of
relativistic reflection region (see fig.11)

We have also that:

pi (1.643696+1.643506+1.6437299+1.6437639+1.6437247)/5

1
m [E (1.643696 + 1.643506 + 1.6437299 + 1.6437639 + 1.543?24?}]

Enlarge Data Customize A Interactive

° More digits

5.163786...

More

1 S
= 7(1.6437 + 1.64351 + 1.64373 + 1.64376 + 1.64372) = 6.57474 Z‘

k=0

1+2k

Enlarge Data Customize A Interactive

i
=% (1.6437 + 1.64351 + 1.64373 + 1.64376 + 1.64372) =
a0 k

~3.28737 + 3.28737 L

e [Ekk ]

1 @ 9% (_6+50k)
: 7 (1.6437 + 1.64351 + 1.64373 + 1.64376 + 1.64372) = 1.64368 ) 3—;]

k=0
k

° More

T

1
5 7(1.6437 + 1.64351 + 1.64373 + 1.64376 + 1.64372) = 3.28737 { dt

Joo 14t

Enlarge Data Customize A Interactive

1 T
E m(1.6437 +1.64351 + 1.64373 + 1.64376 + 1.64372) = 6.57474 ( V1-t? dt
Jo

1 a0 SIT(L)
E x(1.6437 + 1.6435]1 + 1.64373 + 1.64376 + 1.64372) = 3.28737 ( dt

i
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This result 5,163786 is very near to the emissivity index of Q 2237+0305 object, that
is equal ton> 54

From the 14th root of the following Ramanujan’s class invariant Q = (6505 /G101 /5)3
=1164,2696 1.e. 1,65578..., we obtain:

pi (1164.2696)*1/14

—_—

7N 1164.2696

Enlarge Data Customize A Interactive
More digits
2.20180057...
More
]4'— \.‘l.l.' [_ }k
n Y 1164.27 =6.62314 )
1+2k

k=0

Enlarge Data Customize A Interactive
@ ok
x'V 1164.27 = -3.31157 +3.31157 ).
e 2k ]

—— @ 2% (_6+50k)
x'Y 1164.27 = 1.65578 3 il T ki

=INE
More
1T E— w1
V116427 = 331157 [ at
Joo 1+t2
Enlarge Data Customize A Interactive

—_—

—— "1
x N 1164.27 = 5.52314[ V1-t* at
Jo

— o0 Sin(E)
=Y 1164.27 = 3.31157 f :
Jo
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and also:

(((sqrt(8)+3)N/(((sqrt(3)))) *
1.663429330383565109589777083813405500763471728495377583846

V8 +3
,_+ 1.663429330383565100580777083813405500763471728495377583846
v 3
Enlarge Data Customize A Interactive

More digits

5.597512836770766130234556418958608403038448227758886082238...

(((sqrt(8)+3))/(((sqrt(3))))
(1.643696+1.643506+1.6437299+1.6437639+1.6437247)/5

[8 +3 (1
i [g (1.643696 + 1.643506 + 1.6437299 + 16437639 + 1.543?24?1]
v 3
Enlarge Data Customize A Interactive
More digits
5.531069...

(((sqrt(8)+3)))/(((sqrt(3))))
(1.643696+1.63158+1.643506+1.6437299+1.6487068+1.6437639+1.6437247)/7

v8 +3 /1
- [5 (1.643696 + 1.63158 + 1.643506 +
v 3

1.6437299 + 1.6487068 + 1.6437639 + 1.543?24?}]

Enlarge Data Customize A Interactive

More digits

5.527665...
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The results 5.2018, 5.5975, 5.5310 and 5.5276 are very near to the emissivity index
of Q 2237+0305 object, that is equal ton> 5,4

In conclusion, with the value of the golden ratio, we obtain:
(((sqrt(8)+3)))/(((sqrt(3)))) ((sqrt(5)+1))/2))

*;* (E (V5 1)

Enlarge Data Customize A Interactive
(3+2V2)(1+¥5)
23

More digits

5.444755516166426833609016504882106899385661623096486617555...
5.444755516166426833609016504882106899385661623096486617555

Linear form

5+

2+ 1
4 1
N 1
39+
9 1
i3 1
B+
1 1
N 1
2+ I
2+ 1
224 T
3+ 1
2+ 1
1+ I
1+ I
5+ 1
2+ T
24 1
12+ T
2+ 1
2+
1+—=
Enlarge Data Customize A Interactive

More

logi705 155481 818)

= 5.44475551616642683310572
log(150)
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—
[ 31491535
\ 4249101
1089 ¢ ¢! + 6862 - 2010 & - 430 £
732 ¢

= 5.44475551616642674228

= 5.44475551616642683368 1682

This result 5,44475 is practically equal to the emissivity index of Q 2237+0305
object, that is equal ton > 5,4

Conclusion

We note that also different values concerning the physical parameters of black holes
(not only entropies), are connected to the so-called "golden numbers", which in turn
derive from various formulas of the beautiful and useful mathematics of S.
Ramanujan

Appendix

(from: Draft version May 3, 2019

Typeset using LATEX preprint style in AASTeX61

CONSTRAINING QUASAR RELATIVISTIC REFLECTION REGIONS AND
SPINS WITH MICROLENSING

Xinyu Dai, Shaun Steele, Eduardo Guerras, Christopher W. Morgan, and Bin Chen
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For the joint constraint from a sample of four targets, our analysis showed that the relativistic

reflection region 1s more likely to have an emissivity index of n = 4.0 £ 0.8 and a half light radius
ol 5974 ry (lo), and therelore vriginates [rom a mwore compact region relative Lo the continuum
gmisgion region. Thig result confirms the previous ;'elll:l?}‘ﬂ microlensing m'gum{'m that point
towards the reflection region belonging to & more compact region (e.g., Chen et al. 2012). The result
also shows that the X-ray contimuum cannot be a simple point source “lamppost™ model, confirming

the carlier analysis result of Popovic et al. (2006). The spin value of the joint sample 1s constrained
to be a = 0.8 £ 0.16. This 1s in agreement with previous studies reporting high spin measurements
(e.g., Reis et al. 2014; C.S. Reynolds 2014; M.T. Reynclds et al. 2014; Capellupo et al. 2015, 2017)
either in the local or high redshift samples. For Q2237+0305, both the spin and emissivity index

nparsmeters are well constramed indwadnally with 2 = 092 and n = 54 correspondimg to 2253 ¢ for

spins between 0.9 and the maximal value. Overall, our spin measurements favor the “spim-up” black

| I, [ e Ly | 5] Ay R ey L N e Pes e sy eVl Ltk B ApR = LN Iy i B L e R
IOe PRIy vin IIlU(Ll‘l WIHETE oSt UI1 [ne accretlon OCciirs 1 a conerent [PaLESe WILIL TIIRCE =t anisot ropies,

especially for z > 1 quasars (e.g., Dotti et al. 2013; Volonteni et al. 2013).

a=0.9, n=3.8

000000 0000002 OO0C00F  Q.00001E  0.00DC33 DOCO0GE 0000137 00D027E 0.000BB3  0.001103 QW00NE

Fiemre 11, Example Kerr images o7 | hr- Fe Ky emissivity profiles from KERTAP (Chen et 2l 2005) with
a=0mn=338 (top, left) a = 0,n = 5.3 (top, righkt). a = 0.9. 7 = 3.8 |bottom, left), and 0 = 0.9.n = 5.8
{(bottom, right), where the ]':LC‘]]I’l-IlIUH an;_](- is fixod at 40°.

Note that the mean of the valuenis: (3.8 +3.8 +5.8 +5.8)/4=4.8keV concerning
the emissivity index.
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