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Abstract

In the present research thesis, we have obtained various and interesting new possible
mathematical developments concerning some Ramanujan’s Mock theta functions of
tenth order and mathematical connections with some sectors of Particle Physics and
Black Hole physics
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THEOREM 2.4.1. Let g be fixed, 0<|q| < 1. Let a. b. and m be fixed
integers with b0 and m = 1. Define

Flz)=

f _:hqu_ —:_qu_“j J

Then F is meromorphic for z 0, with simple poles at all points zy sueh that

zb =g =2 for some integer k. The residue of F(z) at such a point zy is

Y
(—1 )k+1 quuic{_k. 11,._:0
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LEMMA 2.5.1. Let g and x be fixed, where 0 < |q| <1, and suppose that
x is neither zero nor an integral power of q. Then k(x. q) is the coefficient
of 2% in the Laurent series expansion of B(z. x. q) in the annulus |q| < |z| < L.

Next, R(P(z); )= —x~ !¢ by (2.5.6) and the equalities

I e o T Lifx=lqg gk x e
_( —1 _{ _1j:__.( 'r—l— f)=— !-
2\l—¢ 7z 1—gz™, 2\z—¢q z—q z—q

=]

Also, R(P(z): ¢*) = —x73¢* by (25.6) and the equalities

l( x—9 qox g ! 3 l(.\"3r13+,\"_3f,r3 B x g3
2\1—q22 1—([3:_])_ 2\z—¢° :—rﬂ)_ z—g*

We have that the algebraic sum, for x=2,q=0,5and z=0,8 1is:

((([-((2)"-3 * (0.5)*3))/((0.8-(0.5)"3N]-[-((2)*-1 * (0.5))/((0.8-0.5))])))

Input:
0.5% 0.5
g0 s 2
0.8-0.5° 0.8-05
Open code
Result:
More digits
0.810185185185185185185185185185185185185185185185185185185...
Open code
Enlarge Data Customize A Interactive

Repeating decimal:
0.810185 (period 3)

And
Input:
0.57 0.5
2| 23 psiges— 1D
0.8-0.5° 0.8-05



Open code

Result:

More digits
1.620370370370370370370370370370370370370370370370370370370...
Open code

1,62037037037......

Enlarge Data Customize A Interactive
Repeating decimal:
1.62037 (period 3)

By Theorem 2.4.1 with @a=3, b= —1, m=2, and k=1,

R(B(z):. q) (4" ). /{—1 .\_2112.1,!"“Lf)'3] _‘f e
s g, ¢*) xf(—x2 —x"2¢?) ("%

and with a=3, b= —1, k=0, and m=2.

e f(—\ o —x2) fla,a°) q°

(¢
R(B(z);: ¢?)=
2 . 47) %t —>® —.1‘_2r[2) (g% g*)>,
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—22
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Thence, we have that the algebraic sum is:

[-((2)*-1 * (0.5)H-((2)"-3 * (0.5))"3]

Input: .
(7))

Open code

Enlarge Data Customize A Interactive
Result:

-0.249755859375

Rational form:



1023
4096

And that:

IV 1-(2)™-1 * (0.5)+[-((2)"-3 * (0.5))"3]

Enlarge Data Customize A Interactive

More digits
-4.00391006842619745845552207165200391006842610745845552297 ...

This result -4,0039 is the minimal possible value of the mass of hypothetical DM
particles, with minus sign.

Now, multiplying the algebraic sum for the value of Planck constant without
exponent, we obtain:

6.626 * [((2)"-1 * (0.5)]+[-((2)*-3 * (0.5))"3]

6.626 {_[o_; -[Z—f]g]]

Enlarge Data Customize A Interactive

-1.65488232421875  that in absolute value is:
1,6548823

Dividing, we have:

[-((2)*-1*(0.5)] / [-((2)"-3 * (0.5))"3]



Enlarge Data Customize A Interactive

1024

The square root is:

Enlarge Data Customize A Interactive

32

Multiplying by 54, we have:

Enlarge Data Customize A Interactive

1728

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—



Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

We have that:

LEMMA 2.5.7. For 0=<m <4,

2:m+l£2 “m+l 4

R, 20 lg)=—"—— and R(J,(2):(¢")=— il

-

h

where (°=1 and {# 1.

Proof. For 1<m<4, by (25.15) and Theorem 24.1 with a= -5,
b=5, m=10, and k=0,

R(J,.(z); {g)

q{ g™ {f 1193 F—(& (]5 2m— {f_:f,n')_jff]5_2m],f‘((i:f]]'5- (Cq)~ 51,20}
. q%) ¢ f —rﬁ’"- -4

g
X o

:!{{JIIG' (.I]D}ig

7“m+lq2
= :
and by (2.5.15), Theorem 2.4.1 with a= -5, b=5, m=10 and k=1, and
(2.3.4) with z= —g¢*" and g=¢'"*,
R(J,.(z2): Lq?)
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We have, for (=2, q=0,5 and m = 3:
-(274*2%*0.5"2)/5

1
— = (2% %2 x0.5%)
= )

-1.6
10/4

And forq=q
-(274%2%(0.572.5)"4)/5

1. . 254
—5[2 2(0.5°7Y7)

Enlarge Data Customize A Interactive
-0.00625

Now:

(2P 4E2%0.582)/5-(2M4*2%(0.5°2.5)4)/5

-E[z“ 2 ﬂ.52]-é[24 2(0.5%%))

-1.60625
1,60625

This result -1,60625 is very near to the value of the electric charge of electron.

We have that:



3 % ((«(2M*2%0.5°2)/5-(274%2%(0.5/2.5)"4)/5))

1.4 2 1. 2.54
3[—5[2 2x0.5%) 5[2 2(0.5 ]l]

-4 81875

And
2.5849 * ((-(274*2*0.5"2)/5-(274*2*(0.5°2.5)"4)/5))

where 2.5849 1s a Hausdorff dimension

1 1
2.5849[—5[24 2 0.52]-5[24 2[&.52-5]“]]

Enlarge Data Customize A Interactive
-4.151995625

This result -4,1519 is in the range of the mass of DM particle that is between 4 — 4.2
eV with minus sign.

Note that:

11+ 1/3%[2.5849 * ((-(274%2*0.5/2)/5-(2°4*2%(0.5/2.5)°4)/5))]"6

Enlarge Data Customize A Interactive

More digits
1718.733384772761148065552631381270093585034211476643880208...

10



More digits

1718.733384772761148965552631381270093585034211476643880208 ...

(period 1)

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number

1729

We have also:

(AT +1/3*[(1.3934+1.2083) * ((-(2"4*2*0.5"2)/5-
(274%2%(0.572.5)*4)/5))]"6))))"1/3

where 1.3934 and 1.2083 are Hausdorff dimensions

|
I 1 ro1 1 &
311 & [[1.3934+ 1.20831[—5 (2% x 2 x0.5%) - = (2% x 2 [0.52-5]‘4]]]

\

Enlarge Data Customize A Interactive

More digits
12.1337...

This result 12,1337 is very near to the value of black hole entropy 12,1904

Now, we have:

11



and for m=0, by (2.5.14). Theorem 24.1 with a= —5. b=35, m= 10, and
k=0 and (2.3.4) with z=¢° and ¢=g¢°,

R(Jo(z): Cq)

C2%(9"% ¢")%, 189 7" Lg) 7 ) S =(Lq) —(q) 2 ¢"°
- &, 4% (=4, —=¢°)

—{q
X = :
J[qIO: l{."]I:I}:_j':{i
._‘_2

_ 2fq

N 5
and by Ther.)h.lﬂ 24.1 with a=—5, b=5, m=10, and k=1 and (2.34)
with z= —¢° and ¢ = ¢'"*,

R(J4(2); i.‘cﬁl

.J""'.:' & f‘fls}fh{ —l’fs. —ﬁfs}
_.“{IB

"S54 ),

2¢° 183 4®)N—q7°) fl—4°. —¢°) {q°
= f-[fj’S- q]jj.}a-{_qﬁ‘ _(!5] 5

- 4
2(q

J

We have, from the algebraic sum and for for { =2, q=0,5:
-((2*%2(0.5"5)"2))/5 -((2*¥2(0.5"2.5)"4))/5

Input
[2 2(0.5°) [2 2(0.5%7)%)

Open code

Result:
-0.0015625

12



For:
(0.0508834375)"2/-(((-((2*2(0.5°5)"2))/5 -((2*2(0.5"2.5)"4))/5)))

where 0.0508834375 =0.0814135/8 + 0.0814135/2 and 0.0814135 is aresult of a
Ramanujan Mock theta function

0.0508834375°
-é[z 2[&55F]-§[2 2(0.5%7)%)

Enlarge Data Customize A Interactive
1.6570394955625

1,6570394955625

This result 1,657039... is very near to the fourteenth root of the following
Ramanujan’s class invariant Q = (6505/6101/5)3 = 1164,2696 that is 1,65578...

We have:
(-16+127"2)+(2.5)/-(((-((2*2(0.5"5)"2))/5 -((2*2(0.572.5)"4))/5)))

where 2,5 1s a Hausdorff dimension

(-16 + 12°) e

~16+12%) 4 -

' L -5 (222(05°F) - £ (222(057))
Enlarge Data Customize A Interactive
1728

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

13



(((0.48/(((((2%2(0.575)72))/5 +((2*2(0.52.5)"4))/5))) /3

Input:
0.48

{( s (222(05°P) + £ (2x2(0.527)%)

Open code

Result:

Fewer digits

More digits
4,136514604861216745777843647717152050807942280008848478379...
4.1365146048612167457778436477171529508979422890088484

Continued fraction:
Linear form

4+

7T+

3+

13+

Possible closed forms:

More

48V7 :
o = 4.136514604861216745777843647717152050807942280008848472270

Sx5Y

Enlarge Data Customize A Interactive

> 1443895

— T CSC 2[ ]z4u1355145D485121563H3U

7 21160091

14



475 + 723y 1 +91x+66 7Y% £ 6 °
190 x

= 4.13651460486121674506503

This result 4,1365 is in the range of the mass of DM particle that is between 4 — 4.2
eV

(CCCCCCCC0.48/(((((2%2(0.575)2))/5 +((2*2(0.572.5)4))/5)))"1/3))N))*1/3

Input:
] 0.48

i 3 £ (222(0.5%7)+ = (2+2(0.5%°)*)

Open code

Enlarge Data Customize A Interactive
Result:

* Fewer digits

* More digits
1.605258040875225834584751425314694535856735747245489259431...
1.6052580408752258345847514253146945358567357472454892

Continued fraction:
* Linear form

1+

1+

1+
1+

1+

7+

135+

15+ 1

15+

15



Possible closed forms:

More
2(2003 Cygsm + 110)

6309 Gy — 1210
Enlarge Data Customize A Interactive

pr—

\/2 | 2019247
5\ 4739467

1070740242 n -
= 1.6052580408752258344763
2095507135 CHzm is the Hafner-Sarnak-McCurley constant

= 1.6052580408752258110093

m = 1.60525804087522585 1840

This result 1,605258 is very near to the electric charge of positron

On the Dedekind Eta function and Ramanujan Mock Theta Functions

THEOREM 2.6.8. For ze 3.

5y 3 5
<o M180 30,9 180, 72145, 151 180, 60 190, 30

= ’.’ge 160160, 18] 60, 24’1’30, 30T ’.-’go ’360’.-’%0, 9 N eo, M’fis, 15 180, 60- (2.6.3)
We have that:
3.20736
ZR Or(fr!{ ISG}I.FI: z) :T: 5184 = ord| F]: o0 ), (2.6.4)
8.20736
ZER O}.{)’FIHSC'J(F . :] :T: ]3824;3— U}”'{ Fz: o ]. {26.6j
9.20736 g -
ZR Orff‘l"l(lggj(Fg,: :):T: 1:}3‘32 ; ﬁ”‘f!{ Fg: 2 ! }_ {36.8]
.  5.007136 .
Y Ordr, 1s0)(Fa: 2) :Tzﬁﬁﬁf-’r(} zord(Fy: 0),  (2.6.10)
ze R =

16



6
' e d [ F ., S
_L U’”F](]SOJlfﬁ-“f_
ER

Z

N
pa

ZeER

Of(."r]”gmiFﬁ: Z)= L

-

zeR

Z Or(’fr']“g{}]{FS:. :} —

zeR

Thence:

320736 820736

12

620736 720736

12

= 10368

We note that:
20736 /1728 =12;

and that:

20736
6-20736
—

- 20736

7-20736

=5184 = 13824
12

1N2r
1D

12

= 10368 = ord( Fg: o0).

= 12096 = ord(F;:

= 12096 = ord( Fy:

9x20736

= 153552

= 12006

o0 ),

Q0 ),

12

(]
'“=-I
[

(2.74)

5x20736

= 8640

5184 /1728 =3; 13824 /1728 =8; 15552/1728 =9; 8640/ 1728 =5;

10368 /1728 =6; 12096 / 1728 =17.

Furthermore: 12° = 1728 and

(1728)"" = 1.643751829517225762308497936230979517383492589945475200411

Indeed:

Input:

Y 1728

Result

17



* Approximate form

225 ‘5’/;

Decimal approximation:

1.643751820517225762308497036230970951738340925800454 75200411
Continued fraction:
* Linear form

1+

1+
1+ 1

1+
4+ ll
5+

2+

20+

Possible closed forms:

2215 {/E -

1.643751829517225762308497936230079517383402580094547520041102976

—
[ 3139915

i & 1.64375182051722583645

\ 18593681

2. 020 , 0 13n
fz+ﬂ_4!+4”_ 4" 727 cosbiem

: = 1.6437518205172257653822
sin®?{e m)

Note that:

3 *1.643751829517225762308497936230979517383492589945475200411 =
18



=4.931255488551677286925493808692938552150477769836425601233
Possible closed forms:

12493 3 o
4.93125548855167728692549380869293855215047776983642560123308030

Enlarge Data Customize A Plaintext Interactive

26 x* + 339 x° - 2228 x? + 244 x - 3050 x=493126 =
4.93125548855167728622037
T 895 x® - 70090 x° + 84599 x + 36438 x = 156967 =

4.031255488551677286055884

This value 4,931255 is very near to the first value of upper bound dark photon
energy range (4.95 * 10'° — 5.4 * 10'%) without multiplying the base and its exponent.

We have also that:

((1728)*1/15))*10"3 + (8/2+572) where 5 and 8 are Fibonacci’s numbers,
Input:

V1728 - 10° + (82 + 57

Result:

89+1000 22733

Decimal approximation:

More digits
1732.751820517225762308497936230070517383402580045475200411 ...

Alternate form:

X —445 x* + 79210 x° - 7049690 x% +
313711205 x - 12000005584 059 449 r x =1732.75

Open code

Minimal polynomial:
X —445 x* 79210 % 7049690 x° + 313711205 x — 12000 005 584 059 449

The result is: 1732.7518295... and is very near to the range of the mass of f,(1710)
candidate glueball.

We obtain the following theta function identity from (2.6.3)

19



8 g 3 5
21150 M1go 130, 97 150, 72 45, 15 180, 60 190, 30

5 : _ 3 5 B 2
=130 160 60. 181 60. 24190, 30 T 130 1607 30, 0 1 60, 247 45, 15 ' 180, 60-

We have the following Theorem (first identity):

Turorem 2.6.12. If |g| < 1. then

{ffjol qSO}rZJO ( f[45: qéifr}x {qGO: ‘!60}3@ f{ _q?'.?_ _{1108}
180, 180,

>
- @74 (@™ 8" e (=47, —q°)

(4"5; qu}i

(™ 4®) (@0, f—¢ .~ f(—=¢®, —d™)

For the proof, we multiply the left hand side and the right hand side of (2.6.3) by

2 9 p
—23/2 J'J‘llclfp ".r"90 "." 180

{ 5
130 160
We obtain:
2 3
2M50 M1 3 5 g2 45 T lzo
21190 1180 130, 97180, 72145, 157 180, 60 190,30 4 ffgg i

q

5 3 5 2 2 _
1130 6060, 18760, 2471 50, 30 + 130 160730, 0 160, 24145, 15 1118060 4

and apply the two equations:

Let #=iz:Im z>0{ Forze#, g=e*

’ﬂ”:} =, :f,{nfnz)fu l_[ ( 1 _{,Qxinmz] - qnlx?-’i[qn: qnlm

m=1

¥ il n—m
Py (m/n) n/2 J(=q". —q )

(4" q")

31'3,;:1{:} =lam =4

We know that F, is equal to the difference between

1,3 .3 _ 3 5
<oy Migo M 30,9 180, 72245, 15 180, 60 90, 30

20

2 .3
_232 145 Moo M 130

3
30 60



and
N3 Meot? Y " T 72 "
130 16060, 181160, 247 90, 30 T 130 116071 30,0 1 60, 24145, 15 1] 180, 60

Thence from (2.6.3), F;=15184;

Indeed:

320736
12

= 5184

In conclusion, we have that:

5 .3
g—282 a5 Moo M 180

5184 % ol

] 3
iy FELINE
Fgd B : yE g2 s T 1zo
_ =Moo 180 /130, 91180, 72'1 45, 15/ 180, 50 ' 90, 30 N30 Mo

5 .5
5 3 5 2 2 —23/2 145 190 180
T30 160160, 187160, 24% 00, 30 t 130 1160130, 0 1160, 24] 45, 15 T 180. 60, 30 Meo

The same procedure is done for the other three identities. We get:

21



THEOREM 2.6.13. If |g| < L. then

It — g% —g®) f(—q° —q¥)? fl—q"s, —q®)

q 1 _{}13_ _(;42}2.}.-{ _q:m‘ _qﬁﬂ]d
( f(—q, —¢®) f(—q°, —¢*) f(—4"°, —¢®) )
f{ _qll_ _‘?ID} }({ _(IM.‘ _q46J)r[ _qiﬁ_ _q,_hi}

=% —¢*®) fl—¢° —¢**)

(0 @) ("% e =G —gF%: ™) s
= - - :
: A=, =) J=4"; —4°)

(4% ‘130};3;0 f 1(q%, q%) F(—q%, —q"®) f( —q%, —q°)
qf (¢ ¢ f14°. ¢*") ( Si—=q% —¢**) fl—q" —q¢*)

—q° R =) =, — " =" —a™F A= ™)
: T g g™ —g, —g®)

fl—g% —a™) f(—q" —q")

Proof. Dividing both sides of (2.6.5) by

).

(91,40) 3 4 2 o > ; 2
q M50 s M0 T30 TTeo 10, 27110, 3710, 471 30, 271 30, 41130, 87] 30, 147160, 6 /] 60, 127] €0, 18 -
and applying (2.6.1) and (2.6.2), we have completed the proof.

The (2.6.5) 1s:

22



3 2 .3 .2 2 2 2 3
Millsio 2158 20 Has Moo Higo Heo, 67130, 41130, 14730, 9720, 671 90, 30 180, 60 45, 15
e g oy 2 ;
=15 H10 15 130 Mas! 60 1180 60, 67160, 1271 30, 411 30, 14715, 160, 18 30, 27 30, 8
2 e

X145, 151 60, 20 130, 60
R S
T 15 a0 N30 Neo s, 2130, 9160, 187130, 27730, 81 10, 4!l 60, 307 30, 51 30, 47130, 14

2 :
* N30, 10 s, s

3 .3 YL S .
— Hsi10 15 M20130 Has eo 118030, 9/ 60, 187130, 2
X 30,810,410, 360, 107130, 61 180, 36
- 2
Meo, 660, 12130, 4130, 1445, 15 ' 60, 20

LI S . S
— 1o 2030 45 160 Moo 18071 30, 9160, 1830, 2
X130, 810,410,360, 107 180, 8471 30, 15
X Neo ! N1 o? Nis sM3e 1c? %

l60, 6'160. 12110, 2130, 147115, 51 45, 15 ' 60, 2071 90, 30

2 e e
+ W10 2030 145 o Moo 118030, 9/ 60, 18
X 30,2130, 810,410, 360, 1071 180, 8471 30, 15

. . 4 2 <
X eo, 660, 1210, 27130, 47115, 51 45, 15 H 60, 20" 90, 30 - (2.6.5)

We know that F, = 13824 1s equal to:
UR f?s’f?o ’hz"hs’ifgo ’,"is ’J’go ‘T%so e, 67 30, 471 30, 14’130,9’!20,6-'.’30, 30 J.IF%BD, 60 f?is, %

R R 3 9 2
s Mo s 30 asTeo 180 6o, 6160, 127130, 47130, 14715, 11 60, 18 130, 271 30. 8
2 2

X M4as, 15" 60, 20 ' 180, 60

i .3y 3
15 M20 M0 Neo s, 230,90, 181 30, 21 30, 81 10, 41 60, 301 30, 5130, 47 30, 14

2
A M30,10 Ts, 5

- R . : :
— st 10 15 12030 W as Neo 1180 30,960, 181 30, 2
X M0, 810,47 10, 3% 60, 10130, 67 180, 36
” 2

o, 660, 1271 30, 471 30, 1471 45, 15 1 60, 20

- JORR. R . S ;
— W10 N20M30 Has Heo Moo 11807 30, 9/ 60, 18730, 2
A M30,8M10,4 10,360, 107 180, 847 30, 15

4 2

X o, 6160, 12110, 27130, 14115, 511 45, 15 ' 60. 20 90, 30

2 < A S
+ Mo 2030 145 Meo Moo 11801 30, 960, 18
A M3p, 2130, 810,47 10, 31 60, 107 180, 847/ 30, 15

' ' 4 2 >
X Heo, 660, 12110, 2130, 4715, 51 45, 15 60, 201 90, 30 - (2.6.5)
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Thence, we have that:

(91/40)

3 4 2 2 2 2
q 5110 1 1s Moo 3o Meo 110, 2410, 310, 41730, 211 30, 47130, 8130, 147 60, 6160, 127] 60, 13

13824/

3 S g 8 g 2 2 3
( M s Niz2ts 20 Has Meo Miso Heo, 6130, 4130, 147 30, 971 20, 6] 90, 30 1180, 60 M 45,15

°1/40),, .3 .4 .2 2 2 _ 2
q 15110 115 20 130 Teo 1110, 27110, 37710, 47130, 27130, 47730, 8/ 30, 147760, 67/ 60, 12] 60, 18
o 0 . . S 2
5 10 s N30 1astl 6o 1180 6o, 67160, 127130, 47130, 14775, 1160, 18 1130, 2130, 8
2 2
X 145,15 60, 20 1150, 60
PO N .
= M5 20 N30 Neo s, 2130, 01 60, 181130, 21 30, 81 10, 47 60, 3071 30, 57130, 4] 30, 14
2
X H30,10 M5, 5
o I R ; ;
— 51110 1115 2030 Has eo 18030, 917 60. 187] 30, 2
X W30, 810,410,360, 10" 30, 6] 180, 36
X Neo. ¢! Wi 47 NEs o
160, 6160, 127130, 4130, 14135, 15 M 60, 20
I N . SR :
— M0 N201130 1145 eo Moo 1807130, 94160, 181130, 2
X 30, 810,410, 3/ 60, 10 180, 84/ 30, 15
4 2
X 6o, 61160, 127 10,2730, 147115, 51 45,15 ' 60, 201 50, 30
2 3 B
T Mo 2030 145 Heo Moo 111804 30, 9160, 18
X H30, 230,810,410, 3160, 10 180, 8471 30, 15

; ; 4 3 <
X Heo, 660,121 10,230, 41115, 5 45, 15 60, 207 90, 30 - (2.6.5)

(9140, .3 4 2 .2 1 9
Hstyo0 s 20 130 6o 1110, 27010, 31110, 4430, 21730, 4] 30, 8] 30, 14/] 60, 6] 60, 12/] 60, 18

q
/

%

Now, we have:
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Tueorem 2.6.14. If |q| < 1. then

{qg;qg] {:‘z fl—q q's}
__{z;“s 1*)w (@°% 0w (—4", —¢%)
_/{—q .—q”m— .—q361
90 903 .156
o q (—qg
Y PO T “:; bt 1
7 g™ g™, g™, yif(—g"%,.—a") flg*, a®)

" (4% ¢*)2, flg*. q f(—q —q%)
‘)’ [qﬁl] QGG];C ’({‘145 135] j{ . _q'?d_}f‘{c?BQ’ q ]

./{ E,‘.l,ISC!; ‘IISOJ:’; }([ _qg_ _q?,l }4}4{ _q]S‘ _{1?5}~)
0 k f{ _qIS ‘f45}j'( _(136‘ _q54

+q e {!30 3 {t‘f % ) (6% ™) (=4 —2)

51

F 42 =% —¢®) f—q". —4"%))
| (@5 4" (%% )% F—q° — ™) f(—q%. —q%*) f(—q™. —q'%)
7% ) (0% %) (@ ™) (—q"™ — 42— —q®)
W (—f(—q"%, —q™) f( =g, —g™)? f(—?, —q%)?
F° f(—q%, —g%) f(—° —g® )2 f(—g?, —q®)
F @ f(—g%, —g%) f(—q° — ) f(—q%, —g*')?)
et (@ 4% f(—¢° —a®) f(d% ) [ =%, —q™)
q {qw. 78 @5 0™ [(—q"® —q2)
< (@ f(=a®, —¢%) f(=q", =g + f—¢° —q®™) fl—q*, —q*)?

— @ (=g =) [1—q". —q7)?).

Dividing both sides of (2.6.7) by:

(336/5) 13 N6!12"15 15 130 Mas'l50 ’:"15 3 1130, 6145, 9150, 15 60, 247190, 18

o

?!go*‘hsu

From F; = 15552, we have that:
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N 5 o9 5§ 3 2
(336/5) 113 61211518 M 30 114560 /115, 3 1130, 67145, 9 60, 18 160, 247190, 18

15552/ g -’fgofhso

5.y 4 B .08 g = 3 2
13 8o N2t 30 Naseo Moo 11so W15, 3030, 6130, 12490, 30 130, 60 M15. 3T 60, 18

( X Mg, 2418, 3090, 18745, 9 /

T % £ o8 3
§3%/%) M3 Mell12M15M 18 130 Mas 60 115, 3 30, 67145, 91 60, 18 'l 60, 241 90, 18

”g(}‘ihSU ) _(

B 3. 3 2
—N3lol 1518 30 13671 45 6o 180115, 3 M9, 3718, 6
X 1 nE. .-n2 ’ / N M2
136, 12100, 30 180, 60 60, 24745, 18130, 61 60, 13
. 3 .3 2 3 a9 .o
+ 3ol 12115118 N30 Was Meo Moo Miso 15,39, 3
X 1 P L ) Mas ol 1x!
118, 6190, 30 /1 180, 60 130, 6145, 91 60, 18/ 60, 24
X oo, 18] 180, 48] 180, 12190, 271 90, 2111 180, 61 180, 241 180, 7871 90. 33
. e W, e
+ 03012115118 30 Nas Meo Moo Miso M15, 309, 3
X Mia Mt on? Wi iF n2
118. 6190, 30 1180, 60 30, 6145, 9 60, 18
X 1 eo, 241 90, 18] 180, 4811 180, 127190, 2790, 397 180, 661 180, 847 180, 427790, 3
3 2 R 2
+ e Mi21118 Mas!eo Moo 1o M1s.3M12, 3 Neo, 15
5 115 4
90, 30 M 180, 60/l 60, 2471 30, 0 1190, 157160, 15
X 190, 36 15, 330, 61145, 9190, 18 90, 30 90, 45 — H 90, 21 H 90, 45 + Moo, 9 M 90, 15)
o i3 3 .2 B LB
+ NeMo M12215 His NasHeo Moo Miso 15,3
X2 N2 o ni .7 ) ] ] ka7
19, 3 150, 30 1180, 60 130, 0 190, 36/ 180, 727115, 31 30, 671 45, 9] 90, 18
2 3 2 2 . 2 3
X (Moq, 15150, 30 190, 21 — 90, 45150, 9 190, 21 — 190, 451150, 9 150, 39)
2 a3 G NiB
+ 13 M5 18 N30 36N oo 180 15,3018, 6136, 12
il 3 2
150, 30 ' 180, 60 160, 247130, 9 160, 18] 90, 36

g ¢ 5 2 2
X 115, 330, 67145, 9190, 18 (o0, 211150, 15 T 90, 9190, 45 — 190, 39150, 15 )-

2, 2 .7 5 .2 2
) N3 MeM2M 1518 H30 Maseo 15,3 130, 6145, 9/ 60, 18 M 60, 24100, 18

.'Zf
/ Too 1180 )
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We have:

THEOREM 2.6.15. If |q| < . then

(7% ) (%% 7)o (6%% ¢%°) o [l =g —q"°)?

TETE }':*.D fl—q% —q*

(g%, Qm}»lc f(—q', —g™)?

a F—® =™ f(—q", —®)

[\ ’(t C‘JSS, q54} f{ q?z_ g 105 ) :

il ‘q!f-: qlﬁ}w {‘?30: (FSDJ?TI {QISU: I‘.flsﬂl,x. ft _ql’,d* _q?ué]

i { ‘f45: (l',-llﬁ -]c:o {qﬂ): Cfﬁﬂ |i—. ’f( fg'g_- q21 })

2% A—d . —gT) A —g", —g™?
¥ f—q% —q*) fi—g%, —g*)?
s ]2}

—g> fl—q®, =¢"Y) A —q¥, —q

(4% 4%, @, ™) (—°, —¢*) [1—q*, —¢*")

T ) il 7 el

% (f _q39. _qSI ) £ _{!451 —qu}
— P =g, —¢%°) [ —q*, —¢®)
_i_qlzﬂ _qg‘ _qsi ) /1 _qts‘ _q?s}}

36, _ g%

9“115; q]fr}m{qlﬁ{); (fISDJi-J f{ _ffg- _qZI }}({ _(f :
— (ffm‘ 30,2 ; 2 e b

)%, (44" (6% 4™)%,
x(—f(—g", —q™) fl—q®, —g") f(—q?", —¢®)?
= (!9 /{ —if45. _({45] f( —(-fg-. _qS] szi _qZIl _{!,69}2

31,2

)").

+q° fl—q*, —¢*®) fi—a°, —¢*")® f(—¢>, —q

Dividing both sides of (2.6.9) for

4 2 2
(169/40) 13115130 Hasileo 15,3130, 6130, 9 160, 24

5
90

o

From F, = 8640, we have that:
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4 2 ; 2.
169740y 137115 30 1145760 15, 31130, 61 30, 9 60, 24

{q 5
8640 / 150 =

P M Ay 4 . -y 2 2
(’!9’330 a5t eo 18015, 39, 390, 30 1180, 60150, 2460, 13 113, 3 /

* 4 S .
(169/40) 315 30 45" 60 M 15, 3130, 6'130.9 60, 24
5
o )

- o 5 A5
as oo 1180 1115, 3 s, 6t 45, 15100, 30 'T180, 60 730, 6130, 0 1190, 36

q

2 ; 2 : 2
X (11180, 721190, 21 M 50, 15 + 1180, 721190, 9/ 90, 45 — 180, 72190, 39¥ 90, 15)
N (I N SR 2 2
— W15 30 6000 M50 15,3 H1s.62as, 151 150, 60 130. 6/ 30, 0 M 60, 24160, 18790, 36
X (190, 39100, 45 — M0, 21190, 45 + 90, 990, 15)
3 .2 .5 .2 3 3 3 3 .
+ s Moo g0 s, 3 s, 6 as, 15 M0, 30 180, 60 1130, 671 30, 9 1 60, 2490, 36

(2.6.9)

2 2 \ 2 .2 . 2 .9
X (#90, 15190, 30 M50, 21 — M0, 45130, 0 90, 21 — 90, 45190, 0 o0, 30)-

4 2 ; 5
(169/40) 31151 30 Haslleo 1115, 31130, 67130, 9 160, 24

/ 50 )
We have:

THEOREM 2.7.5. If |q| <1, then

= “}30: 6130}3{' {‘?45: (‘!‘,45}9Q lqﬁﬂ: (160]?)0 f{ _q36‘ _q
¢

(qIS: qli}w (fj.lSl]: (},]80}1: f{ _(!]2. _(?21:8}

144
; )

{{[30: qJO'}; f{ {13- q27 ) j‘( _q45. _q45}

(q®; g2,

(4% ¢®) . (g% @), [(—q°, —g%) f(—q°, —g™).

Dividing both sides of (2.7.1) for

e ,
g2 N3Mel2!1s Neo Misoll30,. 360,12
130

From F5 = 10368, we have that:
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2 .4
_asp 37612/ 15 1 an 1180730, 3] 60, 12

10368/ ° 13 =

- T T _
<Hell12M 1545 Neo Tso H1s. 3115, 6130, 3145, 151 180, 6011 180, 36 /

g2 H3l6l21s Neo 1 1807]30, 3460, 12
30 )—

3 o8 2 . 4
Helf 187 30 Naolioot] 180 9, 37 18, 6160, 6'160, 12 60, 247190, 457 150, 60

: P 2 2
( — sl 1sMas Moo Miso s 315,650, 3 Nias. 15 Heo. 122 180,90/

¢ HalsMi21s Meo Nsoll30.3 60, 12
30 )

We have:

THEOREM 2.7.60. If |g| <1, then
g o f{r _q {1’2'}’ 2 ),( _{112- _qIB].f'[ _qlﬁ- _q45}
j j{_(f i _{!54}2./‘{_‘130. _(160}4
( H—a% =) =" "W~ —4%)
y \ fl—q 10 _([20] fl —([22. _qss}f{ _{]2_ _ffss
Iz _{14_ _qzs} = 14 _qlé )

_{ i;' ) o lff » J1—q°, _'f!' ) ” f-}'ﬁu}uo
fl—q. —q fl —q>. —ff )
{q [30 3 ( f{qS- q25 } f{ _qﬁ ]120 ;f f _{}52}
TP ) S S(=* —¢*) fl—=q". —¢°°)
f{ff (IZS} f 120] f{ _(}28* _‘}32}
fl—4° qzz} fl—q" —q*)
i f{ff ‘t}lj}_f{ _q 2 _(!]32-} i ./‘{(115' 5}']5},[{ _qIZ‘ _qlﬁ8}\
=] - 12 18 +4q . 12 18 .
fl—q™=, —q) (—qg = —q°)

Dividing both sides of (2.7.3) by

679,60
q ’h ’fz Umfh_*he’a’eo s, 1%10,2% 10, 4% 15, 57 30, foeo 6 Mo, 47 6o, 16
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From Fs¢ = 10368, we have that:

679/60,,2 .2 3 . 2
N1 12 Mol 1530M 60 s, 17110, 27110, 415, 571 30, 671 60, 6 " 60, 47160, 16 _

10368/ ¢

- 2
_ ( — 120305 Hel 1o Meo M3, 115, 11710, 2 M 10,4110, 3130, 3/ 30,611 60. 21 60. 4160, 167160, 22

679/60

2,2 5 . . . v N ’
q M7 112 Nioll1s30M 60 s, 17110, 27110, 47115, 57130, 6 60, 6 60, 411 60, 16 )_ (

2,2 4 g
My M3 s w1530 60 s, 2110, 47115, 51130, 671 60, 6 1160, 41 60, 16
2 pt nd ne B0 atis <Han eMag < Haq ! )
— 3163060 s 110, 4115, 5130, 6130, 3% 30, 15130, 8130, 12/ 60. 6
X Heo, 107 60, 360, 16
P S W I T 2 2
=13 e 30 eo Hisolls, 17 10,48 15,51 3,1 N6, 2 130,630, 3%]30, 150 30, 27] 30, 12
X Mo, 660, 10160, 2871 60, 4
GG s ol , ; . _ ;
— 3 Moo Migo 3. 1115, 116, 2 M0, alf15, 530, 3730, 6130, 57130, 2/ 30, 87/ 60, 6
: 4 3
X 60, 30760, 41760, 16%] 00, 30 ' 180, 4871 180, 60
TR e s (R | 2 S & . ¥ ; ; i 7
N3 06 Moo 180 13,1 5,16, 2 10,4715, 5130, 47130, 67130, 611 30, 2/ 30, 8160, 6

s 4 3
X Neo, 4N 60,3060, 16 00, 30 150, 12711380, 60 - (2.7.3)

679/60

) . % ; 2 :
q N7 2 Niollis30Meo s, 1o, 21110, 4715, 5730, 660, 6 T 60. 471 60, 16 )

We have:
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Tueorem 2.7.7. If |q| < 1. then

Ao (0% )% (% 0°) 0 (4% 4%)
{(45: {.45}00 “..90: (go}m ( _ . _(36}
M8 ol g _)‘_36 > —47) 4o (g g
N=0"=a" =" —7)
/ {Q.QO: (}90.}; f{‘!m‘ ‘,769)_](‘( _‘f12~ _(!168}

18 [ 6
+4q [\‘f 700 (= —a) [(d2 )

- (g% ¢®)3, f(g®. ¢°) f(—q*, —q'32)
(?18.]'{- (145' ql35} l{ _.{?36- _{}54) f[ ff3.. qST}
fl—q% —q? )2 f( —q"5, —q¢*)

(7 ¢®)* f(—4°. —q>)?
(“]45: ({45}90 (Q‘GDI ffﬁo}ic A _qlS‘ _q:'s})
F—q'% —q™) f(—q¢%, —q'¥)
{qlS: ffls }x “}'301 ‘130}3& (.(]90: {190}3’0)
('8% g1%)  f(—q'2, —q®)

X (f(—=q%, —q%) fl—q®, =" f(—q¥, —q®)?
L —g%, —q%) f(—q3 —g% )2 f(—q?. —¢53)?
— g f(—q"% —q") (=%, —q P (=g, —¢°")?)

_qé f{ _‘13_ _q27)-f'{ qJ‘ (!2?}.}!"[ _(}]5.' _{ITS}j'{ _qIS‘ _{!72]

wls._ qis]:;)

75,2
)

x(—¢° fi—q*; —¢") fl—4", —4
+ =", =) f(—q%, ="
+4" (=% —4*) f(—q", —q7)")

(qﬁ(}: qso-}m 1 _(]3‘ —(;27}2_,(“( _‘!15_ _q?s}\

f—q" —q") f(—q®, —=¢'®) }

_’_qlS \

x(q® fl—q%, —q%) f(—q", —q7)
—¢° fl—=4*, —4%) f—q*, —q¢*¥)

+ /{ _q33. _qs—f}.i'{ _5145- _q45 }}

Dividing both sides of (2.7.5) by

149/20

¢ N i nionn3onioy ; n
{ 1615 M1s Mgl 30 Meo Hav, 12 as, 18760, 6

60, 12190, 36190, 21190, 391180, 667180, 6
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From F; 5 = 12096, we have that:

149020, =% -9 = 3 o3 2
q / Netlo s 1.1 30 Neo N30, 127115, 18 60, 6

12096 / g0, 1290, 3690, 217190, 391 180, 661 180, 6+

L A S 2 . 2 .
— o 15 N30 Yiso Me0’l180'1 15,3 1115, 6190, 30180, 607 60, 12160, 5 /145, 187190, 36

( X 90, 2190, 307180, 657180, 6 /

149/20

. T 3 2, S - 2
q Netlg 11s 118730 a0 130, 127145, 18160, 6

Hen, 12100, 36 a0, 31!/ 00, 30 180, 66130, 6 - )_ (
G e 2. =B oo . : 2
Nello 18?30 Mas Mo ool 1807115, 3 45, 15 190, 30

£ o ;
* 180, 60 45, 9 60, 6 160, 127130, 12190, 21 1 90, 391 180, 6'] 180, 66
2 2 .3 .3 . 2

+ el 1830 Mas Neo Mool 180715, 3/ 35, 15 H90. 30

2
X Meo, 6 60, 127130, 12745, 187190, 337190, 391 180, 4277 180. 127 180, 6

2 S - 2

— Hetlo H18 30 Has Heo Hooll 180115, 3 45, 15 90, 30

2 - - : ;
X Mo, 6 160, 127130, 127145, 18190, 37190, 2171 180, 78 /] 180, 48] 180, 66

2 i R . . .

+ o M15M 18 Neo Moo M1g0!15, 31 18, 61180, 4511 180, 6071 30, 127145, 18790, 36 1] 90, 21
X 1 ) y ni oo ) ) ) (1 2 .nZ

190, 3971 180, 661 180, 61 30, 3 60, 157190, 15 190, 18/ 180, 36 \ 190, 45190, 33 90, 27

2 2 _ 2 2

+ Hoo, 45150, 3 M50, 27 — 90, 15190, 3 M0, 33)
W R B s W W 50 HE. o 12 )

le!o!1g 130700 g0 115, 336,990, 30 1180, 60 /30, 12
X N as, 18H90, 36790, 21790, 39

2 2
X 17180, 66180, 6160, 12730, 3 60, 151 90, 15160, 61790, 18| — 150, 15 90, 33
2 2
+ 50, 45 M0, 27 T 50, 15 190, 3)
N2 N Mantl s s N iaali 50 } 7 7 7 }
el M1sts 3060 oo N1807 15, 3160, 157130, 12145, 187 90, 36 7 90, 2171 90, 30
4

X 1180, 66 180, 6160, 12130, 3 60, 151 90, 1500, 187 180, 30 /00, 15190, 27

— oo, 451190, 3 1+ 190, 4590, 33 )- (2.7.5)

149/20,, .2 2 3 3 2
q Nes M5 1830 Hea 30,1245, 18 60, 6

/ Heo, 127190, 361 90, 211190, 390/ 180, 661 180, 6+ )
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We have that:

TueoreM 2.7.8. If |q| < 1, then

o (0% 0% (4% 4% (7% 4% (4% 4%)os

(¢% 492 (4% ¢°) e f1—q"% —q'®)

e f{—ff Ujﬂ )
130 T—d5 — )2
Y %) e F(—q%. —q™) fl—q". —q™) f(—q*°, —q"Y)
}‘.CI “{302 U)o]i “_1_90 90]3
KO —=, — Y=g —" P (=47, =%

1 g™ f(—q%, —g*) (=%, —q¥P f(—q%, =g%)?
— g™ f(—=q"S, —¢™) f(—=¢%, —g")2 S —q“. —g)?)

. {(145; 51'45}30 {.qﬁo: fj'mj':',-, ﬂ _qlﬁ m ?2] ',--{ o 36 _‘!144}
T 30 30}2 ( 18{) 130

g 97 )., (% a™)e (g f[—q —g®™)

x(—4° f(—4%, =47 (4%, —q")?
— 1 —E}Z?. —q‘-"—*]._;'{ _:}4 J,.tlﬁ]z]
4% f(—a* . —87) [ —7"%, =™

__j'{tf_ ) f(—q", _q?ﬁ)).f-{ L
(q"5: q'%)2

IZ g 5

% (g (=%, —q%) fl—a",—g")

g g —g?, =" ) —g®, —g ")

| qﬁj'{ '-?33- qﬁ?] j{ ‘?45. fj'dj}} :I
P
Dividing both sides of (2.7.7) by

- . 52 2
gHe M3 Me 5530 Meo t12.3 15 3 130,127 6n, 6 60, 12

180

From F75 = 12096, we have that:
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I, 4 2
g3 N3 06 Nis N30 Heo Mz, 3 15,3 1150, 127 60, 6 60, 12

12096 / T1s0 =(

S TE o A ok 2 2
Nalle! 15 Mg 30 Heo s, 3 12,3 Mo, 3% 15, 61180, 60/ 60, 6 60, 12

R S I 4 2
qm"“’ M3 Mg N5 N30 Neo Hl12,3 15,3 130, 12 60, 6 60, 12

180 )— (

2.2 .2 § 3 4 2 2

Wo M2 M1s Moo Hiso 15, 3M12.3N24. 6 15,3 W90, 30
o : 3

X H 20, 60 130, 12160, 12T 60, 15 oD, 15

” 3 2 % 2 2
X Han, 18130, 3 11z, 30( o0, 45750, 33 Moo, 27 T Man, 45150, 0 N og

-
, 27

2 2
Hoo. 15150, 1 150, 33 )

: X 3 &

T N3l elal15t1sMas a0 Too s, 3 Mz 39,3

. . _ : - ST
X 113, 6190, 30180, 60730, 127 30, 3 60, 15

2 2 \
X Moo, 18130, 36| — g0, 15 Hoo, 33 T N og, 45 Moo, 27 + Moo, 1520, 3)

2 2
X M3, 3 Ne0. 6150, 151 00, 15 'Mo0, 18

% (M0, 15190, 27 — 190, 4590, 3+ Moo, 45190, 33 )- (2.7.7)
2.2.2 4 .3 4 2
g3 N3 He N5 Hao e M1z, 3M 15,3 30,12 60, 6 60, 12
/ 180 )
Example:

From eq. (2.6.3):

4 -3 3 5
2150 180 30,91 180, 721 45, 15 180, 60 "1 90, 30

¥ _ _ 3 5 g 2 -
= 1130 6060, 187 60. 24 90, 30 T 130 1607130, 9 1 60, 2411 45_15 1 180, 60 - (2.6.3)

We have multiplied the left hand side and the right hand side of (2.6.3), i.e.
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ST 3 5
2150 M180 130, 91 180, 721145, 151 180, 60 190, 30

5 _ 3 5 2 2
30 60 6o, 187 60, 247 90, 30 T 30 60 30, 0 160,24 45, 15 M 180, Go-

P
—2372 W45 Moo 180

q
i go Heo

By Lemma 2.6.5, [7(1): I';(180)] =20736. Let F, denote the difference
of the left and right sides of (2.6.3). Applying Theorem 2.6.3 (the valence
formula), for a fundamental region R for I';(180), we deduce that. for F;.

3-20736 ; .
Z O;'(;’Fl(lsm[FI;:]:Tzﬁlgil}’;w'd{f:l: o0 ), (2.6.4)

zeR

Thence, we obtain the values of F, (n=1, 2, 3,4, 5, 6, 7, 8) as follows in this
example:

2 a3
g—2" Has W90 M 180

5184 / ol =

2 3
232 a5 o0 180

L TP T | 3 5
_(—f?on-'hsm 30,9180, 727145, 15/ 170, 60 M 00, w q = e )
2 3
: 3 s S 2 g~z T4 1o hso
50 e M50, 18160, 247 90, 30 T 30 Neol30, 0 e, 2445, 15 1130, 60- e
( / 730 NNeo )

which simplifies becomes:

2 3 2 K |
—23/2 Mas oo 180 —2372 45 Moo 180
q 3 § 5 2'?3«) ’!?go 30,9180, 72145 ls’i?su 60 ’fga 30
5184 / Nl = 1/ N3 e0 % ( ® ¢ : ’ :

5 _ 3 5 2 2
N30 Hanten, 18180, 2450, 30 T 130 Menl30, 0 Heo, 241 45, 15 H1=0, Gﬂ-)

In conclusion:

I
g=2572 Has oo 180
5
1/ Mg ilen ¥
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T
—23/2 a5 a0 150 (

5184 = 1/ -
T30 M0

ol 3 5 5 3 5 2 2
=Na0 g0 W30, 9M 180, 7211 45, 151 180, 60 90,30 — 30 Me0'ls0, 18760, 24190, 30 T 130 160l 30, o 60, 247 345, Jsfhsu,ﬁo)

Now, we have:

N3 03 S 5
290 Hiso M 3o, 9/1180, 721145, 151 180, 60 M50, 30

5 _ 3 5 2 2
= 130 N0 60, 187160, 2450, 30 T 130 607130, 0 60, 241 35, 15 1180, 60

3.20736

(Fy; Z}:TZDIEM-
and

5 {{130: ‘,?30}?,3 {{145: Q“]x [{]60: t1’,6['}._:";:I f( _(!72. _(!]OS}

- (@ ) (g% ™) F(—2 —5™)

= {qIS l_:},15 }Zx
_"_ {‘130: qBO}x {-qﬁﬂ: qﬁD}o@ f{ —f]g. _q21].}r'[ —(/90. _(]90]

that 1s:

(@ ¢ f(¢° q?) fl—q*%, —q*)
(q%: q®)2

+ (0% ¢ (4% ¢%) . f(—q°% —g®) fl—q%®, —q®)
From (3 *20736)/ 12 = 5184, we have that 5184 * 12 =20736 * 3 and
5184 * 12/1296 =48; 62208 /1296 =48. Thence:

(qso: 11.30)12 f((}'g tfllll/‘( _‘;,,45‘ _6145'

( 4 15: .15)2
g—2n 135 90 M50 e
62208 / Molleo = (7% 4°) 0 (4% ¢%) s (=% =) [(—4™. —¢™)
5
where Twlleo = 1296
and:
(([30‘. q}())‘zo f‘{ qg. (IZI ii( _([45‘ —6]45)
( @0 (4 0. (%% ¢®) . f(—¢°% —g®) f(—q™, —fjgﬂl) — 48
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Thence:

10 ?0 f‘ffg 2I 5

(¢ (*/4'.7£[45l

36 *( Vet {[H)u (g% ) (6% ¢, f(—4° —q*") f(—g™ 6/90]) — 1728

Note that 1728 occurs in the algebraic formula for the j-invariant of an elliptic curve.
As a consequence, it is sometimes called a Zagier as a pun on the Gross—Zagier
theorem. The number 1728 is one less than the Hardy—Ramanujan number 1729.

5184 /1296 =4; 9 *(5184/1296)=36

2 3,
g~ 81 145 90 180

9% (5184 / Tollo ) =36
62208 / 1296 = 48; 9 * (5184 / 1296) = 36.

Furthermore:

15 C[‘AO 10)4 /“19 (]2IJ/( ‘,! 7(]45)
36 * @ o) + (4% ) 0 (6% %) o (=" —¢*") F(—¢™, —¢™)

= 1.6437518 ...

3 (*% )% 145 ¢*) f(—q*, —¢*)
X |36 * ("™ 4™ +(0 60 (4% 4®) 0 f(—4% —*) f(—4" —¢*)

=24

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

1.643751829517225762308497936230979517383492589945475200411

1 15 (4™ qm)a 1% ¢ fl—g%, —¢*%)
_[ 36 * (q"; fﬁ)x 130 (130’ wﬁo /50 o T f] _(} ”[ ‘} _(}90] +
2
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16 (%5 4% f14% ) f(—q*, —q*)
+ 36 % ((I'ES qIS) +“[3I] (130} [[60 60 f[ f{ _q ]f[ (f _([90] ] —

= 1.618615670181102435516227417163352011810811958816290019893
Indeed:

1/2 * [((((62208 / 1296) 9 * (5184 / 1296))))1/16 + ((((62208 / 1296) 9 * (5184 /
1296))))*1/15))))]

|62208 5184 |52203 g, 5184
u 1296 1206 Y 1296 1296

Enlarge Data Customize A Interactive

Approximate form
Step-by-step solution

é [23,-'8 3316 | 52/5 E,"?]

More digits

1.618615670181102435516227417163352011810811958816290019893...
1.618615670181102435516227417163352011810811958816290019893

33/16 E,?

25}'8 = 23}'5

3/16(1+ V2 "V3)

25,-'8
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root of 1125899 906 842624 x*° — 5755 399 441 055 744 x7° +
18999560 927969 280 x™ — 332490231 623 946 240 x5 —
148434069 749 760 x®* + 40522501 041 684 480 x* -
862105077 106 606 080 x°° - 36 470250 937516 032 x°° -
63055 126 806 354984 960 x™* + 250732975190542272 x>° —
819369563 241893068800 x* + 7827577 896 960 x*° —
13432123 671183360 x* - 3374567517567 791923 200 x** -
162923206 347 325440 x* + 5666 677 173 780480 x* -
5580889 105880926 126 080 x* + 32199776 876321832960 x*® -
1888892391260 160 x° - 4140497 702729 117859 840 x** -
540848566 163252 183040 x*® - 206 391214 080 x*2 +
495834252 705 792 x*° — 1440211 855454 219 796 480 x°° +
1502565913250900213 760 x*® — 3051287 708 958 720 x*7 -
101420642 598912 x*° — 233772701 611504435 200 x** -
883163826 121628 712960 x** — 224679926 543 155 200 x22 +
15846 975 406 080 x*° — 16 755 940 501 114 060 800 x' +
115227272 119319101440 x'® - 587549251 716 710400 x'7 +
2720977920 x® — 1828497162 240 x1° - 466134667451 228 160 x4 -
2969021418 242088960 x'* - 97492325 961 139200 x1% -
4456961832960 x'! + 146932807 680 x' - 3812563516078 080 x° +
10475 755 128 455 040 x® — 797636990 891520 x7 + 3064 161 260 160 x® -
7346 640 384 x° — 4449309082560 x* - 1717277 189 760 x° —
112495430 B8O x* - 2295825120 x + 157837977 near x = 1.61862

Minimal polynomial:

1125899006 842 624 x* — 6755 399441 055 744 x7° +
18999560 927969 280 x™° — 33249 231 623 946 240 x> -
148434069 749760 x** + 40522501041 684480 x™ —
862 105077 106 606 080 x™° - 36470250 937516 032 x™ -
63055 126 806 354984960 x°F + 25073297519542272 x™ -
819369563 241 893068 800 x™* + 7827577 896 960 x™° —
13432123 671183360 x* - 3374567517567791923 200 x** -
162923206 347325440 x* + 5666677 173 780480 x™ -
5580880 105880926 126 080 x°° + 32199 776 876 321832960 x°° -
1888892 391260 160 x*7 - 4140497702 729 117859 840 x** -
540848566 163252183040 x> - 206391214 080 x°> + 495 834 252 705 792 x™° -
1440211 855454219 796480 x*° + 1502565 913250900213 760 x** -
3051287 7080958720 x°7 - 101420642 598912 x*° —
233772701 611504435200 x** - 883 163826 121628712960 x** -
224679 926 543 155 200 x** + 15846975 406 080 x™ -
16755940501 114060800 x'° + 115227272 119319101 440 x'* -
587549251 716710400 x'7 + 2720977 920 x'® - 1828497 162240 x'° -
466134667 451228160 x'* - 2969021 418 242 088960 x'* -
07492325 961139200 x'% - 4456961 832960 x'' + 146932807 680 x'® -
3812563516078080 x° + 10475 755 128 455 040 x° — 797636 990 891520 x” +
3064161 260 160 x® — 7346 640 384 x° — 4449 309 082560 x* —
1717277 189760 x° - 112495430880 x° — 2295825 120 x + 157837977

Continued fraction:
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Linear form

1+

1+

1+

1+ 1
1+

1+ 1
1+

1+ 1
4+

1+ 1
1+

1+ 1
2+

2+ 1
2+

2+ 1
1+

2+ 1
3+

More

222645775

432136142

Enlarge Data Customize A Interactive

1

.\|' 13 (—4081 + 1787 ¢ + 565 7 - 3632 log(2)) =~ 1.618615670181102425449

= 1.61861567018110243525041

- 865 x° +22920 x2 -98833 x +96256 near x = 1.61862 =~
1.6186156701811024355220473

We note that the coefficients of the minimal polynomial, for example,
1502565913250900213760, 4140497702729117859840,
3374567517567791923200, 5580889105880926126080

are all numbers divisible two or three times by 1728. Indeed:
((((1502565913250900213760/1728)/1728))/1728))) = 291207340380
((((4140497702729117859840/1728)/1728))/1728))) = 802456193920
((((3374567517567791923200/1728))/1728))) = 1130135833804800

((((5580889105880926126080/1728)/1728)) = 1869028469637120.
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The sum of the coefficients is:

(1502565913250900213760+4140497702729117859840
+3374567517567791923200 +5580889105880926126080)

1502565913250900 213760 +4 140497702729 117 859 840 +
3374567517567791923200 + 5580889 105880926126 080

Enlarge Data Customize A Interactive
14598520239428736 122880
1.459852023942873612288 x 10%*
14598520239428736122880

1.459852023942873612288 x 10>
And the product is:

(1502565913250900213760 * 4140497702729117859840 *
3374567517567791923200 * 5580889105880926126080)

1502565913250900 213760 - 4140497 702729117 859 840
3374567517567791923200 5580889 105880926126 080

Enlarge Data Customize A Interactive

117167616474961 323 4682173879212056090 619205359457893673 086508 -
734029682 181505883110400000

More digits

1.1716761647496132346821738792120569061920535945789367. .. x 10%°

1.1716761647496132346821738792120569061920535945789367 x 10*°

Note that:

(sqrt(27)) * (1.1716761647496132346821738792120569061920535945789367 x
10°86)

v 27 - 1.1716761647496132346821738792120569061920535945789367 - 10°°
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More digits
6.0882079420913175646875538868200432704359268007628427. . « 1088

This result 6.08820794209... x 10*°is practically equal to the value of Dark Matter
entropy contained within the cosmic event horizon, that is 6 * 10%.

While:
2 *(1.1716761647496132346821738792120569061920535945789367 x 10"86)

2 - 1.1716761647496132346821738792120569061920535945789367 - 10%°

2343352329499022646 936434 775842411381 238410718915 787340 000000,
000000000 000000000000000000
Enlarge Data Customize A Interactive

2.3433523294992264693643477584241138123841071891578734 » 10°°
2.3433523294992264693643477584241138123841071891578733 x 10°*

This result 2.34335232949... x 10*® is practically equal to the value of Relic
Gravitons entropy contained within the cosmic event horizon, that is 2.3 * 10

We note that:
(sqrt(2)) * (1.1716761647496132346821738792120569061920535945789367 x
10"86)

v 2~ 1.1716761647496132346821738792120569061920535945789367 1078

Enlarge Data Customize A Interactive

More digits

1.6570003228981959466092514871040511329212732711140786... x 10%°
1.6570003228981959466092514871040511329212732711140786 x 10°*°

and

(sqrt(1.8928)) * (1.1716761647496132346821738792120569061920535945789367
x 10786)
Where 1.8928 is a Hausdorff dimension
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Input interpretation:

v 1.8928 - 1.1716761647496132346821738792120569061920535945789367  10%°

Open code

Enlarge Data Customize A Interactive
Result:

° Fewer digits

° More digits

1.6119811494952986380358022394337548071347234255717938... x 1088

1.61198114949529863803580223943375480713472342557 x 10786

We have that:

(1.6570003228981959466092514871040511329212732711140786 x 10786 +
1.61198114949529863803580223943375480713472342557 x 10786)*1/10"86 *
1/2.02

Where 2.02 is a Hausdorff dimension

Input interpretation:
[L65?00032289819594660925148?1040511329212?32?11140?85 10%6 4
1.61198114940520863803580223943375480713472342557
1 1
IGSE} R
10%6  2.02

Open code

Enlarge Data Customize A Interactive
Result:
° More digits

1.618307659600739803388640458682082148542572622120830990099...

Open code

Repeating decimal:
1.618307659600739893388640458682082148542572622120830990
(period 4)

1.618307659600739893388640458682082148542572622120830990099

Continued fraction:

° Linear form
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1+ : 1
+
1 1
N 1
1+
1 l
x 1
1+
1 1
N 1
1+
2 l
i 1
2+
4 1
2 1
12+
1 1
N 1
1+
9 il
o 1
1+
3 T
b 1
1+ I
0+ 1
1+
il
0+ 1
1+=
Open code o
Enlarge Data Customize A Interactive
Possible closed forms:
More 6 lﬁ
430/ 852 (45 .
L S T 1.618307659600739893388664828
85355330490
root of 40598 x* — 12488 x°* - 80376 x — 9285 near x = 1.61831 | =
1.6183076596007398933803024
root of 967 x* — 4858 x° + 749 x° + 3509 x + 6171 near x = 1.61831 =

1.618307659600739893395016

This result 1.6183076596007398933886404.... is a very good approximation to the
value of the golden ratio!

From the sum, we obtain:

((((14598520239428736122880)*(1.12915) +
(14598520239428736122880)*(1.0933))))*1/2 * 1/10°22

Input interpretation:

(14598520239428736 122880 - 1.12915 +

1 1
14598520 239428 736122880 - 1.0933)~ -« —
2 1022

Open code

Enlarge Data Customize A Interactive

Result:

1.6222240653059197298147328

Open code
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1.6222240653059197298147328

Linear form

1+

1+

1+

1+ 1
1+

1+ 1
5+

267+ 1

13+ 1

Open code

Enlarge Data Customize A Interactive

More

_2-207e+é

" 2(52-181e+93¢%)

627 466
999527460 ) 622224065305919729807471
1935874563

9 _1(1??315?9

—msn | ————
7 20044104

= 1.62222406530591972075002

= 1.622224065305919730025

Multiplying the two results (sum and product), we obtain:

((((14598520239428736122880)*(1.171676164749613234682173879212056906192
0535945789367 * 10786)*(1/33021.10)*1/4

Where 33021,10 is a result of a Ramanujan mock theta function (see our previous
papers)

14598520239428 736 122 880
[1.1?15?5 1647496132346821738702120569061920535945780367 IDSE‘}
1 1

33021.10 4

Open code

Enlarge Data Customize A Interactive
° More digits
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1.2040854045136191003688270085106680982680623547325813... » 103

This result 1.294985494513619... x 10'” is practically equal to the value of the
SMBHs entropy contained within cosmic event horizon.

We note that: 5184 =1728 * 3

10368 =2 * 5184 and 15552 =3 * 5184

5184 * 1,6666666666666666666666666666667 = 8640 and
5184 *2,3333333333333333333333333333333 = 12096.
We have that:

2,3333333333333333333333333333333 + 1,6666666666666666666666666666667 =
4

From:

TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY
Volume 354, Number 2, Pages 705-733 - S 0002-9947(01)02861-6
Article electronically published on September 21, 2001

TENTH ORDER MOCK THETA FUNCTIONS IN

RAMANUJAN'S LOST NOTEBOOK (1V)

YOUN-SEO CHOI

We have:

46



Theorem 3.1 (Ramanujan’s seventh tenth order mock theta function identity).

o0 e—"rnx =
dx _C 5n U( _IF:]
]0 cosh ‘)‘Ji"" - # \/?3

BB wwr g ABLL S
= 5 e o(—e ™) — 3 /n o(—e =)

Proof. Replacing w, z, t, and 8 by 5in, —5n, % +1, and €' — i, respectively, in the
left side of (1.14), we find that

(3 1) fco e?riu;fz—%rxa.‘ - e-’j?rn—Z?r oo e—?rnzz 4
. —dt = z.
¥ 2wz X
e 62ﬂ'f g 62#39 \/5 I s me 627”0;
1 ! i % 1 T T
Replacing #" by = in (3.1), and using (1.14), we have
e i - . .
(3.2) B Hii P R i F(% =) — 5nF(2in, 5in)
. ————dz = Vbe’5 " - - - 3
P s 5infi1(2in, 5in)

and replacing 6" by % in (3.1), and using (1.14), we have

(3.3) f”c e ——dz = v/_egm i F(% ﬁ) — 5nF'(3in, ;'}z'ﬁn.).

2oz

oo € v5 _l_ 6 5 56?191](3'5'?1, 5?,]’1)

Using (3.2) and (3.3), we can easily derive that

/Oci e—‘]"?lﬂ‘l‘2 d 1 /‘90 E,—‘.«'I’]’l‘,.}i‘2 d
= xT
0 cosh2zZ L 1+1~/' 9 D 1+4«./E

V5 oo cosh 5= e
1 e e—:rm.:r.“z 1 1

~ 8 isin = PLESNIE Trz = dr
e 5 1 + e v ' B 1 +e Ve B

1 oo ,—Trnxz . 00 e—?rn;icz
. —Zi - _ g5t Bl
__2' LI £ / 27z _w-d:r e / 2 d$
2 SIN % o0 € V5 e FY 0o V5 4 eF!

_ \/T\/o ( p—

) — 5nF(2in, bin)
011 (2im, 5in)

(3.4) - +2rn F(2. ) — 5nF(3in, 5in) '
#11(3in, 5in)

We take:
o0 E_.—:'Tﬂ.:l"q 1 oo e—T?‘IT
' der = — dzx
/{] cosh 27 1+v/5 2 J_ oo cosh 272 + 1+v5
BG4 V5 1
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We obtain, for n =2 and x,[-1, 36.5]:
1/2 * integrate [(e(-2P1))) / (((cosh(2P1/(sqrt(5)))) + (1+sqrt(5))/4))]x x,[-1, 36.5]

- dx = 1.65528

i e 2n
3 [l+‘.5]+cnsh[ﬁ_5]

1 (‘36.5 e 27 x?
2.J

where 1,65528 is very near to the 14th root of the following Ramanujan’s class

invariant Q = (Gss/Gro1/5)° = 1164,2696 i.c. 1,65578...

Now, we have that:

(((((((1/2 * integrate [(e™(-2P1))) / (((cosh(2Pi/(sqrt(5)))) + (1+sqrt(5))/4))]x x,[-1,
36.5]1))))))"14.7789

Where 14,7789 is the result of the difference between the following two black hole
entropies: 30.5963 — 15.8174 = 14.7789

14,7789
1 365 e 27
== ( - — xxdx
2.9 cnsh[E L_]+ 11 445)
i) 4 " 3
e coshix)isthe hyperbolic cosine function
Enlarge Data Customize A Interactive
1716.72
14,7789
1 365 e 2" xx
= _ — dx = 1716.72
2 cash[zl—’_;] + ‘—11 (1+v¥5)
W

This result is very near to the mass of candidate glueball f,(1710) meson

We have also:

2 (((CCCCCCc1/2 * integrate [(e"(-2P1))) / (((cosh(2Pi/(sqrt(5)))) + (1+sqrt(5))/4))]x
x%,[-1, 36.51)))))" 14.7789)))))"1/3
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14,7782
-2m

1 365 ¢
2.1 [ = — xxdx
\ 2 Ja cash[z £ )+:(1+¥5)
V& 4 !
e coshix)isthe hyperbolic cosine function
Enlarge Data Customize A Interactive
23.9476
14. 7782
1 /365 e 2" xx
2 3l |3 [ : — dx = 23.9476
\ 2l cosh{%%i (1+V5)
W

This value 23.9476 = 24, is linked to the "Ramanujan function" (an elliptic modular
function that satisfies the need for "conformal symmetry") that has 24 "modes"
corresponding to the physical vibrations of a bosonic string.

173 * (((((((((((1/2 * integrate [(e"(-2Pi))) / (((cosh(2Pi/(sqrt(5)))) +
(14+sqrt(5))/4N]x x,[-1, 36.5] D)) 14.7789N))) /3

14,7780

1 1 a6s e T
— 4z I . = xxdx
3 \ 2Ja cush[E %]+l (1+V5)

V5 4 !

e coshix)is the hyperbolic cosine function
3.90127
Enlarge Data Customize A Interactive
14,7789
1 ||1 pass e2" xx
= _ dx ~ 3.99127
d \ 2.1 cash[?—;;]+l (1+V5)
L]

This result 3.99127 = 4 is the minimal possible value of the mass of hypothetical DM
particles
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Furthermore:

1/((0.538+1.2683)*10734) * ((((((((((1/2 * integrate [(e"(-2Pi))) /
(((cosh(2Pi/(sqrt(5)))) + (1+sqrt(5))/4)]x x,[-1, 36.5] ) 14.7789)))*1/3

where 0.538 and 1.2683 are two Hausdorff dimensions, we obtain:

1/((0.538+1.2683)*10734) * ((((((((((1/2 * integrate [(e"(-2Pi))) /
(((cosh(2Pi/(sqrt(5)))) + (1+sqrt(5))/4)]x x,[-1, 36.5] ) 14.7789)))*1/3

14,7782
=2n

1 *36.5 €
e a 5 { — xxdx
(0.538 + 1.2683)~ 10 A -1 ,:Dsh[g :] 3 i (1+V5]

v 3

e coshix)isthe hyperbolic cosine function

6.62892x107°*
Enlarge Data Customize A Interactive

14. 7782
E 2 .
1'36.5 £ xXx dx

1
35 ) ) —
'\ 2 caosh ££-|+l'-:1+u'5|
v5 14 :

— 6.62892x 107

(0.538 + 1.2683; 10*¢

Practically, the result is a number very near to the value of the Planck’s constant
6.62607015%10>*

1/ ((((((1/(240-13) * (((((1/2 * integrate [(e*(-2Pi))) / (((cosh(2Pi/(sqrt(5)))) +
(1+sqrt(5))/4))]x x,[-1, 36.5]))))))

=2
xxdx

1 1 J"3|5.5 i
1

240-13 | 2 - cosh|2 —L]+J"f1+v"_5'|
yg 4! d

e coshix)isthe hyperbolic cosine function
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137.137

Enlarge Data Customize A Interactive
1
- = 137.137
[36.5 Ty dx
i Lmh[;5|+1_‘ ]+~.-5|
(240-13)2

This result 137,137 is very near to the inverse of fine-structure constant o , that is
+
137.035999084(21) and to the mean of the pion masses « : 139.57018(35) MeV/c’
0
7 : 134.9766(6) MeV/c” , that is 137,27342175

Now, we have that:
From:
George E. Andrews * Bruce C. Berndt

Ramanujan’s Lost Notebook Part V - ©Springer International Publishing AG, part
of Springer Nature 2018

J+ \/_ —T?l o L f \/3_1 —'}1'-"' Ti —‘T"'l‘J‘I 2
\[ ——e ™/ Pro(—e™) — T (5 (e~ "™).  [19.1.3)

For ¢, = 1 and n = 2, we have that:

[sqrt(((5+sqrt(5))/(2))) * eN(-2P1/5) * (-e(-2P1))] - [((sqrt(5)+1))*(e"(-Pi/10))*(-e(-
Pi/2)) / (2sqrt(2))]

(1+¥5)e®™W5 [
247 "III 2

[5 : M,"E'] L1275

More digits
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0.172707845854182573433677777644474941480979480674859217827...
0.172707845854182573433677777644474941480979480674859217827

Enlarge Data Customize A Interactive

(1+V5 ) e 3mi3

2v2

15 a transcendental number

_‘~I|II é [5 + *.,'"E] g 12N 4

—_—

i | = i = i
12 m)s (2 V54V — 05 _\5 I,f.l.:'m.-s]

2v2
Enlarge Data Customize A Interactive
Fa v 57— : 35 1 [g s
i (EevE) e LS
2 2vZ 2V2

1074 * (((([sqrt(((5+sqrt(5))/(2))) * e(-2Pi/5) * (-e*(-2P1))] - [((sqrt(5)+1))*(e*(-
Pi/10))*(-e"(-Pi/2)) / ((2sqrt(2))]))))

2+ 2

1|:|4 [Jﬁ P—E 3 [_F—z:r] i [\;'I'E 5 ]_] F—:r_-' i [_ f'”i ]]

Enlarge Data Customize A Interactive
1+¥5 e @5 1~ — .
10000 (1 ]_F ‘\fl—{5+*u"5] o 12T)S
2y 2 2

*  More digits
1727.078458541825734336777776444740414800794806748502178276...

This result is very near to the mass of candidate glueball f,(1710) meson
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1, /& : 1+V5 JeB37N5
{3 (5+V5) ez L2

22

10000 [— ]is a transcendental number

[(([10™*((((((sqrt(((5+sqrt(5))/(2))) * e”(-2Pi/5) * (-e"(-2P1)))) - (((sqrt(5)+1))*(e"(-
Pi/10))*(-e"(-P/2)) / ((2sqrt(2)))))]"*1/3

T =
i'l 10°* [‘f é (5+¥5) e (=e?T)- (Y5 + 1] [- —2]]

Enlarge Data Customize A Interactive

| [(1+¥5)e®@™s 1 —
T e o ke
2y 2

More digits
11.99786642285668228475251340890961314255010832511222221726...

(1+ "-"'E] et

242

i1s a transcendental number

| —
10 _;f 10 [-"(I é (5+4/5) ™oy

This result 11,9978 is very near to the value of black hole entropy 12,19

2% [(([1O*((((((sqrt(((S+sqrt(5))/(2))) * e*(-2P1/5) * (-e*(-2P1)))) -
((((sqrt(S)+1))*(e"(-Pi/10))*(-e"(-P1/2)) / ((2sqrt(2))))))]"1/3

| |1 [c Y -2um) =2m e Y -m P_ﬂ.llz
N p———

Enlarge Data Customize A Interactive
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V5 | e i3T5
20 '.fj 10 [{1 - 25“'% _wfﬂznys]

Decimal approximation:
* More digits
23.00573284571336456950502681781922628510021665022444443452

Open code

Property:

1 = [L+V5 ) Bm¥3
20 ij 10 [— = [5 +'JE] g L2nks +{ \j_ is a transcendental number
2v2

Continued fraction:
* Linear form

23+
1+ 1 i
233+ 1
2+ T
1+ 1
b+ i
1+ 1
3+ i
1+ I
25+ T

20+

Series representations:
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\.l'_ + f—:r,u'lEl _f—n,u'Z
zijm“ [[ %[SﬂE] c*z”’-“s][—l}f‘z”—[ 21 [ }}] -

242

o [—l}k [_El}k 5 —Zu}k ZD_'E

ED%{E [[f—uzm,-‘s [fqpm,-'s 4+ £OTNS J'ZD Z - s
k=0 i
12 = 1 1 1
w5 5 et (L )
klz;‘ﬂkénkl!kz! 20, 0 2 M,
1 2
1 PN (5 [5+\IE] —z.:.Jk z,;,_kl_kz ];;

2 [—1]';c {_El}k (2 —Zn}k Z,:,_k
4 Zp Z o D
k=01
for not ((zopeRand —w<zg=s0
Enlarge Data Customize A Interactive
4 } ] 2n [“'I'E x 1}[‘“_”10 [‘*“_mlz]'} ol 3
zfjm [[ 2[5+\E]c Lyt = 205

o (- l}k 5 —x}k x* [——l}k

[[f_.;lz a5 [f.;@mlu's +fn:'§':r;|.-'5 Exp(; - {EI’E’[S - x]'” \/; 2‘ 2Kk

2 o k!

1
arg(2 - x) arg{—x+ : 5+ V"g}}
2 Exp[j}r {—J] exXp|im
2
1.,'x2 i i s [—1]3':1“‘[:2 [E—x}kl Feiks
bkeqytks!
kp=0ka=0

F3), 5, e s
[Exp(,ﬂw“\qi cv@-wx () ]]A

2m e k!

(1;3) forixeRandx <0
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Fia } ~2my5 -2 [“E*l}[‘“_n"lm [““_ﬂ'llz}} _
2‘? 10 [[ 2[5+~./E]f ][-m . . _

| 1 AT P 1 o
- 7 ™ [_E—-{IEJTJ.-'S [i}l_-.? |E|Lg|: El:S-w' 5 ] ZI:I]I.":Z Iril| ZDI'I2+1'I2 |a| gl: 5 |:5+1..' 5 ]—z,:, ] -:2:r;l|

ey
1k 1) k_—+&
5 2] (5} 845 220 2 [—f.Bn]_.'E[ e
+|e .
1

k=0 ! %o
-1/2-1/2 [arg(2-2g }(2 7 1 /2 largi5-=g fi2m))

ol /2 |mrgiZ-zg) Tu[h(z_J

0

k1) C ok K
z1.-'.2+1.-'.'2 largiS-zg Wi m] = 1) [ 2 Pk 5 - 20)" %
0

k!

],f

k=0

1
: i T3 [_E}k (2 - z0)° 55F
k=0

k!

]"[1;3}

This value 23,99573 is linked to the "Ramanujan function" (an elliptic modular
function that satisfies the need for "conformal symmetry") that has 24 "modes"
corresponding to the physical vibrations of a bosonic string.

[(([1O™4*((((((sqrt(((3+sqrt(5))/(2))) * e*(-2Pi/5) * (-e"(-2P1)))) - ((((sqrt(5)+1))*(e"(-
Pi/10))*(-e"(-Pi/2)) / ((2sqrt(2))))))) D] 1/15

Input:
I |
4 E ~2em|5 -2my -rj0| £ i
l‘i(ll:l [ 2[5+'\|{E]f (-7} [\E+1]f [Eﬁ]]
Open code
Enlarge Data Customize A Interactive

Exact result:

I —_— § Q-

—3mya |

1015 15’ [1+ V5 ]‘“ _\l E [5+ 1.'5] e \12mNs
\ 242 2

Decimal approximation:
* More digits
1.643693374170899145754620020297174440767557825763625720665...

Open code
1.643693374170899145754620920297174440767557825763625720665

56



Property:

. 1 . 14+ .,‘."g ~{3aYys
113 1{/—”! 7 [5 +\({E] ks L [ \::i 15 a transcendental number
2v2

Open code

Alternate form:

%1'554,-'15 oiamizs 1‘;;_2 |'5+ 5 4 oS +£f49m,-'5

Continued fraction:
Linear form

1+
1+

1+

1+ 1
4+

5+ 1
1+

7+ 1
1+

5+ 1
2+
6+ 1
1+

1+ 1
3+

9+ 1
3+

B L.

All 15th roots of 10000 (((1 + sqrt(5)) (3 7)/5))/(2 sqrt(2)) - sqrt(1/2 (5 + sqrt(5)))
(12 m)/5)):

More roots
More digits

I Polar form j

. VG e i3 NS
1015 1\5/[1"' S5)e 1
2v2 2

[5 + \({E] e 12N 0 _1.6437 (real, principal root)

Open code

57



Enlarge Data Customize A Interactive

. “.l'_ —{3 )5
1015 1\5][1"' 5)e
2+2

B =

(5+4/5) 2m/® 24715 11,5016 +0.6686 i

Open code

1D4;15 lij [1 4 E}‘,—HHJ}'E

5445 ) e 127 4 11,0998 41.2215
2+2 [

[

Open code

: 145 | @mH3 o g
1oH15 lfj[ - _ [5+£] g AnNs RS o 509015692

1
2v2 2
Open code

104;15 1% [1 4 E}‘,—'EE:H,-‘S

5+4/5) 27 (B0 L _0.17181+1.6347 i
2v2 [

B2l

Series representations:

=m/10 _f—n,u'.?
1% 10* [[ %{5 +V{EJ c*z”’-’s][—l}c‘z”—[E”Hf [ }}] -

242

o [—l]lk {_El}k 5 —Zn]lk Zﬁk

G 415 ~{12ay5 | (@my5 QY5 I|'
2 g4 [[fi my [fﬁ m +¢=‘ m %0 z i
k=0

k1

L | 1 1
2z Y Y kqtks! 11 [_i]kl [_EL

k]_:ﬂkz:ﬂ

22l (555 ]—zDJk"zM]

/
/

k(_1 T S
s U (-3) @-20 5 s
Zi Z el (1/15)
k=0
for not ((zo€R and - < zg = 0})
Enlarge Data Customize A Interactive
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+ E ~{2my3 -2m {\'II'E % 1}[‘“_”10 {_f_mlz]'} _ 5 4/15
1%1[} [[Hl 2[5+\({E]£ ][—l}e - ST __\({55

a0 {—l}k 5 —x}k x* {_El }k

[[E-uznys [f@nys + OIS exp[:‘;r {wﬂﬂ Z =

2
T k=0

arg{—x+ zl 5+ ﬁ}}
2

argid — x)
2 Exp[:';r {—J]

exXp [1’ m

\";2 i i s [_1}5:14:2 [2—x}k1 Feiks
kqtks!

ky =0k =0

FLELEe 6 E)
R e R e |

2% k=0
{(1;15) forixe Randx =0

1 ; an (V5 +1)(e° (o))
1{]1!34 [[ 5{5+\/E] e ”SJ[—l}e T e ] -

o s L Tl oo

Zn

1% [ 1 k&
i {_E} {_E}k (5 +V5 -2z) = | amis (iJ-l,'z |Er gl 2—zn W2 )]
k' I

k=0
/
|

a A

| | 12 [arg{S-zn W2 m)
~1/2-1/2 |arg{Z-zn V(2 1) L
s /2 |arg{2-zp (2 m) 1+( ]

ey

w = l]lk {_Zl}k 5 —Zu]lk Zak

Sz laigG-zg)iz )

0
k=0 kel
ki 1Y 9 _ ok =k
zi{—l} {—z}k{z Zo) EBq .
k!
k=0
Integral representation:
i) [z} [{—a@—s)
jI.\xl+]f o ol S i Lf.ﬁ
il +Z}ﬂ = Bk = tor (0 =4 Feja) and Argiz)| < m)

(2xnTi-a)
Open code
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2% [(([((sqrt(((3+sqrt(5))/(2))) * e*(-2Pi/5) * (-e"(-2P1)))) - ((((sqrt(S)+1))*(e™(-
Pi/10))*(-e"(-Pi/2)) / ((2sqrt(2))))))N)1)]*1/8

Input:
I .
1 =2xmf -2n -/ f_mz
2{;’”'5[5+\E]f‘2 '5[—1“2}—[\'{E+1]f 'm[—ﬁ]
Open code

Exact result:

f ;
| [1_'_\‘.'?"_‘,—{331'5 1
25 -

o [5+£] (-12ms

\ 2vZ 2
Decimal approximation:
More digits
1.605800430401671437670995477965800462983757275002727609745..

Open code
1,605809430491671437670...

This result is very near to the electric charge of positron

Enlarge Data Customize A Interactive
Property:

P —
T

(1+ \"'E} g2 TNa
2v2

I1s a transcendental number

Alternate forms:

f
i my EJ ol my
213_ 16‘“—(311 ID‘“ -9 ||5+ ,'5 +f-:9'r:l.5+ ,'5 f-:E-'TJ,S

Open code

Enlarge Data Customize A Interactive

I

ol
2 ,HI

B3| =
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Now, we know that:

“where o is a primitive cube root of unity (also equal to 1), and |q|<1 (q =0.5). For a
complex number q with |q|<1, |bc|<1, and any integer n, (n = 2)”

THEOREM 3.2. [If @ is any primitive third root of unity, then

7 (¢"% ¢ flowg. v*q®) f( —wq'? —a*q®)

l—w ¢ (g, ") [1—q*. —q°) flog’, v’q?)

q*  (4'% ¢ floq, oq®) [ —a?q"?, —wq®)

1= @14 0% f—q" —¢°) [lq, of)
30, 30}3

B [if . q A qu( j( qIS‘ q]‘_'_-} f{ _qﬁﬂ_ _QIED) f{ _q24~ _q36]
qf(q.q") f1q° ¢* }La Sl—q% —¢**) fl—q"2% —q*)

! ¢ 4%) [(=q° —q**) [(—q"°. —¢°) [(—q*. —q"*)
A —q% —q®) f—q, —¢%)3
42 =" —g™) Lg' g™ [ —g™ —cj'jﬁ}'\l
f{ —f}‘l‘ —(‘]26] ! f{'_qld‘ _1'1']6] J

Now, replacing ¢. x, and y by ¢'°, —@?¢>, and ¢°, respectively, in Lemma
2.3.2, and applying (3.1). we find that

(¢'% ¢'°)% flog, w’q®)
f—q* —4°) flog’, v

o0 ! _U)Z';IS }n "

a1

Separating the right hand side of (3.2) according to the residue classes
n=0 (mod 3). n=1 (mod 3), and n=2 (mod 3). we find that the right
hand side of (3.2) equals

o0 n _9m s'a n 2 9n+3 o n_ . _9n+6
(—1)" g (—1)" o%q (—1)" wg
Z 1 on+6 Z ' 30+ 16 i E 1 Wm426 (3.3)
= —an l_q H= — o l_£1r H= —0o0 l_ﬁ.l’
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By the deflinition of f(a. b),

oo
—ofg%, —ag@)= Y (—1ytuwg-=2 (3.4)

n=—c0

Separating the right hand side of (3.4) according to the residue classes
n=0 (mod 3). n=1 (mod 3), and n=2 (mod 3). we find that the right
hand side of (3.4) equals

g (—1)" 5'90”2_6’: —[!szfs g [ —1}? {IQDHZ—O—SEIM
n=—on e
+ wq® ¥ (L) qgﬂn2+ 1an {

n= —oo

tid
tn
—

We have that:

(((0.5)3))"2 / (((1-(0.5)"26)))
Input:
(0.5%)

1-0.5%6
Open code

Enlarge Data Customize A Interactive

Result:

More digits
0.015625000232830647123316632558653243760067876578388750171 ...
0.015625000232830647123316632558653243760067876578388759171

((€0.5)*18)/(((1-(0.5)766))) - ((0.5)*21))/(((1-(0.5)*76))) + (((0.5)"2))/(((1-
(0.5)"86)))

Input:
0.5'% 0.5°1 0.5%¢
- +
1598 10578 1500
Open code
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Enlarge Data Customize A Interactive
More digits

3.3074647521972656250516924781676944393406147397968801.... x 1078
3.3974647521972656250516924781676944393406147397968801 x 107-6

[((0.5)7348)) - (((0.5)"8))] * [((0.5)"468)) + ((0.5)*36))] * [(((0.5)"588))]

(0.5%* - 0.5%) (0.5** +0.5%%).0.5°*

Enlarge Data Customize A Interactive

More digits
-5.61103193346151178176689435428126933153487032863753... x 1071°!

-5.61103193346151178176689435428126933153487032863753 x 107-191

Now, we have:
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By (3.2), (3.3). and (3.5).

q7* (¢ q")2 flog. w*q°) f( —oq'?, —a’q®)

l—w 1 4" fl—q*, —¢°) flog", v?q?)

1
T =) i ")
—w? =§ | %H‘u =§irl %;
ps ( i (=1)" {},90!13—6?1_(“2{),8 i (—1)" 1190"2+54"
+ g i (1) l.1,9|Jnl+1f:m>__ )

And, replacing @ by w? in (3.6). we find that
@ (g q"), g, we®) 1 —?q" 2 —wg®)
l—=® o gt aqB) fi—q%—a% flin%’; o)
_ 1
(1—=w?) qflq° ")

/ on ( 9 -}n q‘)n
P L.\N_E _ T _gPese
" 00 {_l}nqgn+3+( " ; {_]}nqg.rr+6\\
— T aoar T & = mnaaae |
i ,30n — 16 — 30n + 2
- I—q n o I—q n+o/

£ : o0 >
[ Y (=1PgPe=_gyt Y, (=gt

+afg® Y (=lygreu (3.7)

We obtain;

(0.015625000232830647123316632558653243760067876578388759171)*
(3.3974647521972656250516924781676944393406147397968801 x 10"-6) * ( -
5.61103193346151178176689435428126933153487032863753 x 107-191)

0.015625000232830647123316632558653243760067876578388759171

3.3974647521972656250516924781676944393406147397968801  10°°
[ 5.61103193346151178176689435428126933153487032863753 ]

10 121
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More digits
-2.97863804710215932623514999227034272102028692628722... x 10718
-2.97863804710215932623514999227034272102028692628722 x 10"-198

In -(-2.97863804710215932623514999227034272102028692628722 % 10"-198)

1 [[ 2.9?3533ﬂ4?lﬂ215932l5235l499922?ﬂ342?2lﬂﬂﬂﬂﬁﬁgﬂﬁﬂﬁ?ﬂﬂ]]
ogl—| -
l|:|1.°8

e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive

More digits
-454.820382247948083377918216905784715300326645800833623...

(454.820382247948083377918216905784715300326645800833623) * 4 - (64+27)

454.820382247948083377918216905784715300326645800833623 - 4 — (64 + 27)

Enlarge Data Customize A Interactive
1728.281528991792333511672867623138861201306583203334492

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

(454.820382247948083377918216905784715300326645800833623)"1/4

:t"l 454.820382247948083377918216905784715300326645800833623
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Enlarge Data Customize A Interactive

More digits
4.6180643441870362869068731275871030938082701774581011902...

This value 4,61806 is a good approximation to the first value of upper bound dark
photon energy range (4.95 * 10'° — 5.4 * 10'°)

e * (454.820382247948083377918216905784715300326645800833623)*1/4

e :t."l 454.820382247948083377918216905784715300326645800833623

Enlarge Data Customize A Interactive

More digits
12.55320038945825860590648250697050615485432321002984392. ..

This result 12,5532 is very near to the value of black hole entropy 12,5664

(454.820382247948083377918216905784715300326645800833623)"1/12

l'ﬁll 454.820382247948083377918216905784715300326645800833623

Enlarge Data Customize A Interactive

More digits
1.665277675156679903896500292688404515849064907076618444 .

1,6652776751566799...

(454.820382247948083377918216905784715300326645800833623)"1/13

]1.3,"I 454.820382247948083377918216905784715300326645800833623
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Enlarge Data Customize A Interactive

*  More digits
1.6012134317778556182991284408618635171400896322263716009...

1,60121343177785561829912844...
This result is very near to the electric charge of positron

Now:

Adding (3.6) and (3.7). applying Lemma 2.3.2. and using (1.10) and
Lemma 2.1.1(1v) several times, we find that

2 10,

¢ (q
1—w  ¢*fq° ¢¥°) fl—q* —q°) flwq', w*q?)

'), flog, ©*¢°) [( —mq'?, —n2q®)

q>  (¢"%q"°)2 florq w®) f[(—o?q'? —wq®)

T l—a? g q") [ —q*. —q° fla?q". wg?)

;o [ = | }u ¢ On o0
:ﬁk 2, W}—H} 3, g
f(q.q7) \, 2 14 n=—oo
'JO. [—l }n G On+4+6 oo . 2
- T Ut T~
He — oo l—(j H= —o0D
oo _l n .9n+3 o0 )
_ ¥ {l }";{Hm ¢ Y (—1p qgﬂn-—i—llc‘{n\)
= —o0 _':,"'_ n= —oo !
_; o ﬂ §* i (1) g0+ 114n
(,{f'{'fis- (]15] \n=x_._$ I _qBCm—I—G i
o {_l}n{.g'n-l—B oo 3
+ ) ﬁffs Y (=Dhrgom e

n_9n+6 (o's ]

- k=1]"g n 90—
+ L w2 (2D ﬁ”\

= —o0 1( H= —oo /
We obtain:

[(((0.5)*18))/(((1-(0.5)"66)))*0.5"348)))] - [(((0.5)"24))/(((1-
(0.5)°86)))*0.5°8%0.5%468)))] - [(((0.5)"21))/(((1-(0.5)"76)))*0.5736*0.5"588)))]
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D_SIS 24 21

1-05% 1-0.5% 1-0578

Enlarge Data Customize A Interactive

*  More digits
6.653062250012735400040624738450733001370197811406098 ... = 10~ 11!
6.653062250012735499949624738450733901370197811496998 x 10™-111

[(((0.5) 18))/(((1-(0.5)66)))*0.5736*0.5"588)))] + [(((0.5)"21))/(((1-
(0.5Y°76)))*0.5°8%0.5°468)))] + [(((0.5)"24))/(((1-(0.5)"86)))*0.5°348)))]

D'Sls 0 536 0 5588 + ﬂ 0 58 0 5468 4 ﬂ 0 5348
1-0.556 1-0.576 1-0.506
Enlarge Data Customize A Interactive

*  More digits
1.039540976564489921853040471503942851937571275327496... x 107112
1.039540976564489921853040471503942851937571275327496 x 10"-112

In conclusion, we obtain:

(6.653062250012735499949624738450733901370197811496998 x 10"-111) -
(1.039540976564489921853040471503942851937571275327496 x 10"-112)

6.653062250012735400040524738450733001370197811496908
gl -
1.0395400765044800218530404715030942851937571275327406

1D112

Enlarge Data Customize A Interactive

*  More digits
6.540108152356286507764320601300339616176440683964248. . » 107111
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6.549108152356286507764320691300339616176440683964248 x 107-111

In (6.549108152356286507764320691300339616176440683964248 x 10*-111)

1 6.549108152356286507764320691300339616176440683964248
Og[ 10 111
e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive
More digits

~253.707616441908122415300738318723869542677091432396066...
(253.707616441908122415300738318723869542677091432396066)"1/4

(253.707616441908122415300738318723869542677091432396066)*7 — 48

253.707616441908122415300738318723860542677091432396066 - 7 - 48

Enlarge Data Customize A Interactive
1727.953315093356856907105168231067086798739640026772462

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

((((In (6.549108152356286507764320691300339616176440683964248 x 10/-
111)* -7))M/3

I
#1 [554@lDElSEBSEEEﬁSD??ﬁ432G6913003396161?6440683964248 Ty
og -
\ 10111
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e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
12.10999178120850370646907601720193044706071200806878564....

This result 12,1099 is very near to the value of black hole entropy 12,1904

We have obtained three results:

1/ (6.549108152356286507764320691300339616176440683964248 x 10/-
111)71/512

1

f
513 5.54010815235628050T7643206013003306161 7H440 683064248
111
10

Enlarge Data Customize A Interactive

More digits
1.641355932529059771909020184724045124841777356025231886...

More
52021793
CUI[SEC[

36535661
Enlarge Data Customize A Interactive

]] ~ 1.641355932529959760015

|
| 18502 145
10| ——
7084 749

ﬂ_z
- 22771 x° —4660 x*> -55839 x + 3515 near x = 1.64136 | =
1.6413550325290507719 16500

= 1.6413550325200508587 1

1/ (6.549108152356286507764320691300339616176440683964248 x 10/-
111)21/529
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1

52{/ 5.54010815235628050T7643206013003306161 7H440 683064248
\ 111
10

Open code

Enlarge Data Customize A Interactive

Result:

More digits
1.615425708920347322824388723651346380047721605256481626...

Possible closed forms:

More
root of 36x* -771x® +893 x% +331 x+ 140 near x = 1.61543 | =
1.615425708920347322872484

Enlarge Data Customize A Interactive
[4430 110 }3.-'4
B T ~1.615425708920347306932
T
7(-134 +20 1 + 85 n%)

=~ 1.61542570892034732271311
4(-21+262x+317)

1/ (6.549108152356286507764320691300339616176440683964248 x 10/-
111)°1/496

Input interpretation:
1

f
49{1 6.54910815235028050 77A4320 6213003306161 7H440 68 3064248
111
10

Open code

Enlarge Data Customize A Interactive

Result:

More digits
1.667803166392648436475968960028397142719806007017515330...

Possible closed forms:

More
3072036997
22 i 1.66780316639264843640401 1
5786707362
Enlarge Data Customize A Interactive

x root of 69468 x° - 107831 x° + 38895 x-652 near x = 0.530878 =
1.6678031663926484365 1050
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x root of 5374x% +1141x° - 1365 x° + 733 x - 602 near x = 0.530878 =~
1.667803166392648436410203

1.641355932529959771909920184724045124841777356025231886
1.615425708920347322824388723651346389947721605256481626
1.667803166392648436475968960028397142719896097017515330

The mean of the three results is:
1.641528269280985177070092622801262885836465019433076280666
And also:

((((1/ (6.549108152356286507764320691300339616176440683964248 x 10/
111))))*1/503

Input interpretation:
|
1

5D3’ 5.5401081523562 8650 T7643205013003306161 76440 583064248
11
10

Open code

Enlarge Data Customize A Interactive
Result:

*  More digits
1.655973245091590491200770258222461367389555756842924842. ..

((((1/ (6.549108152356286507764320691300339616176440683964248 x 10/-
11)))M/527

[nput interpretation:

| 1
Ezd G.5421081523562865077A432052130033961 61 TAH440 AEIPE42 48
111
10

Open code

Enlarge Data Customize A Interactive
Result:

* More digits
1.618368635959684971241450924028997416000002867630367029...
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Results 1,6559732 and 1,6183686 that are practically equal to the to the fourteenth
root of following Ramanujan’s class invariant Q = (6505 /G101 /5)3 =1164,2696

3
113 + 5v505 105 + 5v505
+ = 1164,269601267364

8 8

Indeed:

= 1,65578 ...

3
1 \/113+5\/505+\/105+5\/505
8 8

and to the golden ratio
1.6180339887498948482045868343656381177203091798057628

We have also that:

(-2.97863804710215932623514999227034272102028692628722 x 10"-198) /
(6.549108152356286507764320691300339616176440683964248 x 10"-111)

2.07BAIR04710215932A235 1400022 T0342 72102028 002628722
198
10

- 5.54291081523562 8050 7764320 6213003396161 7644068 3064248
111
10

Enlarge Data Customize A Interactive

More digits
-4,548158280193438135779621353873329932215921639096307... x 107%¢

(6.549108152356286507764320691300339616176440683964248 x 10"-111) / (-
2.97863804710215932623514999227034272102028692628722 x 10"-198)
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6542108 15235028050 7764320 56213003396161 TH440 68 3904248
111
10

- 2.O7RG3R04T102 159326235 1400022 T0342 72102028 602628722
198
10

Enlarge Data Customize A Interactive

More digits

-2.198692170311779273746304115472802102098918530968479... » 1087
-2.198692170311779273746304115472802102098918530968479 x 10787

And

-2 *(-2.198692170311779273746304115472802102098918530968479 x 10"87)
4.397384340623558547492608230945604204197837061936958 x 10787

We have also:

1/ (6.54910815235628650776432 x 10~-111) * (1/3.39746475219726562505 x 10/-
6)"2 * 1/ (((1/(6.54910815235628650776432 x 10~-111)*1/512))"5 * 1/(9 *
10716)

1 [ l 1
5-54910315213§ﬁ355°??5432 3.39746475219726562505 1078
1

5
g 1016
1
5] E|I G 54901081 5235628650 776432

V 10111

Enlarge Data Customize A Interactive

More digits
1.23381930897282659768. . = 10'°3

This result 1,233819 * 10'” is practically equal to the entropy of SMBHs contained
within the cosmic event horizon

From the final result, we obtain:
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6.653062250012735499949624738450733901370197811496998 x 10"-111

~12 + (((1/ (6.549108152356286507764320691300339616176440683964248 x 10"-
111))))"1/34

' 1
“124 4,
| 6.54910815235628A507T7642206213003306161 7H440 683064248
111
10

More digits
1728.60619397830819290323585684201603079002678437175951...
1728.60619397830819290323585684201603079002678437175951

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—
Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729.

We have that:

(1] (6.549108152356286507764320691300339616176440683964248 x 10/-
LT 1/34)))))"1/3

|I 1
3 34' 6.5491081523562865077643206213003396161 TH440 683064248

.‘\ \ 10t
Enlarge Data Customize A Interactive
More digits

12.0291103298678357837270397805126521342664389814200554...
12.0291103298678357837270397805126521342664389814200554

This result 12,02911 is very near to the value of black hole entropy 12,1904

And:
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1.8617* (6.549108152356286507764320691300339616176440683964248 x 10"-
111))

Where 1,8617 is the following Hausdorft dimension:

log(6)
log(1 + )

6.549108152356286507764320691300339616176440683964248

1.8617 =T

Enlarge Data Customize A Interactive

More digits
1.219247464724169859150483583099384226343567962133624... x 10711°

12.19247464724169859150483583099384226343567962133624 x 10"-111

This result 12,1924 is a sub-multiple practically equal to the value of black hole
entropy 12,1904

We have that:

(((1/ (6.549108152356286507764320691300339616176440683964248 x 10-
111) /32

|I 1
32' 6.5491081523562865077643206913003326161 76440683964248
111
10

Enlarge Data Customize A Interactive

More digits
2774.88064323766275220368901768801400808027443666737067...

This result is very near to the rest mass of charmed Omega baryon 2765.9+2.0

We have that:
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(((1/ (6.549108152356286507764320691300339616176440683964248 x 10-
111)))" /37

|I 1
3?| (.54010815235628A5077643206913003396161 76440683064248
111
10

Enlarge Data Customize A Interactive

More digits
050.475700011772287790582625360939902553132800022022879. ..

This result is very near to the rest mass of Eta prime meson 957.66+0.24
We have that:

(((1/ (6.549108152356286507764320691300339616176440683964248 x 10/
111)))"1/52

|I 1
52| (.54010815235628A5077643206913003396161 76440683064248
111
10

Enlarge Data Customize A Interactive

More digits
131.498129066160955486501623862298788312713589342381256...

(((1/ (6.549108152356286507764320691300339616176440683964248 x 10-
11D)) /51

|I 1
51' 6.5491081523562865077643206213003396161 76440683064248
111
10

Enlarge Data Customize A Interactive
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More digits
144 .690405328133073021566627628234308770891910034039812. ..

The results 131,498 and 144,699 are very near to the mass of the Pions. The mass of

+ 0
the Pion is both 7 : 139.57018(35) MeV/c® w : 134.9766(6) MeV/c* and the mean is
137,273 MeV/c’

Furthermore:

172 * (((((((((1/ (6.549108152356286507764320691300339616176440683964248 x
10°-11))))M/52 + (1)

(6.549108152356286507764320691300339616176440683964248 x 10"-
LTOMSHN))))

|I 1
+
52' (5491081522562 8A50776432069213003396161 764406830642 48
111
10

1

I
51| 6,54010815235628650 7764320 60130033961 6176440 683064248
111
10

1
2

Enlarge Data Customize A Interactive

More digits
138.098812197147014254034125745266593541802749588210534...

This result is very near to the mass of 7 : 139.57018(35) MeV/c” and to the inverse of
the value of fine-structure constant that is 137.035999084

We have that:

((((1/ (6.549108152356286507764320691300339616176440683964248 x 10"-
111))))"1/58
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|I 1
58' (.54010815235628A5077643206913003396161 76440683064248
111
10

Enlarge Data Customize A Interactive

More digits
79.3818100150963400934122438688778697843992197981825926...

((((1/ (6.549108152356286507764320691300339616176440683964248 x 10/-
111))))"1/56

|I 1
56' G.5491081523562 865077643 2062130033961 61 TH440 583964248
111
10

Enlarge Data Customize A Interactive

More digits
02.8043163171130118923988570414962838693122770251775459...

((((1/ (6.549108152356286507764320691300339616176440683964248 x 10/-
111)) /57

| !
5‘? 6.5491081523562 865077643 2062130033961 61 7644068 3964248
10111
Enlarge Data Customize A Interactive

More digits
85.7135407411932770130762624799307873103423536159882377...
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The mass of the bosons W and Z is: W: 80.379+0.012 GeV/c?

Z:91.1876+0.0021 GeV/c* . The mean of two masses is 85,7833, value practically
equal to the third result 85,7135.

We have that:

/7 (eeccccrz = e/
(6.549108152356286507764320691300339616176440683964248 x 10"

L)) /52 + (1
(6.549108152356286507764320691300339616176440683964248 x 10"

IR

/)L |' 1
] — -
,|" 2?2 5‘3' 6.5491081523562865077643206213003396161 76440 683064248
111
10

|I 1
51 I 6.54091081523562 8650 7764320691300339616]1 TH4406830642 48
111
10

Enlarge Data Customize A Interactive
More digits

0.00724119189796086470082387806654247780051925131313488343. ..

This result is very near to the value of the fundamental Fine-structure constant:
a =0.0072973525693(11).

From:

https://readingfeynman.org/2015/09/2 1/natural-units-plancks-constant-and-the-speed-

of-light/

The fine-structure constant a is a dimensionless constant which also illustrates the
underlying unity of Nature, but in a way that’s much more fascinating than the two or
three things the professor mentions. Indeed, it’s quite incredible how this number (o
=0.00729735..., but you’ll usually see it written as its reciprocal, which is a number
that’s close to 137.036...) links charge with the relative speeds, radii, and the mass of
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fundamental particles and, therefore, how this number also these concepts with each
other.?

1 e wefe  kee®  cpp | mecr,
T freohic 4r B Re  2Rx R

a=0.0072973525693(11).

We have that:
i nd o0 - 243
oo {—l]" wnﬁ—lqmr 4+ lin §‘ {_]]H{quﬂﬂ + 30m
P oy 20+ 7 = gy L g0+ 7
=i | + oy i | + g
o [ 1)" r.92{;9&r3+9{}n+20 2 (—1)" q‘-}‘ﬂnl-t— 150n + €0
Y —r )
L 60n+27 o 6O+ 47
S s 1 + g LA | + wq
and
2 v
- [ | j” r.ug‘"+1}rr 108=+ 10# = (— I ].'T I,.rjz.‘j‘?ﬂn =+ 30m
E 2 2{; +7 ) E 2 _60n+7
L g2 o 20m i n
i i | +w g s st | +wg
o — 1) (%0 +90n+20 oo 2 90n" — 1500 + 60
o Z { T} éeﬁmz? + E |] fzﬁﬂni:l?
e =+ =g e —+ (174}
We obtain:

(((0.5)°420))/(((1+(0.5) 127)))-((0.5)*560)/(((1+(0.5) 147)))+
(((0.5)~720)/((1+(0.5)*167)))

0540 0.5°80 0.5720
= +
1+05%7 1405% 140567

% See Appendix B
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Enlarge Data Customize A Interactive

More digits
3.603101447114294312303572304998733375117736200874750... = 107127

3.693191447114294312303572304998733375117736209874750 x 10"-127
In (3.693191447114294312303572304998733375117736209874750 x 10"-127)

1 3.603191447114294312303572304998733375117736209874750
Og[ 10 127
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits

-2091.121815835177029955237401012434158501715934620526132...

16 -6 * In (3.693191447114294312303572304998733375117736209874750 x 10-
127)

1661 [3.69319144?1142943123D35?23D4998?333?51l??362D98?4?5D]

10 127

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
1730.73089501106217973142494607460495155029560772315679...

This result is very near to the mass of candidate glueball f;(1710) meson.

((((-16 - 6 * 1n (3.693191447114294312303572304998733375117736209874750 x
10°-127))*1/15
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[
15’ R (3.59319144?1142943123035?23D4998?333?511??362(398?4?5()J
\

10 127
Open code
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
More digits

1.6439248853204189061955552378646716625805045014142683503. ..

1,643924885320418906195...

(((-16 - 6 * In (3.693191447114294312303572304998733375117736209874750 x
10°-127))*1/3

Input interpretation:

I
3’ 6_61 3.603191447114294312303572304908733375117736200874750
\ L ng[ 10127 ]
Open code

e lomix)isthe natural logarithm

Enlarge Data Customize A Interactive
Result:
More digits

12.00631818901942982758079804348708116053989152963587725...
This result 12,0063 is very near to the value of black hole entropy 12,1904

And:

Input interpretation:
|

|
2 5 —lﬁ—ﬁlng(
\

3.693191447114294312303572304998733375117736209874750 J

10 127
Open code
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
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More digits
24.01263637803885065516159608697416232107978305927175449 .

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

:_:-| (L m (G"+I{;IU"3+ n—4 _ ';_c\ (—1)" {Uqulm’-+3';}n—4
r.-=L.—=-;c 1 | [qun—ﬂ ”=h._m | | t'-'_J{‘J‘Eun_E
B $ (—1)" mzqgnn%gmw 16 A ;}i (—1)" .:fgo"1 + 150n + 56
rr:L_rII | + E'ji!’JrﬁﬁrI-'_IT n_t » I —|—1"-'J!’1fﬁﬂn+3?
M _ X
% (— 17 2n+ 1) 100 4+ 100 —4 3 i (— 1) @2 +30m—4
n_j_ o | + t!)zfjmn_j il e 1 —|-{'-'Jzt’fmn_3
‘()E ( 1) mqgﬂnl—gﬂn+ 16 :}i (1) q'ﬁﬂnlﬁ—lﬁﬂn+56
_n=;__m | + co?gS0n+17 o B | 4 c?qon+37
We obtain:

(((0.5)°416))/((1+(0.5) 1 17)))-((0.5)*556))/(((1+(0.5)* 137)))+
(((0.5)°716))((1+(0.5)7157)))

0.5416 0.5356 0.5716
= +
L+05-7 Ia0577 1405%7

Enlarge Data Customize A Interactive

More digits
5.909106315382870899685715687997973364658068540400066... » 107126

5.909106315382870899685715687997973364658968549499066 x 10"-126

In (5.909106315382870899685715687997973364658968549499066 x 10"-126)

84



5.9091063 1538EETDE99685?15I58?99?9?3364658968549499(366]

]Dg[ 1D126

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

* More digits
-288.340227112937248717568562526601452325426587687541112. ..

6 *In (5.909106315382870899685715687997973364658968549499066 < 107-126)

5.909106315382870899685715687997973364658968549499066 J

il lng[ STr

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

*  More digits
-1730.09536267762349230541137515960871305255052612524667. ..

This result is very near to the mass of candidate glueball f;(1710) meson with minus
sign.

(-6 *In (5.909106315382870899685715687997973364658968549499066 x 10/-
126)))*1/3

|I 61 5.909106315382870899685715687007973364658068549499066
1;' - Og[ ll:|126 J
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

* More digits
12.00484841737549370878355813178080710304870244167900727 ...

This result 12,0048 is very near to the value of black hole entropy 12,1904
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and

9 |I 61 (5.909106315382870899685715687997973364658068549499066
‘-13‘| E Dg[ 1|:|12|5 J
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits

24.00969683475098759756711626357961438609740488335801453...

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

(-6 *In (5.909106315382870899685715687997973364658968549499066 x 10/-
126))) /15

|I 61 '5.009106315382870890685715687997073364658068549400066
1\5} E Dg[ 10 126 }
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits

1.6438846346379917990103806802415680159274417342009156501. ..
1,643884634637991799...
We have that:

2 *(3.693191447114294312303572304998733375117736209874750 x 10"-127)
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= 3.603191447114204312303572304008733375117736209874750
10127

Enlarge Data Customize A Interactive
7.3863828942285886246071446099974667502354724197495 « 10127

(7.3863828942285886246071446099974667502354724197495 x 10M-127)*1/59

I
54 7.3863828042285886246071446099974667502354724197495
\ 10127

Enlarge Data Customize A Interactive

More digits
0.007280761593850381011959378200857317963924519587932255. ..

This result is very near to the value of the fundamental Fine-structure constant:
a=0.0072973525693(11).
Indeed:

1/ (7.3863828942285886246071446099974667502354724197495 x 107-127)*1/59

1

f
Sv?j 7.3BA3E2R042 28588 A2460 T144B0000T4EATS02254724107405
\ 127
10

Enlarge Data Customize A Interactive

More digits
137.3482687366991279315766997996861405817259508164509...

1/(7.3863828942285886246071446099974667502354724197495 x 10"-127)*1/576
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1

f
g ?QI 7.3BA3E280422858RA2460 T 1 HM4E0C00T4RATR02354724107405
127
10

Enlarge Data Customize A Interactive

More digits
1.6556876791626702197550343802420740306673373002281171...

1/(7.3863828942285886246071446099974667502354724197495 x 10"-127)*1/603

1

f
’5":',1 7.3BA3E280422858RA2460 T 1 HM4E0C00T4RATR02354724107405
127
10

Enlarge Data Customize A Interactive

More digits
1.6187262639724336079629212292818340238564050007989530...

The results 1,6556876 and 1,6187262 are practically equal to the to the fourteenth

root of following Ramanujan’s class invariant Q = (0505 /G101 /5)3 =1164,2696 1i.c.
1,65578... and to the golden ratio 1.618033988749894848....

Now:

2 *(5.909106315382870899685715687997973364658968549499066 x 10"-126)

= 5.909106315382870899685715687997973364658968549490066
10126

Enlarge Data Customize A Interactive

More digits
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1.181821263076574179937143137599594672931793709899813... x 1071%°

(((1.181821263076574179937143137599594672931793709899813 x 107-125)"2

[l.lElEE12530?65?41?993?14313?5995946?2931?93?D9899813JE
10125

Enlarge Data Customize A Interactive

More digits
1.396701497859909157098871132012517503917231956153569... x 10723
And

172 * (((((1.396701497859909157098871132012517503917231956153569 x 107-

250)°1/116 + (1.396701497859909157098871132012517503917231956153569
107°-250) /117))))

I
1 11# 1.396701497859909157098871132012517503917231956153569

2 \4 l|:|2 50

+

I
11{ 1.396701497859909157098871132012517503917231956153569
£
10250

Enlarge Data Customize A Interactive

More digits
0.00716771637046181597015027494257316541972639050114240636. ..

This result is very near to the value of the fundamental Fine-structure constant:

a = 0.0072973525693(11).

1/(1.396701497859909157098871132012517503917231956153569 x 10"-
250)"1/1141
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1

f
1141/ 13967014978 500001 570988 7113201251750391 7231956153560
250
10

Enlarge Data Customize A Interactive

More digits
1.655689425370602983842048450219875057365225161915625355...

1/(1.396701497859909157098871132012517503917231956153569 x 10"-
250)"1/1195

1

f
llq‘gj 1. 3967014978590 1570988 7113201251750391 7231956153560
) 250
10

Enlarge Data Customize A Interactive

More digits
1.618391524283211981574304379300044816353694209800456596...

The results 1,6556894 and 1,6183915 are practically equal to the to the fourteenth

root of following Ramanujan’s class invariant invariant Q = (0505 /G101 /5)3 =
1164,2696 1i.e. 1,65578... and to the golden ratio 1.618033988749894848....

Now, we have:
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I f l»_}‘n wggtm—+3[ln—4+ 1 i {_1!5“)2(!9{)?1-4;305—4
] i ] 4-cog®—? l—w* | = | 4-atg®
| i 1|7 (%0 +30n—4 [ ] w? \
e IR g )
- R —_ ] . —3
—e® = 1+wg®® 3" | +o?¢™
o 1 _ 120n—6
o0n2 +30m—4 * 9
_ {—1)" q g
nzz_m 1 +q180n—9
i e8] { Il 11 }n [,GZEE'DDHE—Q—DDH-Q- 16 1 oo { _ 1 }n E{jijgm1+90”+ 16
4 by
| — Z | _L‘,I”(rﬁo.ﬂ—i—f? | _r';'lz L | _Lr'n12 ;I'SD"_"I?
i LA n:—f_ﬁ iz 1 k_'\f pe L= ”=_()::‘ i ] A hf
! Z ( _l-}n€90n2+90n+16( —w ” - )
Tl { | © ndBREET | | g ot T
1 —uwr H— — oo \-\l —]_l.lj(!l' 1 7w l:_-!i'
oo 1 60m+17
= ¥ (— )" %0+ 150n + 33 I +¢
2. 1 1 1 o 180m+51°
n=—oo L+g
I o0 (—1)" qga;z2+ 150n + 56 l o (1) qg{m2+ 150n + 56
: A T - 60n + 37 L K Z 2 60m+37
l—w “= _ l1+ag l—w?  ~_ 1+w%g
| i / l + e 1 \
_ _pn,90m2 + 150 + 56 |
1 : 2 (=19 fl : ﬁﬁn+3?+|_=_..2 &0n+ 37
- = \1 +wq Lty /
- _60n +37
n oon?+150n+56 |+
= ), (=1)yq 180m + 111 *
H= —a0 l+q
oo I € H 2
] {:_'_‘ - 1)" ['..')q% + 30n | % (e 8 [Ufogﬂn + 30n
1
L eom+7 T 3 & 2 _60n+7
b—a = 1oy - = lig
, 2
- I g (—1) qgﬂnz—q—Sﬂn [ —1 I ) \
7 2 ;  6On+7 "2 60n+7
[ 1 4@g®™ " 14+aog™ " )
o0 I ==y 120n+ 14
= ¥ (— ] ) %0n*+30m /|
{ l 180+ 21 *
n=—oo +q
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| ® (1) (_92‘.!90n2+90n+20 1 © (1) {.’quﬂn1+90n+20
+
-t Zm 1.4 ppg™re | —e? H=Z_m B o il
GO . .
_ l ¥ I (!90.'121—90?:—%20“./ I+ 4 « \
[ —ii2 - L\i + wg®on+2 lJz__mzqec&n«m?/{
oo _60n +27
—— ¥ {_l}nqmn3+lson+47 l +4q
= 180n +81 °
= —a0 l —I_ ('r
and
1 o (_|)m qDDr:3+ 150n + 60 1 © (1) fIQGnl—l— 150n + 60
' ¥+
| —w H=Z_w | - epg8M+¥ ] —w? "=Z_m ] g amta
[2.8] / . . ;
= 2 2, (=1 ¢ e l %;waw e 21 60 +47\|
L™ ™ 1 +wyg I + w5y /
0 60n + 47
_ Z {—1}” (.QGIIE—FISGH—FEG E —I_q
= / ] + g 'Son+1ar
= —ao0 !
We have:

-(((0.5)"416))*(((1-(0.5)"234)))/(((1+(0.5)*351)))

Input:
1-0.5%%

1+0.5%!
Open code

_p.5H6

Enlarge Data Customize A Interactive

Result:

More digits
-5.90910631538287089968571568799797340022311278083616... x 10712°

In -(-(((0.5)*416))*(((1-(0.5)"234)))/(((1+(0.5)"351)))
Input:

lﬂg[— _pgHe LSZH ]
1+0.5%1

Open code
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e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
-288.349_..

((((-In ((((0.5)*416))*(((1-(0.5)"234)))/((1+(0.5)*351)))))"1/11

|
sige 1=@5o%

I
11| —log|0.5
‘ql = 1+ 571
e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive
More digits
1.673513...
1,673513...
And
I
| wige =m0}
12( —log| 0.5
‘Hl = 1 45771
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
1.603220...
1,603220...

(((((-In ((((0.5)"416))*(((1-(0.5)"234)))/((1+(0.5)"351))))))"1/4

;:‘|| -log 0.516

1+ 0.5%1
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e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
4.12078...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

((((6 * -In ((((0.5)*416))*(((1-(0.5)"234)))/(((1+(0.5)"351))))))"1/3

|
g6 1- .54

I
3 6 (-1)log|0
\ 1 +2:5%71
logix is the natural logarithm
[ ] o
Enlarge Data Customize A Interactive
More digits
12.0048...

This result 12,0048 is very near to the value of black hole entropy 12,1904

And

J< A 55
2 i|| 6i-1)log p.5He

1+ (.53

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
24.00097...
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This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

((((6 * -In ((((0.5)*416))*(((1-(0.5)"234)))/(((1+(0.5)"351)))

1-0.544

6 (~1)log|0.5%'8
1+0.5%1

o oglx) is the natural logarithm
Enlarge Data Customize A Interactive

More digits
1730.10...

This result is very near to the mass of candidate glueball f;(1710) meson.

172 % [(((((((0-5)*416))*(((1-(0.5)"234)))/(((1+(0.5)"351))))))"1/58] +
[((((((0.5)"416))*(((1-(0.5)"23)))/(((1+(0.5)"351))))))"1/59]

|
234 234
2\ 1+05%1 Y 14 (.55
Enlarge Data Customize A Interactive
More digits
0.00723721..

This result is very near to the value of the fundamental Fine-structure constant:

a =0.0072973525693(11).

-(((0.5)693))*(((1+(0.5)*137)))/(((1+(0.5)"411)))
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056 14059
1+0.5%!

Enlarge Data Customize A Interactive

More digits
~2.4333072048578045740092926794680931979859040911117308... » 10727

1/2 *

[(CCCC(((0-5)"693))*(((1+(0.5)*137)))/(((1+(0.5)"411))))))) " 1/98))))H(((((0.5)*693))*
(((1+(0.5)"13M)((1+(0.5) 41 1H))NHMN M /9T)))))]

1| | 1+0.5%7 f 1+0.5%7
= |og/ 0.557 —___ 5 o5® :

20 1405 Y 1+0.5%
Enlarge Data Customize A Interactive
More digits
0.00725193...

This result is very near to the value of the fundamental Fine-structure constant:
a=0.0072973525693(11).
In [(((0.5)7693))*(((1+(0.5)*137)))/(((1+(0.5)*411))]

g L+05137
1+0.5%1

log| 0.5

e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive

More digits
-480.351...
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(-(-480.351))"1/12

'Y _(-480.351)

Enlarge Data Customize A Interactive

* More digits
1.672874...

1,672874...

And

13 _(-480.351)

Enlarge Data Customize A Interactive

* More digits
1.607954...

1,607954...

[(((-18/5 * In (((0.5)"693))*(((1+(0.5)"137)))/(((1+(0.5)"411))))]

18 . 140517
-—— lag[D.Sﬁpgj i
5 1+0.5%!
e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive

* More digits
1729.26...
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This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728, very near to the value 1729,26 occurs in the algebraic formula for
the j-invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier
as a pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729

(log(0.55%) (1 +0.5"%7)) (-18) ;| 2TE(2:4334x 107209 )
=—/J.£1IN 2
(1+0.5%%)5 2
® (1) (2.4334x10°20° _ x)t 1%
3.6 logix) + 3.6 L [ - o

k=1 k
Enlarge Data Customize A Interactive
(log(0.5%%) (1 + 0.5%7)) (- 18)
(1+05%1)5 -
arg(2.4334x1072%° — ;) 1
—3.6[ Bl b lcg[—J—B.ﬁlcg[z.;.}—
2 oty
arg(2.4334x 1072 _ gq) @ (-1)F(2.4334%x 107297 _ g z5¢
b 8l o logizn) + 3.6 Z‘ [ o
2 S k

—m+arg

-209 |
2.4334%10
[“—] +argizg)

(log(0.5%%) (1 + 0.51%7)) (-18)
=—/.4aIT
(1+0.5%Y)5

2

@ (—1)* (2.4334% 107209 _ gz, z*
3.6 log(zo) + 3.6 3 : p o/ ™

k=1

[lng[D.SE’pg] (1+ D.Slg?]] (—18) e j~2.4334x10'3':'9 1

—dt
(1+0.541)5 1 £

(1875 * In (((0.5)7693)*((1+(0.5)*137)/(((1+(0.5)* 411NN T 1/3
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e logixiisthe natural logarithm

Enlarge Data Customize A Interactive

More digits
12.0029...

This result 12,0029 is very near to the value of black hole entropy 12,1904

And

|

e logixiisthe natural logarithm

Enlarge Data Customize A Interactive

More digits
4.00097...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

(((0.5)7716))*((1+(0.5)MS5T)))/(((1+(0.5)M471)))

1+05%7

05716 i
1+0.5%71

Enlarge Data Customize A Interactive

More digits
2.900835519859557836174121713005223250221055917944221... x 107216
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((((((0.5)*716))*((1+(0.5)*157)))/((1+(0.5)*471))))))*1/101

157
\

1+0.5%1

Enlarge Data Customize A Interactive

More digits
0.00734456...
This result is very near to the value of the fundamental Fine-structure constant:

a=0.0072973525693(11).
-35/10 * In((((((0.5)"716))*((1+(0.5)* 15))A((1+(0.5)°471)))))

35 o 1+0.5197
i ].Ug -16 T -
10 1+0.5%471

e lomixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
1737.03...

This result is very near to the mass of candidate glueball f,(1710) meson.

1 F57B (1 g5 arg(2.90084 x 107216 _ x|
— log - - [(-35)y=-Tin - - -
10 1405 2
?L::gm P i ~1)F (2.90084x 107216 _ x|* x*
g L k
Enlarge Data Customize A Interactive
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1 35728 (1 4 0.5157)
10

— log - ][—35} -
1+0.5%1

7 |arg(2.90084 x 107216 _ z;) | ( 1 ] 7 log(zg)
SR gl — |- ——— —
2 2 Bl % 2
7 | arg(2.90084 x 107218 — z;) 7 & (-1)F (2.90084x 107218 — 55\ z5*
- - | log(zg) + = '
2 2 2 k
k=1
Open code
=216
1 0.5716 [1 e D_SIS'}‘} -T+ arg[ M] +argizg)
— log |(-35) = ~7in |- 0 -
10 1 +0.5%1 2
7logzo) 7 & (-1 (2.90084x 107216 _ 55|° 25
T kz; K

Integral representation:

1 0.5716 (1+ 0.517) 7 rzoo0s4x10-218 ]
— log| : [—35}:——J — daf
10 1+0.5%1 2

Open code

1

[CCCC-35/10 * In((((((0.5)716))*((1+(0.5)*157)))/((1+(0.5)*47 1)1 1/3

35 1+8.5%7
EJ ~ — loglo.5™8 )

10 1+@5%1
Open code

e lomix)isthe natural logarithm

Enlarge Data Customize A Interactive
Result:
More digits
12.0209...

This result 12,0209 is very near to the value of black hole entropy 12,1904

And

Input:

101



|
35 oz ]G AT
3|| -— log 0.5716, = -
10 1+0.5%1

| =

e logixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
4,00695...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

[CCCCC -In(((((€0.5)*716))*((1+(0.5)*157)))/((1+(0.5)*47T1)NNN] /12

I
1+0.51%7
l‘ill -log 0,578y

140.5%%
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
1.677432_ ..
1,677432...
And
I
1+0.5%
13|I ~log|0.571® - =
\ 140547
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
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1.611998...

1,611998...

-(((0.5)"420))*(((1-(0.5)254)))/(((1+(0.5)"381)))

1 -0.52%%
1+ 05781

_0 542[!

Enlarge Data Customize A Interactive

More digits
-3.69319144711429431230357230499873337513944548802260... x 107127

-3.69319144711429431230357230499873337513944548802260 < 107-127

1727 TII(0.5)"420)) *(((1-(0.5)"250)))/(((1+(0.5)"381)))))) " 1/58 +
(((((((0.5)*420))*(((1-(0.5)"254)))/((1+(0.5)"381))))))*1/60]]]]

| |
| ks | 1 — (.52

1

= |58 p.5% + 60/ 0.5%%°

2\ 1+05% Y 1+0.5%!
Enlarge Data Customize A Interactive
More digits

0.00721069...

This result is an approximation to the value of the fundamental Fine-structure
constant: o =0.0072973525693(11).

-6 * In (((0.5)"420))*(((1-(0.5)*254)))/(((1+(0.5)*381)))

1-0.5%4
1+0.5%8!

-6 log(0.5%7)
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e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
More digits
1746.73...

This result is very near to the mass of candidate glueball f;(1710) meson.

Series representations:

(6 log(0.5%%)) (1 - 0.5%%%) - arg(3.69319x1071%7 — x)
i 1+0.5%! S 27 i
& (-1)F(3.69319x 107127 — xff x7*
61 - _y
og(x)+6 Z P f
k=1
Open code
Enlarge Data Customize A Interactive
(6 log{0.5%9))(1 - 0.52%%) arg(3.69319 x 107127 - z4) 1
" - - =-6 - 103[—}—610g[z.;.}—
14590 2 g
arg(3.69319x 1077 -z & (-1 (3.69319x 107127 — z* 7
6 el o) 10g[z.;.}+l52‘ 2 o) %
2r k
k=1
Open code
wln—127
[5 103’[':'.5420 H‘[l b D.5254-|_ -+ arg[ w] + argisg )
- — - =-121ir|- N -
1+0.5382 2

@ (-1 (3.69319 x 107127 55 |* 23
6 logizg)+ 6 '
BlZg) + ;,;Z‘ &

=1

Integral representation:
(6 log(0.5%7)}(1 - 0.5%°%) 6 fz.&gzmxm—l?? 1
1+0.57" N

dt
1

((((((-6 * In (((0.5)420))*(((1-(0.5)"254)))/(((1+(0.5)*381))))))"1/3
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| ] —(.5%3¢
3| -6 log(0.5% ) ———

\ 14 0.5
e lomixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
12.0432...

This result 12,0432 is very near to the value of black hole entropy 12,1904

And

! 1={5%97
2 3 _6log(0.5™ ) x ———
\ : s
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
240864 ...

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

; 3||I _(610g(0.5%7))(1 -0.5%%)

1+0.5%8
arg(3.69319 x 107127 — x|
3.63424 | -2inrm : > - | - logix) +
i
® (-1) (3.69319x 10727 —aft % | |
2. ' . ' (1/3)

k=1
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Open code

Enlarge Data Customize A Interactive
420 234
. fj _(610g(05%°))(1 -05%4)
1+0.5%1

arg(3.69319x 107127 — z)
2
& (-1 (3.69319x 10727 — g 3¢

2 k

k=1

1
(L::g( — ] + logizg }] +
g

3.63424 [—hag[zc.}— [
Ju]

~(1/3)

Open code

; J (610g(0.5%)(1-0.5%%) _

1+0.5%81
& -127
-+ arg[ Lttt iloaidl A argizg)

3.63424|-2ix |- ! =
2

@ (=15 (3.69319 x 107127 — 5|k 5~
log(zg) + [ = SR o

k=1

Integral representation:

6 log({0.5%9))(1 - 0.5%°%) “3.60319x107127 ]
23 —[ 8l I - = 3.63424 3 —J —dt
1+0.5%81 1 t

and

Input:

1—{.58%

1
= 3| —6 log(0.5%7)
el © 1+0.5301

3\
Open code

e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive
Result:
*  More digits
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4.01440...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

(((((-In (((0.5)"420))*(((1-(0.5)"254)))/((1+(0.5)*381)))"1/11

| ] =525
11] _log(0.5"°%)x ———
\ &l 5T 5
Enlarge Data Customize A Interactive
More digits
1.674960._ ..
1,674969...
And
f i 1 = F
12) _log(0.5™") -
\ &l 1 40,530
Enlarge Data Customize A Interactive
More digits
1.604400,
1,604499...

-(((0.5)M707)*(((1+(0.5)~147))/(((1+(0.5)"441)))

057 Lt 0.51%7
' 1405

Enlarge Data Customize A Interactive
107

logixy is the natural logarithm

log(x) is the natural logarithm



More digits
-1.48522778616809361212115031705867430411318063830430... x 107212

172 % III0.5)~707)) *(((1+(0.5)*147)))/(((1+(0.5)"441))))))) " 1/99 +
((((((((0.5)*707))*((1+(0.5)*147)))/(((1+(0.5)"441)))))))*1/100]]1]

s B e
— |98/ 0.5° +100 0.5
20 1+0.5% Y 140,54
Enlarge Data Customize A Interactive
More digits
0.00726277...

This result is a good approximation to the value of the fundamental Fine-structure
constant: o =0.0072973525693(11).

_18/5 * [In (((0.5)*707))*((1+(0.5) 47N ((1+(0.5)441)))]

18 5 14£05%
~= |1og(0.5™7) . =
5 ' " 1+05"
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
1764.20...

This result is very near to the mass of candidate glueball f,(1710) meson.
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(log(0.5™7) (1 +0.5%7)) (-18) 5 arg(1.48523x 10721 _ x)

— -F2ir =
(1+05")5 2
@ (~1)%(1.48523x 107213 _ x|k x*
3.6 logix)+ 3.6 z [ : forx = 0
k
k=1
Open code
Enlarge Data Customize A Interactive
(log(0.5™7}(1 + 0.5%7)) (- 18)
(1+0.5%1)5 N
arg(1.48523x 107212 _ z,) 1
—3.5[ 8l . 105(—]—3.5 log(zg) -
2 Fin Ety)
arg(1.48523x 107213 _z) @ (~1)% (1.48523 % 107213 _ z,|F g
B 8l = 10g[z.;.}+3.52‘ { o ]
2 k
k=1
Open code
1.48523x10 2132
[IDE[UETD?'I_[I +|:|.514?}]-[—18} , —}T+Ell'g[ —ZD ] +argiz;l
==l )|— =
(1+0.5%)5 2

(-1 (148523 x 10721 — 5, 55*
k

o
3.6 log(zg) +3.6 )’
k=1

Integral representation:

log{0.5™7)(1 + 0.5} (-18) “1.48523x10213

{log I - =—3.5j é — dt
(1+05*")5 t

1

(CCCCCG-18/5 * [In (((0.5)*707))*(((1+(0.5)*147)))(((1+(0.5)"441)))]))))))"1/3

Input:

1+051%
1+0.5%

3

18
- = |log(0.5™7
E [ og| )

Open code
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e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
12.0832...

This result 12.0832 is very near to the value of black hole entropy 12.1904
And

173 (((((((-18/5 * [In (((0.5)*707))*((1+(0.5)*147)))/((1+(0.5)*441)) D))" 1/3

1 | 18 R L it
= o == [log(0.5™7)x =
3Y 5 ' T 1+b5MH
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
402774 ...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

1 |' 18 (log(0.5™7}(1 + 0.5'*7))

3\ 5(1+0.5%1) B
arg(1.48523 x 107213 _x]
2m
i (-1)F (1.48523 x 107213 _ xJf x*

k

k=1

0.510873 [— 2im

- logix) +

~(1/3)

Enlarge Data Customize A Interactive
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1J 18 (log({0.5™7) (1 + 0.51%7))

3\ 5(1+0.5%1)

arg(1.48523 x 107212 _ z;)
2

1
(lﬂg(— J + logizg }J +
pf

0.510873 [—log[zl;.} -
Ju]

& (-1 (148523 x 107212 — g ) z5*

Z P 2 ]"[1;3}

k=1

Open code

L. 18 (log(0.57™7){1 + 0.5%7))
3\ 5(1+0.5%)

-213
e arg[ 1.48523x10 ] +arg(zg)
0.510873 |-2im |- =
2
® (-1)° (1.48523x 107213 _ g zg* |
lng[zn}+§ P (1/3)

Integral representation:

18 (log{0.5™7}(1 + 0.5'%7 ‘
‘ log(057)+03 ) _ o c10a73 3 -

1
e dt
3y 5(1+0.5%1) \

J‘1.4852311EI_213 1
t

1

[- In (((0.5)*707))*((1+(0.5)*147)))/((1+(0.5)*441))]D))))*1/12

Input:

1405

1+0.544

12( _log{0.577)
\q !

Open code

e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
*  More digits
1.675665...
1.675665...
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And

I

| S
13 _log(0.5™7)
y OE ] apetE

e logzixiisthe natural logarithm

Enlarge Data Customize A Interactive
More digits
1.610430...
1.610430...

(((0.5)"720)*(((1+(0.5)*167)))/(((1+(0.5)7501)))

0,570 1+ 0.5
' 1+0.5%!

Enlarge Data Customize A Interactive

More digits
1.813022199912223647608826070628264531388159948705224 . = 107217

172 T(C((€0.5)720))*(((1+0.5)*167)))/(((1+(0.5)*501)))))))1/102)))))  +
(((((((0.5)*720)*((1+(0.5)*167))/((1+(0.5)*50 1)) 1/101))))]

I
167 167
L1, o i LEOSS | v 105
\ 1+05%1 1+0.501
Enlarge Data Customize A Interactive
More digits
0.00732302...
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And

1/ (2=
[CCCC(€0-5)~720)) *(((1+(0.5)*16 7))/ (((1+(0.5)"501))))))))"1/102))))) - +
(((((((0.5)*720)*((1+(0.5)*167)))/((1+(0.5)*50 1)) /10 1))

1

[ = f =
1 |10z g 5720 , 140587 qgyf g 5720 , 140.5167
: tor T ; co1

2 140.5 140.5

Enlarge Data Customize A Interactive

More digits
136.556...

This result is practically equal to the value of the fundamental Fine-structure
constant: o =0.0072973525693(11).

In (((0.5)°720)*((1+(0.5) M 67)))((1+(0.5)*501)))

14+0.5157

log 0.579)
[ “1+0.5%91

e logixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
-499.066...

This result is very near to the rest mass of Kaon meson 497.614 with minus sign

log(0.57")(1 + 0.5'%7) arg(1.81302x 107217 —x)
= - =2inm - | +

1+0.5%91 2
@ (-1)F (1.81302x 107217 — x)f x*
- for

log(x) -
k=1
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Open code

Enlarge Data Customize A Interactive

log(0.57°)(1 +0.5'57) _ | arg(1.81302x 107217 — %)

1
log[—] +logizg) +

1+0.5%! 2 2
arg(1.81302x107%!7 - zg) : o (~1)F (1.81302x 107217 — zo) 5
OF(Zg) —
e g(z0) - ) -
k=1
Open code
=217
102[0.5?20'}[1 +|:|.51|5?} —}T+arg[w] +B.I'g'[z|:,}
: =2im|- +
1+0.5%1 2
& (-1)F (1.81302x 107217 — zo ) z5*
log(zo) - )| p
k=1
Open code

o AlZiziisthe complex argument

Integral representation:
log(0.5™%) {1 +0.5%7) fl.slznzxm‘zl? 1
1 +0.5%01 I t

dt

_18-7/2 [In (((0.5)~720)*(((1+(0.5) M6 T)/((1+(0.5)°501)))]

|x] iz the floor function
iisthe imaginary unit
More information

e logzixiisthe natural logarithm

Input:
) g ~La-B5207
18 2 [lng[D.S ) T4 5250
Open code
Enlarge Data Customize A Interactive
Result:
More digits
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1728.73...

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. As a consequence, it is sometimes called a Zagier as a pun on the Gross—

Zagier theorem. The number 1728 is one less than the Hardy—Ramanujan number
1729

Series representations:

(log(0.57%°)(1+0.5'")) 7 arg(1.81302x 107217 — x|

-18 — =-18-Tin - | -
(140.5") 2 2
= (1) (1.81302x 107227 _x) x*
3.5 log(x) + 3.5 : ot i
g(x) + ?_; >

Open code

Enlarge Data Customize A Interactive

s (log(0.572%) (1 + 0.5%7)) 7

(1+3.571)2
arg(1.81302 % 107217 — z;) 1
—18—3.5[ 8l e lag(—]—B.S logizg) -
E.FT ZD
arg(1.81302x 107217 — %) @ —17(1.81302 x 107217 _ g )¢ 5k
5 gl o logizg) + 3.52‘ [ o H
2m W Ik
Open code
; & n+arg| LE102A0TY
(log(0.572°) (1 +0.5'87}} 7 T+arg 0 +argt
50 ' L . o P o
(1+0.5°°1)2 2

® (—1)* (1.81302x107217 _ g, 2%
3.5log(z0) +3.5 Y [ e
k k

=1

Open code

° argizlis the complex argument
° |x] i= the floor function

115



. i iz the imaginary unit

[lug[D.S?z':'] (1+ D.SIE‘?]] 7 *1.81302x10217 ]

_ _ _18-3. L.

18 18 35[ it
(1+0.5°1)2 t

W]

(((C(-18-7/2 [In (((0.5)*720))*(((1+(0.5)"167)))/(((1+(0.5)"501)))]))))))"*1/3

7 1405557
3|| ~18 - - |log{0.5™") el
\ 2] ™ 1059
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
12.0017...

This result 12,0017 is very near to the value of black hole entropy 12,1904
And
2% ((((((-18-7/2 [In (((0.5)*720))*((1+(0.5)*167)))/(((1+(0.5)"501))]))))))"*1/3

7 1+0.5%
23 -18- . [log(0.57) . =
\ 21 " 140590
e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive
More digits
24.0034...

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.
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Series representations:

pal (log(0.57%) (1 + 0.567)) 7
(1+:5%91)2

arg(1.81302x 107217 _x)
2m

2 [—18 ~3.5 [zm +logix) -

* (-1 (1.81302x 10727 —x)t x*))

Z k : (1/3) forx <0

k=1
Open code
Enlarge Data Customize A Interactive

log(0.57%)(1 + 0.5'%7)) 7
23_18_['33{ 1+ N7 _
(1+8:5791)2

arg(1.81302x 107217 _ z;)
2
—10F (1.81302 x 107217 _ g za“]

2 [—18 -35 [lag{z.;.}+

1
(log( — ] +logizg }J .
g

0

i p 13

k=1

Open code

T20 167
2%_18_[102{0-5 }(1+0.5%7))7

(1+:5"1)2

-217
i arg[ 1.81302=10 ]+ arg(z,)
2|-18-3.5(2in |- = +
2m

@ (-1) (1.81302x 107217 — g | 2

lug[z.:.}—z X ~il 3
k=1

Integral representation:

{lug[D.S?z':'}[l +0.5167))7 ‘ “1.81302x10-217
23 -18 - - —~ =23—18—3.EJ — dt
(1+0:5791)2 1 t

Open code
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Furthermore
1/3 % ((((((-18-7/2 [In (((0.5)"720))*(((1+(0.5)167)))/((1+0.5"501)) )H))"1/3

Input:

1+0.5157
14 0.5%01

1 7
- 3{— 18 - — [105[0.5?2':'}
2 »
Open code
e lomixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:

More digits
4.00056...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

Series representations:

| 720 167
ég(_la_?[lug[G.S }(1+0.5167))

\ 21 +0.579%)
1 arg(1.81302x 107217 — x|
- |-18-3.5|2in - | + logix) -
2w
* (-1 (1.81302x 10727 —x)t x*))
Z : (1/3) forx <0
k
k=1
Open code
Enlarge Data Customize A Interactive
| 3(' o 7(log(0.57)(1+051")
3 2(1+0.5°°) N
1 arg(1.81302x 107217 _ z;) 1
—|-18 - 3.5 |log(=zo) + : (lug[—]ﬂug[z.;.}}
3 2 oty
o (-1 (1.81302x 107217 -z =55 | .
: (1/3)
k
k=1

Open code
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7 (log(0.57") (1 + 0.51%7))

s

1
A |
3y 211 +0.57)

1
- [—18 -3.5 [ZI}T
3
@ 1) (1.81302% 10727 _ g
lcg[zﬂ}—gl k

1.81302x10217
I
2

—?I'+E.1'g[ ] + argizg)

+

™13

Integral representation:

1 7 (log{0.5™%) (1 +0.5167)) 1 “1.81302x10-217 1
— 3 -18 - - - =—3—18—3.SJ — dt
3y 2(1+0.5%) 3 1

t

Open code

(((((C-In (((0.5)*720))*(((1+(0.5)*167)))/((1+(0.5)*501))))))))"1/12

Input:

1+ 0.5
140571

12( _log(0.57%)
“4 J

Open code

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
*  More digits
1.678211...
1.678211...

And
(((((C-In ((€0.5)*720))*(((1+(0.5)*167))/(((1+(0.5)*501))))))))"1/13

Input:

1+0.5157
1 40501

13 _log(0.57%)
‘q s

Open code

e lomix)isthe natural logarithm
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Enlarge Data Customize A Interactive

*  More digits
1.612689. ..
1.612689...

Now, we have:

Adding (3.26) and (3.27), dividing by 2, and using the six identities above,
we find that

- i | — 120n—6
4% )l 2l@)= ), (=IPg s s
H=—oo wig
e a] 60n 4+ 17
- Z [_l)n(!90m2+150ﬂ+33 l+¢7""
o I+(!}80n+51
oo |_i__,!,60n+37
90 150m+56 "
_H=‘£_®{ 1)"qg s | 1 geon+1m
o0 I—qmﬂ”"'m
n 901 + 30n
+ =Z_m{—“ g v l+(]130m+21
- } ] g 60n + 27
— Z ()2t 1 [ISGH—!-EI
o T [ +¢
o 60n + 47
B Z (—1 )nq90r12+150n+6{) LG
o I_l_qIBGrt—i—lﬁll

ok
+w G Too w o f(—4. —q*)

o 60, 60
II{ _lfj —(‘f ] f[ _( 4. _qﬁ') t.{{ f.'! ) (] }.J)o

i g% (q™ ¢™, f(wq w?q®) f —wg'?, —w*q®)
l—w  ¢fq.q°) [(—q¢* —4¢°) flog’. &*q?)
"% 10) fle?y, w-:j N = wqu“ —wq®)
1 —w?  ¢3flq .qlﬁlj[ —g% —g%) flo*g’,wg?)

(3.28)

With the previously results of the six identities that we have calculated, we obtain:

(5.909106315 x 107-126) + (-2.433397204 x 107-209) + (-2.900835519 x 107-216)
+(3.693191447 x 10"-127) + (-1.485227786 x 107-213) + (-1.813022199 x 10"-

217)
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Input interpretation:
5.909106315 2.433397204 2.900835519

10126 1020° 10216
3.603191447 1.485227786 1.813022109
10127 = 10213 B 10217
Open code

Enlarge Data Customize A Plaintext Interactive
Result:
More digits

6.278425459699999999999999999999999999999999999999999 . x 107128
Open code

We note that, this first result is an infinitesimal sub-multiple of the length of a circle
with radius equal to 1: 2

colog [(5.909106315 x 10°-126) + (-2.433397204 x 10°-209) + (-2.900835519 x
107-216) + (3.693191447 x 107-127) + (-1.485227786 x 10°-213) + (-1.813022199
x 10°-217)]

Input interpretation:
1 [5.909105315 2.433397204

DIZIS 1|:|2I:I'.C‘
2.900835519 3.693191447 1.485227786 1.813022199
10216 = 10127 T 10213 = 10217 J
Open code
e lomix)isthe natural logarithm

Enlarge Data Customize A Plaintext Interactive
Result:

More digits

288.288602401...

Series representations:

390911 24334 290084 369319 148523 181302
—ng[ 10126 1020°  1p216 & 10127 1023 102V7 J:
arg(6.27843 x 107126 _ x
-2ix - - | = log(x) +
2

L (-1)* (6.27843x 107126 _ x|" x7*

k=1 k
Open code
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Enlarge Data Customize A Plaintext Interactive

o[ 3:90911 24334 2.90084 3.69319 148523 1.81302
_Dg[ 10126 102°  1p216 T 027 102B | 1027 J:
arg(6.27843x 107126 — z;) 1
- - lug(—]—lug[z.;.}—
2 ety
arg(6.27843x 107126 — z4) @ (1) (6.27843x 107126 _ 55 )" z5*
' lng[z.;.HL -
2w e k

Open code

Lo{5:90911 24334 290084 3.69319 148523 181302
_Dg[ 10126 10%° 1926 1017 1028 102V J:

-126
-7+ arg[ %] +argizg)
-2irm|- =
2n
1 @ (~1) (6.27843 x 107126 _ 5o ) 25~
0gizg)
gzl + Z‘ K
k=1
Open code

 Integral representation:
| [5.90911 2.4334 2.90084 3.69319 1.48523 1.813!32}

10126 - 10209 - 10216 &4 10127 - 10213 - 10217
[~6.2?s43x10-13’5‘ 1

—dt
w1 t

6 * colog [(5.909106315 x 10°-126) + (-2.433397204 x 10°-209) + (-2.900835519 x
107-216) + (3.693191447 x 107-127) + (-1.485227786 x 10°-213) + (-1.813022199
x 10°-217)]

Input interpretation:
5( 1 [5.9'391()5315 2.433397204

l|:|12|5 1|:|2|:|.°
2.900835519 3.693191447 1.485227786 1.813022199
10216 i 10127 = 10213 = 10217 D
Open code

e logzixiisthe natural logarithm

Enlarge Data Customize A Plaintext Interactive
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Result:
More digits
1720.73161405_..

This result is very near to the mass of candidate glueball fy(1710) meson.
Furthermore, 1728, very near to the value 1729,7 occurs in the algebraic formula for
the j-invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier
as a pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729

Series representations:
5.90911 2.4334 2.90084 3.69319 148523 1.81302
6(-1) lag[ J 2

1026 10209  qp216 T T027 1022 102V
arg(6.27843x 107125 _ x|

2m
@ (-1 (6.27843x 107128 _x)* x*

6 .

k=1

Open code

-6 log(x) +

-12inx

Enlarge Data Customize A Plaintext Interactive
6 [—l}lag[slgﬂgll B 2.4334 B 2.90084 i 3.69319 = 1.48523 B l.BlBDE} s
10126 1|:|2|:|';' 10216 1|:|12'.? 1D213 1021?
arg(6.27843 x 107128 - z;)
7B l 2m

1
lng(— ] -6 logizg) -
20

arg(6.27843 x 107126 — zg) @ -1/ (6.27843 x 107126 _ zo ) 2~
) ' - | logizg) + 6 L ' :
2 k
k=1
Open code
6 1) og| 00911 24334 2.90084 3.69319 1.48523 1.81302
- }ag[ 1026 102%° 10216 | 1027 102 102V J:

= -125 3
-+ arg[ il ]+ argizg)
I
-12ir |- -
2
@ (-1 (6.27843 x 107126 _ 5o )F z5*
6 log(zo) + 6 -

Integral representation:

123



6 1y 1og[ 290911 24334 290084 3.69319 148523 1.81302]
" }Dg[ 10126 10%° 1026 1017 1028 102V
“6.27843x107126 1
- { - dt
1 £
Open code

((((((((6 * colog [(5.909106315 x 107-126) + (-2.433397204 x 10°-209) + (-
2.900835519 x 107-216) + (3.693191447 x 10°-127) + (-1.485227786 x 10°-213) +
(-1.813022199 x 10~-217)))))))) 1/3

Input interpretation:
[5( | [5.9'391'35315 2433397204  2.900835519

10126 10209 10216
3.693191447 1.485227786 1.813022199}“,\[1.3}

lcllz'? ]_I:|213 lDzl?

Open code

e lomix)isthe natural logarithm
Enlarge Data Customize A Plaintext Interactive
Result:
More digits
12.00400702976_ .

This result 12,004 is very near to the value of black hole entropy 12,1904

2 * ((((((((6 * colog [(5.909106315 x 107-126) + (-2.433397204 x 10°-209) + (-
2.900835519 x 107-216) + (3.693191447 x 10~-127) + (-1.485227786 x 10°-213) +
(-1.813022199 x 10~-217)])))N)))1/3

Input interpretation:
9 (6 [ 1 [5.909 106315 2.433397204 2.900835519

l|:|126 1|:|ZEI.C' ll:l21|5
3.693191447 1.485227786 1.813022199 J]] ~3)
= = !

lDlZ? ]_I:|213 1021?

Open code

e logzixiisthe natural logarithm
Enlarge Data Customize A Plaintext Interactive
Result:
More digits
2400801405952,
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This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

Series representations:

9 |EI b1 500911 2.4334 290084 3.69319 1.48523 1.81302
\il 5 }ug[ 10126 10%° 10216 | 10127 10283 10217 J -
E% [—Erfr

@ (~1)f (6.27843x 107126 _ xff x*

% ~1/3) for
e

Open code

arg(6.27843x 107126 _ x)
2r

- log(x) +

Enlarge Data Customize A Plaintext Interactive

| 5.90911 2.4334 2.90084 3.69319 1.48523 1.81302
2‘51"| 6[—1}10g[ - J =

10126 - 10209 - 10216 * 10127 - 10213 10217
sl arg(6.27843 x 107125 _ ;)
8 27

1
[lng[ — J +logizg 1] -
2q

@ (—1) (6.27843x 107126 _ o ) zgk

B [lng[z.;.} - L P

k=1

il 3

Open code

| 5.90911 2.4334 2.90084 3.69319 1.48523 1.81302
2‘:-1"| 6[—1}10g[ J -

10126 - 1020° - 10216 N 10127 - 10212 - 10217

126
o e arg[ f.27843x10 +arg(zg)
2 E,'IEI -2im|- 2 -
2
© (-1 (6.27843 x 107126 _ 5o |° z5*
logizg) ' ~(1/3)
gizo +ké P é

Integral representation:
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5.90911 2.4334 2.90084 3.69319 1.48523 1.813CI2J

23'5 1)1
\ql (—1)log 10126 T 100 10216 N 10127 1213 | 10217

f
— | ré27e43x107129 ]
246 3| —j ;Jf

((((((( colog [(5.909106315 x 107-126) + (-2.433397204 x 107-209) + (-2.900835519
x 107-216) + (3.693191447 x 10°-127) + (-1.485227786 x 107-213) + (-
1.813022199 x 107-217)]))))*1/12

Input interpretation:
[ 1 [5.9'391()5315 2.433397204 2.,900835519

10126 10209 10216
3.693191447 1.485227786 1.813022199y, .
10127 2 10213 = 10217 ]] (1/12)
Open code

e lomix)isthe natural logarithm
Enlarge Data Customize A Plaintext Interactive
Result:
More digits
1.6031923163430...
1.6031923163430...

((((((( colog [(5.909106315 x 107-126) + (-2.433397204 x 107-209) + (-2.900835519
x 107-216) + (3.693191447 x 10°-127) + (-1.485227786 x 107-213) + (-
1.813022199 x 107-217)]))))) /11

Input interpretation:
[ 1 [5.9'391()5315 2.433397204 2.,900835519

10126 10209 10216
3.693191447 1.485227786 1.813022199y, .
10127 2 10213 = 10217 ]] (1/11)
Open code

e lomix)isthe natural logarithm
Enlarge Data Customize A Plaintext Interactive
Result:
More digits
1.6734805803380...
1.6734805893380...
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Now, we have:

(1 ((((([(5.909106 x 107-126) + (-2.433397 x 10°-209) + (-2.900835 x 10°-216)
+(3.693191 x 107-127) + (-1.485227 x 107-213) + (-1.813022 x 10-
217)M/S)))N1.603192343) ((1/(2%0.61803398))

Input interpretation:
1.60319233

1

.'
5II 5909106 2433397 _ 2000835 3.603191 1485227  1.813022
"II 1nl26 10209 10216 10127 10213 10217

1
2.0.61803398
Open code

Enlarge Data Customize A Plaintext Interactive
Result:

More digits

1:22650, ;5100

This value is practically equal to the entropy of SMBHs contained within the Cosmic
Event Horizon

T ((((5.909106 x 107-126) + (-2.433397 x 107-209) + (-2.900835 x 10-
216) + (3.693191 x 107-127) + (-1.485227 x 10°-213) + (-1.813022 x 10-
207D))))))))* 1/(1.2083%2)(0.6309712)

where 1,2083 (Fibonacci word fractal 60°) and 0,6309 (Cantor set) are the following
Hausdorff dimensions:

log()

(3+ v"(ﬁ)
log 3

3

log, {E}

Input interpretation:
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1

0.6309"
5909106 _ 2.433397 _ 2000835 _ 3.693191 _ 1485227 _ 1813022 1 ,2083 2
10126 10209 10216 10127 10213 10217
Open code

Enlarge Data Customize A Plaintext Interactive

Result:

More digits
2.6210230491351396042136616770233230985388349551928564... x 10122
Open code

This result is practically equal to the value of Cosmic Event Horizon

In conclusion we have obtained an interesting value of entropy of DM contained
within the Cosmic Even Horizon, practically very near to the multiple of the length of
a circle with radius equal to 1: 27

QY ((([(5.909106 x 107-126) + (-2.433397 x 107-209) + (-2.900835 x 107-
216) + (3.693191 x 10°-127) + (-1.485227 x 10°-213) + (-1.813022 x 10-
217)))))))1/3)))2.06 * (1.6087643/4)

Input interpretation:
' 1
I

J| 5000106 _ 2.433397 _ 2000835  3.693101 _ 1485227 _ 1.813022

206
1.6087643%

Open code

Enlarge Data Customize A Plaintext Interactive
Result:

More digits

6.28221... x 10%®

Where 2.06 is a Hausdorff dimension and 1.6087643 is given by: (((775.4 +775.49 +
782.65)/3))"'* = 1,608764329....

Note that 775.4 775.49 and 782.65 are the rest mass of the Charged rho meson,
Neutral tho meson and Omega meson.

The value reported in the table is 6 * 10

128



T (((([(5.909106 x 107-126) + (-2.433397 x 107-209) + (-2.900835 x 10-
216) + (3.693191 x 107-127) + (-1.485227 x 107-213) + (-1.813022 x 10-
217D 1/3))))AN(1.3057+0.6942)*0.6942

Where 1.3057 and 0.6942 are two Hausdorff dimensions (0.6942 the Asymmetric
Cantor set and 1.3057 the Apollonian gasket

T 1 1.305 7406242

I

3 so0o106 2433397 2900835 |, 3.693191 1485227  1.813022 it
Y “pen 10209 10216 10127 10213 10217
Enlarge Data Customize A Interactive

More digits
2.02028... x 10%2
This result is very near to the values of entropy of Photons and Relic Neutrinos

contained within the Cosmic Even Horizon: 2.03 * 10% and 1.93 * 10%

We have that:
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[Ty qmn2+ 150n + 33 oo f—1y" ,90n? + 2100 + 93

q
180n 4 51 o Z

s
= —a0

| | q " | | ‘JFISGH+III
o0 (= q90n2+30n o0 (—1)" rj.‘.9'0.'1 + 1501 + 60
F Z l_l_qlSOu-PZl T Z 1+q150:=+141
(qsu: qau}g& {ﬁjw ,f( _qns —Cf Z)2

X(}({ _(1-,.39. _qSl).f'( _q-’sSl _{:{4:7}
_I_qlzllr( _qgs _q.sl)]j"{ _qlﬁe —f}75})

O ISJoo..fﬁD' g®)% f(—=q° —q®') f(— :‘ rﬁ“}f{—q” —q'")
T 30. 3[)1 ! 90} IBD 180 A282 £ i 361
T30 ekt o8 Va8 g™ e fl=a" " P ll—=2" ")

},\( _f'( —5!]5. _‘:F'?S]Jf{ _£f39- _\?51 }2’{‘{ _{!21‘ _(1’.69]2
-I_f!gf{ _qflh. _qtlb) j'{ _qg- _qﬁl }Z.f‘{ _q'z_’.]. _E;llhgl?.

+ff'3_f{ —ff45. _E'.,,AIS} ,” _q's"l_ _GBI }2'{{ _q39. —E'_.-'Sl ]1]

60. 60 )

6 (1% 0% 0 (@75 005 (=" —a™ V" q™) f1—q" —q*)

({1,3(]‘.. {1.,30}(;0 (C[4fl ‘f4j){)@ f{ _'ff,lSh _(f42 .2

+q

" (qﬁf{ _q'.!.l‘ - I},ﬁu] 1l —i{”. _q'f: 2 + £ _qy_ _qsl ) /1 —(fm. _t.!,ew}z

75}2} :

—*f(—q%. —¢’") [(—¢". —q

9

(4% 4" (4% 42 (425 4%) o S(=47 —47)*

@%e™E R & &Y

tad
ol
fad
—

From:
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B i [z l }n £!90n2+ 150n + 33 i o I }n £!90ﬂ3+2|0!i+93
== 1801 + 51 180m + 111
n= —oo l+(1’ Sl n=—oo 1+':-!r ol
" § |.l L 1 )n {!9{}:11+30n_ i (. — l ]n qg{)nz—kliﬂn—t—ﬁ{}
i _180m+ 21 ‘ 180m + 141
= —ao0 l +q " H= —00 1 +q "
We obtain:

L(((0.5)693))/(((1+(0.5)411))) - ((0.5)873))/(((1+(0.5)°471))) +
(((0.5)420))/(((1+(0.5)381)))-(((0.5)720)/(((1+(0.5)*501)))

0.553 0.5873 0.5%0 p.5720
s = 2 o
1+05%" 14+05%Y 1+05%81 1405°%

More digits
3.693191447114294312303572304998733375139445488022604... x 107127

3.693191447114294312303572304998733375139445488022604 x 10"-127
This result is similar to that obtained at pag.65

6 colog [[[-(((0.5°693))/((1+(0.5)411))) - ((0.5)873))/(((1+(0.5)*471))) +
(((0.5)*420))/(((1+(0.5)*381)))-(((0.5)*720))/(((1+(0.5)*50 1)) 1]

b5 p.517 g.5H0 .50
6|-log|- - — + -
1855 Te0E5 1405 140550
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
1746.73..

This result is very near to the mass of candidate glueball f;(1710) meson.
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: 1 0583 0.5873 0.540 0.5720
o~ 5™ T 11057 T 11057 110591
arg(3.69319x 107127 — x|
—lzznl el 5 - | -6 log(x) +
F g
& (1) (3.69319x 107127 — x)f x*
6 L ' for x < 0
k=1 k
Open code
Enlarge Data Customize A Interactive
: 1 0.5593 0.5873 0.5%0 0.5720
g~ 0™ T 1057 T 1205 1r05 "
arg(3.69319x 107127 — z;) 1
—6[ 2l 5 2 lng[z—]—ﬁlug[z.;.}—
T 0
arg(3.69319x 107127 — z;) @ (-1 (3.69319 x 107127 — 5o ) z5F
6 logizg) + 6
2m o k
Open code
: 1 ( 0.5%8 0.5873 0.5420 0.5720
g~ 05" T 14057 T 12055 110591
=127
-+ arg[ 3—'6931210 ] +argizgl
-12 - -
.0 2}1-
@ (-1)(3.69319 x 107127 — gy} z5*
6logzo) +6 ) :
k=1 k
Integral representation:
4% 55 0582 0.5873 0.540 0.5720
(-1)log|- - - - =
1+0.5% 1405 140598 1405
3 60311027 1
B, J . 1
1 t
Open code

(((((6 colog [[[-(((0.5Y"693))/(((1+(0.5)*411))) - ((0.5)"873))/(((1+(0.5)471))) +
(((0.5)*420))/(((1+(0.5)"381)))-(((0.5)*720))/(((1+(0.5)*S01)))N]IDN))"*1/3

Input:
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|
3|| 6
\

0.5 0.5873 05420 (3.5720
~log| - - e -
14+05% 1405YF 1405 1405

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
12.0432...

This result 12,0432 is very near to the value of black hole entropy 12,1904

And
|I 5% g.51 0.5%¢ 0.5720
23 6|-log|- - — + -
\ 1+35% 140571 1405 140570
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
24.0864...

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

[
I
236(-1) lag[—
\

0.553 0.5873 0.5420 0.5720 ]
=E =+ —_ —

1+05 1405 1+05%® 14059
—[ larg{lﬁ%lgxlﬂ'lz? —x)
-2 - -

25.:" ) - log(x) +
2

& (-1 (3.69319x 107127 —x}f x*

2. k

k=1

13y
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Enlarge Data Customize A Interactive
/ 0 56’93 0 58'}'3 0 5420 0 5'?20
23 6(-1)log|-— .l o e -
\ 1405 1405 14+05™ 140550

ol arg(3.69319 x 107127 _ z;)
5 l 2

1
(lng(— ] +logizg }] —
Ep

@ (-1)* (3.69319x 107127 — o) 25°
ﬁ[lcg[z.;.}—z [ Ll ~(1/3)
k=1
Open code
; ‘5 o .5 .52 0.5%%0 .57
3 bi(-1)log| - = + - =
\ 14+05% 1405 14+05% 1405500

—m+ arg[

3.60310x10 127 ]

+argizg)

2% —2im |-

2

& (-1 (3.69319x 107127 — 50 )¢ z*

logi(zo) + ) = ~(1/3)
k=1
Integral representation:
fii5 e 0584 0.5+0 0.572°

2 3‘ 6i-1) L:Jg[—
\

36031010127 ]
2?5#-1 - at

1

- +
14+05% 1405%

1+05%1  1405%!

And

Input:

1 0 5693 0 53?3 0 5-420 0 5?20
- «23(6|-log|- — - — +— - —
6\ 1+35% 14057 1405 40570
Open code

Enlarge Data Customize A
Result:

Interactive

134
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More digits
4.01440...

This result is in the range of the mass of DM particle that is between 4 — 4.2 eV

((((C colog [[[-(((0.5)"693))/((1+(0.5)*411))) - ((0.5)"873)/(((1+(0.5)*471))) +
(((0.5)*420))/(((1+(0.5)"381)))-(((0.5)*720))/(((1+(0.5)"50 )N TN /11

pisT il

0.5420 D.S?Zl:l

11||—10g -

- +
\ 14085 1405

1+0.5%81 1405%!

e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive
More digits
1.674969...
1.674969...
A 4 et 05128 0.57%0
2 —l0gl— - + =
\ 14+85% T405%1 14051, J.0570)
e lomix)isthe natural logarithm

Enlarge Data Customize A

More digits
1.604499. ..

1.604499...

Linear form

For 1.674969..., we have:

Interactive
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1+ . I
+
2 1
T 1
13+ I
20+ 1
T+ 1
15+ 1
1+
1 1
i 1
1+
3 1
£ 1
1+
3 1
T 1
4
l 1
i 1
1+
1 1
T 1
1+
TR |
% 1
5+
3+=
Possible closed forms:
More
root of 4043 x° +9602 x% —17002x - 17712 near x = 1.67497 =
1.674969084756767004400350
Enlarge Data Customize A Interactive
6703315613 )
= 1.6749600847506767004400670
12572821 359

1 —
1c:g[E [—59 ~3434/2 —118e+34¢° +3057-22 ;F]J -
1.674969084756767004445235

Furthermore:

(CCCCLLT-((0.5)7693)/((1+(0.5)*411))) - ((0.5)*873))/(((1+(0.5)*471))) +
(((0.5)420))/(((1+(0.5)"381)))-(((0.5)*720))/(((1+(0.5)*501))N1IDN))"1/58

Input:

53|'|_ 0572 05" " 0s | s

N 1+05MY 1405% 14051 1405
Open code

Enlarge Data Customize A Interactive
Result:

More digits

0.00660888. .
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172 * (((((((0.00660888 + (((([[[-(((0.5)"693))/(((1+(0.5)"411))) -
((0.5)°873))/((1+(0.5)°471))) + (((0.5)"420))/(((1+(0.5)*381)))-
(((0.5)*720))/(((1+(0-5)*501))NNIIDN))*1/60))))))

: 0.00660888 5.:.|| 0.5 0.5872 0.5420 0.5720
2| Ty = ==k -
2 Vo 1+05% 1:05%1  1405%1 1405500

Enlarge Data Customize A Interactive
More digits
0.00721069...
And
1

[ & i
1 so] 05593 05873 05420 5720
2 0.00660888 + ‘.'I 05T T o547 T 105381 T 105501
Enlarge Data Customize A Interactive
More digits
138.683...

Results that are a good approximation to the value of the fundamental Fine-structure
constant: o =0.0072973525693(11) and to the reciprocal 137,0359990834....

Furthermore, we note that the rest masses of the Pions are 139.570 18 +0.000 35
and 134.976 6 = 0.000 6, thence 138.683 is practically in the range of the values (the
mean is 137,27339).

Now, we have:
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To complete the proof, we need to modify the four sums in (3.33). Replac-
mg n by —n—1 1n the first, second, and fourth sums in (3.33), we find
that

i i 1 ]n lri,';'l:!nz+ISDM—|—33 i [ 1)® qgﬂnz+15[lu+33 q—ISGu—Sl
1 l+c['8°"+5‘ - e l+ff130n+51 q—lSCm—Sl
_ %c‘ {_l]n qgﬂnz—JDn—}S
"=L.|_0CI 1_-5_{[—180”—5[
© (1) q-gon2+210n+ 102
- _sz_m ] _é_qlSDrH—I.ZQ
G l.,“,gcmz+2u:me+c-3 ? (=1)" {}90n1+210n+93 q_tsoﬁ_ 111
"=Z_m I_I_q}sonﬂn n=@_w l+‘f180n+lll q—ISOrs—Ill
- ;i (—1)" qoon2+3on_ts
= H=f_,_00 I_E_ff—IBDn—llI
o0 (—=1)" f}-90n2+ 1507 +42
- _H=Z_,x. 1 _l_qlsen+69
and
% (—1) qgcrr’+1sou+so oo (—1)" qwnh 1501 + 60 q—zsﬁn— 141
LB I+q130n+141 "=Z_m l_'_q]S.OnJ‘—Ml (!_130:1_141
[-'2] { < I }n f‘.',Sii]rfz—E';Dn—S]
= Z —180n— 141

1 +¢

n= —oo

2
oo { - l ]n Q‘QOM + 2101+ 39

- Z l_|_q18(}ﬂ.+39

And, replacing n by —n in the third sum in (3.33), we find that

(—1 }n er',9(.].1'12+3H3ljr: 0o ] ]n ‘f90n2+30n q—]S(}n—El
l _l_q'lgﬂn-l:-zl = Z I R\ qlSGi‘i’—l—zl —180n—21
n=—uoo !

q

:

n=—co

(—1) qoonl_fson_zr

I‘E.
— Z L g —180n—21
P l+¢

i
2 4 150n—
( 1 }n ¢ O0n 150n —21

/|

| _‘_qlSOn—ZI

= —o0

Thence:
-(((0.5)"882))/(((1+(0.5)"489)))
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D.SSSZ
14+0.5%°

Enlarge Data Customize A Interactive

More digits
~3.10130032290502989833240994779765547113429646417532... x 107258

-3.10130032290502989833240994779765547113429646417532 x 10"-266

-(((0.5)7702))/(((1+(0.5)429)))

0.5
T 1+05%°

Enlarge Data Customize A Interactive

More digits
-4.75272891573789955878768101458775777316217801593379... x 107212

-4.75272891573789955878768101458775777316217801593379 x 10"-212

-(((0.5)819))/(((1+(0.5)*399)))

0.5819
1+0.5%9

Enlarge Data Customize A Interactive

More digits
-2.86044466761709305373848807836163588245384539840528... % 10724
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-2.86044466761709395373848807836163588245384539840528 x 107-247

(((0.5)639))/(((1+(0.5)339)))

D_SBBQ
1+0.53%°

Enlarge Data Customize A Interactive

More digits
4.383618698016806079505386214282241665261617444248073... x 10717%

4.383618698016806079505386214282241665261617444248073 x 107-193

Now:
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Using (1.10), (3.22), (3.33), the four identities above, Theorem 2.6.14.
Theorem 3.6, we deduce that

wylwg) —m* ,ﬂ(u q]

(™8™ (g —

o — w?
. . z:
i .0 ‘0_31 (—1)n €F9Dn"+150n+42 ‘cE {—1]”(._','90” 30n
=219759 )T L | 1 o0+ 60 — i | = 8m—2
[ +q = o0 "'1{
o {_l]n qgl]nz-e—ﬂfﬂn+f02 =al E—I\'n qDﬂnI—l-ROﬂ
+ Z 1 | 180n+ 120 T Z 1 | ,18%0m+39
- I+ - By ¥
oo (—1)" £790;32+2wu+102 =0 (—1) (!90n3+150n+42
1
o E ] 4 gi%0n+129 - Z | L '80n+69
= —o0 /| n= —w0 — 4
o {_!]nq%ﬂl—f—ljﬂu—zl o0 [—1)m 90rr+"*1en+39
S, ') ; S
s 180m— 21 £ 180n + 39
PR 1+ff R '+ff
¢ A5, A5y 4 o 1R 27
459" Jeo l‘! ‘.-" o JL 47 q7) (qﬁn_ ({.5.:;]
18 72 36 S o0
a5~ ]'_f'[—f.-'-—f.-' )
a0, on % T . | 156
o o 4 gl ¢ ¢ —q™)

AT A" ”5}]. cj’g.—qu].f'iqzl. 7%)

|;9° 00 !‘{(}33 57, ) f( —g®*, _‘.J,gs} \}
> flg™ ”51 F—a™ _;?2]_;{@'39._ v,
([qwol qzso }:ic fl _(19_ _qzl}ct £ _fj,ls_ _qﬁ]j
| q; \ fhl. flS {I45} ,f“'{ t:l'%* qsf‘} /
U @5 )5% (0% 4w (=", —q*%)?
=g =) [1 =", —¢®)
131"]’ nzl '1691 £ ”-15 f1d5'|
Yy Ty s M Y L y Yy !
i ql.‘!j‘[ _q-;_ _l.!m ) /1 _qlS. _q:fs”
-:.rf o g% g™ f(—a% —¢® P (=g —¢"Y f{=q™% —q

and

108
)

JE?

j {q Ei }uu (4 } [150}”‘: tf{ —Qw- _‘?é2}2 ;f{ _qu —{!36

(e fl—g™, =) fl—a®, =g [—g% —gP)P
+q" f1—4% —q®) f(—=¢", —¢" ) (=4, —¢%)*
| Efj,f[ qﬁlS. ‘;‘45}.{{ ffg‘ ‘TSI'E r[ ':;39. qS}}I;
i }xu”'f”}z 4~ P I =f &) —a% —4™*

+ ¢
3 @™ ™) (88

W 4*}
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q?S 2

sl =g ) ="
_|_ f{ _{1,9- o GEI } 1'( _{;45- _qil-f }2
P = — ™) f—q"S, {f'.'s}z}

. ‘qi)- q‘:}]w 1"}1“ q?n}o_‘ { J,ﬁﬂ f( _q _q1‘§ 2
il wla ;S H—c,f —:.; 4)
zj(qﬁ-ﬁ: (IGG)T_E i (—1)" (.{90;:%30::
n=—oc
" (% a2 (@ 1) (6% 4 o f(—a°, —q')
(7% q's}?ﬂ fl g5 )
(g% 4 (% 40 (@ ), [(—q7, —¢7)*
B
t (g™ 4% qe. g%*)
x . 60 IS'
¢ s G q.4°) [ —¢
_ (447 % (4% g f,m;lf o) (3.34)

(4% 4% )0 A

Dividing both sides of (3.34) by (4% ¢®)_. we complete the proof of
Theorem 3.7.

Thence:

(-3.1013003229050298983324099477 x 10"-266) + (-
4.7527289157378995587876810145 x 107-212) + (-
2.8604446676170939537384880783 x 107-247) + (-
4.38361869801680607950538621428 x 10"-193)

[nput interpretation:
3.1013003229050298983324090477 4.7527280157378995587876810145

266 212
2.86044466?!51?%93953?384880?83 4.3836186980 IIEDEGEU?QSDSBEEEHEE
l|:|24'? 10193
Open code
Enlarge Data Customize A Interactive
Result:
More digits

-4 38361869801680607998065910585378095587876810145000... » 1071%°
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-4.38361869801680607998065910585378995587876810145000 x 107-193

Now, from the two last results:

3.693191447114294312303572304998733375139445488022604 x 10"°-127
-4.38361869801680607998065910585378995587876810145000 x 107-193
We obtain:

(-4.38361869801680607998065910585378995587876810145000 x 10"-193) *
(3.693191447114294312303572304998733375139445488022604 < 10"-127)

4. 38361860801680607908065010585378005587870810145000
- 10193
3.693191447114294312303572304998733375139445488022604

lDlZ'?

Enlarge Data Customize A Interactive

More digits
-1.61895430829259667613330799829031994534117111686034... x 10721°

-1.61895430829259667613330799829031994534117111686034 x 107-319

Fewer digits

~1.6189543082925966761333079982903199453411711168603426434339029753"
0240936130792332486582124317651758000000000000000000000000000000"
0000000000000000000000000000000000000000000000000000000000000000*
0000000000000000000000000000000000000000000000000000000000000000"
0000000000000000000000000000000000000000000000000000000000000000"
0000000000000000000000000000000000000000000000000000000000000000*
000000000000000000000000000000000 x 1031

Enlarge Data Customize A

Or, changing the sign:
1.61895430829259667613330799829031994534117111686034 % 10"-319

143



1/(1.61895430829259667613330799829031994534117111686034 x 107-319) =
= 6.176826577981891428544642652705262921550208162512914 x 107318
~6,17682658 * 10°'® that is equal to
0,6176826577981891428544642652705262921550208162512914 x 10°"

Note that:

(1.61895430829259667613330799829031994534117111686034 x 107-319) *
107319

Input interpretation:
1.61895430829259667613330799829031994534117111686034 _ 336

1|:|31'.C‘

Open code

Result:
1.61895430820250667613330799829031904534117111686034

1.61895430829259667613330799829031994534117111686034

Continued fraction:
Linear form

1+

1+

1+

1+ 1
1+

1+ 1
1+

1+ 1
23+
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Possible closed forms:

* More
320978094 &

622862081
Enlarge Data Customize A Interactive

x| root of 6291 x% -2125x +20x% +935x - 640 near x = 0.515329 |~
1.618954308202596676176633

12307 6
22°07€h+0 ) 6180543082925966796210
7300 Cqy, + 263

= 1.6189543082925966757474

1/1.61895430829259667613330799829031994534117111686034
0.617682657798189142854464265270526292155020816251291413893

Continued fraction:
* Linear form

1
1+ 1
1 1
= 1
1+
1 1
* 1
1+
1 1
3 1
1+
1 1
F 1
23+
1 1
&) 1
24
6 1
T 1
1+
3 1
4 1
1+
3 1
s 1
2+
4 1
N 1
3+
1 1
T 1
4+ I
15+ —
Possible closed forms:
* More
176383423 e
————— = 0.6176826577081801450200
207102830

Enlarge Data Customize A Interactive

x| root of 10810x° +57715x% -25442 x + 2689 near x = 0.196614 | =

0.61768265779818914238400
1064 ¢ ¢! - 3948 + 1029 ¢ — 135 ¢°

6060 ¢

= 0.617682657798189142854 15219
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Note that the previous result

1.618954308292596676133307998290319945341171116 x 10”-319 isn’ta
continuous fraction.

Note that the third Ramanujan’s identity is:

X(q*) — wylwg'?) — tu?[ w?q'?)
—w
— L 4+g P+ g?Pag®P e | Sgt—g® g4 o .
R RN R LK (1+g)(1+¢*)(1+g%)---" :

where  is a primitive cube root of unity, and |¢g| < I.
For g = 0.5 we obtain:

(((C((((1-(0.5)*4 - (0.5)"6 + (0.5)*18))) / ((1+(0.5)*1) (1+(0.5)"2) (1+(0.5)"3)))))))

1-85%-0.5% 05"
(1+0.5Y)(1+0.5%)(1+0.5%

Enlarge Data Customize A Interactive

More digits
0.437038845486111111111111111111111111111111111111111111111...

(0.5 (1/3)+(0.5)°(3/3) + (0.5)°(6/3))) / (1+(0.5)"1 + (0.5)*3 +
(0.5)°6)))))))) * 0.4370388454861111111111111111111111111111111

1+v05 +0.5%% 40553

1+05'+05°% +0.5°
0.437038845486111111111111111111111111111111111111111111111
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Enlarge Data Customize A Interactive

* Fewer digits

* More digits
0.677605145074897997170343332955656071289412607521449502653...

0.6776051450748979971703433329556560712894126075214495

* Linear form

1+ 1
2+ 1
1
0+ i
1+ 1
4+ 1
1+ 1
2+
3+

3+ 1
1 1
= 1
04
2+

3+ 1
3 l
L 1
4+
1+

* More
, 160859 335
su‘.mh[cus[—
22444514
Enlarge Data Customize A Interactive

1513521825 » )
= 0.6776051450748079071770571
7017167861

tof 9269 x% +144 x® —64 x° —4341 x +972 near x = 0.677605 | =
0.67760514507489790717076242

J] = 0.677605145074897997150504

From this result, we have:

1+0.6776051450748979971703433329556560712894126075214495 =
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1.6776051450748979971703433329556560712894126075214495

Continued fraction:
* Linear form

: 1
T 1 1
+
2 1
N 1
O+
1 1
L 1
4+
1 1
N 1
2+
3 1
o 1
3+
1 1
i 1
0+
2 1
N 1
3+
3 1
s 1
4+
1 1
b 1
1+
T TR
i 1
1+
4 1
* 1
1+ T
1+ =
Possible closed forms:
* More
5189092989 .
. = 1.6776051450748097997163003
0717433486
Enlarge Data Customize A Interactive

3(114 + 250 & + 49 1)
129 - 12217+ 1257°

1228651 795«
- = 1.6776051450748979971795008
225309r 42916

= 1.6776051450748979971602588

A result very near to that obtained (see pag. 93):

[[[-(((0.5)"693))/(((1+(0.5)*411))) - ((0.5)"873))/(((1+(0.5)471))) +
(((0.5)*420))/(((1+(0.5)"381)))-(((0.5)*720))/(((1+(0.5)*501)))N)]I]

Input:
.55 0587 0.5%20 .5720
f— — + —
1485 14+05% 14057 1405
Open code
Enlarge Data Customize A Interactive
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* More digits
3.603101447114204312303572304998733375139445488022604 ... = 107147

((((C colog [[[-(((0.5)"693))/((1+(0.5)*411))) - ((0.5)"873))/(((1+(0.5)"471))) +
(((0.5)420))/(((1+(0.5)"381)))-(((0.5)*720))/(((1+(0.5)"50 )N /11

% 3.5 1Y .50 0.5720
11 — ogl - - + X
‘Hl 1+85% T+0570 1405 140570
e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

* Fewer digits

* More digits
1.674960084756767004411934242214153714745693088006634079343 ...
1.6749690847567670044119342422141537147456939880066340

Indeed:

1.67760514 = 1.67496908

Now, we have:

i E—l}n q'jn § {_1-};;-[._’)(!3?1—&] _: § {_1.}11[_!)2(!3}14-2 [47]
.= 1 _q30n+2 e s qJEln—Q—IZ H=__,J I _q30n+22 . L

oo

Z {_I}H {IQDHE_IBH_EUZ Z {_l}n{fgﬂn2+42n+4

n= —oo n a0
e 8]
£ 3 n 90n" + 102n + 28 ;
+w Y (=g ; (4.4)
n= —ao

That that must be multiplied between them:
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lD.

gw (g ,f'l[ wq’, wzq?}_f{ —w?*q*, —wq'®
l—w g ,t‘{q ) fl—q* —q°) flog. v*q®)
qo? {j '”}’ fleq?, wq ]f{ —u)q —w?q')
I a2 . o e TcH tn B J’I _ _ Sumca iy
1 (i g \g . g it {j‘ : LI ’.:"“” t‘l.t-_ﬂ.'f |
a0 oo
(—1)" q =
= o I S, { _ 1 }H qgﬂ — 1&n
g f{q 2145 q%) KH_Z_H — 2 H=Z_I
D (=1)fgmtt B 90n? +42n+4
X [— g+ 12 5 PP
Lov (—=Agm*e T [ 1\ ,90m+102n+28 )
"L g pmem o TR
| i o0 o | ]ri (IBH a0 ;
S SR 'F AL O N {_]}n{.gi}n +42n+4
Mg q") ( W o S T = W :
n+1
B § (—1)"g™* ~>£ (_ljnf_gﬂn2+]02ﬂ+28
i [—gon+12 L /

o0 {_i}n(‘;3ﬂ+2
£ Z = 430n 422

n=—w q n=—ox

[~18

fz—= | ]n qgﬁnz—]Sn)

Thence:
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1 7 oo { - I }rr (!311' oo

| n n — 18n
= _qu-ws f315) L Z 1 _(f30n+2 Z [ —1) '51'90 -
o0 ‘_1)n‘j3n+l r:c. . o e
+ 3 [ _ g3m+12 Y, (—TIymgrerasess
n=—u —ig n=—on
=] : _1 )n{ 3In+2 :L. i \
E’ l—fj30{:+22 Z e g MR )

nH= —10 /J

] {_I}utin oo ,,,
30”1'+2 Y (-1 )7 90+ 42n + 4

I.-"( 00
+rﬁfl a’,4%) (—u;_w l—q

s} {_l)nquﬂ—l

n=—w

o Z _ 30m412
l—

=8
Z (—1 angeniJrlanrzs
H= —oh 1‘ H= —on

z (—1 }nqgenl—x.s-:n:l

n=—ao0 &

{ —1 )n {F3n+2

oo
+ Z L 30m+ 22
n= —oo

l—q

(((0.5)6))/(((1-(0.5)"62))) - ((0.5)*7)/(((1-(0.5)*72))) + (((0.5)"8))/(((1-(0.5)"82)))

0.5° 0.57 0.5°
= +
1-p5%2 1-052 1-05"

Enlarge Data Customize A Interactive

More digits
0.011718750000000000003386478235585602247974319545883959431...

0.011718750000000000003386478235585662247974319545883959431

(((0.5)"324)) - ((0.5)*448)) + (((0.5)"592))

0 5324 _D 5448 +0 55';‘2
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More digits
2.9260477216826239544724058836616728560593074840633905... x 107°°
2.9260477216826239544724058836616728560593074840633905 x 10"-98

We have that:

[(2.9260477216826239544724058836616728560593074840633905 x 107-98) *
(0.011718750000000000003386478235585662247974319545883959431)]

2.9260477216826239544724058836616728560593074840633905 - 107°°
0.011718750000000000003386478235585662247974319545883959431

Enlarge Data Customize A Interactive

More digits
3.428062173846824947638250337492344806781622466543099 ... x 107107

3.428962173846824947638250337492344806781622466543099 x 10"-100

((1/[(2.9260477216826239544724058836616728560593074840633905 x 10"-98) +
(0.011718750000000000003386478235585662247974319545883959431)]))*1/9

More digits
1.63896147629610561925716097929441411784039177071830382849. ..
1.63896147629610561925716097929441411784039177071830382849

Or
((1/1(2.9260477216826239544724 x 107-98) + (0.01171875)])*1/9

I
| 1

9|
\ 2.9260477216826239544724 . 107°® + 0.01171875

Enlarge Data Customize A Interactive
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Result:

More digits

1.6389615...
1.6389614762961056193097861158248092155040466795124423

Continued fraction:
Linear form

1+

1+
1+ 1

1+
3+

2+

1+

04+

1+

14+

1+

1+

12+

15+ 1
34+

Possible closed forms:
More

28/9
e = 1.638961476296105619300786115824800921550404667951 2442300064
V3

Enlarge Data Customize A Interactive
¥ -5070+ 701 € + 573 7 + 2197 log(2)
6213
1112998553 n
2133416879

= 1.6389614762961056172976

= 1.63896147629610561920472

Now:

(((0.5Y°6))/(((1-(0.5Y°62)))*0.5/(324) + (0.5 T)/(((1-(0.5)"72)))*0.5°(448) +
(((0.5)°8))/(((1-(0.5)82)))*0.5°(592)

Input:
[&]
0-5 0.5724 4 _057 0548 4 _05° «0.5°°2
1-0.5% 1-0.57 1-p.582
Open code
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Enlarge Data Customize A Interactive

More digits
4 5710405651200909929854517723422780315971513874575720... = 10717
4.571949565129099929854517723422789315971513874575720 x 10"-100

(((0.5)°6))/((1-(0.5)162)))*0.5°(448) - ((0.5)"7))/(((1-(0.5)"72)))*0.5°(592) -
(((0.5)°8))/(((1-(0.5)82)))*0.5(324)

& 7
0.5 0.5 _ 0.57 0552 _ 0.5" i
1-0.582 1-0.57 1-0.58
Enlarge Data Customize A Interactive
More digits

-1.142987309128227408221578378466950357455177304680032 . % 107197

(4.571949565129099929854517723422789315971513874575720 x 107-100) -
(((0.5)°6))/(((1-(0.5)162)))*0.5°(448) - (0.5 T)/(((1-(0.5)*72)))*0.5°(592) -
(((0.5)°8))/(((1-(0.5)82)))*0.5°(324)

4 571940565129009020854517723422789315971513874575720
10100 -

0.58 0,54 _ 0.57 0,577 _ 0.5" 0.5%24
1-0.58 1-0.57 1- 058
Enlarge Data Customize A Interactive

More digits
3.4280621738468240476387339387531095740980795856882008. . » 1071

3.428962173846824947638733938753195740989795856882098 x 10"-100

We note that:
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colog (3.428962173846824947638250337492344806781622466543099 x 10"-
100)"1/11

Input interpretation:

] 1o 3:428962173846824947638250337492344806781622466543099
E ng[ 10100 J
Open code
e logixiisthe natural logarithm
Enlarge Data Customize A Interactive
Result:
More digits

1.638834221398318836015032087808036066228269997623819403...
1.638834221398318836015032087808036066228269997623819403

Continued fraction:
Linear form

1+
1+ 1
1 1
T 1
1+ I
3+ I
3+

13+

Open code

Enlarge Data Customize A Interactive

Possible closed forms:

More
315778321

605336014
x| root of 6x° +63784x° +50577 x —43742 near x = 0.521657 =~

1.6388342213983188360125751

=~ 1.6388342213983188356860
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~701 ¢ e! - 9475 + 3747 ¢ + 1075 &2
120 ¢

~ 1.638834221398318836024469

7.6 * colog (3.428962173846824947638250337492344806781622466543099 x 10/-
100)

Input interpretation:

e (_ 10g(3.428962 173846824947638250337492344806781622466543099 D

1|:|1IIIEI
Open code

e logixiisthe natural logarithm

Enlarge Data Customize A Interactive
Result:
More digits
1740.60...

This result is very near to the mass of candidate glueball f;(1710) meson.

Series representations:
More

7.6i-1)
1 (3A289521?384582494?53825033?4923448D5?8152245554359950DD]
Og =

1|:|1|:||:|
\?EII- 1 k
7.6 » —(-1)
2

(—0.999999959999999999999999999999999999999999953999999953959".
99999999099909999999990999999999599990999096571037826"
15317505236174966250765519321837753345690100000)"

Open code

Enlarge Data Customize A Interactive
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7.60-1)
lag(
1
-15.2inr {— arg|
2w
3.4289621738468249476382503374923448067816224665430990000 =

o
1
1071 —x)| - 7.6 log(x) + 7.6 > —(-1)"
: k=1 k
(3.4289621738468249476382503374923448067816224665430990000
x 1071 —x}k x* forx<0

3.42896217384682404763825033749023448067816224665430000000 J
10100 o

Open code
7.60-1)
1 3.4289621738468249476382503374923448067816224665430990000
ng( 10100 J -
1
~7.6 {—
2

arg(3.4280621738468240475382503374923448067816224665430990000 x

1 1
[ ED}J lgg{—J - 7.6 logizg) - 7.6 {—
% 2rm

arg(3.4289621738468240476382503374923448067816224665430990000

L]
=1
197199 g ch oy e s
u} BlSn) + %k
[3.4289521?384582494?53825033?49234430&?31&224&&5430990000><
~100 k_k
10 -zp) Zg

Integral representation:

7.6(-1)
1 (3.428952 1738468240476382503374023448007816224665430090000 J
Og =

10 100
6 J‘ 3,42 80A2 17284682404 7R38 250237402 34480 678 162 24665430000000 10100 1

dt
1

Open code

((((7.6 * colog (3.428962173846824947638250337492344806781622466543099 x
107-100))))*1/3

Input interpretation:

3/ 601 3.428062173846824047638250337492344806781622466543000
% (_ Og( 10100 D
Open code
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e logzixiisthe natural logarithm
Enlarge Data Customize A Interactive

More digits
12.0291...

This result 12,0291 is very near to the value of black hole entropy 12,1904

2 * ((((7.6 * colog (3.428962173846824947638250337492344806781622466543099
x 10°-100)))*1/3

3.428962173846824947638250337492344806781622466543099 D

|
2 _\3‘| 7.6 [— lag[ 10100

e lomix)isthe natural logarithm
Enlarge Data Customize A Interactive

More digits
24.0582...

This value is linked to the "Ramanujan function" (an elliptic modular function that
satisfies the need for "conformal symmetry") that has 24 "modes" corresponding to
the physical vibrations of a bosonic string.

More

2 [?.5 1) log[
3.4280621738468240476382503374023448067816224665430000000 }
l|:|1|:||:|

L)

1
]’"" (1/3)=3.93219 LZ‘ E[_ 1

=1
(-0.999999999999999999999999990999999990909999999999999099999".,
9989999999959990990909999990909999090999990999657 .
103782615317505236174066250765519321837753345690

mooom*‘] s )]
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Open code

Enlarge Data Customize A Interactive

2(7.6(-1)log|
3.428962173846824947638250337492344806781622466543099000-.

1
DJ."1D1':":'}}" (1/3)=3.93219 [—Eur {E—arg[
E

3.42896217384682494763825033749234480678162246654309".

L]
1
90000 % 107%° _ x}J ~logeo + Y - -1
. k=1 k
(3.428962173846824947638250337492344806781622466543099

0000x1071% - x)* x*]" (1/3)

Open code

2 [?.6 -1y lng(
3.42890621738468240476382503374923448067816224665430090000 ]
10100

1
]’* (1/3) = 3.93219 [-Lag[z.j} - {2— arg|
Fin

3.4280621738468240476382503374923448067816224665430990"

1 =3
000x1071%9 _ g, }J (log[—J + lag[zD}J + L L
. ZD k=1 k
(3.42896217384682494763825033749234480678162246654309900"

00x1071%° — 5 55 [~ (1/3)

Integral representation:

2 [?.5 -1 lug(
3.42896217384682404706382503374023448067816224665430990000 ]
1|:|1|:||:|

3/ j 3.428062 17384682494 763825033 740234480 678 1 A224665430000000x10 100 ]
= — dt

VA4 t

Now, we have:
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Adding (4.16) and (4.17). dividing by 2, and applying Lemma 2.1.1(iv)
(2.5.12). (2.54) and (1.10), we [ind that

60, 60 T
(G sl Yoo TIT)
/ @ (—1) {!99-’!2-%!5‘3,’."!-24 © (—1)"g 0n” + 150n + 60
_[ Z | | 180m+33 i+ Z 1 1 180m+123 )
"= — o LTy et 1T
2 ’ 2
( § { L i }n qDDn +210n+ B84 i { —l }n q'}Dn +30ﬂ)
- 180m + 93 180n+ 3
N l+g¢g P 1 +¢
Q9
—ba(q7 ) g

9{‘fso; q;so}gJ _‘IIE(B( _‘!—12. qlE. q:ls] + B _{!43. q]g_ thSH

;oo n _90n2+ 1508 +24
n

oo
L
S 180m+ 33 Z

= l —¢q

180m+ 123 )
o % 1 —g¢q

( a0 e | }n {]DOHE-I»—EIDH-I-M 80 (= l }n qmn3+3{:-n-
_\ Z 1_(]]80n+93 o Z )

] _(!ISGH-!—B-

e K3 4 Vi = =) (%0 50
f(—q™ —¢7) f(—q% —¢* I\ 54 T w

gt ( /5 @™ ) .f‘i_lfsf‘- ) fl—q 1.2‘ —q'%®)
(g%, 4') f(—¢, —¢*) (g, ¢7)

(qgﬂ: qgﬂlio f{ qiil;l‘ qfl ] ,{{ _ngl _(1,[32) )
B g%, ") A =% =Y P, §%) )

(4.18)
Thence:

/ ; (—1)" t,!«:fcm% 150m + 24 . «::Zc: O quﬂnlnmn +6-D')
2 1 180m + 33 - 180n + 123

= — 0 Ly n=—0 }_{1}

( %c- { ol I }ﬂ qmn”+21m+a4 $ { —I }n q'}ﬂn’—f—ﬂ}n-)

= £ 180n+93 B A 180w + 3
== E g el . g="
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(™™ (M) =2)
24 o0 [_l}nwzmﬂ)qlmﬁﬂm—s
= . Z 2 20n+1
| —w Py P8 | + g
b oo (_I}ntul'{n+qul(}n3+}0n—]
2 I Z T . 2 0m+ 11
| =08° G0 | +wgq

(4% @) (¢"% ") o [(—q% —¢°) 160, 60

fi—a —a fi—a% —q8 194

v 8}

2q0* ("% q'%)3 flo?d, wq?) f( —a?q"®, —wg?)

1-@? P, 9% (-4 —¢°) flody, og®)

(4.21)

Thence:

2(-} a0 s | ]n E132{:"1+l‘]‘{‘.,,ll}.i"r--i—llZIJ".r—'S

s 2 2 _20n+1
==@" = | + =g
. 2 &0 {_l}n (UZ{H+I]qIGH“+10u—I
J 2 2 _20m+11

| —w* , = Il +wg

And:
(e u]

2
{_ ] ]ri (.I,)E(n—i—l}qlﬂn + 10 —1

1 1) e
%o‘ {—I ]u (.UZ-'.{!GG?: + 30m —1
2 20m+11 = L 2 _60n+ 11
T 1 + w= o 1 +w*g

2
{_l)u (Uqgﬂn +90n+19 oo

| + p2g®0n+31 Ll

n=—oo

n _90nt 4+ 150n + 59
(—1)"q

| + g +51

And:
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120w + 2

= - 1—gq
. —l ucgﬂﬂ——i—:bﬂw—g .
n=z_m{ ) q | & g0+
. 60 +21
_ i (— )" g%0n* +150n+38 l+4q
= / | 4 gt80m+e3”
n=—oo
on 60n + 41
- Y ( 1y o0n? + 150n +57 L T4
= 4 | 4 gB0R+123°
o 120n + 22
— Z {_l}nc.ﬂﬂnz+3ﬂn—l l—q
= 1 | + ¢ 180n+33°
n=—oo
o 60m | 31
— _ N (] g +150n+50 l+4q
= £y " q | 4 g'oon+93
H=—w
- 60n + 51
= Y (1) oo 1son 5 l+q
= 1 | 4 gI8om+153°
n=—oo in

After, we have:
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mﬁ{}: q.su ) qg Xlwq)— X{ wzq)

) — w?
s w 2 120n+2
d - n_ oom+3om—2 L — @Y
-1 (2 (1o .
G < I+¢
oo . 1 — e 120+ 25
: n_ 2 00m+30m—2 Y4
— Y (=1)V'o'q l+f'3“"+3J
H= —aol f
) oo _60m +21
4 d [ Y (=1) [,;'.'Sll}rr2+150n 30 L+4q
(D — (i \nz_w | + g'%0n+63

& 60n + 21
- Z (—1)" %0 +150m+39 l +¢ )

1 1801 + 63
M= — o ]_!_c,!
=L (3 (g L2
sl irid . (g S s
i (&7 \n=_® l+¢
y 1¢750M + 41
— Z (—1)" w0k 90n> + 150n + 58 | +aq
1 | 4 !80m +123
abTaa =g ,
i [ < . 120n 4 22
_L k Z (—1) (]Ql}rr3+30" 1—(.)q
v — 1801 + 33
=" N e 14+g¢
- 2,,120m +22
- i (1) goon+son L= 7q \
! ] 18071 + 33
H= —0o0 _|_£!
I 5 00 + 31
+L ( e qg(}n3+150n +51 | +mq
0 —° L1804+ 93
@O = | +¢
- 2 ,60n + 31
— Z '_1)H(90n3+150n+51 1 +w=q
{ ! l 1801 4+ 93
H= — oo -l_f‘f
i - ol + 51
‘i‘L ( Y - 207 +150m +60 L +¢g
' v? 180n + 153
w—w\, "~ T
% 60n + 51
R R I et . mily
180n + 153
M= —00 I_E_qr
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After:

X(owg)— X(w?q)
/60. 460 (%) + g2 )
(4747 o (x{ ¢ )+q o
oC ( i ] }n L 90n2 4+ 150n + 24 o0 { . 1 -}rr. (19'03':1+150n+60
- _H=Z_Oo | 4 g'80n+33 H=Z_uo | 4 g180n+123
o (—1)" {i9m3+210n + 84 o0 (—1)m qg-:)n +30n
_nzz_w l_!_qlacm+93 +H=Z_w = ]ISOH-H—S
i (—1)" {190113—!—30?1 . f (—1)" cl.;t;:-lmra-br 150m + 60
= fe. 1 _g_q]80n+3- S ] +f1180n+123
. i (—1)* {}.Dl}n3+ 150n 4 24 N f (—1)" ql}{)nl—l—Eli}ﬂ—bS-i
= dr 1_!_‘1180n+33 - L I_|_‘fzsun+93
+{f!451 0*) o (47% ¢%) f'l—r?"’ —‘]36]'(9“60.f60)
f(—q'®. — QTJf[ T 199 59 e

N '/r (% ) f(qzl ﬁ,’ ) fl—g'% —q'%®)
f{q,il-j ]35] }d‘{ _‘?54)"’“{{{33. qﬁ?}

+q

90‘3

@t A qr” = ﬂ—ff“g-—cf
g ,;{(1,45 35 (=4, — ™ (2. ¢%) )

f( _qB qZ?]Z f 15. _(145)

132)
)

[GBD 30 -'-I- }({ _ff qu 2
" ;j'{ (}.45: f m f 60}3 ’({ ] —(]?5} j' _q ]8. _{]72-} lf'l:' L.} {]36 _{]144:}
| f qIS] f . q ]!)C ( f . qQD}S {qlED 1'180}(;@ '{{ _qIZ.‘ _{]48}

X (f(—q®, —g®) f(—a2, —g"")2 f( —q%, —g%=)?
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g (g%, —g®) =g — 9" (", —q%)

g™ f(—q'5 —q™) fl—q . —q¥)? f(—g®, — g™
_ A = =) A, Y =%, =g I =g, —=g™)
] {g}rlsf_ qls}z
e l—d® F{ =g — ) F{ —q": — g™
‘i— j'. _GZTH _{?63 J J-'{' _(;45- _045 }2
_|_q]s I _(3. _qsa’) fl—gq 15 _q?s)z)
- - {q )({ _ff !2'}' / ! q?S}f{ _(,__!18q _q?Z}
q T []30)30
%= Mg® A=, —g®) A—¢" —¢g™)
—q° f1 —q3~ BT g™, g™
+ f—q®. —gT) f(—g%. —g¥)) )
g (0" 13jz (4% n_w} (g% g®)
_c‘
: (g%a°)%, w J—=g%, —g'®)
" (a @), (@ }‘Eo(f 0. 430
=@ GG Voo ( 6"'6 LY ,';f Lt
G 58" ) e | Yo =G5 —G>)

) g Ve T 7))
= — g g% g™ (9% ¢°) o0 f14 ’fj}.x""—‘}‘ﬁ —q*)
' o

Thence:
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/ X(wg)— X(w?g)\
60. 60 o r: LTI e : ¢
(g™ ¢%) | (4°) +g = |
\ r) —ir) !
\ y
o (—1) {;90n2+ 1501 + 24 ) (—1)" qgﬂni+ 1501 — €0
- E | _ !80n+33 E | 1 1800 +123
n=—on q n=—oC {
- o f= s | }n fi}'mﬂz 2100 | 24 20 = | ]H ”‘}"Dnl I 307
1 d
o E | L '80n+93 L) E | L g'80n+3
= —au -q A= —ou {
e . | ,n (},QGHE—J-BDM s = | ]n tfgﬂnl-'_ 1507 + 60
o Z ] L g!80n+3 £l Z | 4 g'80m+123
n=— o —q = —m 1
S0 { N [ }n q‘:f-"l]n"'—i- 150m + 24 4 [t l ]n U‘E"Orr"—kﬁlﬂn-}—ﬂd-
1 i
T E | 4 180m+33 " Z | 4 g 180n+93
= — b ! = —of f

In conclusion, we have:

[[[-(((0.5)"684))/(((1+(0.5)"393))) - ((0.5)"720))/(((1+(0.5)"483))) -
(((0.5)"864))/(((1+(0.5)"453)))+(((0.5)*420))/((1+(0.5)*363))))]I]

0,584 0.5720 0.5864 0,540
= = = +
1+05%% 1405% 1,05%3 1,p5363
Enlarge Data Customize A Interactive

More digits
3.693191447114294312303572304998733375139445488022604... x 107147

3.693191447114294312303572304998733375139445488022604 x 10"-127

-[[[-(((0.5)"420))/(((1+(0.5)"363))) +

((0.5)7720))/(((1+(0.5)483)))+(((0.5)°684))/(((1+(0.5)*393)))+(((0.5)"864))/(((1+(0.
Y453

0.5%0 0.5720 0.5584 0.5864
= + + +
1+05%%2 1+05% 1:05 1+05%
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Enlarge Data Customize A Interactive

More digits
3.693191447114294312303572304998733375139445488022604... x 107147
3.693191447114294312303572304998733375139445488022604 x 10"-127

We have already obtained (see pag.101) a similar result:

3.693191447114294312303572304998733375139445488022604 x 10"-127

We have that:

3.693191447114294312303572304998733375139445488022604 x 10"-127 +
3.693191447114294312303572304998733375139445488022604 % 10"-127

3.693191447114294312303572304998733375139445488022604
127

3.693191447114294312303572304998733375139445488022604
10127

+

More digits
7.386382894228588624607144609997466750278890976045207... x 107127

7.386382894228588624607144609997466750278890976045207 x 10"-127
(7.386382894228588624607144609997466750278890976045207 < 10"-

127)M/(17/2) + (7.386382894228588624607144609997466750278890976045207 x
107-127)"1/8

f
1.?—?| 7.3BH382804228588624607144600007466750278800076045207
h\,ql 10127

[
sl 7.386382804228588624607144609997466750278890976045207
"lll 10127

+
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Enlarge Data Customize A Interactive
Result:

*  More digits
1.6199648012454225806053141422857422631949481403489425... x 10712

1.6199648912454225806053141422857422631949481403489425 x 10"-15

From this formula, we can to obtain a value very near to the electric charge of
positron:

Input interpretation:

gll 7.386382894228588624607144609997466750278890976045207

+

‘-q 1D12?
I
s( 7.386382804228588624607144609907466750278800076045207 1
‘-1 1|:|12? 1|:|4
Open code
Enlarge Data Customize A Interactive
Result:

* More digits
1.6199648912454225806053141422857422631949481403489425... x 107

1.6199648912454225806053141422857422631949481403489425 x 10"-19
and to the golden ratio:

[nput interpretation:

g{ 7.386382804228588624607144609997466750278890976045207

f +

‘q 1|:|12'.?
I
s’ 7.386382894228588624607144609997466750278890976045207 15
‘.q 1012? 10
Open code
Enlarge Data Customize A Interactive
Result:

* More digits
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1.6199648912454225806053141422857422631949481403489425...
1.6199648912454225806053141422857422631949481403489425

Continued fraction:
Linear form

: 1
+
1+ 1
1+ L
1
1+ 1
1+ 1
1+ T
2+ 1
2+ I
10+ 1
1+ I
36+ 1
3+ T
1+ 1
2+ I
S+ 1
1+ T
1+ 1
2+
3+ 1
1
1+
6+—L
1
3+—
Open code
Enlarge Data Customize A Interactive

Possible closed forms:
More

_g A Vere-Tinsb3m  -63-46e 080y secPem) ~ 1.610964891245422563071
~5¢" + 777 1 + 485 log(m) + 240 log(2 m) - 456 tan ™~ (m)

1695 =
1.61996489124542258060 10604

1 866947
— 3 —9 nt = 1.61996489124542264436

20 '\ 23560485

Or:

(7.386382894228588624607144609997466750278890976045207 x 10"-
127)70.12519477

Input interpretation:

[?.3853828942285885245(:'?14—45':'999?455?5C|2?88959?5D452D?
1':'12?

]EI. 12319477

Open code
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Enlarge Data Customize A Interactive
Result:

*  More digits
1.61803... x 10715

1.6180328386907909951925686060756835751998892273 x 10"-16

(7.386382894228588624607144609997466750278890976045207 x 10"-
127)0.12519477 * 10"16

Input interpretation:

7.386382894228588624607144609997466750278890976045207 12519477 16
[ 1|:|12? ] 10
Open code
Enlarge Data Customize A Interactive
Result:

* Fewer digits
*  More digits
1.618032838690790995192568606075683575100880227300463010875...

1.6180328386907909951925686060756835751998892273904630

Continued fraction:
* Linear form

1+
1+

1+

1+

1+

1+
1+

1+

1+

1+

1+

1+ 1
1+

1+

1+
51+ 1
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Open code

Enlarge Data Customize A Interactive
Possible closed forms:

More

2

= rtanh™!
7

4566617 |
[ ~ 1.61803283869079099507030

5235146
20830391 \3/4 -
[—————————] x ~ 1.6180328386907910053
50456 154

B57063 128

———— = 1.61803283869079099524625
1664084413 2079099

This value is practically a very good approximation to the golden ratio!

Input:
~ (V5 +1)

Open code

Enlarge Data Customize A Interactive

Decimal approximation:

More digits
1.618033988740804848204586834365638117720300179805762862135...
Open code

1.618033988749894848204586834365638117720309179805762862135

Possible closed forms:

More

¢ = 1.618033988749809484820458683436563811772030917980576286213544562
Enlarge Data Customize A Interactive

b +1 =

1.61803398874980484820458683436563811772030917980576286213544802
1
— = 1.61803398874989484820458683436563811772030917980576286213544562

il
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We now discuss the assertion in (14.2.2). L. Dragonette [127] first proved that
if

falg) =) a(n)q", (14.3.1)
n=>0
then
v (=D)L Ay (n — k(1 + (—1)%)/4) sinh (% 5 - 1—_11:{)
a(n) =
k=1 k(n — El:f}
1
+ 0(n2™°), (14.3.2)

for each € > 0, where Ay (n) denotes the same sum that appears in the Hardy—
Ramanujan—Rademacher formula for the partition function p(n), i.e.,

Agln)= ¥ apue ERE (14.3.3)

h{mod L'}
(h,k)=1

where wp, ;. is a certain 24kth root of unity. See [17, pp. 70-71] for a more

Forn=200,1th=1,k=13 and ® = 1, we obtain:

e ((-2Pi*200)/13))

Input:

1/13{-2 7200}
€

Open code

Enlarge Data Customize A Interactive
Exact result:

(140013

Decimal approximation:
More digits

1.0451752393602095105741300174119854767282393511712679... x 107+

Open code

Property:

(140013

Open code

15 a transcendental number

200 * eA(((-2Pi*200)/13)) * (((((((sinh(((Pi/13 ((sqrt(200/6 - 1/144))))))))) *
(CCCCCCCCL/((sqrt((13*(200-1/24)))))))))
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Input:

T 200 1] 1

T Ty W b b P, | [l i
13 6 144
\/13 [zuzm = i}
24

Open code

° sinhix) is the hyperbolic sine function

Enlarge Data Customize A Interactive
Exact result:

—

6 400 my13 _: V4799 o
400 e ' sinh| ——
\ 62387 156

Decimal approximation:
More digits

7.7642754316584448460785209603408019902618149746113273... x 10°%

Open code

7.7642754316584448460785209603408919902618149746113273 x 10"-42

Continued fraction:
Linear form

1
128795018 775679 956 128 357908 865 686 531486 706 +

Series representations:
More

[EDDr"z”zDD-‘-"lg}sinh[l—; N L — ]

\{13{200—2%4}

Ii ]
400 || L 0—1400;”..'13 i 155—1—2.!; 4?991.-2#: ;|-1+2k
\ 62387 e (1+2k)
Open code
Enlarge Data Customize A Interactive

[EGG{,—':ZJTZDDJ,-'IS}Sinh A - 200 1
! 13 & 144

\fl 13{2(:@—;}

L
8|:||:| || 5 f—':-"-‘l-':”:l myl3 if ¥ 4?99 L
\ 62387 i T

Open code
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(200 f"'z”z':":'-‘-"”}sinh[l—lg . \/ FLL ]

\(13{299—2%}

| om [L (-78i+V 4799 }}T}zk
4|:”:|1 I {'_.:400';”"13 Z 156 !
\ 62387 = 2 k)!
Integral representations:
(200 f"-z"z':":'-‘-"”}sinh[—l . \/ ) ]
- 13 & 144
| 1 -
\j 13(200 - =)
—

100 | 2 oo J‘l 1

— | = : ccsh[— 4 4799 t]dt

T "Jo 7 \156 .
Open code
Enlarge Data Customize A Interactive
(200 ¢ 27 200)13) sinh[—l x \/ &L ]

- 13 & 144
| 1 -
\j 13(200 - =)
_% - | 2_}1_ i 0oy f|:4?9§':r2 (97 344 s)4s -
13 "q 39 Jiwsy 5312 -

1/[200 * eN((-2Pi*200)/13)) * ((((((sinh(((Pi/13 ((sqrt(200/6 - 1/144))))))))) *
(CCCCCCA/((sqrt((13*(200-1/24))))))))]

Input:

1

|
200 l/131-2m:200) Sinh[i \I 200 1 ] 1
13

6 144 EEE——
J 13200~

Open code

. sinhix) is the hyperbolic sine function
Enlarge Data Customize A Interactive

Exact result:
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162387 omynz o [VETOO 7
400 6 156

Decimal approximation:

e cschix)is the hyperbolic cosecant function

More digits
1.2879501877567995612835790886568653148670674488013636... x 10%
Open code
Continued fraction:
Linear form 1
128795018 775679056 128357008 865686531 486 706 +
{8 2+
S
1+ T
11+—=
Series representations: -
More
[ 39 (400 m)13 oo 1
1 62 387 2 ° b) . 4700424336 k2
e B 100 7
|:2EICI r"znqnnklg]smh[l— "I.I zg'l:l' 1_‘]‘;1]
| 1
V 13 |200- )
Open code
Enlarge Data Customize A Interactive
1
{znnl—dznzDDJ.lz]smh[_l_ J 22 I_‘JE]
| L
y 13{200-24]
1 62 387 ~1/156( 480043799 | i 178 VETSD kn
— - - B [3
200 b
k=0
Open code
1 _ L 62387 (400 7y 13 i -1+2k
| —— 200\ 6 °© 5
|200 F—-:E:rEEIIIIJ,-IE:IEinh[_L "I.II 2%'1 l_i;] k=1
oL
y 13{200-24]
47 1
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Open code

o More information

Integral representations:

13 £400m)13 | 62387

1 24
——
(200 ¢=42 7 200013 | gin, ilgT”u'l E%n_fi?] 200 \H Llcush[— ’ﬂ\l
=
1III|' 13 (200- L
Integral representations:
13 M400my13 | 62387
1 24
——
| 200 ¢ 2000LS Jsiny ilgT”\,'l E%Q‘f}g] 200 V{ Llcosh[— :rt\/ dt
e —
1III|' 13 (200- |
Open code
Enlarge Data Customize A Interactive

1

1, (200__1
2 m200)13
|:2EICII I|5|1'|]'|[ "I.I T ]

| 1
J 13{200-7)

|
13‘,':-400:&-13 i \r 62 387

24
fo 0
ek
2 | 4799 I
m= e i ]
- ! ﬂ5+ m 1|II| LA ] 676 5)
50 Y LN , ds
144 =1 a4y 53_.2

Note that, the square of the result is:

(1.2879501877567995612835790886568653148670674488913636 x 10741)"2

Input interpretation:

(1.2879501877567995612835700886568653148670674488013636 1CI41}

Open code

Enlarge Data Customize A Interactive

Result:
More digits
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1.6588156861427752425261528704888163029227154012609944 . x 10%2

This result is a multiple of a golden number 1,658815...

Indeed renormalizing the exponent (by multiplication of the inverse of the 10%), we
obtain:

1/10782 * (1.2879501877567995612835790886568653148670674488913636 X
107M41)"2

1
To%2 (1.2879501877567995612835790886568653148670674488913636  10*')°

Enlarge Data Customize A Interactive

More digits

1.658815686142775242526152870488816302922715401260994498255...
1.658815686142775242526...

With conclusive observation, if we take some results concerning the “golden
numbers”, 1.e.:

1,638834 1,6389614 1,6439248 1,6548823 1,65528 1,6556876 1,6559732
1,65881568 1,66527 1,673513 1,677432

we note that are very near to the fourteenth root of following Ramanujan’s class
invariant Q = (Gsos/G1o1/5)° = 1164,2696

3
\/113 + 5v505 N \/105 + 5v505

= 3 = 1164,269601267364
Indeed:
3
14 113 + 5505 105 + 5+/505
+ = 1,65578 ...
8 8
Indeed:
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(1.638834 +1.6389614 +1.6439248 +1.6548823 +1.65528 +1.6556876 +1.6559732
+1.65881568 +1.66527 +1.673513 +1.677432)/11 =

= 1.65623399818181818181818....

that is the mean value

Continued fraction:
Linear form

1+

1+ 1
1+

1+ 1
0+

1+ 1
60+

29+ 1

Open code

Possible closed forms:
More

1
mghﬁ[ﬁl-lﬁg 2+3?5f—22D02+38N+?DNﬂJ2

1.65623399818181818135047
Enlarge Data Customize A Interactive

1851008899 p——
= 1.656233998181818181808037
3511047331
x| root of 388x° —647x* +311x° -37x% —-960x +505 near x = 0.527196 =~

1.65623399818181818181063112

Continued fraction:
Linear form
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4+

1+

30+
1+ 1
19+

15+

Enlarge Data Customize A Interactive

More

5553026697 x
3511047331
- 36x° -222x" +95x% +491 x% +306 x+990 near x =4.9687 =
4.96870199454545454650113
840 rx! - 9381 - 1590 7 + 7373 1°
4056 1

= 4.968701994545454545424 111

= 4.96870199454545454544 7602

And from the mean value, we obtain:
1.6562339981818... * 3 = 4.9687019945454545....

where 4.9687019945454545.... is very near to the first value of upper bound dark
photon energy range 4.95 * 10'° .

Appendix A

From:

Phenomenological consequences of superfluid dark matter with baryon-phonon coupling
Lasha Berezhiani
Max-Planck-Institut fur Physik, Fohringer Ring 6, 80805 Munchen, Germany
Benoit Famaey
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Universite de Strasbourg, CNRS UMR 7550, Observatoire astronomique de Strasbourg,
11 rue de I'Universite, F-67000 Strasbourg, France

Justin Khoury

Center for Particle Cosmology, Department of Physics and Astronomy,

University of Pennsylvania, Philadelphia PA 19104, USA

(Dated: November 17, 2017)

Using (22) this translates to an upper bound on the mass

of the DM particle:

o/m \'"*
m < 4.2( e ) eV. (24)
cm?/g

Smaller and less massive galaxies result in a somewhat
weaker bound.

The bound (24) on the DM particle mass is the main
result of this Section. It shows that for values of o/m
satisfying the merging-cluster bound ~ 1cm?/g [85-88],
m must be somewhat below 4 eV. The dependence on the
cross section is rather weak, however, scaling as the 1/4
power. It should be mentioned that the upper bound (24)

l',!u'l'l.'['l-lli'] i‘ll’\ Un'l'\"rf\'ll,']ﬁﬂf f'.ll'l'-l'b‘f'r\T" 110r1 Ryl 0C!|.'."I'|'|"I'1["\rl O 1w :“_2
WYLFLLINE PO OV WV LR bJ::J.E.L.LJ LITRAL WV fRadJIRdBEILA L Lk }J’ A

transition density profile outside the superfluid core, in-
stead of p o< r3.

From:

Received: September 7, 2007 - Accepted: October 28, 2007 - Published: November 9,
2007 - Three-dimensional AdS gravity and extremal CFTs at ¢ = 8m
Spyros D. Avramis, Alex Kehagias and Constantina Mattheopoulou

m L-[_) d 5 -—C:BH m Ln d 5 'gBH
1 196883 12,1904 | 12.5664 1 42987519 17.5764 | 17.7715
4 2 21206876 | 16.8741 | 17.7715 6| 2 ADA48021875 | 24.4233 | 25.1327
3 842600326 | 20.5520 | 21.7656 3 | 8463511703277 | 29.7668 | 30.7812
2/3 139503 11.8458 | 11.8477 2/3 7402775 15.8174 [ 15.6730
4 5/3| 69193488 |18.0524|18.7328 7 |5/3| 33934039437 | 24.2477| 24.7812
8/3 | (928824200 |22.6589 | 23.6954 8/3 | 16953652012291 | 30.4615 | 31.3460
1/3 20619 9.9340 | 9.3664 1/3 278511 12.5372 | 11.8477
5 4/3| B6645620 |18.2773|18.7328 8 |4/3| 13996384631 |23.3621 | 23.6954
T/3 | 241871474490 | ZAUUTR | 24.T812 T/3 | 19404067 14385 | 365463 | 31,3460

Tahle 1: Degeneracies, microscopic entropies and semiclassical entropies for the first few values of
m and L.
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From:

Physics Letters B 731 (2014) 265-271 - Searching a dark photon with HADES -
HADES Collaboration

ABSTRACT

We present a search for the ete~ decay of a hypothetical dark photon, also named U wvector boson, in
inclusive dielectron spectra measured by HADES in the p{3.5 GeV) + p, Nb reactions, as well as the Ar
{1.756 GeV/u) + KCI reacrion. An upper limit on the kinetic mixing parameter squared € at 90% CL has
been obtained for the mass range My =0.02-0.55 GeV/c? and is compared with the present world data
set. For masses 0.03-0.1 GeV/c?, the limit has been lowered with respect to previous results, allowing
now to exclude a large part of the parameter region favored by the muon g — 2 anomaly. Furthermore,
an improved upper limit on the branching ratio of 2.3 x 107" has been set on the helicity-suppressed
direct decay of the eta meson, n — e* e, at 90% CL
@ 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(hitp:/[creativecommons.org/licenses/by/3.0/). Funded by SCOAP.

olution. The upper frame of Fig. 2(a) shows the mass resolution
obtained from a GEANT3-based Monte Carlo of eTe~ decays de-
tected in the HADES detector. The calculated peak width increases
gradually with pair mass from about 15 MeV (fwhm) in the 7°
region to about 30 MeV at the n mass of 0.55 GeV/c2.

The present analysis is based on the raw dilepton mass spectra,
exhibited in Fig. 2(b), i.e. spectra not corrected for efficiency and
acceptance. The low invariant-mass region of the spectra (Mee <
0.13 GeV/c?) is dominated by 7 ? Dalitz decays, at intermediate
masses (0.13 GeV/c? = M.. = 0.55 GeV/c?), n and A Dalitz de-
cays prevail, and the high-mass region is populated mostly by
low-energy tails of vector-meson decays [34,35]. However, as the
electrromagnetic decay branching ratios decrease with increasing
particle mass, resulting in low sensitivity, we restrict our search
to My < 0.6 GeV/c2.
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6. Summary and outlook

searching for a narrow resonance in dielectron spectra mea-
sured with HADES in the reactions p{at 3.5 GeV) + p, Nb, as well
as Ar{at 1.756 GeV/u) + KCl we have established an upper limit

at 90% CL on the mixing ¢ = ¢’/ of a hypothetical dark photon
U in the mass range My =0.02-0.6 GeV /c>. Our UL sets a tighter
constraint than the recent WASA search at low masses excluding
to a large extent the parameter space preferred by the muon g —2
anomaly. At higher masses, already surveyed by the recent KLOE-2
search, our analysis provides complementary information. We have
thus covered for the first time in one and the same experiment
a rather broad mass range. In addition, we have reduced the UL
on the direct decay 7 — ete— by a factor 2.5 with respect to the
known limit to 2.3 x 10-%. In furure experiments at the FAIR fa-
cility we expect to be able to increase our sensitivity by up to one
order of magnitude.

From the values of the masses 0,02 0,55 and 0,6 GeV/c?, we obtain the following
values in energy:

1,8 ¥10° GeV - 4,95*10'° - 54*10'°

Appendix B

From:
https://readingfeynman.org/tag/fine-structure-constant/

The fine-structure constant

I wrote that the ‘set’ of equations ¢ =% = kg = G = 1 gave us Planck units for most of
our SI base units. It turns out that these four equations do not lead to a ‘natural’ unit
for electric charge. We need to equate a fifth constant with one to get that. That fifth
constant is Coulomb’s constant (often denoted as k.) and, yes, it’s the constant that
appears in Coulomb’s Law indeed, as well as in some other pretty fundamental
equations in electromagnetics, such as the field caused by a point charge q: E =
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q/4ﬂ:801’2. Hence, k. = 1/4ne,. So if we equate k. with one, then g, will, obviously, be
equal to gy= 1/4m.

To make a long story short, adding this fifth equation to our set of five also gives us a
Planck charge, and I’ll give you its value: it’s about 1.8755x107"® C. As I mentioned
that the elementary charge is 1 ¢ ~ 1.6022x10"° C, it’s easy to that the Planck charge
corresponds to some 11.7 times the charge of the proton. In fact, let’s be somewhat
more precise and round, once again, to four digits after the decimal point: the gp/e
ratio is about 11.7062. Conversely, we can also say that the elementary charge as
expressed in Planck units, is about 1/11.7062 = 0.08542455. In fact, we’ll use that
ratio in a moment in some other calculation, so please jot it down.

0.08542455? That’s a bit of a weird number, isn’t it? You’re right. And trying to
write it in terms of the charge of a u or d quark doesn’t make it any better. Also, note
that the first four significant digits (8542) correspond to the first four significant
digits after the decimal point of our gyconstant. So what’s the physical significance
here? Some other limit of quantum theory?

Frankly, I did not find anything on that, but the obvious thing to do is to relate is to
what is referred to as the fine-structure constant, which is denoted by a. This physical
constant is dimensionless, and can be defined in various ways, but all of them are
some kind of ratio of a bunch of these physical constants we’ve been talking about:
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The only constants you have not seen before are ,, Rx and, perhaps, r.as well as m, .
However, these can be defined as a function of the constants that you did see before:

1. The p, constant is the so-called magnetic constant. It’s something similar as
g and it’s referred to as the magnetic permeability of the vacuum. So it’s just
like the (electric) permittivity of the vacuum (i.e. the electric constant g,) and the
only reason why you haven’t heard of this before is because we haven’t
discussed magnetic fields so far. In any case, you know that the electric and
magnetic force are part and parcel of the same phenomenon (i.e. the
electromagnetic interaction between charged particles) and, hence, they are
closely related. To be precise, pp= 1/goc¢’. That shows the first and second
expression for a are, effectively, fully equivalent.

2. Now, from the definition of k.= 1/4ng,, it’s easy to see how those two
expressions are, in turn, equivalent with the third expression for a.

3. The Ry constant is the so-called von Klitzing constant, but don’t worry about it:
it’s, quite simply, equal to Rk = h/e*. Hene, substituting (and don’t forget that / =
2nth) will demonstrate the equivalence of the fourth expression for a.

4. Finally, the r, factor is the classical electron radius, which is usually written as a
function of m,, i.e. the electron mass: r, = e*/4ngom.c>. This very same equation
implies that r.m, = e?/4ngoc”. So... Yes. It’s all the same really.

Let’s calculate its (rounded) value in the old units first, using the third expression:
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« The e’constant is (roughly) equal to (1.6022x10""C)*= 2.5670x107°C>.
Coulomb’s constant k.= 1/4meyis about 8.9876x10°N-m?/C>. Hence, the
numerator e’k. =~ 23.0715x10%° N-m’.

 The (rounded) denominator is %c= (1.05457x107* N-m-s)(2.998x10° m/s) =
3.162x107° N-m’.

« Hence, we get a = k.e*/fic = 7.297x10~ = 0.007297.

Note that this number is, effectively, dimensionless. Now, the interesting thing is that

if we calculate o using Planck units, we get an e’ constant that is (roughly) equal to
0.08542455°= ... 0.007297
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