Addendum

Let G be a group in which
(1) (ab)" =a"b"
for some fixed integer n > 1 for all a,b € G. For all a,b € G, prove that:

(a) (ab)n—l — bn—lan—l.
(b) a"b"" =b"""a".
(c) (aba™'b~")"" ™V =e.

Hint for Part (c): Note that

(2) (aba™")" =ab"a™'
for all integers r,

Proof.
Leta,b e G. So

(bab™")" = ba"b™" by (2)
= b(a"b™).

On the other hand,

(bab™")" = (b(ab™"))"

= b"(ab™")" by (1)
=b"a"(b™")") by (1)
— bﬂ(anb—ﬂ)

— (bbn—l)(anb—n)
— b(bnfl(anbfn))
=b((b" " a")b ™).

Combining the last two results,
b(@"'b™")y = b(("'a™)b™").

It follows that

a”bfl — (bnflan) bfn
by the cancellation laws in G.

Since (@"b"~")b™" =a" (" 'b™") = a"b™", from the previous result,

(anbnfl)bfn — (bnflan)bfn'

Again by the cancellation laws in G,

(3) a"b" = b



Moreover,

(ab)"™' = (ab)" (ab)™
= (a"b")(ab)™"
= (a"b")(b™'a™)
= ((@"b")b "a™!
= (a"(®"b™"))a"

— (anbn—])a—l
— (bnflan)afl
— bn—l (ana—l)
— bn—lan—l .
To summarize,
(4) (ab)n—l — bn—lan—l.

Finally,

(aba™'b™")"""V = ((@ba™")b ') "V
= (((@ba™")b™"y"y"™!
— ((aba—l)n (b—l)n)n—l
= ((ab"a™) (b~)")""!
— ((abna—l)b—n)n—l
— ((abn)(a—lb—n))n—l
— (aflbfn)nfl (abn)nfl
— ((bfn)nfl (afl)nfl)((bn)nflanfl)
— (bfn(nfl)af(nfl))((bnfl)nanfl)
— (b—n(n—l)a—(n—l))(an—l (bn—l)n)
— (b—n(n—l)a—(n—l))(an—l b(n—l)n)
— (bfn(nfl)a*(ﬂ*]))(bfn(nfl)af(nfl))71

=e.

by (3)



