On the possible mathematical connections between various Ramanujan’s
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Black Holes
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Abstract

In this research paper, we have described and analyzed the possible mathematical
connections between various Ramanujan’s equations and some sectors of Particle
Physics (rest mass of meson fy(1710), mass of proton, electric charge of positron,
mass of Higgs boson), String Theory and Physics of Black Holes (entropy)

[Replying to G. H. Hardy's suggestion that the
number of a taxicab (1729) was a dull number:]
No, it is a very interesting number, it is the
smallest number expressible as a sum of two
cubes in two different ways.

(Srinivasa Ramanujan)
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https://www.indiatimes.com/entertainment/7-facts-about-mathematician-srinivasa-
ramanujan-the-man-who-knew-infinity-245643 html

1,729 is the smallest number which can be

represented in two different ways as the
sum of two cubes:

1729 = 1% 4+ 12°
= 9% 4+ 10°

Itis also incidentally the product of 3 prime
numbers:

1729=T7Tx 13 x 19

The largest known similar number is:

885623890831 = 7511% + 77303
— 8759% 4+ 59782
— 3043 x 14737 x 15241

https://www.science20.com/news articles/divine patterns ramanujans magical min
d gets math formula-99186




Ta(l) = 2 = 1*41°
Ta(2) = 1729 = 13 + 123

= 93 4 103
Ta(3) = 87539319 = 167° + 436°
= 228% 4 423
= 255 + 4148
Ta(4) = 6963472309248 = 2421 + 190833
= 5436 + 189483
= 10200% + 180723
= 13322% + 166303
Ta(5) = 48988659276962496 = 387873 + 3657573
— 107839 + 362753
= 205292° + 342952
= 221424 4+ 3365883
— 231518 + 331954

https://awesci.com/the-taxicab-number/
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Page from Ramanujan’s Lost Notebook. Image credit: Trinity College Cambridge.
Reproduced from Ono, 2015.

We will see that several formulas (numbers which can be represented in two different
ways as the algebraic sum of two cubes) written by Ramanujan on the page above,
gives us useful and new mathematical connections with some sectors of Particle
Physics, String Theory, and Black Hole physics.



We see that:

135 and 138 are numbers very near to the values of the pion rest mass
139.57018+0.00035 134.9766+0.0006.

11468 = 1508214295232 and that (1508214295232)"* = 1108,1939202 value very
near to the rest mass of Lambda baryon 1115.683+0.006

14258 = 2898516861512 and that (2898516861512)"* =1304,8 value very near to
the rest mass of Xi baryon 1314.86+0.20

791 and 1010 are numbers very near to the rest mass of Omega meson and Phi meson
782.65+0.12 1019.445+0.020

9° =729 and 12° + 1 = 1729 are numbers very near to the values of mass of
candidate glueball, the scalar meson f,(1710) that is 1723 (+6,-5) and practically
equal at the nonperturbative contribution (727,39) to the mass of a 1S quarkonium for
m, =4.78 MeV/c* = 0.00478 GeV/c* , that is the mass of quark down is 4.8+0.5+0.3
=4.78 MeV/c”.

Indeed:

- 0.00478 - 624 - 0.012
425(%.5.13 0.00478"

727.392...

14258°+ 1 =2898516861513; 2898516861513 / 1729 = 1676412297 =

=1,676412297 * 10°; (2898516861513 /1729) * 10° = 1676,412297 that is very
near to the rest mass of Omega baryon 1672.45+0.29

1010° — 1 =1030300999; 1030300999 / 1728 = 596239,004; V596239,004 =
=772,16514 that is very near to the rest mass of Charged rho meson 775.4+0.4

172° — 1 =5088447; 5088447 / 1729 = 2943 that is a good approximations of the rest
mass of Charmed eta meson 2980.3+1.2 . (Note that 2943 + 36 = 2979, practically
equal to the above Charmed eta meson value).
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%(1710) ;G(JPC) — 0+(0++)

See our mini-review in the 2004 edition of this Review, Physics Let-
ters B592 1 (2004). See also the mini-review on scalar mesons under
fo(500) (see the index for the page number).

f5(1710) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT
17231_ E OUR AVERAGE Error includes scale factor of 1.6. See the ideogram below.
+14 1 o -

1750+ 6 T11 5.5k ABLIKIM 13N BES3 ete— — J/v — vy

+ 6 +29 " 0 40
- N UEHARA 13 BELL 4y — K2kQ
1701+ 5 T g 4k 2CHEKANOV 08 ZEUS ep— K2kQx
1765 g +13 ABLIKIM 06v BES2 eTe™ — J/— ywtm™
1760+15 12 3 ABLIKIM 05 BES2 (25) — yata KTK™
1738430 ABLIKIM 04E BES2 J/v — wKTK™
1740+ 4 +10 4 BAl 03c BES J/u— vKK
1740132 4pa 00A BES J/t — ~(nta—ntn)
1608+ 18 5 BARBERIS  00E 450 pp — pF1MPg
1710+12 +11 6 BARBERIS 00D OMEG 450 pp — KT K—, ntzn—
1710425 7 FRENCH 09 300 pp — pp(KT K_}pg
1707+10 8 AUGUSTIN 88 DM2 J/vh— vKTK—, KOSKS
1608+ 15 8 AUGUSTIN 87 DM2 J/— ~vrtn—
1720410 +10 9 BALTRUSAIT..87 MRK3 J/i — yKTK—
1742415 8WILLIAMS 84 MPSF 200 7~ N — 2K2X
167050 BLOOM 83 CBAL J/v — 727
e @ o WWe do not use the following data for averages, fits, limits, etc. » o @
1744+ 7 + 5 381 10.11 poBBS 15 Jp— yata—
1705+11 + 5 237 10.11 poBBs 15 Y(25) — yrta—
1706+ 4 + 5 1.0k 1011 poBBs 15 Jjp— yKTK—
1600+ 8 + 3 349 10.11 poBRs 15 $(2S) — YK+ K~
1750+13 AMSLER 06 CBAR 164pp — KTK— 0
1747+ 5 8ok 12.13 ymaN 06 E835 52pp— nnul
1776 +15 VLADIMIRSK..06 SPEC 407 p — Kg KC‘S n
179040 3 ABLIKIM 05 BES2 J/— ¢mnta—
167020 12 ginON 05 GAMS 337 p— 7n7n
1726+ 7 74 13CHEKANOV 04 ZEUS ep— K2IKOQX
1732+15 14 ANISOVICH 03 RVUE
1682416 TIKHOMIROV 03 SPEC 40.0 7~ C — K2 kT kDX
167026 3.6k 415 NICHITIU 02 OBLX
1770+12 16,17 ANISOVICH 008 SPEC 0.6-1.2 pp — nnnY
HTTP://PDG.LBL.GOV Page 1 Created: 6/5/2018 18:59
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1730415 4BARBERIS 00 OMEG 450 pp — p pr KT K™
1750 +20 4 BARBERIS 098 OMEG 450 pp — p prrtn—
1750430 18 ANISOVICH 988 RVUE Compilation

1720£39 BAI 98H BES J/y — ~yw0n0

1775+ 15 57 19 BARKOV 98 T p— K% Kg n
1600+11 20 ABREU 96c DLPH 70 — K+tK— +X
1606+ 5 jﬁ 9 BAl 06c BES J/v — yKTK—
1781+ 8 19 4 BAl 06c BES J/i — yKTK~

1768 +14 BALOSHIN 05 SPEC 407~ C — K3 KkIx
1750+£15 21 guce 95 MRK3 J/v — yrta—nmtn—
1620+16 9 BUGG 05 MRK3 J/iy — yata—nata—
1748410 8 ARMSTRONG 03C E760 Pp— 7%nn — 6y

~ 1750 BREAKSTONEO93 SFM pp— ppriao awla—
1744 +15 22 ALDE 920 GAM2 38 7~ p — nnn
1713410 23 ARMSTRONG 890 OMEG 300 pp — ppKT K™
1706 +£10 23 ARMSTRONG 890 OMEG 300 pp — ppK2 K
1700+15 9BOLONKIN 88 SPEC 407 p— KOkOp
1720 £60 4BOLONKIN 88 SPEC 407 p— Kg Kin
1638+10 24 EALVARD 88 DM2 J/u— okTK—, k2KQ
1600+ 4 25 FALVARD 88 DM2 J/yp— KTK—, Ké K§
1755+ 8 26 ALDE 86C GAM2 38T p— n2y
1730F,2 2T L ONGACRE 8 RVUE 227 p— n2K2

1650 +50 BURKE 82 MRK2 J/v— 72p

1640 £50 28.29 EDWARDS 820 CBAL J/¢ — ~27

1730+£10 £20 30 ETKIN 82c MPS 237 p— n2KQ

Nonperturbative contribution [1032, 1033]/

2m 624 ; 1 & \
AE"P — e (0] = (D)
4 A€ i ?
(Cra.m,)* 425 T

where the gluon condensate is evaluated as [1034, 1035, 1036]

&5 VAR
(0| Z26m=cs,

0> ~ 0.012GeV:.

and

These quantities are evaluated at a hadronic energy scale py; ~ 1 GeV. In Ref. [582, 584, 576],
pp is chosen such that the strong coupling constant satisfies g3(uyn) = 4m/v6. See Sec. 9.3.6
for the QCD correction factors due to the running effect between the EW scale and p.



B} are evaluated with ny = n; in (9.1.1). The SU(3) color factors are

1 |
& = 3, G = Tr = . (9.1.60)

For Cy =4/3 a,=4n/N6=15.130199 = 5.13 and m, = 4.8 MeV/c’ = 0.0048 GeV/c’
(the mass of quark down is 4.8+0.5+0.3 = 4.8 MeV/c?), we obtain:

[Pi”2*(0.0048)*624*0.012]/[425*(((4/3)*5.13*(0.0048))"4))]
Input:

- 0.0048 » 624 - 0.012

425(% .5.13.0.0048}"

Result:

J18.337...

For Cy = 4/3 a,=5.13 and m, = 4.776483 MeV/c’> = 0.004776483 GeV/c* (the mass
of quark down is 4.8+0.5+0.3 = 4.776483 MeV/c?), we obtain:

[Pi*2*(0.004776483)%624%0.012]/[425%(((4/3)*5.13*(0.004776483))"4))]

Input interpretation:
- 0.004776483 - 624 . 0.012
425(% 5130004776483

Result:

729.000...

% (0.0048 - 624  0.012)  0.0359424 (180 °)
425[M}4 425 0.032832*
3

7 (0.0048 - 624  0.012) 0.0359424 (-i log(- 1))
g
425[M}4 425 .0.032832*
3

7 (0.0048 624 0.012)  0.215654 (2)
425[‘M}4 425 0.032832°
3




»2 (0.0048 - 624 - 0.012 ol
4 513 00048 4 }=1164'52 Z‘l 2k
ans (L2 008 =3
2 (0.0048 624 0.012) e, ok
S 20118 -1+Z‘ =
L k:l[ ]
k
7% (0.0048 624 0.012) @ 2% (_6+50k)
= 72.7828 L e
425[4 5.13  0.0048 }4 2k
5 k=0 i

Integral representations:

 (0.0048 624 0.012) o |
= :291.131U S dt
425[4 5.133 0.0043} o 1+t

= (0.0048 624 0.012) ‘1
- 1154.52U b A .;u]z
i

475 [4 5.133 0.0048 }4

 (0.0048 624 0.012) w BINt) P
=291.131 U Jt]

495 [4 5.12:3 0.0048 }4 0

We note that in the integral representations, we have:

= (0.0048 624 0.012) ‘1
- 1154.52U b A .;u]z
i

475 [4 5.133 0.0048 }4

from which we can be obtained 1164.52 that is a value very near to the fundamental

Ramanujan class invariant Q = (G505/G101/5)3 =1164,2696

= 1164,269601267364

3
\/113 + 5v505 +\/105 + 5v505
8 8



From:

Srinivasa Ramanujan - Modular equations and approximations to
Quarterly Journal of Mathematics, XLV, 1914, 350 — 372
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5. Since &, and g,, can be expressed as roots of algebraical equations with rational coeffi-
cients, the same is true of G?f or g%d. So let usg suppose that

l=uqag** —bg ™ +---,

or
-"24 — 7 Ln_24 (A -
Hp — W Uy, i
But we know that
Ghe~ VR = 1 — 24p~™VE | 976 TV _ ...
G‘igﬁd = e."r\-"? T 24_i_ QTGE_WV'E SR
64a — 64bg, 2 +--- = €™V _ 24 4 276V — ..
64a — 4096be_ﬁﬁ 4o = eﬁ\"ﬁ —2h QTGE—ﬁf’E _ )
that is
€™V = (64a +24) — (4006b + 276)e V" 4 .. (13)
Similarly, if
T a B - o et SR
then
e™V = (64a — 24) — (4096b + 276)e ™V 4 ... (14)

11



From (13) and (14) we can find whether e™™ is very nearly an integer for given values of
n, and ascertain also the number of 9's or 0’s in the decimal part. But if &,, and g, be
simple quadratic surds we may work independently as follows. We have, for example,

g22 =/ (1 +V2).

Hence
642 = eV _24 4276 VE ...
64gz2 — 4096eVE 4 ...
so that

64(g35 + g32%) = ™V — 24 4+ 4372 V2 4. —B4{(13 V22 £ (1 = V2)?)

Hence
™2 — 2508051.9082 .
Again
Gyr = (6+ V3T)T,
GAEH = VR o LorRe YR gL .
64C2 = 4096e V3T _
so that
64(G2L + G324y = eV 1 24 + 4372eVF _ ... — B4{(6 + VBT)® 4+ (6 — V3T)}.
Hence

e™37T _ 109148647.099978 .

Similarly, from

we obtain

54+v29 - 5 — 29 -
64(g28 1 g2 = "V _ 24 4 4372V ... — 64 (+T) 26 (_T)
Hence

e™5 _ 94501257751.99999982 .

The sum of the expressions highlighted in yellow, gives us useful and new
mathematical connections with some sectors of Particle Physics, String Theory,
Cosmology and Black Hole physics.
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We have that:

64[(1+sqrt(2)) 12 + (1-sqrt(2)) 2] + 64[(6+sqrt(37))°6 + (6-sqrt(37))"6] +
GA[((5+sqrt(29))/2)M2 + ((5-sqrt(29))/2)12]

54[[1+mﬁ£1[1-~5]12]; 1 . -
64((6+ V37 +(6-V37) ]+54[[5[5+@]] +[5[5—-~:’29]J ]

24792915328

2.4792915328000000000000000000000000000000000000000000. .. % 101

or:

(([e”(Pi*sqrt(22))) [+[e"(Pi*sqrt(37))) +{e"(Pi*sqrt(58)))]))

2.4792015351908235203232263765271237917764180072010905... « 101
From the value of new measurement of Hubble constant, we have that for 73.9

LMC AnD THE HUBBLE CONSTANT

Table 5. Best Estimates of Hy Including Systematics

Anchor(s) Value A Plandk*+
ks~ Mpe~!]  ACDM (o)

LMC 7422 £ 1.82 3.6

Two anchors

TAIC £ NGC 4258 TA.40+ 1 .55 a7

LMC + MW T44T £1.45 4.6

NGC4258 + MW 73.04 £+ 158 3.0

Three anchors (preferred)

NGC4258 + MW + LMC 74.03 L 1.42 44

Norn *:Hg=67.42£0.5 km s~! Mpe™!
(Planck Collaboration et al. 2018)

73.9/(2¢) = 13.5931454

13



And

= 1,680965497649 ...

3
13.5931454 \/113 + 5v505 N \/105 + 5v505
8 8

1,680965497649 * 2.47929153519 = 4,167603

From:
1 1 o

lg=s — = — = 4.55-10""s = 14.4 billion years.
Hy  67.8(km/s)/Mpc

We have that:

1

74.03
3.08567758130573 - 101%

or:

1
— . 3.08567758130573  10'°
74.03

4.1681447809073753883560718627583412130217479400243144... x 10'7
416814478090737538 sec = 13.217.099.976,967 billion years
For 416760300000000000 sec * 31536000 = 13.215.382.420,0913 billion years

From the sum of the various exp, multiplied twice the square of golden ratio and
divided by 7° , we obtain:

2/Pi"2 *((sqrt(5)+1)/2))"2)

In(((([e"(P1*sqrt(22))) H[e"(Pi*sqrt(37)))[+[e"(Pi*sqrt(58)))])))

2 71 2 =
—[=[V5 +l]] lcg[f'ruEZ 4" VET LY 58]
= (3
(1+ M"E]E 1Dg[f1""_2 Ty f\"? Ty I“\"I'_S T]

2 7

12.69748240865216320485867067708668485448063816235979127005...

14



Alternate form:

Elng[fﬂ22n+fﬂ3?n+fﬂ-’58 :r] V5 lug[fﬂzzn_'_fﬂ BT

Alternative representations:

[{El [‘-"'E + 1}}2 lag[a”"’i e +¢=”""§]] 2

i
2 log,,[f" Viz | VET "'ﬁ]{zl (1 +‘~"'§}}2
i
[{51 [‘-"'g + 1}}2 lng[f”E +om V37 +¢=”§]] 2
.—}Tz it — )
210g[a}10gﬂ[¢=”"'22 TR T A ]{21 [1+\-"'§]lj2

[{51 [E+1}}2 ln::g[f"""E 5 AT g VD ]]2

2
2 Li1[l _ VR _ g VAT _ "'—S]{é (1 +"-"'§}}2

) ﬂz

Series representations:

[{51 [‘-"E + 1}}2 lczlg[f-”""E 4" V3T 4 V5 ]] 2

JTI_Z

T T o [_1_'_?1.-'2217”1.-'3?17

[3+\-"'§} lug[—l sV VAT V5S ”]_EF:=1

;rr2

S

[{51 [\-"f+1}}2 lng[f”"‘E gl BT g AN ]JE

J,|,|_2

T s 7% [_I_H,u'EZIr v

[1+\‘,r§}2 lng[_lﬂuﬂﬁn +eV37 T L V38 ”]_Ekﬂ +e

2 7°

15



[[El ["."? + l]}:2 lﬂg[f” V22 +& VA7 L7 V58 ]] 2

1 —2
;[1“;5]

! T / / vk
[—l}h [f\u‘.?z:r V3T W SH_I] I—k

logix) - 24 i
k=1

o p—

A 3 —
[[El [‘”{5 * l” log[fﬂu T AR S ]] 2 2445 V22 1 V3T, VEE 1
- t

e T 1

-1

[[El [‘-."? + l]}:2 lcg[f" vaz +e" V37 +e" V58 ]] 2 i(3+ ,".I'E-I

277

is®

| T ]
,J.w+]_[—1+f“22’T+f\"3?"+f“’58"] [(—s) el +5)
J ds tol
—i gty rl-s)

We note that the value 12,69748 is a good approximation to the value of black hole
entropy 12,57.

(From: (http://www.sns.ias.edu/pitp2/2007files/Lecture%20Notes-
Problems/Witten Threedimgravity.pdf)

Let us give an example. If k = 1, the partition function is simply the J-function itself,
50

Z(q) =q" +196884q + ...

The number of black hole primaries of mass 2 is therefore 196883. The black hole
entropy is therefore log(196883)=12.19... The classical entropy of a black hole with
k=1 and mass 2 is 4n=12.57... So we are off by just a few percent.)

Now:

72 % In(((([e"(P1*sqrt(22))) H[e"(Pi*sqrt(37)))[+[e"(Pi*sqrt(58)))])))

16



.IT'_ m JT'_
T2 ]splet * 22 et AT gyl

Decimal approximation:

1723.235312017089945798736303347869789862522460911750748201...

Alternative representations:

Va2 ] NET V22 ] V58
72 lo g{f” +e" +e ] =72 lagp[f” +e" +e" ]

l

=1

?219g{¢=”ﬁ A E +¢=”ﬁ]=—?2u1[1—¢=”"'§ _eY3 _fwﬁ]

Series representations:

72 lng{f” Vaz | avET "'ﬁ]

Il

72 lng[—l PR EPYS L L "] 72 i

72 103_{‘“:;1..'3 P b T A ]: 14457 +

o = k
s {_l}k[eu'z.?n_l_fu'E?n_l_fu' Sn_x,] v

72 logix) - 72 for x < 0
glx)-72 )’ =
k=1
=)
. _ . T—arg|— | —argigg)
?zlog[f””z +e V3 +¢=”55]=1441-;r ”; +
T

o = k

- {_l}k[fu'zzn_l_fu'E?n_l_fu' Sn_zn] zak
72 log(zo) - 72 3|
k=1

Integral representations:

rv 22 rv 37 T 58 N 22 M N7 VSR
72 103’1‘.‘ +& + =72 Ed’t
1

17



Fi—s)y T(1 +35)

-— ds tor -1 0
T =i sa4y r[l—.ﬁ}

The result 1723,235 is practically equal to the value of mass of candidate glueball,
the scalar meson fy(1710) that is 1723 (+6,-5)

Now:

2*((((sqrt(5)+1))/2)"2))) *
In(((([e"(P1*sqrt(22))) +{e"(Pi*sqrt(37)))[+[e"(Pi*sqrt(58)))])))

EE [£+1]]Z lcg[f“'E +f:r1.n"3_ +€:ru'§]

Exact result:

% [1 +\E]2 lag[f“’ﬁ g +¢=‘jﬁ" +¢=“'E’T]

Decimal approximation:

125.3191282631880999355558040353869999396924409052432595265...

Alternate form:

—— —— — —_— —— —

¥ 22 5 ¥ 37 58 ¥ 22 1 ¥ 37 58
31Dg[f T+ Tie' ”]+‘\,‘|5 1Dg[f "+ R

Alternative representations:

2 (% [\E - l]]z lﬂg[f‘n £ +e" LEE +e" \"I'_S] =

2 (% [\E - l]]z lcg[c" £ +e" LEE +e" \’Iﬁ] =

2 1Dg[ﬂ}10gﬂ[r" VA AT “l'_S] (% [1 + 1,."?]]2



Series representations:

2 [% [E + 1]]2 ll::lg[f'”“;E g +f"1‘lﬁ] =

[3_'_\@] lcg[_l_'_fu'ﬁn +fu‘ﬁn +f~u‘ﬁn]_i ~14¢ I} +e-k +E

b3 | =

1 2
—[1+1.'5] 2inm +log(x) -
2 2
ki v22n , +f3a7m | +58nx %y
w (-1} [f‘ +e +e —x] x
Z fot i
k=1 k
Integral representations:

N22m N3Tm NEE N 1

E[é {\/E+1]]Z 1!::|g[¢='"“;E +¢='JT1"I'ﬁ +f"ﬂ'§]:3+ﬁjlw Edt

1[3+‘4‘f§'|-

2[%[£+1]T10g[f”ﬂ'ﬁ+f”ﬂg +{“Hﬂ'§]: —E;r :

TR =5
L A SR L e L ”] [(—s) [(l +5)

‘:'oa+]r[
J ds for-1=y=<0

—i ca+y r[l—-ﬁ]'

The result 125,319 is practically equal to the value of Higgs boson’s mass 125,09

Now:
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(((CIn(((([e"(P1*sqrt(22))) +[e"(Pi*sqrt(37)))[+[e"(Pi*sqrt(58))) D))" 1/(2P1)

Edlag[f”"’zz P TR B s]

Decimal approximation:
1.657587986736847483940293336998239830573703050528022817244

Alternative representations:

a2z T V58 Va2z V3 V58
Edlng{c” +e +e ] = Edlngy[c" e e ]

2{/102{0”1"22 e e S] =2dlﬂg[ﬂ}lﬂgu[f‘n”2 rg +¢=""'58]

vaz vER ET) ; vzz ¥a7 V58
2{/103’[1:“" +e" +e ] = 2#—Lll[l —e" —e" —e" ]

Series representations:

2{/lcg[f""22 +7 Y3 +f:ru'58] _
k
, 1
VIZr . NITr . VSEa) v\ —14e¥V22 1y V37 VEE s
2n 10g[—1+f +e +e ]—
k
k=1

w (— l}k

1
ogizo- )

20



=T T -5
i [—1+¢=\"22’T+¢=\" Il gt ’T] (-5 I(1+3)
27l s
—EJ ds
\ —i ooy ril-s)

The result 1.657587 is very near to the value of the fourteenth root of Ramanujan’s
class invariant 1164.2696 and to the mass of the proton.
Indeed:

We have the following Ramanujan’s class invariant Q = (6505 /G101 /5)3 =
1164,2696

= 1164,269601267364

3
\/113 + 5v505 N \/105 + 5v505
8 8

and

3

= 1,65578...

1 \/113+5\/505+\/105+5\/505
8 8

From:
Critical Exponents from AdS/CFT with Flavor
Andreas Karch, Andy O’Bannon, and Laurence G. Yaffe
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https://arxiv.org/abs/0906.4959v2

AsTrRACT: We use the AdS/CFT correspondence tc study the thermodynamics of massive
N =2 supersymmetric hypermultiplet flavor fields coupled to A" =4 supersymmetric SU(N,)
Yang-Mills theory, formulated on curved four-manifolds, in the limits of large N, and large
't Hooft coupling. The gravitational duals are probe D-branes in global thermal AdS. These
D-branes may undergo a topology-changing transition in the bulk. The D-brane embed-
dings near the point of the topology change exhibit a scaling symmetry. The associated
scaling exponents can be either real- or complex-valued. Which regime applies depends on
the dimensionality of a collapsing submanifold in the eritical embedding. When the scaling
exponents are complex-valued, a first-order transition associated with the flavor fields ap-
pears in the dual field theory. Real scaling exponents are expected to be associated with
a continuous transition in the dual field theory. For one example with real exponents, the
D7-brane, we study the transition in detail. We find two field theory observables that diverge
at the critical point, and we compute the associated critical exponents. We also present an-
alytic and numerical evidence that the transition expresses itself in the meson spectrim as a
non-analyticity at the critical point. We argue that the transition we study is a true phase
transition only when the 't Hooft coupling is strictly infinite.

‘We will use a global thermal AdSs; metric
ds® = dp? + cosh®p dr? + sinh®p dQ2 | (2.1)

where we have set the curvature radius of AdSs equal to one. We will work in these units
throughout. In these units, we convert between string theory and SYM quantities using the
relation o/—2 = 4mwg,N. = g}QvMNC = ), where o' is the square of the string length: o = (2.

We may write the AdSs metric for these various slicings as
ds? = dp? + cosh? p dsids,l_[ +sinh? p d0? (2.3)

with dﬂ? the metric of the unit l-sphere S' and 1 = 0,...4. When I < 2, the slicing includes
dsid&l_!. which denotes the AdSy_; metric. We adopt a form for the AdSs_; metric that is
identical to Eq. (2.1), except for the replacement of the S* metric, d23, by an §%~!
dQ3_;. When [ = 3, we adopt a convention that AdS; = S'. Notice that the S collapses to

zero volume at the center of AdS.

metric,

we have:
ds, = [1+(p)*] dp* + cos®p dr? + sinh®p d2}_y + cos#(p) dS13 (2.5)

and

Sp, =N, / dp \/det(gap) . (2.7)
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We will now explain in detail how the mass m of the flavor fields in the SYM theory, and
the thermal expectation value of (the supersymmetric completion of) their mass operator,
may be extracted from the Dp-brane geometry. To be concrete, consider the low-temperature
phase. Inserting the worldvolume metric Eq. (2.5) into the action Eq. (2.7), we find

Spp=Npp ] dp cosh p (sinh p)' =2 (cos 8)7\/1+ 2. (2.8)

‘We now turn to the scaling analysis. We focus on the region near the center of AdS, and
expand the metric to leading nontrivial order using sinh p = p, cosh p = 1. We first consider
the critical solution, that, is, finctuations of the form #(p) = 7/2 + §6(p) with 48(p) small.
‘We may then use cosf = —df. The critical solution has the boundary condition 46(0) = 0.
The Dp-brane action, Eq. (2.8), becomes

Spp = ngfczp P2 6001+ 6002, (3.1)
with, once again, i + j = p+ 1. The resulting equation of motion for 48(p) is

p8060" + [(i—2)60 86" — jp] (1 +66'%) = 0. (3.2)

sirg the AdSy  x s slicing of AdSx, the indueead D7-hrane metric is

dst. = [T+ 9’((3)2; dn® + cosh?p "i-“ids,l_; +sinh?p dO? + cas? B(p) dOF (3.13)
and the D7-brane action is
Spr = Npr fr.’.p (eash )=t (sinh p)! (cos 9}3\;’(1—4-7_ (3.14)
In the near-center Limit this becomes
Spr=Nm / o 80°V/ 1+ 667 (3.15)

which is the same as Eq. (3.1), but with ¢ —2 — [ and j =3, so a2 = {4+ 3 and we will have
complex exponents ) for [ =0. L, 2 and real exponents 3, for | =3,4.

As an exsnple of complex exponents, consider Lhe | = 2 case, AidSs x 52 slicing, wilh
a =5 and complex exponents G4 = —2+1i. We expect a spiral in the (6. 6(s)) plane. Fignre
6 shows the numerical result for #9) as a function of #;,, which irdecd exhibits a spiral, so
we again have a first-order transiticn. In this case, the transition occurs at the critieal value
9;5:‘ = m/(2ra’) = 1.6557 or equivalently m = \/Xﬂ?aj‘ /(2m) = 0.2635 VX times the inverse
of the AdS curvature radius.

B(2) €.0758
. /
€.0754
flsE
06.076
2 R
1 2 (9} L.07=6 /
—0.5 -

1.6556 1.6557 1.4558
(a) (b)

FPigure 6: (a.) 0 as a function of Oy for the D7-brane m AdSs x 37-sliced thermal AdSs. (b
Close-np of (a.) near the eritical solution. The vertical line indicates where the transitinn ocenra, at

the critical value #f" ~ 16557,
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3.3 Probe D7-brane in Other Slicings: Low-Temperature Phase

By using different slicings, leading to different boundary geometries, we can change the di-
mension of the critical solution’s collapsing submanifold, as different slicings lead to spheres of
different dimension, S! C AdSs for [ =0, ..., 4, that collapse to zero volume at the center of
AdSs (see Eq. (2.3)). We will focus on the D7-brane and the low-temperature phase because
lower-dimensional Dp-branes, or Dp-branes in the high-temperature phase, will not be able to
reach a > 6. For the D7-brane, the dual SYM theory is N’ =4 SYM theory coupled to mas-
sive A" =2 hypermultiplets, formulated on different four-manifolds, in the low-temperature,
confining phase.

We note that 1,6557 (practically the 14-th root of Ramanujan class invariant
1164,2696) concerning the numerical result for 0, as a function of 0, which indeed
exhibits a spiral, so we again have a first-order transition. In this case, the transition
occurs at the critical value 8™y, = m/(2na’) = 1,6557. Note that 0, as a function of
0(0) for the D7-brane in AdS, x S*-sliced thermal AdS;

We have the same results also utilizing the other form. Indeed, for example:

72 * In (((64[(1+sqrt(2))* 12 + (1-sqrt(2))*12] + 64[(6+sqrt(37))"6 + (6-sqrt(37))"6]
+ 64[((5+sqrt(29))/2)M2 + ((5-sqrt(29))/2)*12]))))

?210g[54[[1+£]12+[1—\E]12]+ ] )
54[[5+E]6+[5_E]6J+54[[§[EHE]] +[§[5_‘f5]] )

e lomixiisthe natural logarithm
Exact result:

r2toglsa((1-V2)*+ (12
4 (5-v29 )2 +[5+@}12]+64([5_E]6+{6+E]6J]

4096 4096

Decimal approximation:

1723.235311947397740690243221856653651096411713027632557692...
1723,23531

Property:
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V292 (54+V29)2
?zlog[ﬁzl[[l—ﬁ]lz+[1+v’5]12]+54[[5 4033] B 4[;2} +

64 [[5 - J'E]G - [6 - \(IE]E]] is a transcendental number

Also 1723,23531... is a transcendental number and is practically equal to the value of
the mass of the candidate “glueball” fy(1710) that 1s 1723 (+ 6 — 5)

Alternate forms:
72 log(24 792915 328)

504 log(2)+ 72 log(193694651)
72 (7 logi2) + log(17) + log(349) + log(32 647))

Continued fractior

[1723; 4, 4,193,1,5,39,1,6,1,4, 4.2, 6,2,10,2,1 2. 3,1,30,5,1,2,1,6,1, ..]

JJJJJJJJJJJJJJ

Alternative representatic

?210g[ﬁ4[[1+\(€]12-;[1—\/5]12]6 1 . i
V37) [5-11?]]154[[5[&@]} +(5(5-V29)) ))-
?zlag[mlc:gﬂ[ﬁdf[[l“g 3 [“42]12]’“

{

64 ((5 (5-v29)) "+ (3 5+ v29))")sea(5-V37 )+ 64V 77 )

64 [[5
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e lozpix)isthe base=b logarithm
Lin(x)is the polylogarithm function

Series representations:

72 1og[54[[ [1 2 ]12] o )
oV oo VT L))

1

k
L) S
72 log(24792915 327)- 72 Z [ 24792915 32?}
k=1

72 mg[m[[lﬂlG]” +[1_f11i]+54[[5 ﬂ/lza_?]h[a a7+
64((5 -2 ) +(5(5-V20)) ) -

argi24 792915328 - x)

2m
(-1)F (24792 915328 — x)* x*

(14
72 Z = B
k=1

1441}T{ J+'?2 logix) -

?2105[54[[“5]12:[1-«;’5]12]: 1 o )
64((6+ V37 )" +(6- a7 ') r64((3 (s V29 )+ (5 (5-V29)) ) =

arg(24 792915328 -3 1
?2{ = D}Jlag[—J+?2 logi(zg) +
Zp

2
arg(24 792915328 -5 -1y (24792915 328 -5 z
?2{ 8 ; D}chg[z.;.} ?22 ¥ . of
i

k=1

argizlis the complex argument
|x] iz the floor function

?Elog[ﬁzt[[lw’_] [11251]12]+54([5+J_] [247:’2;122;
s4((g (s V2)) (G- ) =2 [T

?Elog[54[[l+\F]m+[l—f] ]+54[[5+\';2_] +(6- ]]
4((3(5+V)) +(5(5-V)) )

36i [icsy 24792915327 ° [(—sF (1 + ) g |
| 5 ar
Fia =i a4y F{l—.i}
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Iixiis the gamma function

We note that from this expression, we can to obtain 7, that in addition to being
irrational, more strongly =« is a transcendental number, which means that it is not the
solution of any non-constant polynomial equation with rational coefficients:

1/(4*137.1307090028)*72*In((((64[(1+sqrt(2))* 1 2+(1-sqrt(2)) 1 2]+
64[(6+sqrt(37)) 6+(6-sqrt(37)) 6]+64[((5+sqrt(29))/2) 12+((5-sqrt(29))/2)*12]))))

1
72
4.137.1307090028

lug[54[[ll+ J2)*+(a ; JEI %)+ 64 ([5; Va7 ) +(s- V7))
s#((3(5+¥)) +(56-V2)))

3.141592653605...

[?2 1ag[54[[ Vz)*+(1-42) ]1+ 54[[5+¢E]6+[5-J_?]6]+

[[ 5**»’29] +[5 (5- *JZQJ m (4 - 137.13070900280000) =

[?21ag,.[54[[ ~V2)7 (144 ]]+54[[[ w,"EQ]] [%[5+¢?9]]12]+

54[[5 ol 3?] [15 % J_] ]]]Jf 548.52283601120000

(7210g(64((1+y2)" + 1 ﬁ]”]f 54[[5+¢f]6+[5-q’_?]6}+
Lo L o))

(4 137.13070900280000) = [?2 logia) lﬂgﬂ[
64((1-v2)" +[1+£]”]+54[[§ [5_1;?9']]” +[% 5+ 4?91]12]+

64 [[5 = Nf?]ﬁ + [5 + q?]ﬁ]]]jf 548.52283601120000
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Pl el i
43 6+v2) [ 6-v2)) ]]L
(4 137.13070900280000) = u[ 4 + ﬁ]lz]_
4[5 6 J (3(6+ ]]
64((6 - J_] +(6+ J— ]] 4852283501120000]

O e W R O e G X
[[ 5+\/_J [% (5- 29]] ]]] (4 137.13070900280000) =
D.13125152?1?96018210g( 1+ 4[ gy 2]12 [ ] ]
(542 (5429 )7) v68((-6+ 37 )"+ (54 V37 ) -

(4]
1
D.13125152?1?9501822 e
k= 1

[reos((-1e2)* (142 & (54 435) o5+ V) )-
[[Emj_}'s [5+ 3?]]]

._..-—-‘__..-—-‘_
b ‘“mln—w

[?Elng[ﬁtl[[ E]lz (1- 12;]] [[6+«f§] 6 \l_]ﬁJ+
[( {5+\K_J [ (5- 29} m (4 137.13070900280000) =

D.13125152?1?9501821ag[ 1+64((1- V2 )7+ (1+42)7)
4[[5_@}12 [5+@}

4096 T 4006 ]*54[[5"",;]6+[5*E]6]]'
2]12+[1+\E]12]+
]+54[[5_,/§]6+[5+,/§]ﬁ]]

\EI" 1
0.13126162717960182 3 ~(-1)* [- 1+64 [[1 2
k
k=1
ke

(5-v29)2 (5+v29)Y
4096 4096
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[?21::g[54[[ 'E]lz+[1 122] ]+54[[ ] +(6 —\',E]&L
[[ [5+‘/_H [ w/_] ]]] (4 137.13070900280000) =

0.13126162717960182 lcg[ 1+ 64 [[ \/_] [ ] ]
(5 - @}12 (5+ @}
2006 ' 4096 ]*54[[5"!;] +[5+E]6]]'

fis)

. 1
0.13126162717960182 3 — (-1

k=1 k

s o02) (1)) 5oV o))
(67 (5o

(72108(64((1+v2) " +(1-V2) ) +64((6 +'37 ) + (6 37 ") +
(366 3)" s 5- Vo))

(4 137.13070900280000) = 0.13126162717960182

12 12
i |: -5+v29 |4 (54429 B B
| e " agr o 3?]644:6+u 3?]6 1
Edt

B4 |:—1+\.|"E:|12+|:1 vz

1

[?zlag[ﬁ4[[ E]m+[1-ﬁ1]:2]+154[[5+~./3_?L1_6+[5—‘/§]6]+
6a((5 (5 +v2)) (5 (s-V=9)) )/

0.065630813589800908

(4 137.13070900280000) =

i sty 1
J r{—s)° T(1 +5)
ity [(1 —35)

[_1+54[[1_E]12+[1+\E]”]+?4
64((6 37 )"+ (6 +v/37 ")

L

(5-v29)2 (5+4+v29)"
4006 4006 |

ds tol

The result, « is a transcendental number.

We have also:
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(72 * In ((((64[(1+sqrt(2)M2 + (1-sqrt(2))M2] + 64[(6+sqrt(37))°6 + (6-
sqrt(37))"°6] + 64[((5+sqrt(29))/2)*12 + ((5-sqrt(29))/2)*12]))))*1/15

[?210g[54[[1+1\/5]12+[1 \ ]1]+54[[5+ ] [-E]G%
o (Lo ) (L))

Exact result:

32 39 log 54[[1-\@]12 +(1 +\E]12] .

(5-v29 )" [5+@]12]+64H6_E]ﬁ_,_[ﬁ.,.@]&]]“[lflE}

4096 | 4096

Decimal approximation:
1.643449280886601879682780942551378805700103655268560436783...

Property:

%E gia 10g[64[[1-ﬁ]12 +[1+ﬁ]12]+54[[5‘@}12 g (5+ @}12]+

4096 4096

54 [[6 = \1@]6 + [6 + \({E]E]] 11,15y is a transcendental number

Alternate forms:

V2 3915 log24 792915 328)

2 375 Y 710g2) + 10g(193 694 651)

All 15th roots of 72 log(64 ((1-sqrt(2))2+(1+sqrt(2))'2)+64 ((5-sqrt(29))'2/4096-+(5+sqrt(29))2/4096)+64 ((6-sqrt(37))+(6+sqrt(37))")):

| Polar form j
(5-v29)2 (5+ @}”—]

V2 31 flogla((1-V2 )" + (1492 )7 v 60| Tt S
B4 Hﬁ = \,@]6 + [5 + \"E}&]J ™ (1/15)=1.64345 [real, principal root)

5 o 3215 (2imy15

54[[1 512 [1+\',E]12]+6 [[5_\:“2_9}12+[5+@}12]+

1
o 4096 4096

[[5 r] [5+ 3?]}] (1/15)~1.5014 +0.6685 i
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1"554[[ ]12 1+ ‘5112%54 4006 4096

64(6 - \-’E] +(6+ E]ﬁ]] ~(1/15)~1.0997 +1.2213 i

532'15 (4imy1s
(5-v29 )12 [5+@}12]

i@ 92/15 i2imys
10g[54[[

. [1 ‘E]IZ] | 7T T

V2|
[[5 \-’_] [5+J§] }] (1/15)~0.5079 + 1.5630 i

5-V29)? [s+@}u]

%E 92/15 (Bim)y15
54[[

log

12 12 (5-v29)2 (5+v29)Y
R

V2)
[[5 \r’_] [5+J§]6]]"[1;'15}z-ﬂ.1?1?9+1.534451

Alternative representations:

[?2 1c:g[54[[1 +~E]12 +(1 -ﬁ]m] +64((6.+4/ 37 ]6 +(6 -ﬁr] "

o5 5-V)) " 6V )
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[?2 1c:g[54[[1 +\?]12 +[1 -E]12]1+ 64 [[5 +\/f]6 +[5 —E]E’] +
54[[5 {5+@]] +[5 [5-@]} ]]]’“[1;15}:

1 5
@ |- —
s g 1{‘ log(24 792915 327) - Z[ 24?9251532?}
k=1

RN L
- 3) () ) 45

2

arg(24792 09015328 - x) (— 1} (24792015328 — x} x*
15 Erfrl J log(x) - 2‘
2 k

[?zlag[ﬁ:t[[lﬂ/?]lz+[1_E]m]+54[[5+%]6+[6_M]EJ+
4((5 (5+V29))" (5 (5 -V29)) )~ s =

arg[24?92 915328 - z.;.}J (lng[ 1 J+ . }]
= o) |-
0

2 32 13 [lng[z.;.n

2, (-1)F (24792 915 328 - z.j}kz.gk
k

}A (1/15)
k=

—

Integral representations:
(72108(64((1+v2) " +(1-V2) ) +64((6 +V'37 ) +(6 V37 ') +
st 5-4) "3 - )))
(1715) = {{{E 4215 1{/11-24?92915 323% 2
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[?2 lag[54 (2+ \Er +(1- 1,51]212] +l|54 (6+ 4??116 +(6- ﬁ]ﬁ] +
54[[5 (5+ 4?9]] + [5 (5- 1}5]] ]]]" (1715) =

r
62115 15 _; [fo4y 24792915327 I(-s® [(14s)
=1 a4y M1-s)

15

.
Vo

Also the result 1,64344928... 1s a transcendental number, and is a good approximation
to the fourteenth root of Ramanujan’s class invariant 1164.2696 (1,65578), to the
numerical result for 0, as a function of 0y, 1,6557 for the D7-brane in AdS, S%

sliced thermal AdSs and a good approximation to the mass of the proton
(1,67262192369(51) x 107" k).

(sqrt(5)+1)/2))"2 + In((((1729 *728 / (((64[(1+sqrt(2))*12 + (1-sqrt(2))*12] +
64[(6+sqrt(37))°6 + (6-sqrt(37))"6] + 64[((5+sqrt(29))/2) 2 + ((5-
sqrt(29))/2)*12]))))

_[é [-..E + 1]}2 E: B o - -
lng[l?EQ ?28},-';[54[[1 + «J.zlllz +l[1 ~v2 ]12] 1»254[[5 +37) +(6-437) )+
(3 (5+v2)) +(3(5-v2)) )

e logzixiisthe natural logarithm

lag[l 258 ?mjf [54{{1 _ ‘E]Iz 5 [1 i ,E']L?'] s -4‘-;3]” RE +4'~;§—2]12 ]
s4(6- 57" (64T 505

-12.5062582319171092205462274160053366948218868476810727505...

1 —2

—‘—1-[1+w.,"5]+

(5-v29)% (5++29)"
4096 4096

\12y

lng[1258?12£.-"[54[[1 -q.,rz']u ‘ [1 2| 54[

64((6-37) +(6++/37 )

] 15 a transcendental number
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Also -12,5062582... is a transcendental number and is very near to the value of black
hole entropy 12,57 with minus sign.

Alternate forms:

3099114416
(—B—E—Elug{—gg D

1
2 157339

B | =

[_3 ) \E] 1 lag[BDQQ 114416 J

157339

1 193694651
_Z[1+\E]2—4log[E}+210g[91}—10g[ 2 199 J

Continued fraction:

a a a 3

Alternative representations:

—(% [1.,"? + I]JZ +10g[
(1729 ?23}},-; 54[[1@2]12 (1-+ ]12 +54[[5+‘/§]6+[5-\/_?]6]+

_(% [q.,l'? + I]JZ - lng( - B 6 6
729 -728) [[64((1+ V2 ) +(1-V2) )64 ((6+ V37) +(6-37) )+
Ny
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_[; [\/E+1 J2+lng[ ) ) 6 6
(1729 ?28}; [54[[1 \E] +[1-ﬁ] +54[[5+\/§] +[5_\/§]]+

(1729 ?zs}jf[ﬁd,[[l + \I’E}IZ +(1- ﬁ]ml; 64((6+/37 ) +(6- V37 ) +
e i)

2
—l}k[ 3008957077

3090114416 }

[\f"E

_[é [\/E+1]JZ +log[(1729 - 728) /
O R B e
54[[%[5+J2_]] ( ) ]]]

157332 JC}
3099114416

2

k
}k [ 157339 -x x_k

arg[ w [
10 (x 3002114416
g(x) — z =

-[% [\I’E + 1]JZ +1ag[
o o[ Y i)

12 1
o4((3(s+v2)) (55 Vo)) -
157339
3 5 (AR~
_5_? [3099114416 log( ]+10g[z.:.}+
157339 157339 _ k&
Elrg[3|:|9-911441'5ﬂ y 1 2 1 [3099114415 z.;.} Zo
0gizn)
2m o k
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_[é [n,‘l"g + l]]z - lng[ - - . o
(1729 ?zs}f..-"[raﬂr[[l ﬁj ]1‘%; [1 wighy ].121]; 54[[5 +\37] + [5 -37))+
o4 5+ ¥ )]+ (5 520 )))-

: 1
i (3099114416 S
J1

3 5
2 2

We calculate the above integral

157339

3 5 3099114416 1
2y, f Zdt
1

2 t
We know that:
/ t dx =log x|+ ¢
X = g' | =¥
and that:
b
J, cdx=c(b-a)
thence:

157339

3 5 J3099114—416 1
1

2 2

=-2,6180339887498948482045868343656+In((5,07690194294523910213710547949¢-5)-1) =
=-2,6180339887498948482045868343656-9,8882242431672143723416405817297-0 =
=-12,506258231917109220546227416095

Practically we have used the Fundamental Theorem of Calculus.

https://calculushowto.com/fundamental-theorem-of-calculus/

The fundamental theorem of calculus explains how to find definite integrals of
functions that have indefinite integrals. It bridges the concept of an antiderivative
with the area problem. When you figure out definite integrals (which you can think of
as a limit of Riemann sums), you might be aware of the fact that the definite integral
is just the area under the curve between two points (upper and lower bounds. You are
finding an antiderivative at the upper and lower limits of integration and taking the
difference. The Fundamental Theorem of Calculus justifies this procedure.
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The technical formula is:

f;f(x)dx = F(b) — F(a)

With regard the bosonic string, a string in 26-dimensional spacetime can wiggle in all
24 directions perpendicular to its 2-dimensional surface. So, its ground state energy is
simply —1

From the above expression, we can to obtain:

-(P1/2)*2 [In((((1711.2/2)*1728 / ((((64[(1+sqrt(2)) 12 + (1-sqrt(2))*12] +
64[(6+sqrt(37))"6 + (6-sqrt(37))"6] + 64[((5+sqrt(29))/2)"12 + ((5-
sqrt(29))/2)*12]))))]

(3) 1og
1711.2

1?28;f [54 [[1 + -\E]m + [1 : -\E]H] . 54[[6 + q?]ﬁ + [5 _ 4?]6'] .

s4((3 (s V2)) "<z (5-v)) )

((64((2+ 4?1]12 +(1- 4?1]212] +l|54 (6+ 43?135 +(6-v37)")+
(o) o))
_lcgl.[l.4?848x m'-"j.-'“ [54[[1 ; -JE]IE +(1+ «,5]12] +64 [[5 (5- JE]J +

(36+29)) )+ 64((6- V7 +(6+337 ) G

T2 {
-[5] 1ag[[1?28 1711.2) /
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2 [1?28 1711.2)/
-[2] ogl 2)

435+ mglﬂ@ :-V=) DEJ}=

_logia) log, [1 47848 10'5;3 [54

1 4 [
(o))" e V)

-[%]2 log[[l?EB 1?11.2}},-’
2 -G e
o4((3 s+ 29]] [ ]]] 2)) -

iy [1 14?8485:1[)6;““[64[[1 [(

36 E?‘Ull“’ﬂ - 6]]][%

-[%]2 1ag[[1?28 1?11.2}};3
[[54[[1+\E:]llz+[1—ﬁ1]212]+154[[5+~J3_?'1!6+{5—‘/§]6]+
64((3(5+V29)) < (3 (5-V29)) ) 2)) =

1k |-1 231012
—113 — |:-5+~~-'2t;|'|12 .:5 Voo ]
s {-1+~.-'2] 1z 124 T — +.{ B+ «u'z':-'F’ﬂ{e u'z?F'
Fi e
k= k

=

-[%]2 1ag[[1?28 1?11.2};
(0 () el ) (o)
o2 o) )35

)

k=

1
12
iy [-1+1.4?84&10'5;[54[[1_\E]”+[1+‘/§ 12]+54 [5—4‘-;3_2} .

> lﬁ}u ]+ 64((6- /37 )+ (6 + \"E]&]]
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-[%]2 1ag[[1?28 1?11.2@

[[54[[1+4?]12+[1-J_ +54[[5+ 3I+[5-\f’§]6]+
54[[2[5+429]] +[ ] ]]2]]:

64(1- 42}12+[1+\E]12]+

64 [5_”{29]12 [5 ,,-'29]12
4006 4006 |

64((6 -7 ) +(6+ 37 ) -5 o ) o

1.47848 x10° / [54[[1 - 15']12 + [1 + 15]12] +

1.47848 x 1D5 /

1
—ar
2 x g

1
g [lcg[z.;.H

® 1
2‘ E[—l}k

k=1

/
(5-v29)? (5+v29)”
4006 4096

54[[5-r] [5”;3?]]] z.;.]kzak]

-[%]2 1ag[[1?28 l?ll.mff
[[54 (1+ q?:]le +(1- ﬁl'];] +l|54 (6+ \-T?I +(6 -1;’_?]6] "
e4((3(5+V20)) <[5 6-v22)) )2 -

23101.2

12 ""c']l
TP e ) el s .2 K DUV EED
_J{ 1493 |1 B [ e — 4 - 3TI|6+|:I5+\n'3r:|6 feT

The result, practically 24, are the physical degrees of freedom of the bosonic string,
that are the 24 transverse coordinates.

Also from the following simple expression, we obtain about the some result:

In((((64[(1+sqrt(2))*12 + (1-sqrt(2))"12] + 64[(6+sqrt(37))*6 + (6-sqrt(37))"6] +
64[((5+sqrt(29))/2)M2 + ((5-sqrt(29))/2)*12]))))]+0.065578

log(64((1+/2) " +(1-V ] ]+54([5+~J3_] +[5-~J_?]6]+
[[ wf_‘?] ( ] ]]+D.D555?s

23.9994018...
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log(64((1+v2 )+ (1-v2)' :]L ;
[([ “K_]J (2[5 @] ]GD655?3=

/)
0.065578 + 1g[5 [[1-E]lz+[1+ﬁ]{1‘%+

1ag[54[[1+m”+(1_E]”]+54[[5+J132_?]6+[5_JE]6]+
54[[%[&@] +(:—2L[5-JEJ ]] 0.065578 =

0.065578 + lag[ﬂ}lcgﬂ[ﬁil[g - E]m + [1 4 \E]Iz] +
54[@[5_‘.@]} 4%@@}} J+64((6-37)" + (6437 )’)
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i
54[(5 [5+\/2_]] (5 \/_] ]] 0.065578 =

0.0655?8+10g[—1 54[[ ] ] ]

67’ +(o+ 57

5ttt [ese((1-v2) +f1+42) ) o6 [ [5+@-‘”]+
(4

sl (o)

64 (5 29 )2 (5+v29)"
4006 | 4096 64

|
|

105[54[[ \/_] {1 \/1_}:][ [[6+\('_] [ \{'_]'5}+
[( Eg]] (5 2 ]]] 0.065578 =

0.065578 + lag[ 1+ 54[[ ] [ ]12]+
VI9)? (54V29)"
64[[5 4(:1959' +[5 4(:;2} J*ﬁﬂ'[[ﬁ_ﬁ]&*[ﬁ*"@]ﬁl]‘
1
4

[—1}*‘(-1+54[[—1+ﬁ]12+[1+\/5] l = (- 5+@]12+[5+\/2_]12]+
54[[-5+\/§]6+[5+\/§]6]J

Integral representations:

og{6s 1 272" os{6V7 o7 )
54[(— [5 \('E]J +(— [5-\/5]] ]] 0.065578 =

2 2
5420 12 (544720 |12
(-vz ' 41 VIR ‘ 2098 ‘ aoes -6+ 1..'3?]6#'6 133?]6]
D.D555?8+J Lat

1 t

B4

S aN L B
54[[2[ \@]] 1[5[5_@” ]]+D.0655?s=

T
00555?s+— [(-5)° [(1 +5)

—iwaty T(1—35)

[-1+54[[1_.E]1 +[1+ﬁ]”]+54[
6a((s 37 (64457 ))|

(5-v29 )2 (5+429)%
4006 4006 |

ds for -1
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In conclusion we have the following expression:

(24+2Pi) * In((((64[(1+sqrt(2)) 12 + (1-sqrt(2))*12] + 64[(6+sqrt(37))"6 + (6-
sqrt(37))°6] + 64[((5+sqrt(29))/2)*2 + ((5-sqrt(29))/2)*12])))]

(24 + znylug[54[[l+ﬁ]lz + [1 -«E]H] +

54[[5+\/§]6+[5- 3?}6]+54[[ [5+w/_]]12 [ 5 4?9}] ]]

Exact result:

(24 + 2 ) log[ﬁ4[[1 --E]lz +(1 ﬂjE]lz] i

(5-v29)? (5+v29)" 6 —\6
B | T ]+54[[5-E] +[5+~J3?]]]

Decimal approximation:

724.7924205497000246714118091919275693353510720243403022746...
Alternate forms:

2(12 +m log(24 792915 328)

(24 + 2 m) log(24 792 915 328)

2(12 +m)(7 log(2) + log(193 694 651))
Alternative representatic

[24+2mlog[54[[1+ ]12+[ ]]

i G s HE R e e
(24 +2 m log, [54[[1 \Emz[u ] ]1;

[[ (5- E]] +[ [5”/5] ]+54[[ﬁ-v’§]6+[5+\f'§]6]]

[24+2mlog[54[[1+ 2]12+[1- 2]12]+ ) )
64 ({6457 )"+ (6 - E]]+54[§[5+@]] (53(6-v29))) -

i
[24+2;r}10g[m10g [64 1- \E 2+[l 1‘1,-—]12]+
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[24+2n}log[54[[1 +4 2 ]12 +{1 b ]12]+

54[[5+@ 6+[5-\('f]6]+54 (32[5+ 29 ]]12+(é [S-EHIE]]=
V2 )+

[24\:::;:;[\54[[1+v?]12+{1- 2]12]+ ) )
o657 (o et (3 oY) 2 oV ))-
5

1
log(24792915 327) - 3’ 2“9251””}]
k=1

2012+m

[24+2n}lng[64[[1+\'€]12+[1—\G]12]+
64((6+V37) (6 -V37)) w64 (5 (5+¥29)) +(5(5-V29)) )
arg(24 79209015328 - Jr:]-J
2
(-1)* (24792915328 - x)* x*

> ‘

=1

212 +:ﬂ[2 'nl + logix) -

24 + 2 m) 10g[64[[1 +\"'E]12 +{1 —E]m] -
64((6+v37) (6 V37 )) +64((5 (5+v29)) +(5(5-¥29)) ) -
arg(24 792915 328 — zg) 1 1
o og[5Joeao)
i i [24?92915 328 —zo)" zg*

k=1

212 +m) [Lag[zmﬂ

Integral representation

[24+2m10g[é4[[1+£]1:+[11_51] 4((6+v37) (6 F]ﬁ];
4[5 (5+¥29)) +(5(5-V29)) )| =202 em [T Lt
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(24 +2m) 1og[54[[1 +'\;'IIE]12 +(1 _43]12] .

54([5+E]6+[5_E]6}+54[g[5+@]]”+[§[5-‘/5]}”]]:
(i(12+m) ju-w 24792915327 I'(-5)° I'(1 + 5)

h

ds tol
—i sty [(l-s)

The result 724,7924 is very near to the value 728 (Ramanujan’s number)

We have also that:
32 % In ((((64[(1+sqrt(2)™ 2 + (1-sqrt(2)) 2] + 64[(6+sqrt(37))"6 + (6-sqrt(37))"6]
+ 64[((5+sqrt(29))/2)M 2 + ((5-sqrt(29))/2)*12]))))))

Input:

3219g[54[[1+v’5]1:+[1-«j312]+ 1 o -
54[[5”/;'] +[5-wf3?”+54[[5[5+w129]] +[§[5-1129}] ]]

e logzixiisthe natural logarithm

Exact result:

szlogl6a((1-V2)*+ (12 )

(5-v29)? (5+v29)" 6 —\6
| " 2006 T 4096 ]+54[[5'E] *(5““{3?”]

Decimal approximation:

765.8823608655101069734414319362905115984052057900589145300...

Property:

32 103’[64[[1 —N'I'E]IZ " [1 +\E]12]+ 54[[5 _41.‘;;_;:]12 . (5 +4,:;§_2]12 ]+

64 [[6 e *.,"E]ﬁ + [6 + 1,"';]6]] is a transcendental number

Alternate forms:

3210g(24792915 328)

224 log(2) + 32 log(193 694 651)
32(7 log(2) + log(17) + log(349) + log(32 64 7))

Continued fraction:

JJJJJJJJJJJJJJJJJJJJJJJJJJ



Alternative representati

32 log[ﬁ4[[1 +wjk'AE]12 +(1 -E]Iz

54[[5+\'$]6+[5-

V37
32 1ag,.[54[[1—5]12 +(1 iz
6+ 37

64((6 V37 )" +(6++'3

o132

54[[&@] +[5-J§
32 1ag[mlagﬂ[ﬁ4[[1-ﬁ]l i1

b3
—
ey

()4

Lol
32log(24 792915 327)-32 )’

Ln

; @]]12] +64((6 V37 ) + (6437 )))

1 }k

[_ 24702015327

k=1

k

azlag[m[[lﬂl@]”+[1_f]li]+54[[5+ 123?]6+[5_\/E]5}+
4((56-V29 ) +(5(5-V20)) ) -

arg(24 792915328 - x)
54!N{

2

J +32 logix) -

(-1 (24792 915328 - x)* x*

forx =0

32
2 ‘
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321ug[54[[1+wﬁ];21[1-«}?]”% L )
54[[5”!3?] +{6—\"_]]+64[[2[5+w,"29]] +[5[5_\/_9” ]]:

arg(24 792 915328 - za) 1
32{ A : o Jlag(—]+ 32 logizg) +
T

54 {arg[24 792915328 - =)
2

(-1)F (24792915 328 - z ) z5F
k

chg[z.:.} 322‘
k=1

3219g[54[[1+w32] +[ 21] ]*54[{5”;3?] {i;”i'j_ilj!-;
oV T [

3210g[54[[l+m"?] +(1- 1.,"2] ]+54[[5+43?] +(6- NEYS J

54[[2[5+429]} +[ 1}29] ]]:

16§ ficsy 24792015327 ° (-5 [(1 +5)

T Jejady Il-s)

ds for -1

The result 765,882360 is a transcendental number and practically equal at the
nonperturbatlve contribution to the mass of a 1S quarkonium for my = 4.7 MeV/c* =
0.0047 GeV/c* , (765,171) that is the mass of quark down is 4.8+0.5£0.3 = 4.7
MeV/c.

In conclusion, we have that:

In ((((64[(1+sqrt(2)) 12 + (1-sqrt(2)) 2] + 64[(6+sqrt(37))"6 + (6-sqrt(37)) 6] +
64[((5+sqrt(29))/2)* 12 + ((5-sqrt(29))/2) 12]))))

lag[ [[1”!2} [1 1.,5]12]+ 1 o -
4[[5“.*3?] +[5-\/_]]+54[(2[5+429]] +(5[5—429]] ]]

e logixiisthe natural logarithm
k,g[m[[l N2} (1492)%)s

< (5-v29)2 (5+v29)"
4096 | 4096

]+ 64 ({637 ) + 6 @ﬁ]
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Decimal approximation:

23.93382377704719084292004474800907848745016268093934107906...

Property:
(5202 [5eAT9)°

1Dg[54[[1 VZ)2+(1+42)%) 64 [ hhei) BPR LA
[[6 \(_] [6+\l{_] ]]matranscendental number

Alternate forms:

log(24 792915 328)

7 logi2) + logi193694651)
7 log(2) + log(17) + log(349) + log(32 647)

Continued fraction:
JJJJJJJJJJJJJJ

Alternative representations:

osloa{(1+42)" +1-V2))

“lo ) ofo-Va ) gl V) e Vo))
D B H S R H N

o467 )"+(s V7))

log(64((1+v2) " +(1-v2)7)+ ) )
[[5+ 37 ]6+5 Eﬁ]+54[( [5+v’_n [ (5 @]J ]]:
lng[a}lug[[54[[l— 2]1122+[1+ ] ]
[

(e R T ey R R YO e

1ag[54[[ 2]12+ g ] ]
[ ﬁﬁg F]Jmﬂ oo Vm) (36 V=) -
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1ag[54[[1+15]12 1[1-«5@; 1 L y
54[[5”/;] +(6-v37) J+54[[5[5+429]} +[5[5-1f_9]] ]]=

e
24702915 327 }

log(24 792915 327) - 3" >

k=1

log(64((1+v2 )" + (1-V2) )+ 64((6 + 37 ) +(6 37 ") +
- [[1 [5 " 1“','5]]12 . [% [5 B \'{_9”12]] B Elﬂarg[ztl?QEEQHIE 328 -x) s
(-17* (24792 915 328 — x)* x~*

log(x) - 2‘ X

1Dg[54{[l +1;'|'E]12 - [l —1;"?]12] -
54[[5”/;']2[5-@]J+54[[2[5+429]} +[§[5_J_g]}”]]=
arg(24 792 915328 - =) 1 arg(24 792915328 - zq)
l e Jlng[g]dcg[z.ﬂﬂ e
2 (-1)F (24792915 328 — z)* 5"

2 K

k=1

J logizg) -

10g[64[[l+1,"2] (19 ] ]+54[[5+4$]6T[:j5]6}+
[[ E} [ ~+ 29 ] ]]:LLM”E'IWS%M

10g(54[[l+w}"€]12+[lﬁ—*u"?]12]+ L )
64((6+/37) +[5-~f—]]+54[[2[5+v’5]} +(5(5-v29)) IE

I ['hwy 24792915 327 I{-s) (1 + s)
2}1’.-,‘w+}. (1l -3s)

as tor -1

The result 23,9338237770... = 24 is a transcendental number that represent the
physical degrees of freedom of the bosonic string, that are the 24 transverse
coordinates.

The set of transcendental numbers is uncountably infinite. Since the polynomials with
rational coefficients are countable, and since each such polynomial has a finite
number of zeroes, the algebraic numbers must also be countable. However, Cantor's
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diagonal argument proves that the real numbers (and therefore also the complex
numbers) are uncountable. Since the real numbers are the union of algebraic and
transcendental numbers, they cannot both be countable. This makes the
transcendental numbers uncountable.

In set theory, the cardinality of the continuum is the cardinality or "size" of the set
of real numbers R, sometimes called the continuum. It is an infinite cardinal number
and is denoted by | R | or c.

The smallest infinite cardinal number is &, (aleph-null). The second smallest is N;
(aleph-one). The continuum hypothesis, which asserts that there are no sets whose
cardinality is strictly between X, and ¢ implies that ¢ = X;.

A great many sets studied in mathematics have cardinality equal to c¢ the
transcendental numbers We note that the set of real algebraic numbers is countably
infinite (assign to each formula its Godel number.) So the cardinality of the real
algebraic numbers is N, . Furthermore, the real algebraic numbers and the real
transcendental numbers are disjoint sets whose union is R. Thus, since the cardinality
of R is ¢, the cardinality of the real transcendental numbers is ¢ — 8, = ¢. A similar
result follows for complex transcendental numbers, once we have proved that | C | =¢

Now, we remember that (from: Formulae for Supersymmetry
| MSSM and more | - Toru Goto - KEK Theory Center, IPNS, KEK - Tsukuba,
Ibaraki, 305-0801 JAPAN - Last Modified: March 31, 2019):

the nonperturbative contribution to the mass of a 1S quarkonium, is equal to:

Nonperturbative contribution [1032, 1033

‘-}.\‘J L] s W s A 1
Z2ppwarzs () (9.1.65)
/

2 5
Tm, 624

(0 :
m

AR = '
(Cra,m, ) 425 \

where the gluon condensate is evaluated as 1034, 1035, 1035]

ﬁGF]F)’ﬁ Cl‘]

CE i |0) = 0.012GeV*. (9.1.66)

and

These quantities are evaluated at a hadronic energy scale py; ~ 1 GeV. In Ref. [582, 584, 576],
i 1s chosen such that the strong coupling constant satisfies g3(py) = 4?."/\/6, See Sec. 9.3.6
for the QCD correction factors due to the running effect between the EW scale and p.

B*) are evaluated with ny = n; in (9.1.1). The SU(3) color factors are

Tfi‘ =

4 ;
& 9.1.60
3 (9.1.60)

B = 83, =

b | =
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o, = 41/N6 =5.130199 = 5.13

For Cp=4/3 a,=5.13 and my =4.7 MeV/c? = 0.0047 GeV/c? (the mass of quark
down is 4.8+0.5+0.3 = 4.7 MeV/c?), we obtain:

we have:

[P172*(0.0047)*624*0.012]/[425*(((4/3)*5.13%(0.0047))"4))]

7« 0.0047 « 624 - 0.012
425(% 513 D.DD4?}4

765.171...

7% (0.0047 - 624  0.012) 0.0351936 (180 =

495 [% }4 425 0.032148%

7 (0.0047 624 0.012) 0.0351936 (—i log(- 1)
425[M}4 425 0.032148%
3

% (0.0047 - 624 - 0.012)  0.211162:(2)
425[M}4 425 0.032148*
3

2 (0.0047 624 0.012) o
451300047\ 1240.45 Z‘ 1+2k

425[f} PR

2 (0.0047 624 0.012) e, ok
e H10112 -1+ ) oE

425[—- S k=1[k]

7 (0.0047 - 624 0.012) ® ok (650K
4 513 0.0047 4 = 77.5281 Z‘ T
425[f} k=D [ ]
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ny. 4 s oo
is the binomial coefficient
b4 vm/

Integral representations:

x (0.0047 - 624 - 0.012) w 1
—310.112 U at
425[4 5.13 0.004?}4 o 1+t2
3

= (0.0047 624 0.012 ‘1
[ ) _ 1240.45 U Vi1-t2 .;n]z
i

475 [4 5.133 00047 }4

0 (0.0047 624 0.012) “0 sin(t)
=310.112 [ J dt

495 [4 5.133 0.0047 }4 0

The result is 765,171

From:
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Various formulas written by Ramanaujan on the page above, gives us useful and new
mathematical connections with some sectors of Particle Physics, String Theory, and
Black Hole physics.

Now, we note that, from (6) :

((1/(1 cosh (Pi/2)) - (1/(3”5 cosh (3Pi)/2)) + (1/(5"5 cosh (5Pi)/2)) - 1/(775 cosh
((7Pi)/2)) + 1/(9"5 cosh ((9Pi)/2))

1 1 1 1 1

Leosh(3) 37(; cosh@m) (3 coshSm) 77 cosh(%T) 9% cosh()

e coshix)isthe hyperbolic cosine function

7 o)
sech[?T} sech[f} 2 sech(5 )
16807 = 59049 3125

2
svar:h{I ] - —sech(3m -
2 243

° s=chix) is the hyperbolic secant function

0.398535485172442072453827704005687818298246056848195074414...

and:

JTI_S

768

0.398463131230835225602527747452390112604558211755305977283...

}1'5

—— Is a transcendental number

768
L (180 %)
768 768
5
T 1
2 e — (milog-1)®
768 ~ 768 =~ o)
5
L 1 -1 5
S . _l
R R
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e logzixiisthe natural logarithm
. i iz the imaginary unit
5| ! 3 3 :
e cos (xiistheinverse cosine function

Series representations:

5 4f§:p1ﬁ &
768 3 1+2k
k=0

35 4 rm_]1 (=131 1195-1-2k [51+2k _4 2391+2k} 3
3 1+2k

=01

5

w R S 1 2 1
e S (e )
768 768 = 4 \1+2k 1+4k 3+4k

Integral representations:

5

4 ¢ 1 5

}T—=—U V1-¢? Jt}
768 3 \Wh

T 1 (jcu 1 d'tJS
768 24 s 1442

5
x 1 1
m | =
7 NJ1-¢2

Now:

Pi*5 /7 [[((1/(1 cosh (Pi/2)) - (1/(3"5 cosh (3Pi1)/2)) + (1/(55 cosh (5P1)/2)) - 1/(7"5
cosh ((7P1)/2)) + 1/(9"5 cosh ((9P1)/2))]]

Input:

}TE

1 1 1 1 1
- + - -
1 cosh| g ) 3% ‘ % cosh(3 :r;l] 55 { ;— cosh(s :r;l] 75 r_'n:ishll ?2—"] ob cc\sh‘ 9?"]

e coshix)isthe hyperbolic cosine function

Exact result:
;|-5
Q
hl:h] Sb:hl:‘_ﬂ']
2 s | ! 2sechis
sech[’l}— = sech(3m) - 2 4 - 2l )
2 243 16807 S 042 3125

. sechixi is the hyperbolic secant function
Decimal approximation:

767.8605699386341600847561243074350087750104549486072076891...
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Alternate forms:
(3101364196875 ;r'-‘};
7
(3 101 364 196875 sech[ ;—T] _ 95525 631250 sech(3 ) — 184528 125 sech(?”] i
9
52521875 sech[f] + 1984 873086 sech(5 n}]

}1'5

o i 2n
Ecnshqz:l _ __4cosh3m 2*’-“:'5]1{ P :| 2 cosh| 5 ] 4 cash{5 )
l4coshiny 243 (l+coshiGr) 16807 (1+coshi7a) 59049 1+coshi@n)  3125(1+cosh{10 7))

5. 2 4
i - 2 3 3
e M2 L gM2 243 (™" +&°7)
2 2 4

+ +
16807 [c—':?.lT:',".E +‘,-:'I":ril,-'2} 50049 [f—i‘?n:l,-'z +‘,i§‘nil,-'2} 3175 [f—Sn +f5n}

Alternative representations:

.?TS
1 - 1 T 1 = 1 g 1 B
I 1 o5 1 &5 3 m 5 ER
lcnshl'lz:l 2 3”2 cosh{3 m) 5 5 cosh(s m) 7 cnsh{ 2 ] o CDE]'I{ 2 :|
}T5

1 1 1 1 1
Trri - : - :
cc\s{:z—”] ;—EDSGEf:r:lES %cns{S:’mSS cos| -"'—:‘2”]?5 .:.35{9_;”]95

}TE
e 1 - 1 - 1 i 1 h
lcnshl'lg:l % 35 cosh{3 ) ;— 55 cosh{5 ) 75 cc\shl{ ?2—”1 of cc\sh{ g?n]
}TS
1 1 " 1 ~ 1 % 1
im L i 5 1 ey 5 Fimy .5 Qimh .5
.-_-.35{_2 '| o cosl 3im3 5 cost S5im)5 cns{——z :|'F cns{——z ]9
.?TS
1 e 1 " 1 " 1 g 1 B
lcnsh{g] ‘1;_ 3% coshiz m) ;— 5% coshi5n) 72 cnsh{ ?2—"] b r.'DE]'I{ g?n:l
_i'TS
1 1 1 1 1
- - + +

1 35 -5 o5 o5
L) sgeq3im Zim 9iry Z2secSinm)
snc{z] 4 mi 2 ] mi 2 ] Im

Series representations:
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.?TS

T 1 1 ~ 1 1 =
lcnshl:g:l % 3% coshizm 1; 55 coshis m) u:n:rshl:?-rll cushll[T”:l
5 / i 4[_1}.’: e 3m-10kn o [—l}k —-@ny2-9kn
a 2o
! e 3125 59049
k Tay2-Tkr
20-1) -Il“_.:'?-r:l':2 d _ i i 1]-k f—E -6k +2 (= 1}.’: f—:r,-'Z—kJT
16807 243
}TS
e 1 5 1 ~ 1 + = 1 =
IEDEH':%:I % 3% coshiz m i— 55 coshis ) cu:ushl:?-rll cu:ush{T”:l
5 /| : ; m k
2 100 (i e®) - Lig (i e®) 31|::|131541;:'58?5[5 ~z) -
=|:|

7
25525631250 [BII'—ZD]'k - 184528125 [—}T

O k) /
525218?5[3—2.3 + 1984873086 (5r—zq1 ||/

(3101364196875 k!}] for

13
—ZDJ +
!

5

T
i = 1 5 1 ~ 1 1 =
lcnshl:gll % 3% cosh(@ 1) % 5% cosh(5 1) cnshl:?’-rll cnsh{?”]
iy i 0 l+2kr 211 +2knx —1F1+2kr
o - -
/ > e
k=0 : [—+kj2rr2 243[9}1’2 [ +k} }1‘2} lﬁED?[T +[E+kj2?r2}
1A +2kr 2¢-1F1+2kn
+
81 1 1 2 2)
59(349[ n? [£+k}2;r2} 3125 (2547 +(; +k) )
Integral representation:
8
e 1 1 ~ 1 1 =
lcnshl:al % 3% cashizm i— 55 coshis m) .-_-.35]1|:?T'| chh{Tn:l
5
T

J;x-

2(3 101264 196875-25 525631250¢° ' -1845281251% ' 452521875¢% 410848730867 ' ¢!

The result 1s 767,8605.

- L dt
3101364196 8757 (1407

The two results 765.171 and 767,8605 are very similar and are practically equal at the
nonperturbatlve contribution to the mass of a 1S quarkonium for mq = 4.7 MeV/c* =

0.0047 GeV/c?
We note that:

, that is the mass of quark down is 4.8+0.5+0.3 = 4.7 MeV/c’.
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32 * ((1/(1 cosh (P1/2)) - (1/(35 cosh (3P1)/2)) + (1/(5”5 cosh (5P1)/2)) - 1/(7"5 cosh
((7P1)/2)) + 1/(975 cosh ((9P1)/2))

32 - -
[1 CGSh[g} 3 [51 cosh(3 1) ’ 57 [% cosh(5m) 7° cash[%} i 92 cush[?}

e coshix)isthe hyperbolic cosine function

SECh[Z_H} SECh[?} ESech[Sfﬂ]

T

2

2
]— — sechi3m -
243

32 sech[ + +
16807 59049 3125

° s=chix) is the hyperbolic secant function

12.75313552551814631852248653106201018554387381914224238125...

] o)
- 2 sech( =) sech(=) 9gechs
32 [sech[%] g sech(3 ) — [ y j [ 2 F sechi n}]

+ +
16807 59049 3125

is a transcendental number
The result 12.75 is very near to the value of the black hole entropy 12.57
In conclusion, we have:

(2P1)) * (3.142988/2)"5 ((1/(1 cosh (Pi/2)) - (1/(3"5 cosh (3P1)/2)) + (1/(5"5 cosh
(5P1)/2)) - 1/(7"5 cosh ((7P1)/2)) + 1/(9"5 cosh ((9P1)/2))

3.142988 5
2 JT}[ ]
2
[ 1 1 1 1 1

- - - +
1 cosh[%} A [% cosh(3 fr}] 53 [El cosh(5 ;r}} 7 a0 cosh[z—”} 97 cosh[?]

e coshix)isthe hyperbolic cosine function

24.0000...
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(3.14299]5 [ 1 1

- +
2 lcush[g} é 3° cosh(3 m

1 1 1

+

51 5° cosh(5 K 7> cash[??"} 93 cnsh[?}

]zh

f 4 1 1 1 1
27157140 — - + - z + :
cgs[‘;ﬂ El cos(3im 3 El CDS[S!IF]ISS cgg[?;—”}?s cgg[w}gs
(3.14299]5 1 1 1
— + —
2 1 cggh[g} 21 3% cosh(3m % 5° coshiSm
1 1 .
- 7 + - =z 2r=2r157140
i’ I
7 cnsh{?} 9 cash[?}
1 1 1 1
in) " 1oos3im3  Llcos(-5im5°  cos|—ZiT)75  cos(—2i%) g5
CDS[_z] 2 2 cns{— 2 } cas[— 3 }

(3.14299]5 1 1
- +
2 1 CDSh[g} é 3° cosh(3m)

1 1 1

5° coshGm  7° cnsh[??"} ¥ 9° cush[?}

1=

1 1 1 1 1
27157149 7 - = e + o + i
5::{%] 2sec(3im) ﬂ{?;—”] gmdq;‘?”] 2scc{Sim)
. i iz the imaginary unit
° g=c(x) is the secant function
[ )
Series representations:
(3.14299 ]5 1 1
- +
2 1 cnsh[ﬂ} 1 3% coshi3m
2 2

1 1 1
- z - Tk 5 21 =
= 5 cosh(5m) 7 cosh[?"} 93 cash[?”}
19.1687 x 0.157767 x 0.00114052 x 0.000324624 r 0.012268 r

= = + +
w qkg2k o okg2k s #ﬂ]kngk . Blik 2k zm a5k 2k
k=0 (2k)! k=0 (zk) dej J—izk]! zkﬂ: J—qzk]! k=0 (2k)!
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1

(3.14299]5 1
2 1 cash{g}
1

+
3° coshi3 m)
1 1

A
2
19.1687 x

5 = RN ) Jir
5% cosh(5m) 75 cgsh{—"} 93 cnsh{—"
2 2

0.157767

+

- +
Zfﬂfzk[é}l"zkmn—z +8) Z:’ﬂ I3 (3) Ta(m) (-2 +6}.)
0.00114052 x

Z:L,:, I k{g} Topimy (-2 +d;) .

0.000324624

0.012268

Z:‘:DIZR[E}TEE[F}[_E +45) Z:;jfzk[S}Tzk[?r}[—E + 4L

1

3.14299 5 1
( 2 ] [lcush{g}

1

+
3° coshi3 m

1 1 1
1 55coshGm 79 cash{?—” i 93 r:l::sh{gﬂ s
; = 2)
19.1687 x 0.157767 0.00114052 «
(z _n]1+2k a #3”- 142k (In ”T]l+2k e
4] .
Zk-ﬂ (142 k) k=0 [142k) (142 k)
0.000324624 0.012268
E‘__l'r j__rr]1+2k s {5 _;_rr:I1+2k

. N\ g

k=01 [1+2k)!

. Integral representations:

1

DI P e

(142 k)
. n! iz the factorial function
Iniz iz the modified Bessel function of the first kind

Thixyis the Chebyshev polynomial of the first kind
¥y ng 18 the Kronecker delta function

1

(3.11299]5 [

1 ccsh{g}

+
21 3° coshi3 m

1 1 1

1

5° cosh5m) 7 cash{??"} i 9 ccsh{?}

19.1687 x 0.157767 0.00114052 7 0.000324624 0.012268 x
= - +
LN anm_: in o am_:
-9 sinhitydt L b sinh(t)dt
J&sinhiyat  E Ji2 sinhihat [, sinhiyat 5
2 2 2
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[3.14299J5 [ 1 1

5 +
2 lcnsh[g} % 3° cosh(3m

1 1 1
1 55coshGm 75 cosh(Z* 3 9% cosh( =~ ]]EH i
2 2 } 2 }

19.1687 0.157767 0.00114052 &
- - -
Tl L 1 o1 7oL
1+2J'Dsmh[2}d’t 143nx [ 'sinh@at)dt 14 . jjsmh[ = }Jt
0.000324624 0.012268 7

+ ' 1
1+?£lsinh[%}dt 1+5.?'Fjj15111h[5ﬂt}dt

(3.14299 ]5 1 1
= +
2 1 cgsh{i} 1.3% cosh(3 m)
2 2
1 1 1
1 5 B 5 T s 5 On e
= 5% coshi5m 7 cnsh[?’} 9 ccsh[?}
38.3375 i’ 0.315535 i x°
. ..ITEI."':IEA s)4s B . |9 n2 /14 5)4s B
0.00228104 i 2* 0.000649249 ; r*
- -
Ny J"'W*‘T ,.':49 .?r‘?:ll."11|5£]+5 o J'J'wﬂf !II:SIHE:II."':IGSHS o
=i a4y Vs —i pa+y v
0.024536 i x°
’ leS:rE'l.l'M 5} I
ooty & .
\'F iy T a5

ainhix) is the hyperbolic sine function

The result 24, represent the physical degrees of freedom of the bosonic string, that are
the 24 transverse coordinates. We have that the result is a length of a circle of radius
equal to:

Input interpretation:

(3.142988 ]5
2
[ 1 1 1 1 1

+

1 cosh[%} - 33 [% cosh(3 ;r}} * 55 [51 coshiS m} N 75 Cosh[?‘?—”} 95 cosh{?}

e coshix)is the hyperbolic cosine function
Result:

3.81971...
Indeed: C=2nr=6,283185307... * 3,81971...=24
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Now, we have, from (8):

1/((25+1/100)(e"Pi+1)) + 3/((25+3/4/100)((e*(3Pi)+1))) +
5/((25+574/100)((e(5Pi)+1))) + 7/(25+7°4/100)(e (7Pi)+1)))

1 3 5 7

o\ e % P o 4. tz i
(25+ ) +1) (25+ (' +1) (254 (7 +1) (25+ T (e +1)

100 300 4 700
+ + + =
2501(1+e") 2581{1+¢°7) 25(1+¢7) 4901(1+e"7)

0.001665694195075570224836070056797018137393783827926220428...

100 300 4 700
+ + + =
2501(1+e") 2581(1+¢°7) 25(1+¢7) 4901(1+e"7)
15 a transcendental number

Note that:

[1/(0.001665694195075570224836070056797018137393783827926220428)]"1/13

I
1

13
‘ql 0.001665694195075570224836070056797018137393783827026220428

1.6357745259251761061653371568666470550626341678085870821. ..

1.6357745259251761061653371568666479559626341678085870821 ¢ ~1.6358

(real, principal root)

The result is 1.6358 value very near to the fourteenth root of Ramanujan’s class
invariant 1164.2696 and a good approximation to the mass of the proton

We have:

(Pi/8) coth®2 (5Pi/2) - (4689/11890)
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4589

T

I—SF coth? [5 —]

2/ 11890
e cothix)is the hyperbolic cotangent function
1 5 4/80
- cothz[—nJ -
a8 2 11 890

-0.00166569419512783432834693432693364971319787242616760442...

Note that:

[-1/(((Pi/8) coth”2 (5Pi/2) - (4689/11890)))]"1/13

|I 1
13 7 o
\ I coth?(5x2)- 2682
2 118%0
o cothix)isthe hyperbolic cotangent function
1
f
o e
13 4689 _ lfrclznthz[s‘—T}
11890 8 2

1.635774525921228004554946824886767536251766658933484809744....

PD

=1.636 (real principal root)

:

4682 1 am)

13 289 1o corh?(2X)
11820 g 2

The result is 1.636 value very near to the fourteenth root of Ramanujan’s class
invariant 1164.2696 and a good approximation to the proton mass.

We have, from the integral representation:

1 5 4580 4680 1 -2
= cnthz[—n];r— = — + =0T f 2 cschz[t}dt
8 2 11 890 11890 8 |Jiz

(4689/11890) — 0.001665694195127834328 = 0,3943650126156433978 —
0.001665694195127834328 = 0,39269931842....
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0,39269931842 * 8 = 3,1415945473641245078....;

8 =3,1415945473641245078 / 0,39269931842;
(3,1415945473641245078 / 0,39269931842)* 27 * 8 = 1728 or
(2*3,1415945473641245078) * 108) / 0,39269931842 = 1728
Indeed:

2Pi * 108 / [((4689/11890) + (Pi/8) coth*2 (5Pi/2) - (4689/11890)]

108

4580 T ( i 4680
B0 | 1 coth?(5 . 1) 652
118<0 8 2 118<0

e cothix)is the hyperbolic cotangent function

5
1728 tanhz[?n]

e tanhix) is the hyperbolic tangent function

1727.998958340073207328055391843712995833540664764345677453...

Sy,
1728 tanhz[? ] I1s a transcendental number

(2m 108

[~
S o :l?EE” 2 sechz[t}dt]z
— +—;rcnth2[—”}——' o

11800 8 217 11890

Practically the result 1728 is the length of a circle C =2nr, with r equal to
275,019575879. Indeed, we have that:

108

2 T 2
4689 1 thz[S 1}_ 458
11890 2! 118e0

o cothix)isthe hyperbolic cotangent function
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854'[&111}12[%}

m

e tanhix) is the hyperbolic tangent function

275.0195758790444043496760155180770120578061545274840380973...

Note that:

1/144 * [[[2Pi * 108 / [((4689/11890) + (Pi/8) coth*2 (5Pi/2) - (4689/11890)]]]]

1 108
2n 46829 | 46829
144 _'+£C0th2[5 Ej__'
11 820 8 2 11890
o cothix)isthe hyperbolic cotangent function
Sr
12 tanhz[?]

. tanh(x is the hyperbolic tangent function

11.99999276631925838422260688780356247106625461641906720453...

Sy,
12 tanhz[E J I1s a transcendental number

27108 -3I
£ = 12[( : sechz[t}dt]z

= i 2
(852, L coth?(22) - 2682 ) 144 Jo
118<0 8 2 1180

The two results 1728 and 12 are very near to the value of the mass of the candidate

“glueball” f(1710) that is 1723 (+ 6 — 5) and a good approximation to the value of
black hole entropy 12,19.

Furthermore, we have that:

2/144 * [[[2Pi * 108 / [((4689/11890) + (Pi/8) coth2 (5Pi/2) - (4689/11890)]]1]

2 108

FiB
D o | i .D
144 %i+1c0th2[5 Ij_ﬂ
11820 8 2 11 820
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Exact result:
5
24 tanh? (En ]

Decimal approximation:

23.99908553263851676844521377560712494213250923283813440907 ...

Property:
af3my,
24 tanh (?JIS a transcendental number

Alternate forms:

24 (coshi5m-1)
1+ coshi5m

24 sinh*(5 m)
(1 + coshi(5 m?

24 sinh? [%
cosh? [ 5‘2—" }
Alternative representations:
(2x 1082 432

[1416% + é ;rcnthz[%}_ 1“16%} 144 % {}T[1+ _1+2,.5n }2}

(271082 432 7

(2852, Lrcoth?(32) - 4559 ) 144~ 13 (1 (i or{ 327 )

(2x108)2 432w

(o * s meot() -1 ) 144 2 (r (-scor-222 )

Series representations:

(27108)2 5 4[1 r if{-s-;s—nk]n]z
4680 1 2(5x) 4689
{11390 +3}Tmth{z } 11393}144 k=0
a0 1
(27108)2 04 [Ek:l 25H1-2 k)2 Jz
[—4689 P ;rcathz[ﬂ}— .11 }144 n
11800 8 2 /7 11800
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(271082

(2882, Lxcoth?(2X) - 2689 ) 149 [ kZ;
118%0 8 2 118%0

(271082

=24
[—4689 - lﬂcmhz[ﬂ}_ ﬁ}l‘l—‘l- [J':'
11890 8 2 11850

--¥. s
2

sechz[tn!t]z

The result 24, represent the physical degrees of freedom of the bosonic string, that are
the 24 transverse coordinates.

In conclusion, we have that:

[CCCCCC((((2/144 *((2Pi * 108 / (((4689/11890) + (Pi/8) coth2 (5Pi/2) -
(4689/11890))))))))]*1/(2Pi)

(o]
s

2 [ 108

4680 T m 4680
689 T coth?(52) - —]
11 8<0 8 2 11 8<0

|
i E{G ‘:I tanh[?}

1.658316416147476200133292753583823519660464023156065800774...

.
2y 27 [ sinh(5m
23_-.211.\'”." I i s
‘:Il 1 + coshi5m

| ; ;
azm 2nf o aleeS B LLE
[kt L '\‘l 3

1"] etz | 5wz
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(2m108)2 432 n
2 I

4620 5 4680 2 2
‘1 {11390 thz{ ;} 1189]}144 "1 ls [ [’cut{sén” }
/ (271082 4321
2 4689 1 /5T 4689 | = 27| 144 )
[1189!3 T x coth [_Tl_ 11850 Q"il 8 [’T[l+ _1+..5n} }
/ (27 108)2 / 4321
2 ¢ o482 1 5 4682 =2n 2
\1 [11890 thz[z”} 11893}144 %{ [ zcnt[ E;T}”
Series representations:
(2xr108)2 22 m) E_JU_ ‘ ke |=S~{5-i)k|m
E’T/ 4680 1 Sr\ 4680 | = A g 1_2>—4f| E
\ [1139:1 T35 }Tmthz[_T}_ 11820 \ k=0
(27 108) 2 a2y 2 . .k 2k
ET/ : = g \Gn‘—l—zi[—l}q
(i Frmmt () o =
for
(271082 Ti@ ) 2 [ el
A 37 -
T Tt O { S
Integral representation:
/ i2x1082 3-'21'12_\{'_ /j 2
=2 2 sech®(t)dt
(222 + L rcoth?(F) - 252 ) 144

The result 1,6583164 is very near to the value 1,65578 (14-th root of Ramanujan
class invariant 1164,2696) and near to the value of the proton mass.

Now, we have from (11):

Pi/12 In(2+sqrt(3))
Input:
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. lcg[E +\J’E]

12

e lomixiisthe natural logarithm

Exact result:

l—lz;rlag[2+\'{;]

Decimal approximation:

0.344778771172172360677860590224468719539982425545975756797 ...

Continued fraction:

g dgargdfididslT4a881 342418301 3894493

Alternative representations:

1—12 10g[2+\1";];r= 1—12 ;rlng,,{? +E]

1—12 lag[E + \l”;]ﬂ' - 1—12 m logia) lngﬂ{E +\J,§]

12
Series representations:
« (5]
1 1 1 143
3 lag[E +£]n: E nlng[1+\{g]— E}TE T g
ol lag[E - \1{;] T=
12
1 5 arg(2+v3 -x)| 1 1 [—l}k[2+ﬁ—xkx'k :
— + — wlogix) - — for x < 0
= 2z Pl T ”El k
PP
T Dg[ = ];r -
1
i . n—arg[gl—arg[zn} 1 o 1 i[—llk{2+ﬁ—zn}kzﬁk
- + — mlogizg) - —
g 2 e TAP k
Integral representations:



ds for-1<vy<0

i a4 :|.+"l'l'§l|-_5 F[—s}z Il +s)
— lag[E +1,'"_] 4 -
24 —i ooty r(l-s)

We have that:

Pi * In(2+sqrt(3)) * (1/0.34477877117217236)

;rlc:g[2+\'q] :

0.34477877117217236

Result:
12.000000000000000...
Alternative representations:

rlog(2+V3) mlog,(2+V3)
0.344778771172172360000  0.344778771172172360000

rlog(2+V3) rlog(aylog,(2+V3)
0.344778771172172360000  0.344778771172172360000

rlog(2+V3) rLiy(-1-v3)
0.344778771172172360000  0.344778771172172360000

Series representations:

rlog(2+v3)
0.344778771172172360000

— 2.90041059256699265660 ;rlng[E +y2 Yot [

k=0

]]

= opa

rlog(2+v3)
0.344778771172172360000

= 2.90041059256699265660 x log{ 1 + «E] .

® (—1F [1+~.f—
2.90041059256699265660 Z

69



rlog(2+V3)
0.344778771172172360000

b peap
2.90()4105925659925555();rlcg’[?+\EZ[—z kE Z}k]
k=0 -

Integral representations:

rlog(2+V3) 243 1
- — 2.90041059256699265660 1 f e
0.344778771172172360000 bt

rlog(2+V3)

0.344778771172172360000 -
1.45020529628349632830 r'wﬂ N-if Tl +5)(1+¥3)"

—i ca+y ril-s)

d.S ol
I

The result 12, is a good approximation to the value of black hole entropy 12,19.

From:

mlog(2 + V3 24v3 1
- — 2.00041059256699265660 x f e
0.344778771172172360000 bt

We have that for
/%dx:log[:{[—l—c
2.900410592566... * © * 1n(2+\/3) =2.900410592566 * 4,137345254066 = 12

and

2 * Pi * In(2+sqrt(3)) * (1/0.34477877117217236)

Input interpretation:

2n10g[2+ﬁ] 1

0.34477877117217236

Result:

24.000000000000000...
Alternative representations:

2rlog(2+V3) 2rlog,(2+V3)

0.344778771172172360000  0.344778771172172360000
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2xlog{2+V3) 2 r log(a) log, (2 +V'3)
0.344778771172172360000  0.344778771172172360000

2rlog(2 +V3) 2rLiy(-1-v3)
0.344778771172172360000  0.344778771172172360000

Series representations:

2rlog(2+vV3)
0.344778771172172360000

]]

o

o
— 5.80082118513398531320 frlng[E 2 Yt [
k=0

2xlog(2+V3)
0.344778771172172360000

— 5.80082118513398531320 x lcg[l + \E] -
(-1) (1+ ﬁ}"k
k

o
5.B0082118513398531320 7 Z
k=1

2xlog(2+V3)
0.344778771172172360000

-,
.
—-
|
[T
L

w (-
5.80082118513398531320;rlcg'2+\E 2‘ 2 0

k=0

Integral representations:

24y 3 1
=S.EDDBEIIBEIBBQESBIBEDnJ th
1

2xlog(2+V3)
0.344778771172172360000

27 log(2+V3)

0.344778771172172360000
2.90041059256699265660 fmﬂ r-sP rl+s)(1+V3)™*

—i ooty [(1-s)

I

From:

243 1
:5.80082118513398531320n] Edt
1

2rlog{2+V3)
0.344778771172172360000

We have that for
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1
;e |
fX og x| +c¢

5.80082118513398 * 1 * In(2+V3) = 5.80082118513398 * 4,137345254066 = 24

The result 24, represent the physical degrees of freedom of the bosonic string, that are
the 24 transverse coordinates.

and:

144 * Pi * In(2+sqrt(3)) * (1/0.34477877117217236)

1
0.34477877117217236

14—4;r10g[2 +w,"?]

e logzixiisthe natural logarithm

1728.0000000000000...

144 log(2 + V3| 144 7 log,(2 +V 3 )

0.344778771172172360000  0.344778771172172360000

144 rlog(2 + \.f?] 144 r logia) log, (2 + \"E]

0.344778771172172360000  0.344778771172172360000

144 rlog{2 + V3 144 rLi;(-1-v3)
0.344778771172172360000  0.344778771172172360000

144 rlog(2+ V3 |
0.344778771172172360000

= opa

— 417.659125329646942550 & lng[E 2 b3 2 [
k=0

]]

1447 log(2 + V3 )
0.344778771172172360000

— 417.659125320646942550 x lcg[l + d?] -

Bt auEyr
41?.55912532954594255%2‘ . :

k=1
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1447 log(2+ V3
0.344778771172172360000

N e
411559125329545942550nlang+xf§'EJE_EJEQ_gE]

k=0

144 rlog(2 + V3
0.344778771172172360000

23 1
_ 417.659125320646942550 1 f o
J1

144 log(2 + V3 )

0.344778771172172360000 -
208.829562664823471275 r'wﬂ N-if Tl +5)(1+¥3)"

—i ca+y ril-s)

ds fto
I

From:

144 7 log(2 + V3|
0.344778771172172360000

24y 3 1
=417.659125329646942550 [ E dt
W]

We have that for

/%dx:log[:{;—kc
417.65912532964 * 1 * In(2+\3) = 417,65912532964 * 4,137345254066 = 1728

The result 1728 is very near to the value of the mass of the candidate “glueball”
fo(1710) that is 1723 (+ 6 —5)

Now, we have from (4):

[17M3/(eM2Pi) - 1))+273/(eMN4Pi) - 1))+37M3/(e”(6Pi) - 1))+4713/(e”(8Pi) - 1))]

113 213 313 413

- - -
Pzﬂ_l P4:r_1 fE._.'r_l fS.-T_l

0.041638381585443662182517651348977915286722918403784080981...

73



This is equal to —— = 0,041666 ...

We have:

1/ [1M3/(eN2Pi) - 1)+2713/(e”(@4Pi) - 1)+3713/(e*(6Pi) - 1))+413/(e(8Pi) - 1))]

Input:

112 13 . ELE . 413
l"?"—l r4”—1 l'ﬁ‘"—l I'E"—l

Exact result:
1
1 82122 + 1524323 + A7108 864
R s L e E S 871
Decimal approximation:

24.01630327413084238570300076965261729643441710611415234068...

Property:

1
is a transcendental number
1 + B122 g 1594323 g G7 108 864
T 14T 1427
Alternate forms:
1
B192 1594323 A7 108 864 1
et P BT = 2 (coth(m) 1)

—8193 +¢°" 4+ [552 052336339 + 562883633152 °" +
562950758400 ¢*7 + 13060710400 ¢°" + 65530925 ° ") /
[68 711380 + 68711381 62" + 68719574 6% ™ + 1602518 ¢ + 8194 ¢*" +¢=1””}

(e — 1)1 +¢="}[l +¢='2’T}[:|.—¢="-r +¢=2’T}[1 +&" +f‘2ﬂ}[1+f‘4ﬂ}

68711380 +68711381 2™ +68719574 %7 + 1602518 %7 + 8104 57 4 2107

Continued fraction:

RS T d i B adMddddadtiazgddaadddgd..g

Alternative representations:
1 1
113 g 213 i 713 i 413 113 213 713 413
LN R E-E Y aa0 - 14 20° 1410807 _laplH0"

3
et -1 ~14¢
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.
-1 a1 Fra AT
1

113 513 513 413

+ + +
::{132 "1z;1—1 v:xp4 JTn:z;l—l :xpﬁ‘ "n:z;l—l v.:x'l:uE ’qu;l—l

f|||' b

113 " al3 + 713 5 413
2T oy By BTy
1
413 . zl3 3 ol3 § 113
=81 log(-1) _1+F—Gilng1—13 _1+F—4ilng1—13 _1+F—2flng1—13

~14¢

Series representations:

1
T
1 8192
1/ - ¥ - ik
14l Do -1 f{142k) 1 +f16£f£<—13k}.'{1+2k:|
1594323 67 108 864

i
w19 ) [
1. D1 f(142k) 147 D=1 f(142k)

1
113 o132 N P B
Arg v A Y pa g T B
: / 1 8192
/ w 1)83% 4_1:ka’¢1+2k;|+ w 163 (-1 (1s2k) =
G R T ) P
1594 323 67108 864
+
w1343 (-1 f12k) w 113230 (-1 f(142k)
=k +{Zk=n k!} = = +{Ek=n k!} T
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113 . al3 713 413
271 T R R

(-Gl T BT -2 )
(e - )

o 1 m o 1 4
[53?1133ﬂ+5s?11381LZE]2 +58?195?4LZE] +

=

=|:| -
@ q G ® 1 am @ q 107
1602518 (%" —| +8194|% —| +|3 —
k1 k1 k!
=0 =0 =0
Integral representations:
1
113 212 | 313 413
!-'E‘IT—]. 9'4’1—1 l'ﬁ"T—l rgn—l
1
1 . 8192 + 1594323 + 67 108 864
[ ginfe 3 [ gimie ) 2 [™sinfty [ ginje
—1+r4JD sinft it alt —1+¢-8JD sinft 't at —1+r1 JEI sinit )t di —1+¢-16JD sint )t dt
1
13 gld | gl8 418
271 T BT BT
1
1 + g1e2 ¥ 1594323 G7 108 864
4 (#1142 )t B (#1142 12 (™1 142 )t 16 [ {142 )t
-14¢ JU i / -14¢ JU i / -14¢ JU ot K =14¢ lU ot e
1
T A O A
2T T AT LB
1
1 g1e2 1594323 A7 108 863
4 [™sindyfe? dt & B [@siniey/e2 dt o 12 [(#sin? )t dt & 16 [“sin?i)t2 dt
~14e JU = ~14e JU i -14¢ "JU e ~14¢ ]U i

The result, about 24, represent the physical degrees of freedom of the bosonic string,
that are the 24 transverse coordinates.

72 % 1/ [1M3/(eM2Pi) - 1)+2713/(e(APi) - 1))+3713/(e(6Pi) - 1)+4°13/(e"(8Pi) -
1)]

Input:
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1
13 13 513 418
L R R L R L

72

Decimal approximation:

1729.173835737420651770616055414988445343278031640218969177...

Property:

72 .
15 a transcendental number
1, 8192 1504323 _ 67108 864
T 14T 1427
Alternate forms:
72
51ez 1594323 . ATI08864 | 1
+ + + = {cothim) - 1}
et P BT 2

_5B9896+72° 4
{?2 {552 952336 339 + 562883633152 ¢~ " + 562950758 400 ¢ +

13060710400 ¢ + 65530925 7)) /
{58 711380 + 68711381 ¢2” + 68719574 %™ + 1602518 ¢ + 8194 %" +e1”"}

72" -1 (1 +£M)(1 +¢=2”}[1 —e" +¢=2”]-[1 +£" +¢=2”}[1 +¢=4”}

68711380+ 68711381 2" + 6871957477 + 1602518 57 + 8104 687 4 o107

Continued fraction:

[1729; 5,1, 3, 24, 5,4, 1,5, 26, 16,4, 2,10,1,2,1,1, 3,152, 1, 14,2,3,3, 1, 1, ...]

Alternative representations:

72 72
B A B el oo SIE . il
e TR T il T R T 143807 T 720° T 1 JOR0° © _ 1440°

72
P Ly
S R L e L L

72 :
tor
113 512 713 413

+ + +
o Tiziel ep?Tim-l exp® Tzl exp® Tzl
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72
113 213 313 | 418

yE”—l rﬁn 1 LY

72

413 . z13 ) 13 g 113
I_H,—B i log{-1}) —1+p"5 i log{-1}) _1”—4:' log({-1) _1+F—2:' log{=1)

Series representations:
72
13 513 T A,
Arg P At En gt By
1 8192
72 sy ,
L] Fea] ) i
st Do f(1ezk) 1 +f162k=n:—1f‘:n;1+2k.|
1594323 67108864
) + II
142 o g1 (142k) 1462 o g1k (142k)
72
13 g13 1 e il
Ar gt A Y pa g T B
1 8192
TEJI,I"II Z"" y + Z‘” ry +
w1 8 = 1142 k) w1 16 = 142 k)
=l +{zk=u k!} e -1 +{Zk=n k!} e

1594 323 67108 864

: +
g {Z:LD $}24 Ez:j#—lilkllﬂ:l+2k:l ;

1 +{z:;=n é}EE Zfﬂj‘_nk,u":':l"'z k)

72
113 213 413 413

B2 2 T 5T
BB )

1 el
[58?11380+58?11381L k—]z +ﬁ8?195?4LZE]
=0
1 pon
k!

15&2518L§7] +8194Li ] [ﬁ J

=0

=0

Integral representations:
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72

113 213 m 313 o 413
!-'E‘IT—]. 9'4’1—1 l'ﬁ"T—l rgn—l
72
1 8192 1594323 67 108 864

e
—1+r4 JD sinft it alt

72

oo o
—1+¢-8JD sinft 't at

1+!.1 2 L‘” sinit )t di

113 513 513

413

3
e= -1

+ +
r4’T—1 l'ﬁ"T—].

r'gn—l

72

TRy
—1+¢-16JD sint )t dt

1

8192 1594323

67 108 864

(097 /{1442
et B2 ae

72

(o7 i1 442 g (90 i1 442
1+¢-SJD 1/ 14= | alt 1+"1 Iy /{1 )t

113 513 313

413

+ -
2T ST ST

BT

72

oy 2y
Lo tB 1142 e

1

192 1524323

67108 864

i F ) i.a
4 [Maini)/es di
=14 JU !

The result, 1729,17 is very near to the value of the mass of the candidate “glueball”

roa 2y o 2 roa 2 e
—1+!'S JD sin= ity dit _1+r12JEI sin® (it

f,(1710) that is 1723 (+ 6 — 5).

Now:

(1/2) / [1M3/(eN2Pi) - 1)+2713/(eN(APi) - 1)+3713/(eN(6Pi) - 1))+4"13/(e"(8Pj) -

)]

Input:

a3l =

113 213 513

413

4+
I'E‘IT—]. r4”—1

Decimal approximation:

+
l'ﬁ‘“—l

1'8”—1

24

12.00815163706542119285150038482630864821720855305707617484...

Property:
1
1 B1e2 1394323 67108 564

2 2 4 Li] 8

“14e= T 14T “142 T =Ta4e® T
Alternate forms:

1

B122 1594323 67108 864 1
2[ g : + 7 (coth(r) - 1))

71 ST 871 2
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15 a transcendental number

L
_1+¢-16]D sin“ i)t dt



8193 27
s +‘°? +{552952 336339 + 562883 633152¢°" +

2
562950758400 ¢*” + 13060710400 ¢°" + 65530925 ¢°7) /
P[EE?11380+68?11381e2"+68?195?4f4"+
155251se5"+8194f8”+fm””

(" -1l +£")(1 +¢=2”]-[1 —&" +¢=2"}[1 +&" +f2"}[1 +¢=4"}

2(68711380 + 68711381 ¢2™ + 68719574 ¢*™ + 1602518 257 + 8194 257 4+ 107)

Continued fraction:

AZaaZdddagasdddadadigdddddaddddaanddd..]

Alternative representations:

1 1
{113 " a2l3 s gl3 TE 413 }2 2[ 113 213 713 413
2T _1 s3I LT _q - _IH,EISEI" _1+r'.'-"2III" _1_'_E,1IIIEIIII'L _1_H,144EI"
1
PP gty ATy By
: f |
01
[ 113 5 213 g 313 i 413
:xpz II'-:2:;1—1 :xp4 II'12:;1—1 :xp's "13;1—1 :xpg II'-:2:;1—1
1
{113 " 213 v 313 413 }
P21 ATl STy LB
413 gl3 o2l3 113

2 [ . + . + . + -
e B logi-1) 4O i log(-1) e logi-1) g2 i log(-1)

Series representations:

1
513 i i
T BT

graded }2

112
( +
E'E"—l FS.IT_].

B192

1f[2[ Ml oy
1.l Zm*-”’?im"? 1

1594323

el B i, i
R Zka:l‘ 1 (142 k)

-1

-+
4 o :Ik 'I|l
2 E [‘—1 .l'l'.1+2k:|

67108 864 H

@ o ki
1.7 P g f(rezk)
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2To1 a1 Pl AT

) / . 1 8192
/ R B S 1-1J“a’|:1+2k1 16 = 1:kn:1+2k1
S (TR T R e
1594 323 67108 864
+
s 1124 %@ (1 f{142k) o 1132 %% (-1f f[142k)
e i s Ll B
1
13 13 12 13 B
{r21”—1 E l':'f"—l = r'ﬁg"—l = !";-"—1}2

sl E e B2 520
g B

m 4
[2[58?11380+58?11381LZE]2 +58?195?4L E] +
~ k!

1552518Li$]6"+3194[2k] [é ]m]]

Integral representations:

"=‘I'—- &M*

1
{ 113 " 213 e 313 e 413 }2
2T Ty ATy BTy
1
1 8192 1594323 G7 108 864
2 roaq ff 2 + roaq ff 2 L reaq ff 2 L roaq ff 2
LAp et )ae 8 Rl 12 (R1f(14e2)de 16 [R1f{146% )k
1
{113 s B A o }2
201 LTy ATy BT
1
1 gl1ez 1594323 G7 108 864
2 T O o T R T I P W |
—1+r4JD st dt _1+FSL SN i)t dit —1+r12JD s dt —1+meD SN ()t dit

81



A1 £l Pl AT

/ 1 B192
1,"' 2 - + - +
14 Shrentmrta o 12 osintjet de

+

1594323 67108 864
flS LNSin4':rJ.-"f4 dr 1. f24 LNSiﬂ4ﬂle."r4 dr

-1+

The result 12,0081 is a good approximation to the value of black hole entropy 12,19.

32 % 1/[1M3/(eM2Pi) - 1)+2713/(e”(4Pi) - 1)+3713/(e”(6Pi) - 1))+4713/(c"(8Pi) -
1))]

Input:

32

1
112 N al3 . 713 N 413
1'2"—1 1'4”—1 l'ﬁ’T—l rg’T—l

Decimal approximation:
768.5217047721869563424960246288837534859013473956528751899...

Property:

32 )
15 a transcendental number

1, 8192 _ 1594323 67108864
T 14T _1427
Alternate forms:

32

g1ez 1504323 . G7I08864 1
7 R Tt S +E[c0th[fr}—1]-

_262176+32°" 4
[32 [552 952336 339 + 562883633152 ¢~ " + 562950758 400 ¢ +

13060710400 ¢°7 + 65530925 ¢"7 | /
[58 711380 + 68711381 > + 68719574 ¢" + 1602518 ¢°” + 8194 &7 +¢=1”"}

32" -1 (1 +£M)1 +¢=2”}[1 —e" +¢='2’T]-|:f|.+4='JT +¢=2’T}[1 +¢=4’T}

68711380+ 68711381 2" + 6871957477 + 1602518 57 + 8104 687 4 o107

Continued fraction:
[FEE:1111 541181312141 8381831111984 4 34 2102
Alternative representations:
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32 32
13 13 13 Tl 13 13 13 13
e e e e
£T-1 T ATy LA ~14¢ ~l+¢ ~1+¢ ~l4¢
32
113 513 513 213
+
-1 a1 Fra AT
32 i
for :
113 5 513 313 413
::{132 . {z)-1 v:xp4 JTn:z;l—l :xpﬁ‘ L5 {z)-1 v.:x'l:uE ’qu;l—l
32
113 o132 N P B
+
ET-1 o1 ATl AT
32
413 513 513 113
e B i logi-1) 4O i log(-1) e i logi-1) 42 i log(-1)
Series representations:
32
113 513 513 P I
+
E7-1 etTa1 0 Ao AT

B192

1
32/ - + - +
L] ol [ fi] W {
RPL dejﬂ 1;"‘}.'L1+2k] 1 +¢=mzk=n‘ 1:"}.-{1+2k]

1594323

67 108 864

+
o 14 ) [
1. D1 f(142k) 147 g1 f(142k)

32
113 213 513 P i
T pEiae T i P T
8192
32/

1594 323

i +
=t +{Z:]=u i}s Yo fl12k) 9 +{Zf=ﬂ i }1'5 > vk fiezk)

k!

67108 864

. +
1 "’{Z:LD $}24 Z:"df—lf‘}u:nzky 1 +{Z:¢=D k!}
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132 Zfﬂ¢-1f‘f¢1+z k)



32

113 513 513 413

!"E‘IT—]. &) e'4’T—1 2 l'ﬁ”—l 3 E'S‘IT—].
o 3 o B I .
=0 =0 =0 =0

3l

=0

[58 711380+ 68711381 [?_:

=1
[

)

B 1 o
E]Z + 68719574 [} =

-

o

=0

1
k!

54
7

@ 1 G @ 1 g ® 9 10
1602518 (%" — | +8194|% —| +|3 —
k! k! k!
=0 =0 =0
Integral representations:
32
113 " al3 713 413
R L L
32
1 B122 1594323 67 108 864
[ gingt )y [ ginit ) 2 [*sinjt)) [ sinft )
_1+¢-4JD sinfit 't alt —1+r8 JD sinft 't at —1+l'1 JEI sinfi 't dit _1+¢-161|J sinft )t dt
32
112 = 13 713 n 413
I L L E
32
1 8192 1594323 67108 264

4 (7 (142 de
-1+4e JU o /

32

o Y 23 2 o 2
1+.-SJE| 1)1+ alt _1+r1 Iy 1+ |t

113 213 513

413

271 4T T

R

32

[0 /1 442)
1418 51142 e

1

B1o2 1394323

G7108 864

i oot i
4 | Fminsityee dt
=14¢ JU !

rod 2 e £ 3 a 002 2
—1+l'8 JD s s dt _1+r1"JEI SN dt

roa 2 f 2
—1+l'1|5 JD s dt

The result 768,52 is practically equal at the value 765,171 of nonperturbative
contribution to the mass of a 1S quarkonium for m, = 4.7 MeV/c” = 0.0047 GeV/c”
that is the mass of quark down is 4.8£0.5£0.3 = 4.7 MeV/c’.

((((((12 ] [1M3/(eN2Pi) - 1)+2713/(e”(4Pi) - 1)+3713/(e”(6Pi) - 1))+4713/(e"(8Pi) -
D)D) /11

Input:
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12
Woq1sp13 513 g1
ET-1 7ol ST T

Exact result:

9211 3
11 1, 8192 1504323 | G7108 864
N &7 T ST BT

Decimal approximation:

1.673431523947580000084264747070453574235412637360666293354...

Property:

; 3
gt 11’ > e i e is a transcendental number
\4 —1+:"EJT —1+:"4JT ki —1+r'5” * —1+:"BJT
Alternate form:
9211
HJ 3[62"—1}[1+f2”}[1+f4”}[1+f2" +e4”}
68711380 + 68711381 ¢2" + 68719574 ¢*™ + 1602518 57 + 8194 £°57 4+ 0107

Continued fraction:

R I o [ S WG o A6 e e o G 0 O 1 00 S T R e G e 0 G L T 6 1, (O,

All 11th roots of 12/(1/(e2 m)-1)+8192/(e4 m)-1)+1594323/(e6 n)-1)+67108864/(e8 m)-1)):

. I Polar form j

: 3
A 11’ e =1.6734 (real, principal root)
1 ¥ g1e2 1594323 67108 864
N & T LR BT
2/11 3 (2imy1l
2777 4 F =1.4078 +0.9047 ;
1 8122 + 1524323 67108 864
N &7 @ ST BT
2011 3 4imy1l
277 e "0 =0.6052+1.5222;
1 gl1e2 i 1594323 67108 864
N &at e AT BT
2/11 3 (Bimyll
2777 & =—0.2382 +1.6564;
1 8192 | 1594323 67108864
N\ ot A ST BT
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; 3 Py
2 ST 1.0959 +1.2647

1, 8192 _ 1594323 _ 67108864
N &t ST BT

Alternative representations:

12 12

1} ;13 513 513 413 11 13 213 513

413

+ + + -+ -+
271 ATy BT B —14£500° © _1,,720 ~14¢10B0°

12
W13 g13 513 413
a1 Tl O LT
12
11 113 19 412 413

op? Tzl expt el e M-l exp® -1

for z

12
11 112 5 al3 i 713 3 413
e7-1 a1 AT LT
12
11 413 gl3 ald 113
_1_”.—8:' log (=1} _1_”,—6:' log (=1} _1_”,—41: log(=1) _1+!,—2:' log{-1)

Series representations:

12
W13 g13 513 413
7.1 a1 HTaa LT

+
_]ypldd0 -

52/11 11||I 3 1
1 g1ez2 1504323 A7 108 864

1
e I e, I e, I T, P

12
11 413 513 513 4l3
Ar v A T g T A
52/11 lﬁ lfl.-' 1 : 8192 n
— Do =1 f{1ezk) I Yo f(1ezk)

1594323 67108 864
; + ;
g D -1k f(142k) R D -1 f(1e2k)

86

111y



1
1 8122 1594323 G7 108 B
2 * 4 25 G x 8
| - S SO NN | T N | DA S
w‘{ o (=1 o (=1F o (=1 o (1
k=0 k! k=0 k! k=0 k! k=0 K
Integral representations:
| 12 _ g1 11f 3
11 13 513 513 413
+ - -
92”—1 1'4"—1 I'G‘IT—]. 98”—1
1
11 1 + 122 + 1594323 n GT108 864
J [0 i i [ i i 2 [ | [0 i Iy
‘11 _1+¢-4JD sinft )t dt _1+pEJEI sinit )t di —1+!'1 JD sint )t dt _1_”.1!5 JD sinft 't dt
12 _ g1 11 3
11 413 513 513 413
| + - -
e L R E
1
11 1 1 g1o2 + 1594323 + 67 108864
| 0] 1 452 07 11402 o (997 /1402 607 i 102
\i LAl et B Rt de a2 [P1fief)de 16 (011405 de
12
11! 113 i 213 i 313 5 413
A1 ATl ATl A
92/11 11|'3 [1 .."[ 1 i 8192 "
/ 4 (@sin?iryr? d B (“sin?iyr? dr
“1+eth i “1+e :
1594323 67108 864 P
+ (L L1}
12 [*sindiry/e? d 16 [*sindiry/e? di
B s - ' Tpeh !

The value 1.6734315 is very near to the 14-th root of Ramanujan class invariant
1164.2696, to the numerical result for 0, as a function of 0y, 1,6557 for the D7-
brane in AdS, x S*-sliced thermal AdSs and to the mass of neutron.

While for:
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((((((12 / [1M3/(eM(2Pi) - 1)+2713/(e™(4Pi) - 1))+3213/(e(6Pi) - 1))+4713/(e”(8Pi) -
D)D) /12

Input:

12
13 13 g13 g1z 13
£T-1 T ST AT

Exact result:
&/ 5 3
12 1 g19z 1504323 , G7108 864
ATo1 0 T R 5T

Decimal approximation:

1.603149228756122882877709999889122762850175967988673467014...

Property:

6 3 .
11 is a transcendental number
1 B1o2 1594323 i GB7 108 864
T e ~14e2 T 1457
Alternate form:
G
V2
- 3[¢=2”—l}[l+f2”}[l+f4”]-[l+f2"+¢=4”]-

\ 68711380 +68711381 2 + 687195747 + 1602518 % + 8104 57 + 107

Continued fraction:

T o e T G I D T D D S e O T B e I B S O 0 e S

All 12th roots of 12/(1/(e2 m)-1)+8192/(e4 m)-1)+1594323/(e6 m)-1)+67108864/(e8 m)-1)):

. I Polar form j

& 3 0

4 2 e =1.6031 (real, principal root)

12 1 B192 | 1594323 , BT108 864 ' .
A1 Tl ST ef 71

3 i
[ {imyh
V{E 1% 1 8192 1504323 67108 864 ~1.3884+0.8016
271 T ST R
V2 ! ™3 20,8016 +1.3884
12 1 g102 1504323 | A7108 864 z :
2T T ST BT
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. 3
2 12
1 8192 1594323

™2 1.60314

67108 564
+ +
A1 a1 P eBT_1
5] 3 (24m)'3 :
2 1, e ~-0.8016+1.3884
1 § B122 +1594323 67108 854
e T o R el 7]
Alternative representations:
12 12
1 113 G 213 i 313 3 413 1 113 & 213 713 413
21 £ _1 LT E-E Y 400" ]2 " _1+P1IIIED" _1+F144L'.I"
12
1 113 G 513 § 713 £ 413
a1 a1 Oy LT
12 f
or
1 113 213 713 413
et M-l exp?Tiz-1  exp® i1 exp® izl
12
1 112 G 13 § 713 i 413
£7a1 Tl O LT
12
12 413 zla al3 113
“1ae— B logi-1) 140 logi-1) 14—t i logi-1) 142 logl=1}
Series representations:
12
1 113 i al3 § 713 § 413
eT-1 a1 AT LT
65 125 1
12 1 122 1594323 67 108 864

EY )y LY

F
‘1*‘{2:;0:0%

89

+
TR



12

14 13 " 713 413 413
Zr v AT T e AR
& 12 1 8192
Ma g 1};’ ik 4
o o | o - ¢
~ fszkﬂ:ﬁ 1 f(142k) _1+¢=162k=u‘ 1 [(142K)
1594323 67 108 864 e
: + (1/12)
[ Rt 4 b
_1+f242k=n‘ ik fe2k) 322 -1 f{142k)
12 5r51$G;
11 13 : 513 513 413
E Lt T D L
1
1 i 8192 i 1594323 i 67108 864
T 4o &or 8
N T W B D B R
w (-1 o (=1 w (=1 oo (-1
=0 Kl =0 k=0 k! k=0 k!
Integral representations:
12
14 13 " 413 513 N 413
ey gl T P
85 12/5 1
12 1 5192 A 1594 323 67 108 864

P -
—1+r4 JEI sinfi )t di

T
—1+rE JD sint )t dt

(e i o s s
—1+y12JU sinfi )t di —1+:-1GJU sint it at

12 61
14 13 213 313 413 =Eﬁ

STy g

ST

. 1 8192

1594323 67 108 864

4 (1 142 ar
Laet o1/ 147

B[ /(142
_14et b L ]

(9 ({1442 (o] {1442
A2 e 16 ({14 et

12
12 13 g3 213 S e
2T -1 (i T
1 B192
%lﬁ[l/[ 4'“"'2r'r2dr+ B [®sin?ir)/t? de
i T s (L S - j-j sm= iy
1594323 67108 864

-1l+e

¥
12 [*sindiy/e? di
! -l+e

21412
16 B’"‘ EiTIEH:II."Ez dr ]] £
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The value 1,6031492 is practically equal to the electric charge of the positron.

[2((sqrt(5)+1)/2)*2)] * 1/ [17M3/(eMN2Pi) - 1))+2713/(e (4Pi) - 1)+3713/(e(6Pi) -
1))+4713/(eN(8Pi) - 1))]

Input:

[E(é [£+1]]2] 113 2l3 1 g13 413

- - +
ETu1 a1 ATl ATl

Exact result:
(1+V5
2[ -;..1 L i]J.T'.C‘Z 4 1524323 + 6?108864}
-1 £ ST 2T

Decimal approximation:

125.7509965115998572460622622629979184794435823674759621474...

Property:
2
(1+V5) .
15 a transcendental number
2{ 1 8102 1594323 _ 67108 864
“14e2 T “14etT “148T “14eB T

Alternate forms:

3+%5
8122 15294323 G7108 864 1
+ = jcothim -1
v Hr; T, 2[ (r) — 1}

(1 +‘-."'§}2 (" - 1)1 +£")(1 +¢=2’T}[1 — +¢=2"}[1 +&" +4=2’T}[1+4=4’T}
2(68711380 + 68711381 ¢>" + 68719574 ¢*™ + 1602518 57 + 8194 £57 + £177)

3 V5
+
1 122 15294323 67108 864 1 + B122 1594323 67108 864
2T et R R e2 71 et ST R

Continued fraction:
[125: 1,3,62,2,7,1,1,25,75,3,9,22,2,2,1,2,3,5,12,2,5,1,248,2,2,9, 1, ..
Series representations:

1 432
o *| 5
2205 1) et ;)

13 13 13 13 1 g1e2 1524323 AB7108 864
1 + 2 ¥ 3 + 4 2 j
2] ST AT eBT ] 1427 1t 14T 1437
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1 ﬁ o ﬂ_ilrk':'%llk
2(2 (5 +1)f VA LT
2

113 ol3 gl3 413 2[ 1 192 ¥ 1594323 + A7 108 864}
+ - +
g2N_]  gAm_y  Mm_y o JBm_g Sl T gt —1468T ~1+4£8 T
0 = L
IfloRe= _ 1 4 r{—E—s]r-:s_m
e,
. & 1+ T
2(7 (V5 +1)) ol
113 413 413 A3 T 2[ 1 8102 1504323 _ 6?1::13364}
- - -
21 Ay Br_y o Bry 142 14t ~1460T 148 T

We note that the result 125.7509 is practically equal to the value of Higgs boson’s
mass 125,09.

Now, we have from (9):

[1/(1~7cosh(((Pi*sqrt(3))/2)))-1/(3"Tcosh(((3Pi*sqrt(3))/2)))
+1/(5"7cosh(((5Pi*sqrt(3))/2)))-1/(7"Tcosh(((7Pi*sqrt(3))/2))]

1 1 1 1
_ + _
17 ccsh[El (m \.’?” < r:u::sh[zl (3 ﬁ]} 57 cash[% (5 ‘-«"?}} i cnsh[El (7xV3))

e coshix)isthe hyperbolic cosine function
Exact result:

12 =) o) ol

sech[

2 2187 N 78135 823543

° sechixi is the hyperbolic secant function
Decimal approximation:

0.131089115788023257122812627148310800789156905260035508375...

Property:

P sech[ %] sech[ 2 “:3 "] sech[ %FBT]
sech[ ]— -
2 2187 78125 223543

is a transcendental number

Alternate forms:

92



1

140710042 265 625 /5 JT

3 343
[14!3 710042 265625 sech[T}T] - 04339296875 sech[ 5 F] +

5v3n V3 n
1801088541 sech - 170859375 sech
VER 3van
2 cnsh{T] 2 cash[T]
- +
1+cosh(V3 x) 2187(1+cosh(3V3 x))
2cnsh{m] 2ccsh[w]
2 2

78125 (1 + cosh(5 J??ﬂﬁ}_ 823543 (1 + cosh(7 V'3 )

2 2
— 4 = — e
f-{w 3 n)f2 +f{w 3 n)2 2187 [‘,'{3 V3 nfz2 _H,{E V3 n]:az]

2 2

— i — ) i, ' =" I
78125 [‘.“{5 V3 n)f2 +f{5 v n]}az] 823543 [f-{w 3 n)2 _HJ_H 3 n:lll.'.?]
Continued fraction:

Brldd 24499994 4969 914114 11,91 588.1,1712 3.8

Alternative representations:

— — — = s
17 cash[”';_ ]  E ccsh[ 3”; ] 57 cash[g [ ﬁ}} 77 ccsh{ ?n; 3 ]

cns{é ,-;Tﬁ}l? - CDSG:}TV’?}B? L ccs{g ,NE}S? a cns{g ”ﬁ}??

1 1 1

1
17 cc:sh[ = ';_ 3
1

1

(7]

+ - 2205
] 97 cush[g”; ] 57 cnsh[g (o ﬁ}} 77 cush[ ?n; 3 ]
1 1
cns{—% z}rﬁ} 17 cus{—g i E}S? . ccs{—g i E}S? i cas{—g znﬁ}??

(==

1 1 1 1
i — + = s
17 cosh(252) 37 cosh(2Y2) 57 cosh(Z (xV3)) 77 cosh( 722 )
1 1 1 1
17 - 37 i 57 & -7
1

saz{inru'?] 5::{%:’11 1.-'?] m\:{%:’nﬂ?] 5:!:{%1’11 \.n'?:l
Series representations:
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1 1 1 1

— + - ———
l?cash[&] B?z:t:sh[g’”J ] 5?‘305}1[3 [”ﬁ]‘} ??cnsh[?"ﬂ]
2 2 2
i L A+2k 1A +2k
S\ (L+k+k%)r 2187 (7 +k +k%)x
-1* (1+2k) (-1*(1+2k)
78125(19 +k +k?)x  823543(37 +k +k%)x

1 1 1 1
— - — + - — =
17 cash[ﬁl ¥ cush[ ﬂ] 57 C':’Sh{g [x ﬁ” 77 cnsh[ 1Y ]
2 2 2
i ) [—l}k f—?,.'z 1.-"?l:l+2k:ln 2 (- 1}.!.; ‘,-5."2 V3 I:_1+2k:|n
823543 i 78125
k=0
ko =3/243 (142k)
2(-1) & it +9 [—l}k M2 V2 (142k)n
2187
1 1 1 1
— - — + - — =
17 cnsh[ﬁ] 37 cnsh[ m] 5 CGShG [r ﬁ}} 7 cnsh[ iz ]
2 \ 2 . _ 2
i 2 (1) f—u:_? V3 n)f2-743 kan 9 (1) ‘,"{5 V3 n|/2-5v3 kn
s + —
823543 78125
k=0
3 n)f2-3v3 ka
9 (~1F +3v2 x|, s
Y e +2[_1}kr—¢1.n'3:r1..'2 VER L
2187
Integral representation:
1 1 1 1
= + - =
17 ccsh[" . 37 cash[ M] 57 CUSh[g [ ﬁ}} i cnsh[ L ]
2 2 2
j.w 7 pi V3 9 431 V3 Etsw? Et?fﬁ -
— + —
o |m(l+t%) 2187x(l+t?) 78125x(l+t%) 823543x(l+t%)

Pi~7/960 /[1/(1°7cosh(((Pi*sqrt(3))/2)))-1/(3~Tcosh(((3Pi*sqrt(3))/2)))
+1/(5"cosh(((5Pi*sqrt(3))/2)))-1/(7*7cosh(((7Pi*sqrt(3))/2))]

Input:

260
1 1 1 1

L + T
l?c-:ush{il_—el::r \.n'?llll E?EDEh{%{En ﬂ?]ll STEDEHH—{SJT 1.-'?'” 'F?c-:ush“;ﬂ?n'u'?]:l

e coshix)isthe hyperbolic cosine function

94



Exact result:

}T?

333
sa:-:h[—2 ]

543
sa:r:h[—2 ]

Sﬂ:]‘l[? 1u"_l‘E .ITJ

F

060 sech[ “'—; ”] -

2187

Decimal approximation:

78125

823543

° s=chix) is the hyperbolic secant function

24.00000000000000177522845669938526037236526492485370568707...

Alternate forms:

(9380 669484 375 ;r?}ff

V3
[54 [140 710042 265 625 sech[T”] - 64 339296 875 sech[

5v3nr

1801088 541 sech[

2 [[9 380669484 375 ;r"}!;’

[54 [— 140710042 265625 sech[

1801088 541 SECh[

5v3 n

] - 170 850 375 sech[

3

]+ 64 330206875 sech

] + 170 850375 sech[

Bﬁﬂ']
+
2

=)

3v3
5 il

=)

3¥3nm
2 cosh
cns[ 2 ]

2 r.'DE]'I[

543
2

2 cnsh[@

ath [2 cnsh[%]

1+cosh(v3 x| ~ 2187(1+cosh[3 V3 r|| 78125 [1l4cosh|5 V3 x) 823543 [14cosh|7V3 n'ﬂ]

Alternative representations:

1 1
[l?n:n:is'l'l["w"II ] E?n:nsh[gnulg ] 5?n:-\:|51'|[5”1"I

950[ 1 - d

1
= — + = = =
cns{é‘:’nu‘?]l? cns{zahru'E]E? cns{%:’nu‘?]S? cns{";f:ru'E]??]
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1 e 1 e 1 i 1 = 950
1"."|:n:|51'|[Ir 1';3 ] ETEDE]'I[E”; A ] S?n:uzush[s”;lg ] 'F?ccush[?”;3 ]

960 : - L + - - L
cns{—é:’nw’?]l? cns{—i:’n 1.-'?]3? cns{—%r’nw’?]S? cus{—gin 1.-'?]??

L 1,1 960
l?cnsh[” 1;3 ] 3"."'r_'n:|5]1[3”1"I ] S?n:n:nsh[gn;ls ] ??cnsh[?”;'lg ]

Series representations:
"
1 1 1 1
— — — 4 — _ — | 960
l?cnsh[” 1"213 ] E?n:uzush[gn; ] ETEDE]'I[%] ??cnsh[?”;g ]
9 380 669 484 375 »°
(-1 (142 k) 140710 042265625 64330 206875 437414493 3584372700 k+372709 k%)
- ‘ 1+t THkHE (19442 ) 37+ )
64 Zk:ﬂ 2
7
1 1 1 1
— - — + — _ — | 960
[l?n:n:hs'l'l[JT 1;3 ] 3"?:05]1[—3”; 3 ] S?n:n:hsh[—sn;g ] ??cnsh[?";3 ]]
(9380669 484375 nf‘}f’
54% Jnn. 823543 (-1 (1+2k) 78125(-1)*(1+2k)
fe (19 +k +k2};12 (37 +k +k2}}1‘2
140710 042265625 (-1 (1 +2k) 64339296875 (—-1)° (1 + 2 k)
[1+k+k2};r2 {?+k+k2};r2
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1 iy 1 " 1 " 1
lj'rn:n:us'l'l[JT L ] BTEDSH[—E’T; 3 ] STCDSH[—SH:IE ] ??cngh[;r_ﬂ ¥ 3

2 2
iy LA [ T Va3 (lzk)r g 1)k 7512 V3 (142k)n
x [ |960 Z‘ - +
o 823543 78125

-3/2v3 | Ir
E[—l}kf‘ 3ZV3 (1+2k)m

e 1}.’: f—l,-'2 V] |:1+2.5::|:r]]

2187
Integral representation:
ﬂ_?
1 1 1 1
=i — 5 — - — (960
l?cnsh[”\; ] B?n:u:sh[g’-r; 3 ] S?m:ush[s’-r,;"lg ] ??ccush[?’-r_;"l
! ! 5 /

ki

9605‘“{“”3 | 23iV3 2/5iV3 g Tiv3 Jt
m(142)  2187x(142) 7E125w(142) 823543x(142)

The result 24, represent the physical degrees of freedom of the bosonic string, that are
the 24 transverse coordinates.

(3Pi*7/40) / [1/(177cosh(((Pi*sqrt(3))/2)))-1/(3"Tcosh(((3Pi*sqrt(3))/2)))
+1/(5"cosh(((5Pi*sqrt(3))/2)))-1/(7*Tcosh(((7Pi*sqrt(3))/2))]

Input:

1 1 1 1
e + -
l?c-:ushﬂlil::r \.n'?llll E?El:lEhl:%l:E.lT u'?]] 5?cnsh|:i—|:5n 1.-'?'” ??EDE]'II:]';I:?JT \.n'?llll

e coshix)is the hyperbolic cosine function
Exact result:

3n7
40 sech["'—;"] . ﬂh[%] ﬂh[%] i sn:h[@]

2187 78125 823543

° s=chix) is the hyperbolic secant function
Decimal approximation:

1728.000000000000127816448882355738746810299074589466809469...

Alternate forms:
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(84426 025 359 375 ;ﬁ"}f’

V3
[8 [140 710042 265 625 sech[ T’T] — 64 339296875 sech[

=)

3ﬁfr]
+

5vV3n

1801088 541 sech[ ]— 170 859375 sech[

_[[34425 025359 375 ;r?}f

3

[8 [—140 710042 265625 sech[ ]+64 339206875 sech[

53 V3
1801088541 sech 5 +170 859375 sech -

Bﬁﬂ']_

3x’
2|:|:us]'|[1"l§I ] 2|:n:|s]'|[E 1"123 ”] 2|:-:|s]'|[5 "'123 ”] Zcush[?"lqﬁ
40 e — Ve e
L+cosh{v3 m]  2187|14cosh|3v3 r)| 78125 (14cosh{5V3 x| 823543 |14cosh|7V3 7|

Alternative representations:

1 " 1 ¥ 1 e 1 0
l?cnsh[" \; ] E?EDSh[gn; A ] S?n:u:-sh[E";llg ] 77 cnsh[wl

4|:|[ 1 _ 1 + 1 _ 1 ]
1. . =4.7 T T N T L. =T
cns{znr\u'E:ll u:u:us{zunn'E:lE cu:-s{zlnu'E:lS cns{EHru'E:l?

3

1 1 1 1
= — promy =—
[l?cnsh[” L ] E?n'_'cush[g”"'l ] S?m:ush[gn;lg ] ??cush[wl]

3n’

1 1 1 1
4':'[ - - -
1. 7 3. 7 5. 7 z. 7
cns.ﬂ—zr:ru'E:ll u:u:us{—zu'ru'E]E cus{—zxnu'E]S cus{—zlnu'E]?
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1 e 1 g 1 i 1 = Af)
17 cogh| T Y3 ] 3"."n:n:|51'|[3”1'II A ] S?n:nsh[s” Y3 ] ??cnsh[?” ¥ 3 ]
3’
40 1 3 1 5 1 o 1

17 7 7 7

3 5 i
snc{é—:’nu’?] snc{%:’n 1.-'?] snc{%:’n 1.-'?] snc{zzinu'?]

Series representations:

3a’
1 1 1 1
T = T — = — |40
1"."-:n:|5]'|[JT 1';3 ] E?EDE]'I[E'IT; 3 ] 5?-205]1[%] ??cush[?";E ]
84426 025359 375 x°
(-1 (142 k)| 140710042265 625 _64 339 206 875 S BATEHITA a4 79 70 ot ¥ TG K2)
g $ ) 1+ THoHE {19Hc+k2 ) (37HeHk2 )
Zk:ﬂ 2
3x"
1 1 1 1
T = T — = — |40
l?cnsh[” 1"2'3 ] E?EDEH[EJT; ] 5"."u:n:us]'l[gn‘,;"IE ] ??cu:-sh[?";g ]
(84426025 359375 x°) /
. 823543 (-1 (1+2k) 78125(-1) (1+2k
[82[218?[ = ) _ s 2R
fiom (19 +k + k%) »* (37 +k + k%) n?
140710 042265625 (-1)* (1 +2k) 64339296875 (-1* (1 + 2k)
(1+k+k?)n? (7 +k +k?)a?
3x7
1 2 1 + 1 5 1
1"."-:n:|5]'|[JT 1";3 ] E?EDE]'I[%] 5?@:-5]1[%] 77 u:-:us]'l[j"—ﬂz"'IE ]
3 7 a0 i -1 72 V3 (1a2kjr 4 (—1) £ V3 (142k)n
£ = + -
T 823543 78125

2 (1) 32 V3 (1+2k)n

+ (-1 12 V3 (142k)n
2187

Integral representation:
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3x

1 1y 1 i 1 " 1 40
l?cc\sh[’-r \"213 ] 3?120511[%] ETEDE]'I[SH:IE ] ??cnsh[?ﬂ:lg ]

3

4DL‘“[HI”— o3iV3 2(5ivV3 g 7iv3 ]‘“
r(14?)  2187r(14?) 7125 n(142) 8235437 (142)

The result 1728, is very near to the value of the mass of the candidate “glueball”
fo(1710) that is 1723 (+ 6 —5).

(Pi*7/1920) / [1/(1~7cosh(((Pi*sqrt(3))/2)))-1/(3"Tcosh(((3Pi*sqrt(3))/2)))
+1/(5"cosh(((5Pi*sqrt(3))/2)))-1/(7*Tcosh(((7Pi*sqrt(3))/2))]

Input:

n?
1920
1 1 1 1
P i Elaoda ) T 1 =n T 57 I =W ahaarls =
17 cosh| > (7 ¥'3 )] 3" cosh| (37 v3)| 57 cosh((5793)) 77 cosh| (773
e coshixis the hyperbolic cosine function
Exact result:
}T?
= 5:!:]1[3 \4'73 :r] 5:!:]1[5 1-.l":l3 :r] s:r_'h[? ‘u'13 :r]
1920 sech[ 3"}— — 4 = i i
2 2187 78125 823543

. sechixi is the hyperbolic secant function
Decimal approximation:

12.00000000000000088761422834960263018618263246242685284353 ...
Alternate forms:

[933&5594&43?5;F}f

[128 [140 710042 265625 sech

5v3
2

V3

3vV3
]—543392968?55ech ”]+

7vV3n
]—l?GESQBTSSECh[ 3 ]]]

H b

1801088 541 sech[

—ﬁ933D5594E43?5;ﬁ}f

VER
2

5v3nx V3
1801088 541 sech 2 + 170859 375sech -

[128 [— 140710042 265625 sech[

33
]+543392958?55ech[ ”]-
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T
2 cosh| X321 Zcosh|3¥ 3T Zcosh|2¥ 3T 2 cosh| X3 T
2 2 2
1920 — - — — - —
L+cosh{v3 n]  2187|14cosh(3 3 n|| 78125 (14cosh|5¥3 x| 823543 (1+cosh{7V3 x|
Alternative representations:
ﬂ_?
1 1 1 1
— e — + — - — (1920
17 cosh| TL2 37 cosh| 31¥ 3 57 posh| 21 Y3 77 cosh| 22 Y32
2 2 2 2
ﬂ_?

1920 - S 1, - S 1
cns{é‘f:ru‘?]l? cns{i‘:’nu‘?]E? cns{i‘fﬂu‘?]S? cgs{gin‘;g]??

}T?
1 1 1 1
= — + — - — (1920
17 cogh[ TV 3 37 pogh| 30V 3 57 cogh| 20 Y 77 cogh[ LAY 3
2 2 2 2
}T?

1920 b b - e —
co-Lin V3|17 cof-2invE )37 cod-2invVE)5T  cod-Zinv3)77

ﬂ_?
L _ L L _ L 11920
17 cosh Ty ] 37 cnsh 3”1"13] 57 cosh 5”1"'3] 77 cosh iny3 ]
2 2 2 2
,:'T?

1 1 1 1
1920 2 + {5

7 7 o7 7

7
snc{%fnu‘?] sac{ginu'?] snc{%:'nu'?:l snc{zznru'?]

Series representations:

7

— - el L L 1920
1"."-:n:|5]'|["1'll ] 3"."|:-:|5]'|[3”"'l ] E?EDE]'I[M] 'F?c-:ush[?”“lgl

2 2 2 2

0380 669484 375 °
(15 (142 k) 140710 042265625 64330 206875 | 4374 (14493 3584372700 k4372700 K2)
128 §* ) 1+t Tk {19k ) 374k )
Zk:ﬂ z

m
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L L L _ ! 1920
lj'rn:n:us'l'l[JT \"213 ] BTEDSH[—E’T; 3 ] STCDSH[—S’T:E ] ??cnsh[?ﬂ,;"lg ]

(9380669 484375 nf‘};’
o0 823543 (-1 (1+2k)y 78125(-1)*(1+2k)
128 §" 2187 } - i +
o (19 +k +k?)x? (37 + k + k%) n?
140710 042265625 (-1 (1+2k) 64339296875 (-1 (1+2k)
(1+k+k?)n? (7 +k + k%) n?

L L, L _ ! 1920
lj'rn:n:is'l'l["”"'I ] 3?1205]1[—3”;3] ETEDEH[—SH:E] ?Tcnsh[?—ﬂ,_:"lg

2 &
oy @ [ 91k 2 V3 (142 k)n 2 (~1)f &2 V3 [142k)n
a /11920 ' |- i
/ - 823543 78125

-3/2v3 | )7
E[—l}kf 3243 (142k)m

+ 3 l}k f—l,-'.? YE] [142k)m
2187

Integral representation:

L = L, L _ ! 1920
l?cnsh[”\'; ] B?n::-sh[g’-r; i ] 5?.-_-.:.5]1[5” ¥d ] ??ccush[?’-r,;"lg ]

L

IQEDLN[EH“'E _ 2r3""“3q §_2EENY  meeNd ‘J
m{1+%)  218Fm|14=) '?8125n|:1+t2:| B23543m(14°)

The result, about 12, is a good approximation to the value of black hole entropy
12,19.

( Pi*7/30) / [1/(177cosh(((Pi*sqrt(3))/2)))-1/(3*Tcosh(((3Pi*sqrt(3))/2)))
+1/(5"7cosh(((SPi*sqrt(3))/2)))-1/(7~Tcosh(((7Pi*sqrt(3))/2))]

ar

30
1 1 1 1

T eosh| L (xv3)] 37 cod L [3n V3] 5 cosh[L[57v3)) 7 cosh|L (7773 )

Exact result:
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ﬂ_?

3v 3 543 7¥an
0 L8 L8

2187 78125 823543

30 [sech[ "'—; "] -

Decimal approximation:

768.0000000000000568073106143803283319156884775053185810864...

Alternate forms:

(9380 669 484 375 ;r“"}!f’

V3 3v3
[2 [14() 710042 265 625 sech[ Tfr] - 64 330206875 sech[ Ir] +

S V3 7v3
1801088541 sech[?]— 170 859375 sech[ V3 F]]]
-[[9 380 660484 375 n?}f’
3 3V3
[2 [-140 710042 265 625 sech[ ”]+54 339296 875 sech[ ;r]_

53 V3
1801088541 sech 5 +170 859375 sech -

}T?

chsh[i] EEDEH[M] zcﬂEh[M] .'Zr.‘n:nsh[m
30 7 B 2

2
= + -
L+cosh{v3 n]  2187|14cosh|3 43 x| 78125 |l4cosh{54'3 x| 823543 (14cosh| 743 n'ﬂ]

Alternative representations:

1 1 1 1
= — + — - — |30
l?cc\sh[” \; ] 3?1'_'05]1[3”; 3 ] E?EDE]'I[SJT;IE ] 77 cnsh[wl

1 1 1 1
30 — - - + - - —
[cns{é‘:’n\u‘?]l? cns{%:’nu‘?]E? cns{%:’nu’g]S? cns{%:’nu‘?]??]
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1 1 1 1
= — 4+ — — — | 30
l?cnsh[” 1"2'3 ] 3"."'r_'|:|5]1[3”1"l ] S?m:ush[gn;lg ] 'F?cush[?”;'lg ]

30 . — ! + 1 _ 1
[cns{—ér’n 1.-'?]1? cus{—%:’n 1.-'?]3? cus{—gfn 1.-'?]5? cus{—gin 1.-'?]??

,:'T?
1 e 1 g 1 i 1 = an
17 cogh| T Y3 ] 3"."n:n:|51'|[3”1'II A ] S?n:nsh[s” Y3 ] ??cnsh[?” ¥ 3 ]
}T?
1 1 1 1
30 - - -

17 7 7 7

5 i
snc{é—:’nu’?] snc{%:’n 1.-'?] snc{%:’n 1.-'?] snc{zzinu'?]

Series representations:

7
1 1 1 1
= s e — |30
17 cosh[ T4 3 37 cosh| 21 ¥ 3 57 cosh| X Y3 77 cosh| 20 Y3
2 2 2 2
9380669484 375 r°
2(-1f (142 k)| 140710042265 625 64330 206875 | 437414493 3584372709 k4372709 k)
- + - +
- ) 1+c+k? 7+t {Lotktdc? ) 3744k )
2o =
7
1 1 1 1

—

— + = =
l?cnsh[” 1';3 ] 3?1'_'05]1[3”; ] 5?c05h[¥] '??cnsh[%]

o 823543 (-1 (1+2k) 78125(-1)(1+2k
{9SED5594843?5n6};LZ[43?4[ e } Qken)

= (19 + k + k%) n* (37 + k + k%) n?
281420084531250 (-1 (1+2k) 128678593 750(-1)° (1 +2k)
(1+k+K%) 2 (7 +k + k%) x*
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1 " 1 i 1 1 0
l?cc\sh[’-r \i3 BTCDE'h[@] 5?1205]1[%] ??cnsh[¥]

o ” i 92 (1) o712 V3 (142K 2 (-1 ¢5/2V3 {1+2k)r
a - + =
/ - 823543 78 125
ko -3/24/3 (142k)m .
2(-1y e 2 (— 1)k o2 VE (142K}
2187 +L(—-1) e
7
_1.—‘_1.—‘*_1.—‘_1_—3'3
1'“u:n:|5]'|[’-r\:'l!3 ] 3;':05]1[312\- 3 ] S'rccush[s’-r;g ] '?'rcu:-sl'l['f’-r;'I3 ]
)
30 Eﬂ[zrwa _ 33iV3 g S Vi g Tiv3 Jdt
m{1+2)  2187x({142) 7B125n(142) B23543x(142)

The result 768 is very near to the value 765,171 of nonperturbative contribution to the

mass of a 1S quarkonium for m, = 4.7 MeV/c® = 0.0047 GeV/c” , that is the mass of
quark down is 4.840.5+0.3 = 4.7 MeV/c’.

[(2*%2.61803398*Pi~7)/960] / [1/(1"Tcosh(((Pi*sqrt(3))/2)))-
1/(3"7cosh(((3Pi*sqrt(3))/2))) +1/(5"7cosh(((5Pi*sqrt(3))/2)))-
1/(7"7cosh(((7Pi*sqrt(3))/2))]

where 2,61803398 is the square of the golden ratio 1,61803398...

kN 7
= (22.61803398 ")

1 1 1 1
= e — = | —
l'rcnshl:lil::ru'B:lJ 3"cnshl:%l:3:r\-'3:|:| S'rcnshl:é—l:S:ru'B]J ??CDE]'II:

151:'.?,1 ] Tl

125.665631...
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2. 2.61803x

e S - L___ 1960
l?cnsh[”“EIE] E?n:uzush[gn"'l ] ETEDE]'I[%] ??cnsh[?”;'lgl

5.23607

gﬁD ! — 1 + 1 _ 1
EDS{%I.” nl?ll 1% ‘:':'5{23‘:” ""?]3? C':'S{gfﬂ 1..'?]5? EDS{EJ'.IT 1.:'?]??

2. 2.61803 17 ~
1 1 1 1
1"."r_'n:|51'|[Ir 1';?] - 3?\:05]1[3”;?] % S?r_'nsh[#] K ??cnsh[?”;?] gﬁl:l
5.23607x7

gﬁ':' 1 - 1 + 1 _ 1
L‘Ds{—é:’nw‘?]l? cns{—i‘:’n 1.-'?]3? cns{—g'hr".n'?]S? cns{—gin 1.-'?]'??

2 2.61803x"
1 1 1 1
= = F — - — (960
1".'Iln:n:|5'|'|[JT 1"2'3 ] E?n:nsh[%] S?CDEH[EH;S ] ??cnsh[?”;g ]
5.23607 17
1 1 1 1
Q60 7 - o7 + -7 % —

sac{;—lnu'?] snc{gfn 1.-'?] snc{gfn 1.-'?] sac{zzinu'?]

Series representations:

2. 2.61803x7

— ! s L 2 . 960
\'_‘DE]'I['IT 1';3 ] E?n:nsh[gn; A ] S?n:nsh[sn;g ] 'F?cnsh[?”;E ]

1 1
4-"{n~f3'[~k

2k

(0.00545424 ") / |-

:[kl{rr -.-'?]2
2187 zk:lj 2k Zk:ﬂ

1 1
Tk‘” '[2 Tk{n‘-"

w@ o
I H _4—12&.1' 823543 " —4—{2&!'
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2. 2.61803n"

1 e 1 e 1 i 1 = ';IE.D
1"."n:n:|5]'|[JT 1';3 ] E?r_'n:nsh[gn; A ] S?n:nsh[S";E ] 'F?msh[?”;g ]

1 1

[D.DD545424;T?}; & FTET R +
Y3 % JT"-"E
_.2—

2187 Em (2k)! Zk:ﬂ (2K)

1 1
k
@ | {” ]2 s { ]2 ‘"1"'3.[2

7L N _2—':_2‘;:." 823543 " )
2. 2.61803x’

1 s 1 o 1 L 1 = 950

1"."-:n:|5]'|[JT 1";3 ] E?EDS]'I[EJT: A ] 5"-"::-5]1[5”;3 ] ??ccush[?”;g ]

7. | 1 1
(0.00545424 ]'j — - —
[ in n#3]1+2k [_f_.lT+3.lT‘.l'3]1+2k
2 2 2 2
- 2187
) e (142k)! B3 (142k)!
1 1
[_l:_.l'l'+5.lT 1.|"_ ]1+.2k [_J:_.IT+?.|T ,J.'_ll+2k
2 2 o 2 2
78 125 Z“’ 823 543 z
' Lk=0 (152K) ' Lik=n (142Kk)
Integral representations:
2 2.61803x"
— — e it L 1960
1"."|:n:|51'|[Ir 1';3 ] 3'?::-511[3”; 3 ] STEDEH[%] ??ccush[?”; ]
0.00545424 n”
1 E 1 " 1 o 1
av 3 Inmy3 Sr 1.-' 3 Zrya
fin 2 ginhindr 2187 f_:r sinhit)dt 78125 J_” sinhithdt 823543 _nz sinhir) dt

2 2 2 2
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2. 2.61803n

T— ! y . 1 960
l?uzn:ush[’-r 1;3 ] B?n:u:sh[¥‘l S?EDsh[S’T:IE ] ??cnsh[?”:l ]

(0.00545424 17 J,f

1 1
_ ~ - -
[1 + % J'D'lsinh[% ntﬁ}dt 218?[1 + En;g J;lﬂllh[i mt ﬁ}dt]
1

78125(1+ 22 (Isinh(2 £t VT )at]

1

823543 [1 + % fi'sinh(Z nt »E}.;:t]

2. 2618031

1 i 1 + 1 3 1 960
1?-\'_“:\5]1[’-r ‘;3 ] ETcnsh[g’T; 3 ] SFcnsh[s’T:g ] ?Tcnsh[?”:

(0.00545424 17 jf’

2im 2im
l: ] - l: ] +
sH{r? V3 %)/6s) s+on? v3<)/nes

Vo [fomtve L 7 45 2187 +x [intre ds

=i oa+y Vs =i ooy Vs
2irm

s+{2522 ¥32) /16 5)

78125 vx [Lotr € — ds
=1 ta+y Vs
2im
_ s+{49r2 V326 s)
823543 Vr [1* € e ds
—f a4y V5

We note that the result 125,665 is practically equal to the value of Higgs boson’s
mass 125,09.

[[[[sqrt[sqrt(1/[1/(1"7cosh(((P1*sqrt(3))/2)))-1/(3"7cosh(((3Pi*sqrt(3))/2)))
+1/(5"7cosh(((5Pi*sqrt(3))/2)))-1/(7"7cosh(((7Pi*sqrt(3))/2)]111]

108



1

1 B 1 1 _ 1
l?cnsh{;—l{n ViE) I|I| E?CDEh{%{EJT 1.-'?:" - ETEDEh{;—{EJT 1.-'?'” 77 cnsh{é—{?n Vi) :|:|

Exact result:

1

| e PR =0 (]
sech{“"]— + -
2 2187 78 125 823543

Decimal approximation:
1.661913216004292392825052107092679325354169411563268828448...

Property:

1

15 a transcendental number

=Rl = =FE

El ) 2 2 2
sech( 2 "] - + -
2 2187 78125 823543
Alternate forms:

; 3 3v3
(105 1D53"4}f[[l40'.?1DD422|55|525 sech[%]—543392968?5 sech[ . ”]+

5v3 r V3 r 2
1801088 541 sech 5 - - 170 859375 sech —3 i1/

1

Van 2van 5y3n 73
Zc-:sh[ 3 ] chsh[ = ] Zc-:sh[ = ] Zcush[ 2 ]

q L4cosh| V3 x| ¥ 2187(14cosh{3 V3 x)| 78125 |14cosh|5 V3 x| " 823 543 | 14cosh{ 7V3 1)

/ 2

/ f-{ V3 xf2 4 f{ V3 a2

2 2
: ik — —
2187 [f-{z V3 nf2 _H,{3 V3 n]:az] 78125 [f-{s Rk +¢={H 3 n]}az]

2
ey Y il
743 m)f2 T3 ml|f2
823543 [f | Pl } ]
All 2nd roots of 1/sqrt(sech((sqrt(3) m)/2)-sech((3 sqrt(3) )/2)/2187+sech((5 sqrt(3) 7)/2)/78125-sech((7 sqrt(3) m)/2)/823543):

Polar form j
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e
=1.6619 (real, principal root)
o R o] et
sech[ L ”] 2
2187 78125 823543
(E“T
=—1.6619 (real rooct)
[ =0F) =(F) =
sech[ L "] s =
2 2187 78125 823543
Alternative representations:
1
1 1 1 =

7
1 h
-:Ds[ =

PR
¥ ] E?EDsh[iuzll] 3 .:.:.5]1{2—{”1.'3]] ??cnsh[znzll]

1

1

1

1 1

cns{%:‘n 1.-'?]1? _\'-‘DS{;—Inu'?]E? +cn5{§:’n‘ﬂ'?:|5? _ms{%fnu'?]??

1

1 1

+ 1 1 __

I

7
1 h
cu:-s[ =

¥ ] E?m:ush[iﬂzli]

5?cnsh{%{n Vi N ??mgh[z E;a ]

1

1

1 1 1

cos{—%:’n 1.-'?]1? _cos{—i—:’nﬂ?]E? +c05{—§:’n 1.-'?]5? _cos{—g;'n V3

77

Series representations:

1
1 1 1 1 =
— - e — - -
'\1 l?cn:sh[ 1; ] 3?c05h[152ll] 5?-:‘:\5]1{;—{”1,'3]] ??cush[zﬂzll]
1
1 _ 1 N 1 _ 1
17 37 57 77
NN sdbinv3] sq{dinv3] sd2inV3)  se{linv3)
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1
_ 1 + 1 _ 1
— — = 5T = —
'1‘ l?c:-sh[ulzi] E?E-:ush[iﬂzli] 3 cnshl% 2 l:’T ¥3 llll 77 cnsh[lﬂzli]

: @ ] 140710 042265625 64339296875
105 - 105%4) /| x —[—1}"[1+2k}[ _
[ ) [\H_ éf 1+k +k? 7+k +k*

43?4[14493358+3?2?C'9k+3?2?C‘9k2}] ~i4
( )
(19 +k +k2}[3?+k +k2}

1
1 ~ 1 N 1 ~ 1 -
— — T —
"‘1 l?cnsh[u—;i] ETcnsh[luzli] 5?‘:‘3511';5':”"' 3 l” ??cnsh[luzlil
S @ [ 91k 72 Vi (1zk)r (= 1) ¢73/2 V3 (142k)m
& 823543 i 78125
9 (1) £3/2 v3 (142k)m s :
) ‘“218? L 21 V2V (2R (|~ g4
1
1 ~ 1 N 1 ~ 1 =
— — [ — —
"‘1 l?cnsh[u—‘;i] ETEDE]'I['?LJEli] S?EDShgfll’T"'I 3 Illl ??cnsh[lﬂzls—]
iy -~ = i =
, ,a' @ [ 21f f-u{? V3 n]}.-z-w T kn 2 (-1 f—a{S V3 |/2-5v3 kn
i * e
/ P 823543 78125
3v3 a)/2-3V3 kn :
2(-1f e A ER e
Integral representation:
1
~ 1 2 1 ~ 1 =
— — 3 —, —
l?cush[u—zl] 3?c05h[152l3—] 5?':05]1'% 2_1" v ]ll 77 cush[lﬂqll]
1

4{ wlzd¥3  z3iV3 S 5ivE giTiva :
— + e
‘-qjj n(142) 2187n(142)  7E125w(14?) 823543x(14%)

The result is 1,66191 value very near to the fourteenth root of Ramanujan’s class
invariant 1164.2696, to the numerical result for 0, as a function of 0y, 1,6557 for the
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D7-brane in AdS, x S*sliced thermal AdSs and a good approximation to the mass of
the proton.

(((((((([(23040 * 1/(1~Tcosh(((Pi*sqrt(3))/2)))-1/(3"Tcosh((3Pi*sqrt(3))/2)))
+1/(5"cosh(((5Pi*sqrt(3))/2)))-1/(777cosh(((7Pi*sqrt(3))/2)D))))))))) /7

1 1
15 ccsh[é (xV3)) Y ccsh[é (37V3))
1 B 1
5% cash[‘% (5m ﬁ}} 7 ccsh[El (7 ﬁ”

23040

+

LT

Exact result:

243 r! 543 743 s
|1~ SECh[\., al sech[ "2 T] . sech[ . T] ) sech[ 2 T]
-“1: 2 2187 78125 823543

Decimal approximation:

3.141593546567757084777156050877551777374023642098884676675...

Property:

sech[@. sech[w—g”] sech[”—g"]
7 2304Dsech[f -4 a ]+ = L 2
\1: 2 2187 78125 223543

I1s a transcendental number

Alternate forms:

1 V3 3v3w
IEE[32419593?3BDDDDDDGGsech[—zg—]—54339EQESTESECh[ ]+

5v3 V3 r
1801088541 sech[T ] - 170859375 sech[T]] 11D

46080 cash[f”] ECDSh[E‘f"]

-+

1 +cosh{v3 x _213?u+caﬂ43f§nn

2 cnsh[%] 2 cush[%—g"]

— = — ~ 17
78125(1 +cosh(5v3 x|} 823543(1+cosh(7V 3 n))
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46080 2

R — R — — s
f—{u‘ 3 n)f2 +‘J1.n' 3 n)f2 2187 [f-{g V3 n)f2 +¢={3 E] :rl.'Z]

2 2

—_ ) — f S . f — 5
28195 [c—{E".l' 3 n)f2 _Hu{s V3 n]}az] 823543 [‘,'{” 3 n)2 +f{w 3 n]:az]

1T

All 7th roots of 23040 sech((sqrt(3) m)/2)-sech((3 sqrt(3) m)/2)/2187+sech((5 sqrt(3) m)/2)/78125-sech((7 sqrt(3) m)/2)/823543:

Polar form j

}T]_ sech[3 1‘?"] sech[%?”] sech[ ?ﬁ"]

_ 2 ! 31416

" 71 23040 sech +
2187 78125 823543

(real, principal root)

Sech[Eﬂ?n] sech[”—g”] sech[w—g”]
by 2 2 2

T +
] 2187 78125 823543

21V A 93040 sech[

~1.9588 +2.4562

ﬁn] sech[%] sech[s"“;”] sech[?"f"]

&V 71 23040 sech +
2187 78125 823543

=—0.6991+3.0628

- 5 sech[%] sech[%—g”] sech[ ?"f”J
#8771 93040 sech - +
2187 78125 823543

=-2.8305+1.3631

F]_sech[gﬂf”] sech[“j”] sech[wz—g"]

%17 A 93040 sech +
2187 78125 823543

=-2.8305-1.3631:

Alternative representations:
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23040 1 1 1

17 cnsh[%] k[ cosh[ e £ ] y 5 CQShG [x ﬁ}} ok ccsh[ s T ]

2 2

23040 ~ 1 . 1 ~ 1
v cas{i znﬁ} | ccs{i im E}B? cas{g i H}S? cas{g znﬁ}??

23040 1 1 1

17 cnsh[%] k[ cosh[ LI ] y 57 CQShG (x ﬁ}} ke cnsh[ ?";

2

wi]

23040 1 1 1
. + -
v cas{—iznﬁ}l? cns[—izrﬁ}B? cas{—gzn E}E? cos{—gznﬁ}??

23040 1 ) :
e — + =
i cnsh{ﬁl g cnsh[ Lt ] & CGSh{ } r i cash[ . £ ]
2 2
23040 1 1 1
\ s(2inV3) s 2inVE]  sx(Zinv3E]  sx|ZinvE)
Series representations:
23040 1 ] :
e — + i g
17 cush{ﬁl 7 ccsh[g”"' ] 57 cash{g (n ﬁ}} 77 cnsh[ R ]
2 el _2
3241050373 800000000 H4330206875
\/_Z—[ 1t [l+2k[ _ =
105 1+k+k2 7 +k + k2

43?4[14493358+3?2?D9k+3?2?09k2}] T
(1/7)
(19 +k +k?) (37 + k + k%)

23040 1 1 1
l?cush{%] fcnsh[%] 5?5051'1{ } ??cash[ 3]
= (23040 (-1 (1+2k)  (-1*(1+2k)
[E':[ (1+k+k¥)r  2187(7 +k +k%)x
(-1* (1+2k) (~1F (1+2k) R
?8125[19+k+k2};r_823543[3?+k+k2}n]] 4
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23040 1 1 1

T — + - —
\{' 1+ cush[M] 3% cnsh[ M] &* CGSh[E (o ﬁ}} 77 ccsh[ 7ny3 ]
2 2 2
e 2 [—l}k {“_?".2 V3 (1+2k)n 3 [—l}k ‘,—5."2 V3 (142k)n
= -
823543 78125

-3/2+3 | ;
2[_1}*:‘“ 3.2‘.!'3 |1+2k:|T

+45D80[-1ﬁe‘”z“ﬁf“gk”]]“[lf?}

2187
Integral representation:
| 23040 1 ] 1 ] ; )
q i cnsh[%] 17 cnsh[g";— ] 5* CGSh[g (o ﬁ}} v ccsh[ ?nzﬁ ]
J 46080+ V3 243iV3 9 ¢5iV3 9 7iV3
ﬂ»L [ r(1+t2) _218?;r[1+t2}+?8125,1T[1+r?}_823543;r[1+r-2}]‘!t

This value is practically equal to = .

(((((((([(23040 * 1/(1Tcosh(((Pi*sqrt(3))/2)))-1/(3"Tcosh(((3Pi*sqrt(3))/2)))
+1/(5"7cosh(((5Pi*sqrt(3))/2)))-1/(7"Tcosh(((7Pi*sqrt(3))/2) )N /7 * 2 *
275

Input:

1 1

17 cush[il (m M’?}} i < ccsh[é [BII'E}} )
1 B 1

B’ ccsh[il (5m ﬁ}} & cnsh[é (7 ﬁ}}

23040

(1 x2x275

e coshix)is the hyperbolic cosine function
Exact result:

J N sech[vﬁ F]_ sech[3 "f"] sech[s"'; "] sech[%—g”]

1II1| _

2187 N 78125 823543
Decimal approximation:

230

° s=chix) is the hyperbolic secant function

1727.876450612266801627435827982653477555713003154386572171...

Property:
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3 sech[%] sech[”z—g"] sech[?f"]
550 7 23040 sech - +
2187 78125 823543

is a transcendental number

Alternate forms:

110 V3 3v3x
ST 3241959373 800 000000 sech 5 - 64339 296 875 sech +

5+v3 x 7vV3r -
1801088541 sech —— - 170859 375 sech 5 (1;7)

46080 cash[@] 2::051‘1[@]
2 2
EED - -
1+ cnsh[ﬁ ) 2187 (1 + cosh|(3 V3 )
2 cash[@] 2 cnsh[@]
2 2 ”
= (1/7)
78125(1 +cosh(5V'3 n)) 823543 (1 + cosh(7 V'3 xJ)
46080 2
EE0 - +

f-{u' 3 x)2 +f{1..' 3 n)f2 218?[4-_{3 V3 n2 +¢={g V3 n]Jaz]

2 2 s
- (1/7)

78 195 [f—{s R TE _H,{E i n]:a'z] 823543 [f-{? V3 n)f2 +¢={? V3 :r:lll."z]

Alternative representations:

23040 1 1

i cnsh[%] 37 cnsh[ 3”;? ] . & CDSh[g (mr ﬁ}} i v i cnsh{ T":rzﬁ ]

B 23040 1 1 1
e + s
v cus{% i V'?} 17 cns{i iw V'?} 37 cas{g i ‘-"'?}5? cas{g i ﬁ} 77

2:275 =
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23040 1 1 1

17 cnsh[%] 37 cnsh[g”;?] 57 ccsh{g (m ﬁ}} 77 cnsh[ ?n;—z]
23040 1
550 o2 +
cns[—lm ﬁ}l? r:l::s{—E urﬁ}ii?
2 2
1 i 1
cas{—;—mﬁ}E? cns{—gm ﬁ}??

1D

23040 1 1 1

1> cnsh[%] 37 |t_"|::sh[3”2"f3 ] 5* CGSh{E [ ﬁ}} r i cash[%]

23040 1 1 1
550 7 - 7 - 7 - =
sn:{%:'nu'?:l Sﬂ:{%f.ﬂ u'?] SCE{E—J:JT'\I'?] Sﬂ:{%fﬂ ‘-"?]

Series representations:

23040 1 1 1

I+ cnsh[%] 37 cnsh[g”; ] 5° CDShG (m ﬁ}} r cnsh[%]

2x275 =

2x275 =

2x273 =

— -1 (1+2k)
N

=0

21 1+k +k? 7 +k +k*
4374 (14493358 + 372700 k +3?2?09k2}]]A -
|| @D

(19 +k +Kk*) (37 + k + k%)

23040 1 1

e + 20
7 viEl 7 33 7 3 7 7oy s
1 cnsh[”T] 3 cnsh["T] > ‘—"C'Sh{z (= ﬁ}} 7 cnsh["T]

® (23040(-1 (1+2k ~1F(1+2k
SSDL [ 1 d+2k) D (1+2k)

é (1+k+k%)r 2187 (7 +k + k%)

(-1F (1+2k) -1 1+2k) ]’*{1;?}
78125(19 +k +k?)x 823543 (37 +k + k) x
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110 - [‘:" 1 [32419593?380[)000000 64339 206875
i -

2275 =



23040 1 1 1

\1 & cnsh[”' 1 ] 37 cnsh{gﬂz“q] d 5° ccsh[g (i v’?]} 77 cnsh{%]

o k=723 (1+2k)r k -5/243 (142k)n
SSDL' [ 2(-1F e I . 3.

2l 823543 < 78125
=|:|

2x 275 =

Fip= 1}.’-: f—3,-'2 ¥v3(142k)nm

e +46080(-1)F V2V ':1"“:'"]] 1D

23040 1 1 1
e i i — 2x275 =

{ 17 cosh(Z¥2 ) 37 cosh(22¥2) 57 CDSh[g [ “"?]} 77 cosh| ZZ¥2
\ 2 >

46080 Y g ¢3i Y g ¢3i VR o ¢7i Y ] ;

550 7 f . - d
r(1+t3)  2187x(1+t?) 78125x(1+t?) 823543 x(1+t?)

The result, 1727,87 is very near to the value of the mass of the candidate “glueball”
fo(1710) that is 1723 (+ 6 — 5). Furthermore, we note that:

1 1
cush[ (xV3 }} < ccsh[é [3fr‘u"'§}} )

1 B 1
B’ ccsh[El (5m ﬁ” & cnsh[% [?fr‘u"?]}

23040

(1} x2x275

The value is thence, the length of a circle C = 2nr = 2*275 = 1727,876... where = is
equal to the precedent expression:

1 1

15 cush[ (xV3 }} 3 ccsh[é [3;r‘-.“?}} )
1 B 1

5% cnsh[i (5m ﬁ}} = ccsh[il (7 ﬁ”

23040

LD

1977

= 1,0302616 or
56700

7
Now, we have from (5) that is equal to Lon =1,0120912...

55700

[((cothPi)/177)+((coth2Pi)/277)+((coth3Pi)/377)+((coth4Pi)/47T)+((coth5Pi)/577)]
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cothim} cothiZyxr cothi3ixr cothihr  cothiSin
+ + + +

1'.? 2'? 3? 4? 5'?

e cothixiisthe hyperbolic cotangent function

mecoth(3) nmcothidy = cothi5)
+ + + cothim)
2187 16384 78125

1
— mcoth(2) +
128

1.030877123223701704727529179789658441898399000664552699051...

that:

1/(3*1575) * (19Pi*7 / 1.0308771232237) *
[((cothPi)/177)+((coth2Pi)/277)+((coth3Pi)/377)+((cothdPi)/477)+((coth5Pi)/577)]

1 x
19
3 15?5[ 1.0308771232237
[cnth[m cothi2)yr  cothi3)r cothidin cuth[E};r]

+ + +

+
l'.? 2? 3? 4? 5"

o cothix)isthe hyperbolic cotangent function

12.145094460901...

The result 12,145 is a very good approximation to the value of black hole entropy
12,19.

(142.28)/(3*1575) * (19Pi*7 /1.0308771232237) *
[((cothPi)/1°7)+((coth2Pi)/2°7)+((coth3Pi)/377)+((coth4Pi)/477)+((cothSPi)/577)]

142.28 [1 x

3x1575 1.0308771232237
[cnth[m cothi2)yr  cothi3)r cothidin cuth[E};r]

+ + +

+
l'.? 2? 3? 4? 5"

o cothix)isthe hyperbolic cotangent function

1728.00...

or:
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7

142.28 19 m
4725 1.0308771232237
[cath[n} cothiZyr  cothi3)r  cothidn corh{E};r]
+ + + +
1? 2? 3? 4? 5?
e cothix)is the hyperbolic cotangent function
Result:
1728.00...
Alternative representations:
7 thin) thiZ) thi3) thi4) this)
[{lgfr }{cnl?n cu:-z? m co 3? m +ED4? m + co 5? n” 142.28 )
1.03087712322370000 - 4725 B
:r.1+ 2 ] :r.1+ 2 ] :r-1+ 2 ] :r.1+ 2 ] 1+ 2
2?0332}1_? 1 2—_}'+r4 i 1 ;'];;+P'5 + 1‘ 4—;“'8' 1 _51?'+P1I:| —11-;_:’2"
1.03087712322370000 - 4725
7y feothin) | ecothi2ix = cothi3imr  cothidir = cothiSix
((1927) (=3 3 . 5 + =2 )) 149,08 )
1.03087712322370000 - 4725 B
7 {icotlim) imeot(2 i) imeot(3 i) imeotdi) imeot]sd)
2703.32x" (23 = = = =
1.03087712322370000 - 4725
7 thin) thiZ) thi3) thi4) this)
[{lgfr }{cnl?n cu:-z? m co 3? m +ED4? m + co 5? n” 142.28 )
1.03087712322370000 - 4725 B
7 | cob{-i ) i =2 i) 1 =3l i | =i i { =34}
2703.32 1 [_ICDI:JT _JHEZ? i _::r-:-:-g? i _::r-:i? i _J:ru:u:-s? i
1.03087712322370000 - 4725
Series representations:
7 thir} thi2) thi3) thig) this)
[{lgn }{cul?n mz? m co 3? m +|:n:\ 4? m i co 5? n” 142 .28 )
1.03087712322370000 4725 . B
o (1.10999
0.554995 x® +0.00226243 " + 3| ~———
ol 14k
7 (D.Dl?3436 0.00152262 0.000270903 D.GDDD?IDSQBJ
T
4 +k? o 9+ k% x? 16 + k* 7 25 + k? o2
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17 a7 a7 47
1.03087712322370000 - 4725
& (0.554995x7 0.00867179 »°
k%m r+k®n i 4 4+ k* n*
0.000761309 7% 0.0001354977° 0.0000355197 °

[[19 }T':-'} [mth-:m g cothi2ir fi cothi3)n F? cothi4im 3 cnt:-:?szn ” 142.28

+ +
9+ k% 7° 16 + k2 »° 25 + k% n°

Integral representation:
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1.03087712322370000 4725

[[19 }T';-'] [-:m;l;r-:n] i cothi2ir fi cothi3)n £ cothidin X cnﬂ:?sur ” 142.28

. X _gp,int
0.00025377 % (3 - 12 cschz[%]
"2 =P
J. —0.0043359 x® csch?(t) - . R
i E_E
z 2
P :
1 . —im+ T —pt+ 8
: (;r——]—l:l.554995fr?csch2 z 2|,
p Wi 2 S T L
2 2
1 ir 8
: (4——] —0.0000338742 7
T 2
2
. in2 4—f:r+Lg£—nr+Lg‘:] fn[—u':r+L52£—:rr+Lg‘t]
2 _p4i8 2(-24iZ
csch” 2 _ I: L =
m+
2
1
—7.10393x107% #° [5-f]csch2 _
4-1 2 -4+
2
o 1 ¢l3 ; 4[—1;r+—— t+‘%r-
__—}T+u N -2+
;.0 y
I.FT[—I.?T+% t+ﬂ} 1
2(-2+ ) +2[—;r+"—”}1
2 2
) i 4{—!?I’+——Irt+%}
m I - - 2+JT +
] i
!}T[—I}T+i— LA
e dt
2[‘2*E}

The result, 1728 is very near to the value of the mass of the candidate “glueball”
fo(1710) that is 1723 (+ 6 —5).
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1.976111/(3*1575) * (19Pi*7 /1.0308771232237) *
[((cothPi)/ 177)+((coth2Pi)/2°7)+((coth3Pi)/377)+((coth4Pi)/477)+((cothSPi)/577)]

o

1.976111 [l '

3«1575 1.0308771232237
[cath[m cothi2yr  coth(3)n  cothidya coth[E};r]

b ]

+ + + + =
B 27 37 47 57

e cothix)isthe hyperbolic cotangent function

24.00005...

The result 24, represent the physical degrees of freedom of the bosonic string, that are
the 24 transverse coordinates.

0.988055/(3*1575) * (19Pi*7 /1.0308771232237) *
[((cothPi)/1°7)+((coth2Pi)/2°7)+((coth3Pi)/377)+((coth4Pi)/477)+((cothSPi)/577)]

o

0.988055 [ '

3«1575 1.0308771232237
[cath[m cothi2yr  coth(3)n  cothidya coth[E};r]

b ]

+ + + + =
B 27 37 47 57

e cothix)isthe hyperbolic cotangent function

12.0000...

The result 12, is very near to 12,19 that is the value of the black hole entropy.

63.23554/(3*1575) * (19Pi*7 /1.0308771232237) *
[((cothPi)/177)+((coth2Pi)/277)+((coth3Pi)/377)+((coth4Pi)/477)+((coth5Pi)/577)]

o

63.23554 [l '

3«1575 1.0308771232237
[cath[m cothi2yr  coth(3)n  cothidya coth[E};r]

b ]

- - - - —
i P 37 47 57
e cothix)isthe hyperbolic cotangent function
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768.0016...

The result 768,0016 is very near to the value 765,171 of nonperturbative contribution
to the mass of a 1S quarkonium for m, = 4.7 MeV/c” = 0.0047 GeV/c® , that is the
mass of quark down is 4.840.5+0.3 = 4.7 MeV/c’.

[[[[(0.988055)/(3*1575) * (19Pi*7 /1.0308771232237) *

[((cothPi)/177)+((coth2Pi)/227)+((coth3Pi)/377)+((cothdPi)/477)+((cothSPi)/577)]1]]
ALJS

0.988055 x’
3x1575 1.0308771232237
(cnth[m coth2)r cothi3)x cothi4)n th[S}}TJ]’“[l'S}
i

+ +

-7 )

+ +
l'.? 2? 37 47 5'?
e cothix)isthe hyperbolic cotangent function

1.643752...

The result is 1,643752 value near to the fourteenth root of Ramanujan’s class
invariant 1164.2696, (that is 1,65578), to the numerical result for 0, as a function of
00y 1,6557 for the D7-brane in AdS, X S%sliced thermal AdSs and a good
approximation to the mass of the proton.

Now, we have from (7):

[(1/((172+272)(sinh3Pi-sinhP1))+1/((272+3"2)(sinh5Pi-
sinhP1))+1/((372+4"2)(sinh7P1-sinhP1))]

1

(1% + 2%) (sinh(3) x - sinh(m))
1 1

+
(2% + 3%)(sinh(5) 7 —sinh(r) (3% + 4%} sinh(7) r - sinh(y

+

. sinhix) is the hyperbolic sine function

1 1 1
5 (r sinh(3) - sinh(mx) N 13 (r sinh(5) - sinh(m)) ’ 25 (r sinhi(7y - sinh(my

0.010409030328236639391838653533273903174095172586202059414...
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Alternate forms:
1 1 1
25w sinh(7) - 25 sinh(r) T 13z sinh(5) — 13 sinhim) - sinh(3) -5 sinh(m

1 1 1
5 (sinhimr) - sinh(3y 13 (sinhimr) —m sinh(5y 25 (sinhimx} — 7 sinhi7n

1 1 1
- +

5(- 5 + ET ~sinh@n)  13(- ¢ + 57 ~sinhm)  25(--%; + ?T - sinh(n))

Alternative representations:

1
+
(1% + 2%) (sinh(3) x - sinh(m)
1 1
+ —
(22 + 3%)(sinh(5) 7 —sinh¢ry (3% +4?) (sinh(7)x - sinh(r)
1 1 1
m 1 = L] 1 ¥ 2 L] 1
[csch-:E:l - csch-::r:l} {csch-:S:l . csch-:n:l} {9 i3 }[csch-:?:l - csch-::r:l}
1
+
(12 + 2%) (sinh(3) 7 - sinh(m)
1 1
+ —
(22 + 3%) sinh(5)x —sinh¢r) (3% +47) sinh(7) x - sinh(m)
1 1 1
+

[_ im i } 1 {_ im i } [g+ 2}[_ im i }
cac{3 i) cacfi m) cac(5 i) cacli m) ¥ cac{T i) cacfi m)

1 1
+ +
[12 + 22} (sinh(3)r - sinhim)) [22 + 32} (sinh(5)x — sinhimry)
1 1
= -
2 . Ty o 1 1, a3y, 1.
(3° +4°)sinh(7)r - sinhim)y 5 [E ’T{_E i }4_5 (e _f”}}
1 1
+
13 {El fr{—pi5 +c5}+§ (e —f"]'} (9 +42}{§ }T{—FL.? +¢=?}+El (e —f”]'}

Series representations:
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1
§
[12 + 22} (sinhi3)x - sinhimxy

1 1
+ —
[22 + 32}[sinh[5};r —sinh(ry [32 +42} (sinh(7)x — sinhim))
13 Z Z 31+2k1 1+2k1 51+2k_2 1+2k2
k1=|:|k=|:| (1+2kyt (1+2kp )01+ 2k, [1+Ek2}‘
31+2k1 1+2k1 ?1+2k2 1+2k2
k1=|:|k =) (1+2k (1+2k (1 +2ks)! [1+2.f-;:2]n1
51+2k1 1+2k1 ?1+2k".| 1+2k2
Lot ged (1+2ky (1+2k )1 +2ks) (1+2ky)
& F{31+2k_ﬁzk} - H[51+2k_ﬂzk} - }T{?nzk_ﬁzk}
325 —
% (1+2ky (1+2ky (1+2ky
1
3
[12 + 22} (sinhi3)x - sinhim)
1 1

+ —
[22 + 32} (sinhi(5)x — sinhimy) [32 +42} (sinh(7yx - sinhim)

o [
[Z Z (50 Iy, (71 =50 Iz gy (M} (26 Iy 424, (5) - 26 Iy g, (7)) +
k]_:ﬂkz:l:l

[l o
> > (50mIzk, (7 =50 Ik () (107 I1454y(3) = 10 Iz, () +
k]_:ﬂkz:ﬂ

(1) Lin)
Z Z (26 mI142k, (51— 26 Iz kg (M) (10 11404, (3) - 10 T14ag, [ff]']']//
key =0 k3 =0

fis fia)
[LZ 10 (11424 (3) —11+2k[;r}}] [4.2 26 (1,2 1(5) - f“zkm}]

=0 =0

@
Z S0(r 1 (7 - I1+2k[n}}]
k=0
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1

"
(12 + 2%) (sinh(3) x — sinhm))
1 1

+ —
[22 +32}[Sinh[5};r—smh[;r}} [32 +4%) (sinh(7) = — sinh(m)}

[ . [[—} - }F‘”][t o ,[{1_;“,“2}25

2k 2k (2k3)! (2 k;)!

2kt 2k 2ks)!  (2kg)!

[{—r ={[1—é}ff}””]“r{?-";”}”2ﬂ 1=

k =

= imi2ky iy 2k
i i ® 1{5—?} }T_!{{I—E}N}

ky=ok (2kq)! 2k

hs 2o - o I
2ky)! 2kyt ||/
{

3- P na((1-)af) &, i(-5-2f m (1 D))
[3252_ [ 2 k) Z_ 2 k)!

. =[—{?—ff*n+ﬂ1—gw“1]

2, (2 k)1

k=0

Integral representations:

1

(1% + 2%) (sinh(3) « — sinh(m)
1 1

+ —
(2% + 3%) sinh(5) m —sinh@y (3% +4%) (sinh(7)x - sinh(r)
171
[55 - J J (5 coshiS t1) — coshir t11(3 coshi3 tz) - coshir t2 N dtz dty +
0

+

1 1
125fl'zj j (7 cosh(7 t1) - coshir 1113 cosh(3 t2) - coshim t20 dt2 417 +
o o
11
BESFZJ j (7 coshi(7 t1) — coshir t11 (5 coshi(5 tz) - cc:sh[:rtz}}dtz.;fh]/
jEn[Bcush[Bt} cnsh[;rt}}.:{t j 13 7 (5 coshi5 t) - ccsh[;rt}}d’t]

J 25 n (7 coshi(7 t) - coshix t}}dt]
0
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1

+
[12 + 22]- (sinh(3}x - sinhimx))
1 1

+ —
[22 + 32} (sinhi5)x - sinhim) [32 + 42} (sinh(7ymx — sinhiry)

| 29§ | 2§
f f{4 f 4 5)
ie [309":45:'—.?” " 53] Vo ie® [5&25":45:'—f" Al R

i aa4y i a4y
13 j - : ds j - -
=i oty 4 532 =i oty 4 5312
” ie [3 et s) —e”z-';':d'ﬂ] Vi
I a4y
ds +25 j - . ds
=i a4y 453-'2
iet [?leg,-'-:xt s _f:rzl."Ms:l) N
i oa+y
J - - ds +
—i oo +y 453-'2
v T {5 il —f”z-'llms:'] v
I +y
65 j - : ds
=i oty 4 532
ie® ['.7" Fasiasl —f"z'mﬂ] Vi
i a4y ."I
J - : ds
~F a4y 4 g32 ."II
. ie® [3 £/ —r"z-';':‘”]] Vi
I o4y
325 J - - ds
=i a4y 4 532

| 2/
iet [5 2548 _ o, .""453] g

i a4y
J = : ds
—i oo +y 453-'2
. ie® [?f‘w"“d’ﬂ —f"z-';ms]] Vi
i va+y
J = - ds| tory =0
—i oo +y i 53-'2

And:

18 * 1/[[1/((1"2+2"2)(sinh3Pi-sinhP1))+1/((2"2+3"2)(sinh5Pi-
sinhP1))+1/((3"2+4/2)(sinh7Pi-sinhP1))]]

Input:

18 :
1 1 1
11=42= Jminh(2jr—sinhir)y (2243 |{mnh{5)r-sinhir)) (3= +4= |{mmh{7ir-smhir )
. sinhix) is the hyperbolic sine function
[ Units »
Exact result:
18

5 (m =mhi3)-sinhir)) 13 {msinhiSi-=mhim)y 25 {7 =mh(7i-smhir )
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Decimal approximation:

1720.267706250340280655842480567660267680447630511087109453...

Alternate forms:

18

1 1 1
+ +
25 m=inh{7)-25 sinh{T) 13 rsinhi5)-13sinhin) 5 7=nh(3)-5=mhir)

18
1 + 1 + 1
3 5 7
5 [_n_3+e-2_:r —Einh-:n:l] 132 [—L5+P2—”—5i11h-:n:|] 25 [—”—?+F2—”—5inh-:rr:l]
2 2 2¢

(5850 (r sinh(3) — sinh 7)) (r sinhi(5) - sinh(m)) (7 sinh(7) - sinl':L[;r].}}Jaf
(103 sinh®(r) + 13 #” sinh(3) sinh(5) + 25 % sinh(3) sinh(7) + 65 »* sinh(5) sinh(7) -
38 rsinhi3) sinhim - ¥8 & sinh(5) sinhim) — 90 x sinh(7} sinh(m)

Alternative representations:

18
1 1 1 2
T - = P - R T T -
(1=42= isinhi3)n-sinhimy)  [2°43° |sinhiS)r-sinh{z))  (3°4+4< Jisinh{7)7-sinh{r))
18
1 1 1
+ +
5{ . 1 :I 13{ m et 1 :I {94—421{ n_ 1
‘rech3) oschim) ‘rachi{5) cschim) Vomch( T oschim)
18
1 1 1 o
720 - Rl o T - Wl v TT -
{1 +2< |(sinh{3)r-sinhimy))  (2°43< ) {zsinh{5)r-smhir)) l:_3 +4= |{zinh{ 7} m—sinh{r)
18
1 1 1
g = + g r + - 5
5{_ ”r_+ :_ 13{_ J'.IT.+ I. ] lu,;,_'_42-”|[_ l.l'l'.+ :. ]
o3 4) osoliom)t " oeo(5E) oeolim) - v omo(Fi) oeolim)
18
1 1 1 =
o0V - Rl . Lo - R D TP -
{1 +2% |mmh{3)r-sinhir))  |2° 43 j{mnh{5)r-smhir ) I:LE +4= | mmh(F)m—simh{r})
18
1 1 1

5{%n{—$+r3]+%{ﬁ"—rﬂ]] i 13{;—11{—:?+r5]+;—{r_"—r'"]] i {9+42]{%n{—:—?+r?]+%{r_"—r'"]]

Series representations:
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18

1 1 1
- TP - Rl g T - W P ITY -
{1 +2< | sinh{3)r-sinh{r))  (2°+437 |{sinh{S)r-sinhiT ) 1'3 +4= |{zinh{7) w—sinh{r )

5 5 5 (P i)

ky=0kp0 kg0 (1+2ky (1+2kyp
51+2k2}1_ }1_1+2k2 ?1+2k3ﬂ_ }T1+2k3 I,l'
[{1+2k2}!_{1+2k2}1][[1+2k3}!_[1+2k3}z]f

[ 31+2k1 T _;r|'1+2k1 ][ 51+2k2 - ﬂ_1+2k2 ]

- - -
(1+2ky)t (1+2k )11 +2ky) (1+2ky)

[ (-] ]
=C| z—ﬂ
@ bl [ 31+2k1 T .?T1+2k1 ][ ?1+2k2 T ﬂ_1+.2k2 ]

. - +
Z:Ukzﬂ:l {l+2k1}! {1+2k1}‘ [1+2k2}1 [1+2k2}‘

. 51+2k1 142 kq l;,rl+2 ko 1+2k2
5 -
kéﬂkgu[{l"'zkﬂ' [1+2k1}'J[{1+2k2}1 {1+2k2}1]

18

1 1 1
T T - + . o, [ - + I TP -
(1=42= sinhi3)n-sinh{my)  [2°43° |(sinhiS)r-sinh{))  (3°4+4= Jisinh{T)7-sinhiT))

(1] [ia) [
[SESD Z Z Z (27 D2k (3) - 21144 ()

k]_:ﬂkz:ﬂkg:ﬂ

(27 142k, 5) - 21142k, [J‘T}}[E*’rfuzkg[?}—2f1+2k3[?F}}]J.ff

(2] o
[13 > Y (2r T2k B =2 Tk 1) (27 T2k, (5) - 2 Iz, () +
k]_:ﬂkz:ﬂ

o] L]
25 Z Z (2m T2k (3) = 2Ty (M2 7Dy, (7) = 2 14a 4, (7)) +
k]_:ﬂkz:ﬂ

o] o
65 Z Z [2?"!1+2k1[5}—211+2k1[F}}[E*‘Tfuzk:[?}—2f1+2k2[?7}}]
k]_:ﬂk::l:l
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18

1 1 1
2 2. - . + T . + 2 2 . -
(1<42< Jsinhi3) p-sinhi{r))  (2°43° |(sinhi5)r-sinhiz)) (3% 4+4= | inhi T r-sinhiT )

[ w[{s—ﬂf“n 4@—éhf“]

5850 §: §: ¥ -

k]_:l:lkz—':lkg:ﬂ [Ek }‘ {Ekl}!

r@—%f“r fmféhf”][ﬁ—ﬂfﬁ fmféhfhﬂf

(2 k3)! (2 ks)! (2 k3)! (2 k)

[{3-”}2’” if(2-3) }2“][{ =5l = f{{l—iﬁﬂ}2k2]+

(2 k) 2k, )

(2 k) (2 k3)!

[1325 ¥

ky =0k =0
25

(2 ko) (2 ky)!

O A el i i L
hz;‘ﬂ ‘E‘J[ @k 2k ] ]*
. s rﬁ—%f“ﬂ (a3 rw—%fbn fmféhfhﬂ

2k 2k 2ky)t 2k

Integral representations:

1 1 1
3.7, R BT ,
(1°42< |isinh{3) r-sinh{m)) (243 |1smh15]n—smhi:r:lll 13 +4= ) izinh{7) m-sinh{})

jjj[Ecnsh{Btl} coshirty))

(5 coshi(5 ta) — coshir t2)) (7 cosh(7 t3) - coshim ts dts dts 1
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18

1 1 1
a Ay . - . + 2 2 Lo - . + a2 a . .
(1< 42 J{sinh{3)r—=inhir))  [2<43< JsnhiS)r-snhin))  |3<4+4= |{sinh{Tim-sinhir)

. - ST
iet [3 S48 _ m ..":45.] v

i paty
5850 J - - ds
—i oo +y 4 53-'2
N ié® [5 2504 s) _rJ'rEI."MsJ} \,-';
i oa+y
J - - ds
—i ea+y 453-'2
i E.'_q_
P ie® [? ) BEL A, 53]
I o4y /
f - : ds |
o = sady 4 53-'2 -"II
o ie® [3 o] —0”2-';':45]] v
i o4y
13 J 2 | ds
i caty 4 532
ie® [5 Al —f’TE-"IMS:'] Vi
i sa+y
J - : ds +
—i cady 453-'2
” ief [3 ) _ f"E-"IMS:'] Vi
i w4y
25 J - . ds
i ooty 4 32
ie® [?04&"‘*453 - f”E-"IMs]] Vi
I o4y
j - : ds +
=i sy 4532
o it [5 L25/45) _fﬂzl."-:‘tﬂ] S
I ooy
65 f - . ds
Wl = gy 4 53-'2
ie® [?fw’lmﬂ - f’TE-"IHjJ] Vi
i ooty
[ - - ds | fol 0
o sty 4532

The result 1729,267 is very near to the value of the mass of the candidate “glueball”
fo(1710) that is 1723 (+ 6 —5).

1/4 * 1/[[1/((1"2+2"2)(sinh3Pi-sinhPi))+1/((2"2+3"2)(sinh5Pi-
sinhP1))+1/((3"2+42)(sinh7Pi-sinhP1))]]

Input:

1 1

4 1 1 1
T ooy 5 L TR [ ; L e [ A
(1< 42< Jisinh{3)m-sinhir))  (2<43< )smh(S)r-sinhir) (344 |Enh T r-smhir)

° sinhix) is the hyperbolic sine function
Exact result:
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1

1 1 1
{ 5 {m sinhi3)—simhir)) & 13 (7 sinhi5 j—sinh{r ) T 25 (7 sinh{ 7)-sinhim)) }
Decimal approximation:
24.01760703125472612022003445232861482902010610433315554796. ..
Alternate forms:

1
4 & 4 4
5 mamh3)-5 simhim) 13 (ramhiSi-smhir)) 257 sinh{7Ti-smhir )

1
Fis ;n . e T :Srr- * T :?n .
5 [__3+T —Emh-:n;l] 13 [——5 +T—5mh-:n;l] 25 [——? +2——5mh-:n;l]
2 2F 2

(325 (r sinh(3) - sinh(m) (r sinh(5) - sinh(m)) (7 sinh(7) - sinh[;r]-]\]na.-r
(4(103 sinh®(r) + 13 #° sinh(3) sinh(5) + 25 #° sinh(3) sinh(7} + 65 7° sinh(5) sinh(7) -
38 rsinh(3) sinhir) — 78 r sinh(5) sinh(r) - 90 x sinh(7) sinh(m)])

Alternative representations:

1 1 1
[ 7 o7\ o - G R T - LB T - ]4
(1°42< isinhi3)n-sinhi{z))  (2°43° |(snh{5)a-sinhiz))  (3°4+4= |sinh{T)r-sinhiz)
1

4[ o . 1 + o . 1 + : ]
2 m 1
Sll.mchn:le_Gchn:n;l] 13‘.‘3ch-:5;|_‘3ch-:ny] e Hmch-:?;u_m:hun]

1

1 1 1
[ : I L - LR, B T - L I [ - ]
(12 42< )isinhi3) m-sinhiz))  |2<43°|(snhi5)r-sinhiz)) 3% 4+4= | sinh{T)7-sinhiz))
1

4

1 1 1
; : + ; I + 3 z
stz M | Eoeoee Sopraed O |- Y| oot Sy 1}
w030 osolim) =050 oeolim)) k. Vo[ Tiy osolim)s

1

1 1 1
T - R B - T T T - 4
{1 +2% J(inh{2)r-sinh{r))  |2°+43° |{sinh{S)r-sinh{T)) 2= +4= J{sinh{7) 7 —sinh{m))
1

1 1

4 1
S{éﬂ{—!’%+p3]+éip_n—ﬂ:|] t 13{.]2;.|T{—r1?+l'5]+.]2.—|:p_ﬂ_!;r:|] + {gﬂiﬁ{én{—j+i‘?]+%{?_n“ﬁ:|]

Series representations:
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1

1 1 1
[ ;I PR - S S [T - s Ty - ]
(1= 42% Jisinhi3)m—sinhir))  [2=43° |{=zinhi5)7-sinh{r})) (3= +4= |{=sinh{7)r-sinhir))

[325 B Z Z [ A S ]

k1 0k g=0kg=0 (1+2kp {1+2.f<:1]|1

51+2k2 T .?T1+2k2 ?1+2k3 T ﬂ_1+2k3 I,l'
[[l+2!‘€2}1 - [1+2k2}1J[[1+2k3}' - [1+2k3}'] .IIII

31+2k1 1+2k1 51+2k':| 1+2k2
4113 -
klz;‘nk%u[[l +2 k) L +2k1}‘][[1 +2ka) [1+2k2}']
31+25:1 1+2k1 l;,rl+2k2 1+2k2
25 -
;E:ukz:'n[[l +2k! (1+2k ][{1+2k2}~ (L +2k;)! J
51+2k1 1+2k1 ?1+2k2 1+2k2
65 -
klz-ﬂkz_n[[1+2k1}‘ [1+2k1}1][[1+2k2}* {1+2k2}1J

1

1 1 1
[{12 +22 ) iminhy3) m-sinhim) " 122 432 ) sinhi5) m-sinhim)) + 32442 'I-:sinh-:?:l:r—sinhn:n:l:l]

o s [l
325 3 3 ¥ (2rlugk, 3 -2z, ()

k]_:ﬂk::ﬂkg:ﬂ

[2F11+2kp_{51'—211+2k2{ff}}{2?”1+2k3[?}—211+2k3[?F}}]/

(o] )
[4[13 Z Z (2mIoky (3Y =2 Tug ey (M) (27 1424, (5) = 2110k, (M) +
ky=0ko=0

o
25 Z Z (2 I1y2ky 3) = 211424y (M2 I142ky () = 21124, () +
kq =0 k=0

(1) (4]
65 Z z (2m 2k, (5) - 21149y, [F}}[zﬂfhzkz[?}—2f1+2k2[fr}}]]
ky =0 k=0
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1

1 1 1
[ S I PR - S S [T - T I Ty - ]
{1 +2% Janhi2)r-aimhirl)  (2°43° Enh(Sir-simhir)  (3° 44 Enh(Tir-simhir )

[ m [{3—‘—"}2*‘1n z{{l—;‘w*l]

(2 k) 2k

SESZZZ

k]_:ﬂkz:ﬂkg:ﬂ

[! 5 _%}zkz e ;;}H_}Zkz ][1{?— f;n}zkgn i1 —é}ﬂ}zkz ]];

(2 k) (2 k)

(2kq)! (2 k3)!

[[ zg['{a""' (1-2)7 ][{—1 o ifa-2)e }

k1 =0kp=0 (2kq)! (2 k1) (2kz) (2 kq)!
o v [efgeds PRl offyeo ik
(3-7) (1-5)=)
ES;EMEG[ 2k 2k
e R e
@kt 2k -
o v [efeeds PRl offyes ik
5-7) (x-3))
6 i
S;EMEG[ (2ky)! (2 kq)!
1{,?_%1}2@”_ 1{{1_3}}1.}2“2
2kt (2ky)!
Integral representations:
1

1 1 1
[ 12 22115|nh133n—5mh-:nn 1'22 32115mh15;ln—5m'h-:n;l;l 1:32 +42:I15inh-:?;ln—5inh-:nn]

JJJ[SCDSI‘I[BEH coshir t1))

(5 coshi(5 ta) — coshim t23) (7 coshi7 t3) — coshim ta ) dt3 dtz 1
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1

1 1 1
[ TP : L pa T : T = ;
(1% 42= Jimmh(Z)m-sinhir)) (2% +3< ) smh{5)r-sinhi)) 13< +4= | mmh(T) m—sinh{r )

. 2
ie® [3 P v -":45:'] Vo

i a4y
325 j k. | ds
—i ca4y 453-'2
. i [5 G254 s) _ fnzl.-'-:4 5]] "
i ooty
j = - d s
—i ooy Fi 53-'2
. ief [?PW.-'MSJ _{,rrzl."-:4s] =
a0+ /
[ = - ds|f
i sty 4532 /

4|13 f‘””-

a2
|I = 4
P [3 eSas _ o SJ] Vi
- ds
—i ooy 453-'2

i

| 2y
it [5 25l _ m ..'HSJ] )

i ooy
j - - ds +
—i oa+y 453-'2
.. ie® [3 £l 5) —f”z-'ll':“:'] Vi
i ca4y
25 I = . ds
vl oy 4 532
ie® [? Faadca f”z-"IHS]] Vi
I o4y
J = - ds +
~f ca+y 4 532
i ic [5 28 _ f’TE"'IHSJ] v
i a4y
65 J - ; ds
—i oa+y 4 532
ie* {? eolas) _ rfia SJ] Vi
ooy
J = p ds || ol 0
—i oa+y 453-'2

The result 24,0176 = 24, represent the physical degrees of freedom of the bosonic
string, that are the 24 transverse coordinates.

8 * 1/[[1/((1"2+2"2)(sinh3Pi-sinhPi))+1/((2"2+3"2)(sinh5Pi-
sinhP1))+1/((3"2+4/2)(sinh7P1-sinhP1))]]

Input:

8 1
1 1 1
;B O 5 + P T : + I I :
11 42< J{minh{3jm—sinhiry)  (2<43° J{sinh(S)r-sinhiz))  {3<+4= |{Einh({7)7-sinhir)
° sinhix) is the hyperbolic sine function
Exact result:

8

1 1 1
+
5 (m =mhi{3)-sinhir ) 13 (rsmhi5i-smhir)) 25 {msinh{Ti-smhir )
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Decimal approximation:

768.5634250001512358470411024745156745286433053386600775348. ..

Alternate forms:

8

1 1 1
+ +
25 m=inh{7)-25 sinh{T) 13 rsinhi5)-13sinhin) 5 7=nh(3)-5=mhir)

8
1 + 1 + 1
3 5 7
5 [_n_3+e-2_:r —Einh-:n:l] 132 [—L5+P2—”—5i11h-:n:|] 25 [—”—?+F2—”—5inh-:rr:l]
2 2 2¢

(2600 (r sinh(3) — sinh (7)) (r sinh(5) - sinh(m)) (7 sinh(7) - Sinh[ﬂ}}};"l
(103 sinh®(r) + 13 7° sinh(3) sinh(5) + 25 #° sinh(3) sinh(7) + 65 x° sinh(5) sinh(7) -
38 rsinhi3) sinhir) - 78 & sinh(5) sinhim) - 90 x sinh(7} sinh(m)

Alternative representations:

8
1 1 1 oE
T - = P - R T T -
(1°42< Jsinh{3)m-sinh{m))  (2<43°){sinh{S)r-sinh{r)) {3 +4< |izsinh{7)m-sinh{r})
8
1 1 1
+ +
5{ . 1 :I 13{ m i 1 :I {QHE-HII n_ 1
‘rech3) oschim) ‘rachi{5) cschim) Vomch( T oschim)
8
1 1 1 o
720 - Rl o T - Wl v TT -
{1 +2< |(sinh{3)r-sinhimy))  (2<43< ) {zsinh{5)r-smhir)) l:_3 +4= |{zinh{ 7} m—sinh{r)
8
1 1 1
; = + : r + - ;
5{_ :rr_+ :_ -l 13{_ :n. + I. ] lug+42-|{_ ”r._'_ I. ]
=03 §) osoli m)t " omo(5E) osolim) - "V omolFi) oeolim)
8
1 1 1 =
o0V - Rl . Lo - R D TP -
{1 +2% |mmh{3)r-sinhir)) (243 j{mnh{5)r-amhir ) I:LE +4= | mmh(F)m—simh{r})
8
1 1 1

5{%11{—?L3+r3]+%|:p_”—y“]] g 13{;—11{—:?+r5]+;—{r_"—r'"]] ! {9+42]{%n{—:—?+r?]+%{r_"—r'"]]

Series representations:
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8

1 1 1
- TP - Rl g T - W P ITY -
{1 +2< | sinh{3)r-sinh{r))  (2°+437 |{sinh{S)r-sinhiT ) 1'3 +4= |{zinh{7) w—sinh{r )

b 3 5 5 (P )

ky=0kp0 kg0 (1+2k [1+2k1}'
51+2k2}1_ }1_1+2k2 ?1+2k3ﬂ_ }T1+2k3 I,l'
[{1+2k2}!_{1+2k2}1][[1+2k3}!_[1+2k3}z]f

[ 31+2k1 T _;r|'1+2k1 ][ 51+2k2 - ﬂ_1+2k2 ]

- - -
(1+2ky)t (1+2k )11 +2ky) (1+2ky)

[ (-] ]
=C| z—ﬂ
@ bl [ 31+2k1 T .?T1+2k1 ][ ?1+2k2 T ﬂ_1+.2k2 ]

. - +

=Elk =0
5 51+2k1 142 k]_ l;,rl+2 kz 1+2k2
5 s
kéﬂkgu[{l"'zkﬂ' [1+2k1}'J[{1+2k2}1 {1+2k2}1]
8
1 1 1 "

T - Ll e - Ll TP -
(1=42= sinhi3)n-sinh{my)  [2°43° |(sinhiS)r-sinh{))  (3°4+4= Jisinh{T)7-sinhiT))

[2500 Z Z Z (27 D2k (3) - 21144 ()

k]_:ﬂkz:ﬂkg:ﬂ

(27 142k, 5) - 21142k, [J‘T}}[E*’rfuzkg[?}—2f1+2k3[?F}}]J.ff

(2] o
[13 > Y (2r T2k B =2 Tk 1) (27 T2k, (5) - 2 Iz, () +
k]_:ﬂkz:ﬂ

o] L]
25 Z Z (2m T2k (3) = 2Ty (M2 7Dy, (7) = 2 14a 4, (7)) +
k]_:ﬂkz:ﬂ

o] o
65 Z Z [2?"!1+2k1[5}—211+2k1[F}}[E*‘Tfuzk:[?}—2f1+2k2[?7}}]
k]_:ﬂk::l:l
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8

1 1 1
2 2. - . + T . + 2 2 . -
(1<42< Jsinhi3) p-sinhi{r))  (2°43° |(sinhi5)r-sinhiz)) (3% 4+4= | inhi T r-sinhiT )

[ w[{s—ﬂf“n 4@—éhf“]

2600 §: §: ¥ -

k]_:l:lkz—':lkg:ﬂ [Ek }‘ {Ekl}!

r@—%f“r fmféhf”][ﬁ—ﬂfﬁ fmféhfhﬂf

(2 k3)! (2 ks)! (2 k3)! (2 k)

[{3-”}2’” if(2-3) }2“][{ =5l = f{{l—iﬁﬂ}2k2]+

(2 k) 2k, )

(2 k) (2 k3)!

[1325 ¥

ky =0k =0
25

(2 ko) (2 ky)!

O A el i i L
hz;‘ﬂ ‘E‘J[ @k 2k ] ]*
. s rﬁ—%f“ﬂ (a3 rw—%fbn fmféhfhﬂ

2k 2k 2ky)t 2k

Integral representations:

1 1 1
3.7, R BT ,
(1°42< |isinh{3) r-sinh{m)) (243 |1smh15]n—smhi:r:lll 13 +4= ) izinh{7) m-sinh{})

jjj[Ecnsh{Btl} coshirty))

(5 coshi(5 ta) — coshir t2)) (7 cosh(7 t3) - coshim ts dts dts 1
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8

1 1 1
I T T X + 3 3 . + - I TP X
(1< 42 J{sinh{3)r—=inhir))  [2<43< JsnhiS)r-snhin))  |3<4+4= |{sinh{Tim-sinhir)

ief [3 Ll4s) _ PHE.."MSJ]
i paty
2600 J -

—i oo +y 4 5 3/2

; a2 4 —

2 ie® [5#25"453—«;r SJ}‘I'III'
leﬂ
=i oa+y

d s

ds

45 3/2

s [? o4 s) _ PHE.."H 5.1]

I ie
i cady !
f - : ds |
o = sady 453-'2 /
; 2 fra oy
.. ie® [3 A E) T -'MS]] Vo
i o4y
13 J 2 | ds
i caty 4 532
25/i45) _ mlfias)\ T
v !fS[E{“ HEEl_ " ]‘u";r
i sa+y
f - : ds +
o =i cady 453-'2
3
oy m a8y
” 105[3{'“‘45]—‘?1-( S]‘u";r
i w4y
25 j . ds
—i oa+y 453-'2
| 27
} & [?ch_-f.:tsy & I.":4SJ] Vi
I o4y
J - : ds +
—i ooy 453-'2
. 2
o it [5 p25i4s) _ 7 ..':45.1] S
i o4y
65 f - . ds
o oty 4 532
42014 5) w2 flas) =
ie’ [?{“ il _ gt ']‘-"fr
ds| fol 0

[‘I sa+y
o sty 4532

The result 768,5634 is very near to the value 765,171 of nonperturbative contribution
to the mass of a 1S quarkonium for my = 4.7 MeV/c® = 0.0047 GeV/c , that is the
mass of quark down is 4.8£0.5£0.3 = 4.7 MeV/c’.

1/8 * 1/[[1/((1"2+272)(sinh3Pi-sinhP1))+1/((2"2+3"2)(sinh5Pi-
sinhP1))+1/((372+4/2)(sinh7P1-sinhP1))]]

Input:

1 1

Q 1 1 1
P R T : L e T ; L B Ty ;
1% +2= ji=mnh(3 ) m—sinhir ) (2= 43= lismh(S)r—sinhir))  [3°+4= J{smh{Tir-snhir )

. ainhix) is the hyperbolic sine function
Exact result:
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1

1 1 1 }
: F + : . + E :
{ 5 (7 =mhi2)-sinhir)) 13 irsmhiSi-smhiz)y 25 (7 sinh{7)-=mhim))

Decimal approximation:

12.00880351562736306011001722616430741451005305216657777398...
Alternate forms:

1
: B > + : g 5 + : g :
5 m=mhi3)-5 simhir) 13 (msinh{S)-=smhir  25(7 =mhi{7i-sinhir))

1
bLs rsgrr . 3 o SSJr- * T f_"'n .
5 [__3+T —Emhn:n:l] 132 [——5+T—5mh-:n:|] 25 [——?+2——5mh-:rr:l]
2 2 2¢

(325 (r sinh(3) - sinh(m) (r sinh(5) - sinh(m)) (7 sinh(7) - sinh[;r]-]\]na.-r
(8(103 sinh®(r) + 13 7~ sinh(3) sinh(5) + 25 #° sinh(3) sinh(7} + 65 7° sinhi(5) sinh(7) -
38 rsinh(3) sinhir) — 78 r sinh(5) sinh(r) - 90 x sinh(7) sinh(m)])

Alternative representations:

1

1 1 1
[ Z 22 i - T PG - ¥ B2 m : ]
(1= 42% Jisinhi3)m—sinhir))  (2°43<|{=inhi5)m-sinhir)) (3= +4= | {zsinh{7)m—sinhir)
1

8 [ 1 1 1 ]
o 1 m 1 a2 T 1
S{IBZhI:EJ_IB:hl:JTJ] lg{m:ms;_m:hm]] e ]{m:hﬁ?z_m:hm]

1

1 1 1
+ + 8
[{12 +22 Jiminh{2) m-sinh{r ) I:Z2 +32 Jisinh{5)m-sinhi{m)) {32 +42 Jisinh{7)m—sinh{r)) ]
1

1 1 1
8 - : + - - + - -
5#_ ”r_+ :. :I 131_ ”r.+ I. -I {9+42H_ J.IT.+ ;. -l
o=o{34) osoli m) o5 i) osoli m)! oso|7 i) osolim)

1

1 1 1
eI - R T T - G S T - 8
{1 +2% J(inh{2)r-sinh{r))  |2°+43° |{sinh{S)r-sinh{T)) 113 +4= |{zinh( 7} -sinhir )
1

1 1

8 1
5{%n{—i+p3]+%|‘lp'ﬂ—gf]] + 13{;—11{—:?+¢-5]+;—|:F'JT_FH:I] + .:g.+42:l{é”{—ﬁ""'?]"'%"f—"_'ﬁ:‘]

Series representations:
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1

1 1 1
[ 222 - T ) m - T 2@ - ]
(1= 42% Jisinhi3)m—sinhir))  [2=43° |{=zinhi5)7-sinh{r})) (3= +4= |{=sinh{7)r-sinhir))

[325 B Z Z [ A S ]

k1 0k g=0kg=0 (1+2kp {1+2k1}‘

51+2k2 T .?T1+2k2 ?1+2k3 T ﬂ_1+2k3 I,l'
[[l+2!‘€2}1 - [1+2k2}'}[[1+2k3}' - [1+2k3}'] .IIII

31+2k1 1+2k1 51+2k':| 1+2k2
13 -
;E;.kzi.[[l +2 k) L +2k1}‘][[1 +2ka) [1+2k2}']
31+25:1 1+2k1 l;,rl+2k2 1+2k2
25 -
;E:ukz:'n[[l +2k! (1+2k ][{1+2k2}~ (L +2k;)! J
51+2k1 1+2k1 ?1+2k2 1+2k2
65 -
klz-ﬂkz_n[[1+2k1}‘ [1+2k1}1][[1+2k2}* {1+2k2}1J

1

1 1 1
[ PETYE - L T oW - R S T - ]
{1 +2% anh(3)r-aimhirl (243 Enh(S)r-simhir) l:_E +4= zinh( Tim-simhir )

[ o [+
325 5 N S (27 gk, 3) -2 ik, ()

ky =0 kg =0k =0

[ZPTI1+2.&2{5]'—2f1+2k2{”}}{2”f1+2k3[?}—2f1+2k3[ff}]']/

Ll Liil
[8 [13 Z Z (27 lizky 3) = 2Ty (M) (27 a2k, (5) - 214z k, (m) +
k]_:ﬂk::ﬂ

L) [l
25 Z Z (27 D2k (3) - 211y (M} (2w T2y (7) = 214z 4, (m)) +
F:]_:Ukz:l:l

L) [
65 Z Z (27 I142k, (5) - 21142k, [F}}[Eﬂflﬁzkg[?}—211+2k2[?ﬂ'}]]
F:]_:Ukz:l—.l
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1

1 1 1
[ S I PR - S S [T - T I Ty - ]
{1 +2% Janhi2)r-aimhirl)  (2°43° Enh(Sir-simhir)  (3° 44 Enh(Tir-simhir )

[ m [{3—‘—"}2*‘1n z{{l—;‘w*l]

(2 k) 2k

SESZZZ

k]_:ﬂkz:ﬂkg:ﬂ

[! 5 _%}zkz e ;;}H_}Zkz ][1{?— f;n}zkgn i1 —é}ﬂ}zkz ]];

(2 k) (2 k)

(2kq)! (2 k3)!

[[ zg['{a""' (1-2)7 ][{—1 o ifa-2)e }

k1 =0kp=0 (2kq)! (2 k1) (2kz) (2 kq)!
o v [efgeds PRl offyeo ik
(3-7) (1-5)=)
ES;EMEG[ 2k 2k
e R e
@kt 2k -
o v [efeeds PRl offyes ik
5-7) (x-3))
6 i
S;EMEG[ (2ky)! (2 kq)!
1{,?_%1}2@”_ 1{{1_3}}1.}2“2
2kt (2ky)!
Integral representations:
1

1 1 1
[ 12 22115|nh133n—5mh-:nn 1'22 32115mh15;ln—5m'h-:n;l;l 1:32 +42:I15inh-:?;ln—5inh-:nn]

JJJ[SCDSI‘I[BEH coshir t1))

(5 coshi(5 ta) — coshim t23) (7 coshi7 t3) — coshim ta ) dt3 dtz 1
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1

1 1 1
[ TP : L pa T : T = ;
(1% 42= Jimmh(Z)m-sinhir)) (2% +3< ) smh{5)r-sinhi)) 13< +4= | mmh(T) m—sinh{r )

. 2
ie® [3 P v -":45:'] Vo

i a4y
325 j k. | ds
—i ca4y 453-'2
. i [5 G254 s) _ fnzl.-'-:4 5]] "
i oa+y
j = - d s
—i ooy Fi 53-'2
. ief [?PW.-'MSJ _{,rrzl."-:4s] =
1 oa+y I
[ = - ds|f
i sty 4532 /
i ief [3 et 0"2-“45]] v
i o4y
8|13 J - - ds
—i oa+y 453-'2
it [5 p25/14 8 _fJTE.."HSJ] e
i o4y
j - - ds +
—i oa+y 453-'2
. ie® [3 Fabal —f”z-'ll':“:'] Vi
i ca4y
25 I = . ds
vl oy 4 532
& [?049"'14 B fnzl."H s]] "
I o4y
J = - ds +
~f ca+y 4 532
i ic [5 28 _ f’TE"'IHSJ] v
i oa+y
65 J - ; ds
—i oa+y 4 532
ie* {? eBlas) _ i SJ] Vi
i o4y
J = p ds || ol 0
—i oa+y 453-'2

The result 12.0088 is a good approximation to the value of black hole entropy 12,19

[[III[[1/8 * 1/[[1/((1°24+2"2)(sinh3 Pi-sinhPi))+1/((2*2+3"2)(sinh5Pi-
sinhPi))+1/((3/2+42)(sinh7Pi-sinhPi)) 111111 1/5

Input:

| 1 1
5 g 1 1 1
'8.':-':.. : L o T 7 t T :
q 1< 42< Jisinh{3)m-sinhir}))  (2<43° isinh(S)r-sinhir)} (3 +4< |{snh{7) r-sinhit )
° sinhix) is the hyperbolic sine function
Exact result:
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23 5 1 + 1 + 1
'J 5 {m ainhi3i-=sinhirn 13 {m simhi5i-sinhir ) 25 (mainh{ Ti-sinhir )

1.643992038689302181012517480850117366192411300677053042630...

1 1 1
el - -
25 m=inhi7)-25 sinhir) 12 mamhi5i-132 smhir) 5 m=imnhi2)-5 simhir)

1
53 (113 (w sinhi3) - sinh(m) (r sinh(5) - sinhm)) (7 sinh(7) - sinh[rrmlf[lDB sinh?®(m) +
13 #* sinh(3) sinh(5) + 25 »° sinh(3) sinh(7) + 65 #° sinh(5) sinh(7) -
38 m sinh(3) sinh(r) — 78 & sinh(5) sinh(r) — 90 x sinh(7) sinh(m)}) ™ (1/5)

23/5 l 1 1

[ — . o ; +
e R A TR U RS T R

middi443idd4198 8411013481 8114159 289 .3

o T A % G L L TR T O 0 I O O 0 G O 5 o W T o [

The result is 1,64399 value near to the fourteenth root of Ramanujan’s class invariant
1164.2696, (that is 1,65578), to the numerical result for 0, as a function of 0
1,6557 for the D7-brane in AdS, x S*-sliced thermal AdSs and a good approximation
to the mass of the proton.

With regard the right-hand side, we remember that (from
https://www.oreilly.com/library/view/fundamentals-of-
silicon/9781118313558/b02.xhtml):
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exp(f) — exp(—=£)

sinh(#) = =
=) ﬂ 5 -H
cosh(f) = R ]""ELKP{ )
' xp(6) — exp(—0
tanh{@) = sinh(é) - expi) = exp(=#)
cosh(@)  exp(6) + exp(—6)
a1 I. } = H v _H
coth(@) = —L— = SoSHE) _ exp(é) + exp(—6)
tanh()  sinh(8)  exp(#) — exp(—#)
h(f ‘ 2
s | B =
o cosh(f)  exp(@) + exp(—8)
' 2

cschif) = =
gaca(e) sinh(#)  exp(#) — exp(—&)

thence from:

(1+ thr — = tanh? ) /2 sinh
—+ cothm — - tan 2/smﬂ

we have that:

~(((((1/Pi+cothPi-(1/2(Pi tanh”2 Pi)))))/(2sinhPi)

Input:

L+ coth(m) - 21 (= tanh? (7))
m

2 sinhim
e cothix)is the hyperbolic cotangent function
o tanhix is the hyperbolic tangent function
e sinhix)is the hyperbolic sine function
Exact result:
1 1 1
&> cschim) [— = Errtanhz[fr} + CDT.'h[fI’}]
T

e cschix)is the hyperbolic cosecant function

Decimal approximation:

0.010263231861593347045406638553746030019442470402465850050...

Alternate forms:
tanhim) [}12 ~2xcoth®(m) -2 CDT.'hz{II'}} sechim)
4

coshiT) i 7 sinh? (1)

1
F, e 2
m sinhiT) 2 cosh={r)

2 sinhim
coth(m) (4 r cschim) +7° sech®(m) + 4 sechim) - »° cosh(2 m SEChE{fr}]-

B

Alternative representations:
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1 1 2 1 - S o B 2
& + coth(m - = mtanh=(m - 1+ s miry fT{ 1+ 1+r2"}
2 sinhim —e T 4"
1 1 2 1_1 T 2
g cothm) - Z mtanh(r) - L= =2 fr{r cct{z +rfr}} L P
2 sinhim - —e T+ e
1 1 2 1 2 1 i 2 2
= + coth(m) - = mtanh(m) o 1+ T it }T{ 1+ 1+r2"}
2 sinhim) 2i cus{g +:‘n}
Series representations:
! 4 cothim —21 xtanh?®(m)
1) s
2 sinhim)
o0 1 2 w2kl ee 142k
_{_1+F+32{Z*=1 5—4k+4k2} 2T B0 B g for g
T h
1 4 cothim - % rtanh®(m
T
2 sinhim)
0 1 2 o 1 a -142k
{I_BE{E“ﬂ 5-4k+4k2} 7 Yoo nmzn}zhlq for g
. q
1 4 cothim —% mtanh®(m)
m s
2 sinhim
a 1 o k 2k 0 ko 2k oo -142k
{—4+fr2—42k=1m +4 7 L -1 g +4""2{Zk=1[_1]' q }}Z’c:lq

fo

2
rq

Integral representations:

1
=+
m

-2+ 2n [[esch’ ) dt + 27 ([Tsech® ) dt )

cothm - % rtanh®im :

1
-+
T

2 sinh(m) B 472 Llcnsh[n tydt

El 2 “m 2 2
CDth[fr}—% rtanh(n) i|-2+ E}TJ%CSCh (tydt +n° [.I:u sech®(t) dt) ]

] — fl i ] }
2 smh[;r} nzl."-:4 5i4s

p o T

=i a4y g3/
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We observe that the result 0,01026323 is near to the result of the expression of the
right-hand side, 1.e. 0,01040903 (0.01026 = 0.01040), with a minimal difference of
0,0001458.

With the value, with minus sign, we have the following expressions:

18 * 1/ (((((1/Pi+cothPi-(1/2(Pi tanh”2 Pi)))))/(2sinhPi)

18 .
#+«:nﬂ'|-:'r'l—1' I'Ttanh"-'T'll
2smhim)
e cothix)isthe hyperbolic cotangent function
e tanhix) is the hyperbolic tangent function
. sinhix) is the hyperbolic sine function
36 sinh(m

s é xtanh®(m) + cothir)

m

Enlarge Data Customize A Interactive

-1753.83351392058806843047203340764932249362774911908765427 ...

72 m coshim) coth(m)
7* — 2 x coth®(m) - 2 coth®(m)

36 sinhim

coshim) m sinh? (1)

sinhind  Zeosh?in)

1
ik
T

144 7 sinhim tanhim

4 7 —4tanh(r) - tanhim sech®(m) + 7° cosh(2 ) tanhir) sech®(m)

18 18
]“+cn:th-::r]—]‘:rtanh2-:.rr] 14 1+
I 2 'r ':JT -:. —'?'n
i T =14t
2 smhim)
T
18 18
]"+cnth-::r]—1':rtanhz-::r] 1+l—l'r JL‘D‘I.‘I'E-I-\.I T||1+—E—
2 T2 “14e2 7
2 zmhim) T T
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18 18

1'+cu:uth-::r]—]‘:rtanh‘?-::r] 1 1 2 o Leg 2 2
1 3 +=4+ 5 ml-1+ p
: T 4T 2 |
2 smhim) ~ -
2icos|—+im)
Lo J
Series representations:
18
1'+cu:uth-::r]—1' 7 tanh?im)
I 2
2 =mmhimy
142k
S ) g
Lk (1+2 k)

fot

i ~2+2m+n° +4nzr=lq2k +4° ZE:l (-1) qzk +4n° [2:11 -1 q‘?k}z )

18
L L

4eothir)-
I 2

2
1 tanh= {7}

2 sinhim)
o142k

[l
727 Lo {142k}

24 -2x 30 144 T (W g4 (T 1k 2

for

18
Lmnth{n]—é‘:rtaﬂh‘?-::r] &
2 sinhim)
i 2 k
{{1-%]n)
72 od; v oth B0 F
i Lo [zk) _
N o ok oo k ok a0 k 2kE
R RS R D I SR o D CS Vol T ol ) D CS Vol
Integral representation:
, 2y
18 18 i %2 J‘Imﬂf g s
= : : — ds
I];mnthﬂnm—lgnmnhz-:m —2+2;rj&csch2[t}dt+m2 [jj”sechz[t}dt}z sicady 5302
a

2 =mhim)
for y > 0

The value -1753,8335 is a good approximation (with minus sign) to the value of the
mass of the candidate “glueball” f(1710) that is 1723 (+ 6 — 5), and practically equal
to the values 1759+ 6; 1750(+ 6— 7).

8 * 1/ (((((1/Pi+cothPi-(1/2(Pi tanh*2 Pi)))))/(2sinhPi)
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Input:

1

B
1'+cn:|th1n ;l—l' {r tanth? (m))
I ] 1
2zimhimy
e cothix)is the hyperbolic cotangent function
e tanhix) is the hyperbolic tangent function
o sinhixisthe hyperbolic sine function
Exact result:
16 sinhim
1 1 2
Riaes rtanh”(mr) + cothim
r

Decimal approximation:
-779.4815617424835850090086815145 10809997 167888407372200700._ ..
Alternate forms:

32 coshim) cothim)
m* - 2 r coth®(m) - 2 coth?(m)

16 sinhim)

1 5 coshim) 7 sinh? (1)
m  sinhit)  Zcosh?im)

64 x sinhir) tanh(m)

B —4 5 —4tanh(m) - #° tanh(m) sech®(r) + #° cosh(2 m) tanh(m) sech?(m)

Alternative representations:

8 8
Lﬂothan—Lntanhzm;l 1+l 1+ ]
. = bl —1+e'EJT 2 ‘2”

2 smhim)
— 4™

8 8
}r'mnthdnj—é':rtanhzlm 1+i—12“n|:r'ccut{g+.r' JT'I:I2 +Ii¥

2 =inhim) T T

8 8
L cothim-L 7 tanh2im 141y 1+
. -4 b —1+e'2’T 2 ‘2”

2 smhim) 3 'I
:-:Ds:{z-hrnl

Series representations:
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8

L +cu:uth-::r]—1' 7 tanh?im)
I 2
2 mmhimy
142k
£ .50 |
Lk<o (142 k)

ol

_—2+2}T+frz +4nzr=lq2k+4rrz Z:Ll[—l}quk+4;fr2[z:)=l[—1}kq2k}2 )

g8
L L

4eothir)-
I 2

2
1 tanh= {7}

2 smhim)
142&

o M
327 Yo (142 k)t
l- 1

T EHZ:;_N ﬁ 457 ZL (-1 g®* + 4 2° [2:11 (—1f* q“}z |

2
L +cnth-::r]—1' 7 tanh?(7)
I 2
2=inhim)

i 2k

[REIE]

T i L 5B R

Zk=0 [2k)

_‘2 +2m 4+ +4HZ:J=1q2k+4ﬂ2 z:;l[_l}quk*q'ﬂz[iz;l (-1 qzk}-? Y

Integral representation:

9
= {4 5)4s

8 Bin'? i ooty
— ds
—icady  g3f2

}r'+cnth-::r]—]2" mtanh?(7) B -2+2nr J"T_ﬂ csch?(t) dt +n° [L’Tsech‘z[l’}dﬁ}z
2

2 =mhim)

We note that the value -779,4815 is very near to the value 775,023 of nonperturbative
contribution to the mass of a 1S quarkonium (with minus sign) for my = 4.68 MeV/c?
=0.00468 GeV/c?, that is the mass of quark down is 4.8+0.5+0.3 = 4.68 MeV/c’.

Input:
- 0.00468 - 624 . 0.012
425(2 513 0.00468}4

Result:

775023,
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1/4 * 1/ (((((1/Pi+cothPi-(1/2(Pi tanh*2 Pi)))))/(2sinhPi)

Input:

1
4 ﬁ +cn:rﬂ'|-:n;l—]2“ | tanh? {m)
2 smhimy
Exact result:
sinhim)

2{1 - rtanh?im + cm:h[;r}}
T 2

Decimal approximation:

e cothix)is the hyperbolic cotangent function
° tanh(x is the hyperbolic tangent function
e sinhixi is the hyperbolic sine function

-24.3587988044526120615343337973284628124114965155428840872...

Alternate forms:

sinhim

2 _rtanh®(r) + 2 cothim
m

x coshir) cothim
7 -2 rcoth®(m) - 2 coth®im)

sinh(m)

2 [_1 4 coshim) nsinh'z-{M]
m  simhin)  Zeosh?im)

Alternative representations:

1 1
‘Lmnth{nj—l'ntanhznin:llldi 4[1_'_1__'_ 2 —l—n{—1+ 2 ]2]
= .2 g T 14T 2 l4g— 2T

2 simhim)
=4

1 1
‘L"":Dth':”:'_l'”m"hg"”:']“ 4{1+1——1—nl'l:'cnt|'£+ur'ﬂ:|'IE+ 2
=z 2 ' B SR T

2=zmhim)
— e

1 1
‘Lwnthqnj—l'ntanh‘?n:n:lllﬁf D I — —l—n{—l+ 2 ]2]
i - : T _14efT 2 1427

2 sinhim)
2icos|T+in)
] V

Series representations:
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1

|:J];+-:Dth-::r]—]£ T tanhzn::r:lllﬁf
2 mmhimy
. 2142k
k=0 (142 k)

fon

_—2+2}T+frz +4nzr=lq2k+4rrz Zfﬂ[—l}quk+4;fr2[z:‘=l[—1}kq2k}2 )

1
|:J];+cu:-th-::r]—]£ T tzth-::r:l'lﬁf
2 smhim)
o o ladk
k=0 (142 k)

for

2arto2aYyy  Losar Y 1 g ant (T CUF QP

1
|:J];+q:n:|th-::r]—]2":rtanhz-::r:l:|4 a
2 aimhimy
(L
”TEk:D _—

[2k)!

_—2 +2m+n° +4}T2:J=1q2k +4 2 z:;l -1 qzk + 452 [2?:1 (=1 qzk}-? '“i

Integral representation:

1
|: J];+-:Dﬂ'|-::r]— ]2“ 7 tanh? (7 J]4
2 sinhimy
indi2 T P 2 fi4 545

ds o1 U
32

4 —2+2NJE1_LCSCh2[t}dt+ﬂ'2[L”SEChZ[t}Jt}E] e 8
2

The result -24,35879 is very near to 24, that represent (with minus sign) the physical
degrees of freedom of the bosonic string, that are the 24 transverse coordinates.

1/8 * 1/ (((((1/Pi+cothPi-(1/2(Pi tanh*2 Pi)))))/(2sinhPi)

Input:

1 1
8 !‘r +cn:rrh-::r;l—12‘ | tanh? {m)
Zaimhim)
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e cothix)is the hyperbolic cotangent function
e tanhix) is the hyperbolic tangent function
o sinhixisthe hyperbolic sine function
Exact result:

sinh(m)

4{1 - é xtanh’(r) + coth(m)

T

Decimal approximation:
-12.1793994022263060307671668986642314062057482577714420436...

Alternate forms:

sinhi(m)

2 _ 2 rtanh®(r) + 4 coth(m)
am

r cosh(m) cothim)
2 [,rr2 -2 rcoth®im -2 cnthz{;r}}

sinh(m)

1 coshir) 7 sinhZin)
A=+ = =+ 3
m sinhin)  2cosh®(r)

Alternative representations:

1 1
{Lﬂuth-:n;l—l'ntanhzm:ls E[1+1—+ 2 —l—n{—1+ 2 ]2]
— _2 T 42T 2 142

2 minhim) + +E
— T 4T

1 1
L +eathim)-L 7 tanh?(m) 8 - 5'-{1+1_—1_Ir{icntl:'ll+fn'l'|2+ 2
2 '21-. n 2 Claibel AROTTE T

2
=mhim) _F—.IT_'_FIT

1 1
T L 2 ™ : 2
{ teothimi- = mtanh={r)| 8 S[l 1 2 L 1 2 ]
LT 2 :I +:r+_1+l,2n 21‘[{ +1+g—2”]

2 zmhim)

2:’ccusa'lg+ur'n:l

Series representations:
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1
|:1'

= +-:Dﬂ'|-::r]—]£ T t'anhE-::r:l'l 2

2 =mmhim)

2142k

T Lk=o (142 k)t

_2 [—2 +2m4+n° +4}T2kw=1q2k +4qn2 Z::I:l (-1 q2k +4 5 [Zf:l (-1 qzk}z}
for g

1
|:J];+-:Dth-::r]—]£ m tanhzn::r:l:l 2 a
Zainhim)
pl+2k
E‘k‘ﬂ 1142 k)

fi
[ 2+ - E;rzk_ —.?,JT+-‘-1-?r2 Zk g 1 2'l'°+4-}1'2 [Zil[—l}quﬂz}

1

|: J];'mnth-::r]—lz" 7 tanh?in W

2=inhim)
f(1-E)=f*

[
T k0 " ep rzk.'

2 (-2+2n+a +4x 3 @ +4a2 Tor Dk +aa? (30 -1F )

for g

Integral representation:

1
|: J];+-:Dth-::r]—]£ T tanhE{ﬂJ] 2
2 zinhim)
2
| : =4 5)
i 32 TI Jid s)4s
———— d's 101 U
a4y 53-'2

B|-2+ Esrj” csch?(t) dt +x° [L”sechz[t}dt}z]

The result -12,17939 is practically equal to the value of black hole entropy 12,19 with
minus sign

Appendix A

On the number 24 in string theory and Meson fO(1710)
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From:

http://math.ucr.edu/home/baez/numbers/24.pdf

So: our calculation only gives consistent answers if the
partition function
= o0
: o1t 1
Z(l) =e¢ | | ——
‘ 1 — e—tnt
n=1
is unchanged when we add 27 to t. Alas, it does change:

2w

Z(t+27) = e Z(t)

But Z (t)24 does not change! This is the partition function of
24 strings with one direction to wiggle — which is just like
one string with 24 directions to wiggle.

So, bosonic string theory works best
when spacetime has 24 + 2 = 26 dimensions!

From:

Introduction to String Theory - Winter term 2011/12
Timo Weigand - Institut fur Theoretische Physik, Universitat Heidelberg
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e We first introduce a cutoff A to regularise the divergent expression in such a way
that the divergence appears as we remove the cutoff by sending A — oo. A convenient
cutoff procedure here is e.g. to rewrite the vacuum energy as

I e o Sl R TR L R -
?TZRQE 5 ch '”T:? 5 Zn{e L3 1 (3.102)
n=1 n=1 n=1
From ", ng" :Q%Z:; q" :q%rlq :ﬁg we find
o R e vd—2 e~
e T I limg . (3.103)
£ 2 =] £ 2 (l—e_ﬁ')
d—2 4 v | i [F%:
— B el — AP — 2= =) ) 3.104
By (?T 1zt (A}) (3-104)

e The expression for the vacuum energy has two non-vanishing contributions: The term
proportional to A? is the divergent piece. It is important that this term scales like /.
Therefore, this term can be absorbed by adding a cosmological constant term proportional
to A% [ d*av/—=h to the bare Polyakov action via renormalisation. This counterterm in
the bare action then cancels off the divergence arising in the quantum computation of the
VACUUIN energy.

In addition there is the finite term —deE% 55- This term is present only due to the finite

size of the string because it disappears in the limit £ — oc. Unlike for the divergent term,

there exists no local counterterm that we could add to the action such as to absorb this
term. This term is therefore physical and defines the Casimir energy of the string.

A priori one might wonder why we have to cancel the entire piece of the term scaling like £ by
adding a suitable cosmological constant - can’'t we just keep a finite fraction of it and declare
it as part of —a? The reason why this is not possible in string theory is conformal invariance:
The cosmological constant term breaks conformal invariance explicitly in the action - unless the
classical counterterm and the quantum term cancel exactly. Therefore —a must be identified
with the Casimir energy, i.e.
d—2 g

T for (d — 2) transverse (NN) or (DD) oscillators. (3.105)
For d = 26 this gives a = 1 as found by requiring Lorentz invariance for the open string with
(NN) conditions and also for the closed string. It therefore holds also for the (DD) string.

Remarks:

e Note that a # 0 still breaks conformal invariance, but merely in form of an acceptable
conformal anomaly, i.e. of a quantum anomaly of the conformal symmetry.
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e Very soon we will get to know powerful CFT techniques yielding another derivation of the
Casimir energy making the relation to the central term ¢ in in the Virasoro algebra clear.

There is an amusingly quick and efficlent manner to re-derive the Casimir energy, i.e. the finite
picce of the vacuum energy, by means of (-function regularisation, which is a formal way to
regularize the sum 5" | n. It makes use of the {-function {(s), defined as

(E)=)_n (3.106)
n—1
We need the following twa praperties of the (-function which are proven in standard texthooks
on complex analysis:
e ((s) is convergent for Re(s) > 1.
e ((s) allows for an unique analytic contimation to s = —1 with
1
1) =——.

With two eyes wide shut - or alternatively with the above proper procedure of regularization and
renormalisation in mind - we deduce that the contribution to "a” from 1 (NN) or (DD} direction
(i.e. one integer moded bosen), given precisely by —%C (—1), is

1 ' ; ' =
+£ per (NN) or (DL) direction. (3.107)
This also gives & quick way to read off the result for a string with (DN) boundary conditions
for which the mode expansion is half-integer. To this end we use
C(s,q) = (n+q)~" (3.108)
n=1
with analytic continuation
: L
(—1,q) = — G- — 6
Gi—1,q] 580 —6g+1)

The contribution from one (DN) direction (i.e. one half-integer moded boscn) is therefore (g = 1)

el fa 1t
. 1. kﬂ.lUﬂ}

Il you don’t believe this resull you can derive it in a similar manner as for the (NN)/(DD) string

around (3.103).

This allows us to write down the normal ordering constant for the critical string with m (DN)
directions and d —m (DD) or (NN) as

£(NN) | #(DD) #(DN) _#(NN) | 4(DD) | #(DN) #(DN) d 2 m

24 48 24 16 24 16
The mass relation for open string with m (DN) directions is therefore
o’'M? =N 4+ o/ (TAz)? —a=N +/(TAx)* — % + % (3.110)
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Significance of the ghost Virasoro algebra and criticality

The algebra of the conformal transformations of the full action § = Sy | 5, is generated by the
combined Virasoro generators

Lt — LGP + LY — 6™ 8, (3.170)

where we conventionally include a total normal ordering constant a®? into the definition of LIt
It is the sum of the normal ordering constant for the X and for the ghost fields,

atot _ gt X) 4 gla). (3.171)

e The first piece is just given by a/X) = d;;f + % corresponding to the d — 2 transverse

XN-oscillations familiar from lightcone quantisation together with the contribution from the
X? and X941 componeuts. These are nol abseut here since we are in a covariant zauge.

« To compute a'9) we observe that the ghost system counts as one anti-commuting set of inte-
ger moded scalars. By a similar compuzation as performed in section 3.2.3 its contribution
to the Casimir energy is

a'¥ = . (3:172)
L '
Since there is no factor of é in the definition of Lég} this is just minus the contribution of
a commuting set of integer-moded scalars.
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e Therefore

got_4-2,2 1 _d-2
24 24 12 2

a. (3.173)

The ghost system cancels the contribution from the unphysical non-transverse polarisations,
a feature that we will encounter again in the framework of BRST quantisation

Omne may verify that the combined Virasoro generators satisfy the commutation relations

rrtot ptoty _ r__ v Ttot .’Ctm} . Y B Ak IO e B
b s Ly 1 = (M = 1) L + Omin 0| 75 (M7 —m) +2mia —1) ) (9.174)

with the central extensions governed by the quantities
ot = X) 4 ol) eX) =d (for propagation in R%4-1), 9 =—-26. (3.175)

PRI o [

or (.'Lll..l.l\r’&d.i_lll.-l to a vwey

The prese;ce of the central term ¢'** is equivalent to a Weyl anomaly of the full action Sx + S,,
Weyl anomaly in the path integral

] DXe' % (det P). (3.176)
The central term and thus also the Weyl anomaly of the path integral is absent iff

d=28,; a=1. (3.177)

Thus eriticality arises as a self-consistency requirement of the Faddeev-Popov treatment of the
path integral.

This gives us a final interpretation of the meaning of criticality: It is the requirement that the
X-theory cancels the conformal anomaly of the ghost system,

0= X 4el@) = X) _96 (3.178)

that the a.nomal' f the full quantum theory is absent. What is actually fixed is not the
nbe zi e central extension (%),

Relation of ¢ to vacuum energy
The above transformation rule provides a very simple and efficient derivation of the Casimir

energy on the eylinder in terms of the central extension ¢ of the Virasoro algebra. The starting
point is the intuitive assertion that on the complex plane the Casimir energy vanishes. Thus,
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in view of the relation between the Hamiltonian and the energy-momentum tensor this implies
that the cne-peint function on the plene is zero, (Tjjane) = 0. Therefore

¢ (2w’
(T )(m) = ok (T) i (4.78)

This beautifully matches with our earlier computation of the vacunum energy if we remember that
w =1, = i€ in terms of the Minkowski signaeture lightcone coordinates. This gives an extra
factor of —1 in relating the cne-point function of 7.,y (w) to the physical velue of the vacuum
energy on the Minkowski signature cylinder. Altogether one finds with H = 25(Ly + f.g) and

LA
| e _EI ff ArT fe—Y f.-\ j— i. I'"E AT . (et that tha vaminm aneroy aoonnintnd with o
L) 4?1_3 JD HUJ.——\& }‘ Ay 4:'1__& JD LRI & —'——'— hs ! LiltuL UL el LLialna \.l.l\_'l.c"' S LUl YV A LAL e
gingle string field in Minkowski signature is
9 ‘ :
21 ¢ 2r e
T § o (1] (_ (_ _) do({Toy (19)) + {Toin (D)) = — 2.2 . (1.79)
( CY ) 4 / j:l 42 o < cy } I )a ¢ 12

Taking into account that a single string field has a conformal anomaly ¢ = 1, this agrees with
the result (H) = 2T;'T(—.-::! — i) with a = 2_1£ for en integer-moded boson.

This is an example of a general prineiple in quantum field theory:

The path integral in compactified Euclidean time yields the partition function at temperature

Pre=_1_

2T T

ii) To generalise this to a torus with modulus 7 = 7, + i7» we must in addition translate the
fields by 277 in spatial direction,

Z(T) = (l>r,®X! = Z(?II EEMTIP_QTTT:;H |TL)

or more compactly

Z(r) = Tre?=nP-2mml (5.98)
‘With the relations
2 - 21 = c+z : 2 :
P T(LU — Ly), H= T(LO 4+ Ly — 21 ) with —=1 from now on,
this can written as
Z(r) = (qq)”F Trg™ g, g=¢"". (5.99)

We now express Ly in terms of the momentum operator and the number operator,
) r
g = %k2+N, Fig= %k2 LN, (5.100)

and express the trace as an integral over the momentum modes times the trace over the
oscillator part of a string state,

F ddk‘ " N L B
Tquo q—Lo — W T (kf\'ﬂ.\'| {qq}TR q‘”q‘ﬂk;;‘\",ﬁ > (5101}
e i

The inner product over the momentum state gives a faetor of the spacetime volme (k|k) =

6@ (k — k) = Vg, and with (qq) T = (exp(dwry)) T we find

g d?k

Zr)=Ve@D)™ | Gy g B g o (5.102)
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The computation of the trace was performed in detail on Assignment 6, to which we refer
for details. The result is
'
Vg — JJa - -a) (5.103)
n—1
We finally perform a Wick rotation k" — ik" to render the integral [ d?k finite and perform
the Gaussian integration. This yields the final expression for the partition function Z(7),

f the ghost insertio

The next task iz to commute the one-loon inte
ipute 100 iLe

% u...«u;... a5 1

b

P], Chapter 7, p. 212. We
(T)?]?. Setting now d = 2

)

u v ot =
we do not present this computation here. It can be found eg. in |
merely fquate the final result: The ghost sector vmldb a factc-r af |n
the one-loop amplitde is

Z(t)=1iVae [ dfd.?(rjﬂza"r;}_”- r;r('r)|_45. (5.107)

< Fh 4?_2

Z(r) — iVa(Zx(m)) (5.

Zx(t) — (4r° ar?}_% iq('r| 3 with (5.1

nt) = r;ﬂl'i' H{t—q"] the Dedekind n function. (5.
e

The IR regime corresponds to the limit 752 — o0, in which the torus (or cylinder with both ends

identified) becomes very long. In this regime we can expand the inegral over the n-function as
0
[ e = [ @rea Lo

n=1
/1

1
3

./:xd'ﬁg ((qq}‘l +242+...),

12

rf’rl/ dr () (0 + 24+ .. ) + 245+ )

12

where terms of the type g + § vanish upon performing the integral over the mj-coordinate. Thus
i AemAdra s Flha Fallmarrdaeg T Al asesmaa
L=J0 0L LT LLL DUMIUIWY l.J.l'c"> LAV LTI Y IUJLLL
*d
} T2 = 4
iVag —=(4nalra) B | &2 4+ 24° ... (5.115)
| 2710 N —_— —
t.n.cf\vorl masaslazs M assive
- maodes modes

e The first term is divergent. This divergence, however, is an artefact due to the appearance
of the tachyon. Since the tachyon will be removed in the final superstring theory we can

safely ignore this nuisance.

e The next term is due to the massless states. The long-distance behaviour is therefore

governed by massless states. Their eontribution to Zz is finite.
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e As in the closed sector, the ghost contribution turns out to cancel the oscillator trace of
precisely two non-transverse directions. With this in mind the amplitude is
* dt
Zc, = —Tr e 2mtLo—%) (5.118)
L B

1

= iV A g(BWQQ’t)_”T‘r'@ggilxiqL“_ﬁ. (5.119)

For a stack of N concindent D-branes filling all of spacetime this is

= Vo N2 f — (8n2a’t) " Bp(it) 724 (5.120)

Open versus closed channel
e In the UV-divergent limit ¢ — 0. the cylinder is infinitely long.

e The remarkable insizht is the following: We can either view the long cylinder as deseribing
an open string stretching between the boundaries at ¢! = 0,7 and running in the loop
described by the Euclidean time o2. Or, alternatively, we may interpret the anmulus as a
closed string propagating at tree-level from the left to the right. The two interpretations
of the cylinder are referred to as open and closed string channel.

T e (T

it UL e el

e Technically, the two viewpoints are related by interchanging the role of the Euclidean time
and the spatial coordinate on the worldsheet. From our analysis of PSL(2, Z) transforma-
tions of the torus on Asmgnment 10 we recall that an S-duality transform&tlon T — —l
exchanges the coordinates ¢! and 2. The same applies to the eylinder with it taking the
role of 7. Including a conventional rescaling of the spatial eoordinate the transition from

the open to the closed string channel is accomplished by

t—s =%. (5.121)
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With the help of the transformation of the DNedekind funetion

'_—1E_£ (i8) ‘E 19
=48 = ([ 12
the annulus amplitude in closed string channel is
1 i gy T
o, =iVag N ———— dsq|— : (5.123
i - (8720’ )% ﬁ ”?(. T ) I‘ )

e The UV limit ¢+ — 0 in the open channal has translated in the IR limiz & — oc of the cloged
channel. This deseribes a elosed string tree-level proeess with the string propagating over
long Euclidean time. Thus we have reinterpreted the UV-divergence as an IR-divergence.
This is in fact a general feature of string amplitudes:

All UV divergencies in string amplitudes can be reinterpreted as 1K divergencies of dual diagrams.

o Iu [act, we can make Lhe propagation of the elosed strings visible o Lhe limil 5 — oo Ly

expanding
rigy -4 2 x i :
— = @ 24 a =34 (5.124
(=) e, + U, +O(e>) (5.124)
Lfy_'h,-l_-u Lgssless

The tachyonic term is again an artifact of the boscnic theory. Of importance is the second
term. It shows that the IR divergence is due to the exchange of massless closed
string states at zero momentum.

The contribution of each field X*, 1»* to the normal ordering constants ays, ar follows e.g. by
¢-function regularisation.

e From the discussion of the bosonic string we recall the following reasoning that led to the
normal ordering constant of one periodic boson: From

i@ _ao T Z Cnltn+ 5 ﬂ_z_:x a0, (6.84)
with
1 —1 1 oo 1 o0 1 o0
5 Z Oy, = 3 Z Oy — 5 Z Q_n0n, + 3 Z n (6.85)
n=—oc n—=1 n=1 n=1
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we concluded that

1 1 1
ﬂ:—EZﬂ:—if;(—'l_] =51 (6-86)

n—._

¢ Likewise for periodic fermions we compute

i rb_.b, + % Z(.—-r;brb_, (6.87)

Lf' =

Iw_lll—L

and conclude
iz (6.88)

¢ For anti-periodic bosons (upper sign) and anti-periodic fermions fermions (lower sign), the
normal ordering constant is

1, : L %ﬂ 3 i
'53=—T_J.Q{_1.-§'J|q_.~}= E-L' (n+q) |?—$:+E' (6.89)
This is swmmarised in the ollowing, table.
1 periodic boson 6=+5
1 ant?—p(?\rioclic .boson a= —}? (6.90)
1 periodic fermion a— —53
1 anti-periodic fermion | a = 55

We note as 12, 24 and 48 are fundamental numbers in the mathematics of string
theory

Meson f0(1710) could be so-called “glueball” particle made purely of nuclear force

Colin Jeftrey
October 16th, 2015 (https://newatlas.com/meson-f01710-glueball-particle/39866/)
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Researchers at TU Wien claim to have discovered the elusive "glueball" - a particle
created from pure nuclear force(Credit: TU Wien)

Terms to describe the strange world of quantum physics have come to be quite
common in our lexicon. Who, for instance, hasn't at least heard of a quark, or a gluon
or even Schrodinger's cat? Now there's a new name to remember: "Glueball." A long
sought-after exotic particle, and recently claimed to have been detected by
researchers at TU Wien, the glueball's strangest characteristic is that it is composed
entirely of gluons. In other words, it is a particle created from pure force.

First mooted as a particle in 1972 when physicists Murray Gell-Mann and Harald
Fritsch wondered about possible bound states of recently-discovered gluons,
scientists have sought the particle in the intervening decades. Originally dubbed
"gluonium," but now called glueballs, these strange particles of pure force are
exceptionally unstable and can only be indirectly detected by monitoring their decay
as they disassemble into lesser particles.

More recently, physics Professor Anton Rebhan and his PhD student Frederic
Briinner from TU Wien have theorized that a strong nuclear decay resonance, called
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f0(1710), observed in the data from a number of particle accelerator experiments is

strong evidence for the elusive glueball particle.

Quarks are small elementary particles that make up such things as neutrons and
protons. Binding these quarks together is the strong nuclear force which, in turn,
couples the larger particles.

"In particle physics, every force is mediated by a special kind of force particle, and

the force particle of the strong nuclear force is the gluon," said Professor Rebhan.

Elementary particles come in two kinds: those that carry force (bosons), such as
photons, and those that make up matter (fermions), such as electrons. In this context,
gluons may be viewed as more complex forms of the photon. However, as photons
are the force carriers for electromagnetism, gluons exhibit a similar role for the strong
nuclear force. The major difference between the two, however, is that gluons are able
to be influenced by their own forces, whereas photons are not. As a result, photons
cannot exist in force-bound states, though gluons, which are attracted by force to each

other, make a particle of pure nuclear force possible.

In this way, many researchers believe that many of the unexplained particles
discovered in particle accelerator experiments could indicate the presence of pure
nuclear force particles, or glueballs. Contentiously, however, some scientists are of
the opinion that the signals detected in the experiments may also just be some sort of
conglomeration of quarks and antiquarks. This is particularly difficult to prove either
way, though, as — whatever the mysterious particle is — it is too short-lived to be

directly detectable.

Nevertheless, two mesons (a meson is a subatomic particle composed of one quark
and one antiquark), entitled f0(1500) and f0(1710) have been determined via
calculations to be the most likely candidates for the glueball particle. For some time,
scientists believed that fO(1500) met many of the mathematical criteria for being the
front-runner as the glueball particle, although much of this bias was also largely due
the fact that many researchers believed that the production of heavy (strange) quarks
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in the decay of f0(1710) was implausible because gluon interactions do not normally

distinguish between heavier and lighter quarks.

"Unfortunately, the decay pattern of glueballs cannot be calculated rigorously," said
Professor Rebhan. "Our calculations show that it is indeed possible for glueballs to
decay predominantly into strange quarks."

Despite the inconsistencies to accepted quark behavior, the decay pattern calculated
by the two TU Wien researchers, which shows disassembly into two lighter particles,
actually lines-up exceptionally well with the pattern measured for fO(1710). The
researchers have shown that other decay patterns into two particles or more is
possible, and have also calculated their decay rates.

Though these alternative glueball decays have yet to be measured, two experiments to
be conducted at the Large Hadron Collider at CERN (TOTEM and LHCb) and one
accelerator experiment in Beijing (BESIII) over the next few months are expected to

produce data that will hopefully support the TU Wien researcher's hypothesis.

"These results will be crucial for our theory," said Professor Rebhan. "For these
multi-particle processes, our theory predicts decay rates which are quite different
from the predictions of other, simpler models. If the measurements agree with our

calculations, this will be a remarkable success for our approach."

If the measurements and calculations do, in fact, agree, the evidence for f0(1710)
being a glueball would be highly credible. Such a confirmation would also once again
demonstrate that higher dimensional gravity research can be effectively utilized to
solve particle physics problems. According to the researchers, this would be one
more overarching support of Einstein’s theory of general relativity, the centenary of

which occurs next month.
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The results of this research were recently published in the journal Physical Review
Letters.

Appendix B

From: “SQUARE SERIES GENERATING FUNCTION TRANSFORMATIONS”
MAXIE D. SCHMIDT - https://arxiv.org/abs/1609.02803v?2

Corollary 4.7 (Special Values of Ramanujan’s -Function). For any k € R*, the variant of
the Ramanujan o-function, (E_“] =g [e_k’"r), has the integral representation

so —t2/2 | dekT (e'g""” — cos (\/ﬂf))
. (e_‘!m) =1+ S dt.
Jo VT | ethm — 9c7 cos (Vukt) +1

Moreover, the special values of this function corresponding to the particular cases of k €
{1,2,3,5} wn (33) have the respective integral representations

wl/d 14 /“’” et2 [ 47 (e*™ — cos (v2rt))
0

(33)

3\ (34
r (%) V2 | el — 2627 cog (\/ Qﬂ'f.} +1 )
a4 V242 — /'x' 112 [ 427 (e’h — cos (2 \/ﬂ,?t}'] 4
r'(3) . 2 = 0 2n LES"T — 247 cos (24/7t) + 1

/A V3+1 " /""*’ e 12 [ e (5™ — cos (yBrrt)) "
r'(3) 244338 0 2r | 12" — 2€f7 cos ( Vert) +1

<1/4 m i /L e—t2/2 [ 4edm (fl[hr — COS (\/ 10??1‘_)) ] g
0

iy (%) 534 V21 _529” — 2¢!97 cos (V107t) + 1
From the first of (34):
i/4 s © g=t?/2 [ 4e"(€2” — COS(\/Et)) d
r (%) 0o V2w |e*™ — 2e2m COS(\/ZT[t) +1
we have:

- (3) _ V2 444288293815

B r (%) ~ 3,625609908

= 1,2254167025

m'/*  1,3313353638

r (%) ~1,2254167025

= 1,08643481 ...

For the integral, we have calculate as follows:
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integrate [(2.7182870.89)/(sqrt6.283185307)][4e"3.14159265 * (¢76.283185307 -
cos((sqrt6.283185307)1.33416))]/[e"12.56637 - 2¢"6.283185307
(cos(sqrt6.283185307)1.33416))+1]x

j 2.718280-8 [4?-1‘”5‘-”255 {t‘ﬁ'ZSEISSBD?—CDS{*J‘ 6.283185307 1.33415]]]x

V 6.283185307 (¢!296637 _ (3 6283185307 (o] 6.283185307 | 1.33416) + 1

dx = 0.0837798 x°

¥

0.1z |
\‘x u.mé /

0,08 |

0.06 | (x from=1.2t01.2)

0.04 |
002 |

0.0837798 x° + 0

Thence: 1+ 0.0837798 =1.0837798

and:

integrate [(2.7182870.89)/(sqrt6.283185307)][4e"3.14159265 * (¢76.283185307 -
cos((sqrt6.283185307)1.33416))]/[e"12.56637 - 2¢"6.283185307
(cos(sqrt6.283185307)1.33416))+1] x, [0, 1]

2.718280-%° [4 314159265 [:-5-2*31*53“7’ - cas[\" 6.283185307 1.33415}]] x

[
v0 \ 6.283185307 [flz-'-‘f*“? i{d SR [cas[-\.}' 6.283185307 ] 1.33415] + 1]

dx =0.0837798

170



p2 04 06 0B 10
Open code

Riemann sums:

left sum = 0.0837798 - @ — 0.0837798 — E@ + D{[ﬁ'ﬂ

[a=suming subintervals of equal length)

Indefinite integral:

f 2.71828°-8° [4?-1‘“5‘-"255 [;-5-2*31*53“7" - cos{wf 6.283185307 1.33415]]]x

V 6.283185307 [f TABKYT. 9 S 2TNA T [.:.::s[*,,f 6.283185307 ] 1.33415] + 1]
dx = 0.0837798 x* + constant

Thence: 1+ 0.0837798 =1.0837798

With regard the integral, from 0 to 0,58438 fort =2, where
(2.71828"2)/(sqrt6.283185307) = 2,94780 for t=2, we have:

integrate (2.94780)[4e"3.14159265 * (¢/6.283185307 -
cos((sqrt6.283185307)2))]/[e*12.56637 - 2¢°6.283185307
(cos(sqrt6.283185307)2))+1] x, [0,0.58438]

2.94780 [_4 314159265 (w”“‘mw ” cos(\f 6.283185307 2}]] x

cos[\i 6.283185307 }2] +1

dx =

{‘058438

v0 (,12.5653? —(2 PG.ESSISSS’D?I

0.0864364

Thence, 1+ 0,0864364 = 1,0864364; 1,08643481 = 1,0864364.

In conclusion, the value of this, defined by us, "New Ramanujan’s Constant" is

1.08643.

In this and others our papers, we have used 1,08643 as a new ‘“Ramanujan’s

constant” and we can see as this constant is fundamental for some results that we

have obtained in various equations analyzed and developed.
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