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Summary

In addition to the publication The Snark, a counterexample for Church's thesis ? examples and
details are offered in the form of two appendices C6 and C7 that allow for better understanding of the
general method and the particular problem related to Church's thesis.

The author has developed an approach to logics that comprises, but also goes beyond predicate logic.
The FUME method contains two tiers of precise languages: object-language Funcish and
metalanguage Mencish. It allows for a very wide application in mathematics from recursion theory
and axiomatic set theory with first-order logic, to higher-order logic theory of real numbers etc.

The most usual approach to calculative (effectively calculable) functions is done by register machines
or similar storage-based computers like the Abacus or Turing machines. Another usual approach to
computable functions is to start with primitive recursive functions. However, one has to find a way
to put this into a form that does not rely on a pre-knowledge about functions and higher logic. The
concrete calcule LAMBDA of decimal pinitive arithmetic allows for such an access. It is based on a
machine that is completely different from the storage-based machines: the PINITOR does not use
storages but rather many microprocessors, one for each appearance of a command in the code of
primitive recursive functior. the codes are decimal numbers, called pinons, where only the characters
0 1 2 8 9 appear. There are four kind of commands only: O nullification, 1 succession, 2 straight
recursion and 8 composition. The PINITOR is a calculator which means that there is no halting
problem. Computers have halting problems, per defintion calculators do not.

Appendix C6 gives the programming of the codes of most of the usual primitive function and goes
even farther, e.g. it introduces generator technique that allows for the straight-forward calculation of
so-called processive function, that are not primitive recursive. The most famous examples of
Ackermann and other hyperexponential functions are programmed.

Appendix C7 turns to the Boojum-function and the Snark-function that have been introduced as
calculative functions in the above publication in connection with Church's thesis. A list is provided
that gives the lowest values for these functions and gives some more insight into these functions.
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Mnemonic rules for descriptor strings

A number string can be referred to in Funcish and Mencish, either by an individual-constant e.g. Abpt
or a macro, e.g. Abpt resp. . The Mencish notation with macros is shorter, as one can include

individual-constant strings in Funcish only by means of synaption, that is denoted by (A*A)e.g.

Abpt =2AufcAbpc =2{10}20{11} notice font style boldface italics for the equaliser in Mencish =
Abpt=((2*Aufc)*Abpc)=2{10}20{11} different from normal font for equaliser in Funcish =

The first examples show the usual claim that recursive functions need constant functions (otherwise
called constantions or better fications) and projection functions to start with is wrong. It suffices to
have nullification and succession. Fications and projection are obtained therefrom by primitive
recursion, coded by pinon strings. E.g. identitation f(x)=x is programmed by 201 , constant 1 by 8109

Mencish  Funcish  primitive recursive function pinon codes as Mencish strings in?r.

conventional notation arity
An An Anfc nullification, constantion 0 0 0
Aufc Aufc unification, constantion 1 {10}=8109 Y 0
Abfc  Abfc duofication, constantion 2 {1{10}} 0
Atfc Atfc trification, constantion 3 {1{1{10}}} 0
Agfc Adfc quadrufication, constantion 4 {1{1{1{10}}}} 0
Aouufc  Aouufc éll-fication, constantion 811 {1...811times... O ... 811 times... } 0
Au Au Aucs succession, unicession x+1 1 1
Abcs  Abcs bicession x+2 {11} 1
Atcs  Atcs tricession x+3 {1{11} 1
Aupr  Aupr 'i'dentation, uni-projection x 201 1
Abpr  Abpr bi-projectiony 2201201 2
Atpr Atpr tri-projection z 22201201201 3
Agpr Agpr quadru-projection z 222201201201201 4
Abpc  Abpc auplication 2X 20{11} 1
Atpc  Atpe triplication 3x 20{1{11}} 1
Acbp  Acbp Eession-duplication 2x+1 {120{11}} 1

D for better readability synonymous usage of { } and 8 9 is employed for composition

Table C6.1.1 Constantions and strictly ascending arithmetic functions (to be continued)
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Asad
Aadd

Atmad
Agmad
Apmad

Atpad
Agpad

Amula
Amul
Asup

Abpo
Atpo
Agpo

Adpo

Abpt
Atpt
Adpt

Asbpt
Assbpt

Acarl
Aincarl
Apcarl
Afact

Ajexp
Aexp
Aautxp

Abla
Atla
Agla

Ajsexp
Ajssexp
Ajsssexp

Asexp
Assexp
Asssexp

Asad
Aadd

succession-addition x+y+1
addition x+y

Aouufca Aouufca alternative 811-fication

211
22011

{Aadd{Aopc{AdpcAdfc}{AaddAdfcAufc}}

Atmad ternary-addition x+y+z 2220111

Agmad quaternary-addition x+y+z+w 222201111

Apmad quintary-addition x+y+z+v+w 22222011111

Atpad  ternary-pair-addition x+z 222012011

Agpad  quaternary-pair-addition x+w 2222012012011

Amula multiplication x.y alternative 20{Aadd AuprAtpr}

Amul  multiplication xy 20Atpad = 20222012011

Asup  supplication (x+1)y 2201 Atpad = 2201222012011

Abpo dual power,squaring,quadration x> {Amul AuprAupr}

Atpo tertial power,cubing, cubation x> {AmulAuprAbpo}

Agpo  quartal power (potention) x* {AmulAuprAtpo}

Adpo  decimal power (potention) x*° {Amul AuprAvpo}

Abpt  bi-ponentiation 2* 2{10}Abpc =2{10}20{11}

Atpt tri-ponentiation 3* 2{10}Atpc =2{10}20{1{11}}

Adpt  deci-ponentiation 10 2{10}Adpc

Asbpt  super-bi-ponentiation 2/x 2{10}Abpt = 2{10}2{10}20{11}

Assbpt  supersuper-bi-ponentiation 2"\*x  2{10}Asbpt = 2{10}2{10}2{10}20{11}

Acarl  carlation? (x(x+1))/2 20Asad

Aincarl  incarlation (x(x+1))/2+y+1 21Asad = 21211

Apcarl  predecessor carlation (x(x-1))/2 20Aadd

Afact  factorial, factorialation x! 2{10{ AmulAupr{1Abpr}}

Ajexp  trans-exponentiation® y*=y”x 2{10KAmulAuprAtpr}

Aexp  exponentiation xXY=x"y {AjexpAbprAupr }

Aautxp auto-ponentiation x* {AjexpAupr Aupr }

Abla  dual ladder 2x(y) , escalation 2 AuprAbpt

Atla tertial ladder 3x(y) 2 AuprAtpt

Agla  quartal ladder 4x(y) 2AuprAgpt
Ajsexp  trans-super-exponentiation y“x 2{10K AjexpAuprAtpr }
Ajssexp trans-supersuper-exponentiation y*\x 2{10H AjsexpAuprAtpr }
Ajsssexp trans-supersupersuper-exponentiation y\\\'X 2{10{AjssexpAuprAtpr }
Asexp  super-exponentiation Xy {AjsexpAbprAupr}
Assexp ~ supersuper-exponentiation x*\\y {AjssexpAbprAupr}
Asssexp supersupersuper-exponentiation X"\\y {AjsssexpAbprAupr}

1 remember little Carl Gauss 2 transposed exponentiation

R RN R [

N

Table C6.1.1 Constantions and strictly ascending arithmetic functions ( continuation)

Version 1.0

Programming primitve recursive functions and beyond




Angy
Asgy

Acjy
Adjy
Aipy
Abcy

Audc
Abdc
Atdc

Ajsub
Asub

Aadi
Aemax
Aemin

Aeqy
Aieqy
Amiy
Aemiy
Amay
Aemay
Atangy

Apythy

Augy
Abgy
Atgy

Auqy
Abqy

Aumay
Abmay

Aody
Aevy

Abmp
Atmp
Atrp
Atxy
Agxy

Angy
Asgy

Acjy
Adjy
Aipy
Abcy

Audc
Abdc
Atdc

Ajsub
Asub

Aadi
Aemax
Aemin

Aeqy
Aieqy
Amiy
Aemiy
Amay
Aemay
Atangyy

Apythy

Augy
Abgy
Atgy

Augy
Abagy

Aumay
Abmay

Aody
Aevy

Abmp
Atmp
Atrp
Atxy
Agxy

negation characteristic 1,0,0,...
truncated P <1-x>
signation characteristic ~ 0,1,1,...

<l-<1-x>>

conjunction characteristic
disjunction characteristic
implication characteristic
bicondition characteristic

uni-decession, predec. <x-1>0,0,1,2,...

bi-decession <x-2> 0,0,0,1,2,...
tri-decession <x-3>0,0,0,0,1,2,...

transposed truncated subtraction 2) <y-X>
truncated subtraction ¥ <x-y>

absolute differencition <y-x>+<x-y>
equi-maximation of two numbers
equi-minimation of two numbers

equality characteristic x=y
inequality characteristic x=y
minority characteristic x<y
equal-minority characteristic x=<y
majority characteristic y<x
equal-majority charact. y=<x
triangularity

Pythagoras triple
inequality unus characteristic, not =1

inequality duo characteristic, not =2
inequality tres characteristic, not =3

equality unus characteristic =1
equality duo characteristic =2

11000...
11100...

majority unus 1<x
majority duo  2<x

10101...

oddity characteristic
01010... evenness characteristic
20123.. <x-1>+<1-x>)
30123.. <x-I>+3<1-x>
210210...
01001...
0010001..

2 angle brackets < >denote truncation

2{10}0
20{10}

{AsgyAadd }

{AsgyAmul}

{AdjyAngy Abpr}
{AcjyAipy{AipyAbprAbur}}

20Abpr
{AudcAudc}
{AudcAbdc}

2AuprAudc
{AjsubAbprAupr}

{AaddAsubAjsub}
{AaddAsubAbpr}
{AsubAaddAemax}

{AsgyAadi}

{AngyAadi}

{AngyAjsub}

{AsgyAsub}

{AngyAsub}

{AsgyAjsub}
{Acjy{AmiyAtpr{Aadd AbprAtpr}}
{AmiyAbpr{Aadd AtprAupr}}}
{AeqyAbpo
{Aadd{AbpoAbpr{AbpoAtpr}}}

{AaddAngy{AsgyAudc}}
{AugyAudc}
{AbgyAudc}

{AngyAugy}
{AngyAbgy}

{AngyAudc}
{AngyAbdc}

2{10}Angy
20Angy

{AaddAudc{AbpcAngy}}
{Aadd Audc{AtpcAngy}}
2Adfc{AbmpAupr}
{Angy {Atrp1}}

{Angy{Aqrp1}}
2) short: transtraction 2 short: subtraction
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Table C6.1.2 Subtractive and junctive logic algebra arithmetic functions
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number-constant
Azlinv - Azlinv  left auxiliary entire ¥ inverse 20{Aadd Aupr{Angy{Ajsub{1Abpr}{
Azruinv  Azruiny rightauxiliary unary entire inverse 11
Azrbinv  Azrbiny fight auxiliary binary entire inverse 1Atpr}}}}
unary entire inversion of A1 Azlinv A1 Azruinv !
binary entire inversion of A1 Azlinv A1 Azrbinv 2
Absc  Absc  entire bi-section [x/2] ? Azlinv Abfc Azruinv 1
Atsc  Atsc  entire tri-section [X/3] Azlinv Atfc Azruinv !
Adsc  Adsc  entire deci-section [x/10] Azlinv Adfc Azruinv !
Awcarl  Awcarl inverse carlation Azlinv Acarl Azruinv !
Awfact Awfact inverse factorialation Azlinv Afact Azruinv !
Abrt Abrt entire bi-radication [?rt(x)] Azlinv Abpo Azruinv 1
Atrt Abrt entire tri-radication [3rt(x)] Azlinv Atpo Azruinv 1
Aqrt Aql’t entire quadri-radication [4I’t(X)] Azlinv quo Azruinv 1
Ablr Ablr entire bi-logarithmation [log2xX]  Azlinv Abpt Azruinv 1
Atlr Atlr entire tri-logarithmation [|OggX] Azlinv Atpt Azruinv 1
Adlr Adir entire deci-logarithmat.[logi0X] ~ Azlinv Adpt Azruinv 1
Atscr  Atscr  entire tri-section remainder {AsubAupr{AtfcAtsc}} 1
Atrtr - Atrtr entire tri-radication remainder  {AsubAupr{AtpoAtrt}} 1
Atirr - Atrr entire tri-lorgaithmat. remainder {AsubAupr{AtptAtir}} 1
Atscy Atscy entire tri-sectibility {AsgyAtscr} 1
Atrty Attty entire tri-rootability {AsgyAtrtr} L
Atlry Attty entire tri-lorithmability {AsgyAtirr} L
other prefixes accordingly 1
Adiv  Adiv  entire division [X/y] x fory=0  Azlinv Amul Azrbinv 2
Ajdiv. Ajdiv  transposed entire division [y/X]  {AdivAbprAupr} 2
Adir Adir  divison remainder x-y[x/y] {AsubAupr{AmulAbprAdiv}} 2
Adivy  Adivy  divisibility of x by y {AsgyAdir} 2
no for y=0 x=1..., yes for [0/0]
Aidivy  Aidivy II’ldIVISIbI|Ity of x by y {Angy/ldir} 2
Amodcgy modulo-congruity {AdivyAadiAtpr} !
Amodcgy X=Y mod z
Arad  Arad  entire radication Azlinv Aexp Azrbinv 2
Prt(x)] , x for y=0
Alog  Alog  entire logarithmation Azlinv Ajexp Azrbinv 2
[logyx] , x for y=0
Ajrad  Ajrad  transp.e.radication [*rt(y)] {Arad AbprAupr} 2
Ajlog  Ajlog  transp.e.logarithmation [logxy]  {AlogAbprAupr} 2
1 short: the word 'entire’ is left awa y 2) square brackets denote entire part

Table C6.2.1 Entire inversion of strictly ascending functions
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The following table makes use of such inversions:

Absa
Aosa

Adsa

Abdip

Addip

Aadpair

Axadrt
Aadrow

Aadcol

Aadt
Aadq

Afibo

Absa
Aosa

Adsa

Abdip

Addip

Aadpair

Axadrt
Aadrow

Aadcol

Aadt
Aadq

Afibo

synaption

dual synaption
octal synaption

decimal synaption
e.g. Adsa(210;90)=21090
alternatively (210%90)=21090

dual digit of x at positionV y
dual suite decode bdip(x,y)

code x, position y, length logz(x)+1
eg.11001010

interpreted as dual number gives
decimal number code 210; it has
length 8 and e.g. digit 1 at position 3

decimal digit of x at position y

tuple-pair coding

{Aadd{Amul Aupr{Abpt{1{AbirAbpr}}}}Aupr} 2
{Aadd{Amul Aupr{Aopt{1{AoirAbpr}}}}Aupr} 2

{Aadd{Amul Aupr{Adpt{1{AdirAbpr}}}}Aupr} 2

{Adiv{AdirAupr{Abpt{1Abpr}}{AbptAbpr}} 2

{Adiv{AdirAupr{Adpt{1Abpr}}{AdptAbpr}} 2

antidiagonal-pair code {Aadd Aupr{Acarl Aadd}} 2
pair(j,k) = j+((j+k)(j+k+1))/2

Cantor pairing function

antidiagonal auxiliary root r(n)  {Absc{Audc{Abrt{1Aofc}}}} 1
= [(rt(8n+1)-1)/2]

row antidiagonal method {AsubAupr{Acarl Axadrt}} !
[n-(r(n)(r(n)+1))/2]

column antidiagonal method {Asub{Acarl{1Axadrt }}1} !
[((r(n)+1)(r(n)+2))/2-(n+1)]

triple p.coding pair(pair(j,k),l) {Aadpair Aadpair Atpr} 3
quadruple pair coding {Aadpair Aadt Aqpr} 4
Fibonacci sequence 1,1,2,3,5,8,... {Aadrow 2{1{1{1{10}}}} 1

f(0)=1 f(1)=1 f(i+2)=f(i)+f(i+1) {Aadpair{Aadcol{Aadd Aadrow Aadcol}}}}

1 'position' starts at 0, 'place’ at 1

Table C6.2.2 Synaption and tuple-pair coding

The following table C62.3 shows how pinity Apiny is programmed, that allows to replace #A . All
necessary pinon strings have been defined above (top-down principle). With synaptive recursion of
Mencish the definition is very simple:

pinon ::

pinon-desmos ::

0} 1 |2 pinon pinon

{ pinon pinon-desmos }

pinon | pinon-desmos pinon

This has to be expressed by a primitive recursive characteristic function Apiny(A). Apiny is defined
in the following table (not top-down within the table).

Version 1.0

Programming primitve recursive functions and beyond 6




Apiny pinity characteristic {Augy{2Axnu-repl{Axouuu-repl
[#A1]<>[Apiny(A1)=0] {Axouuv-replAxbuu-repl}}AdirAupr}}

the programming for the four necessary auxiliary pinon strings is shown below

four full replacements

Axnu-repl replace all characters O by 1, {2201{Axnu-preplAupr{AudcAbpr}{1Adir}Aupr}
deci-lorithmation is used for the
limit of recursion

Axbuu-repl replace from right 211 by 1 {2201 Axbuu-preplAdirAupr}}
Axouuv-repl  replace from right {11} by 1 {2201 Axouuv-preplAdirAupr}}
Axouuu-repl  replace from right {111 by {11 {2201 Axouuu-preplAdirAupr}}

auxiliaries for the four
replacements
Axbuu-eqy  characteristic equality 211 {AadiAupr{AdsadAbpc{AdsadufcAufc}}}

Axouuv-eqy  characteristic equality {11} {AadiAupr{Adsadopc{Adsadufc{AdsadufcAofc}}}}
Axouuu-eqy  characteristic equality {111 {AadiAupr{Adsadopc{Adsadufc{AdsadAufcAufc}}}}

Axbuu-u function that maps 201to 1,  {Aadd{AmulAxbuu-uqyAuprH{AngyAxbuu-eqy}}
others to themselves

Axouuv-u function that maps {11} to 1,  {Aadd{AmulAxouuv-eqyAupr}
others to themselves {AngyAxouuv-eqy}}

Axouuu-ouu  function that maps {111 to {11 {Aadd{AmulAxouuu-eqyAupr}{{AmulAouufca
others to themselves {AngyAxouuu-eqy}}

four position replacements
Axnu-prepl  replace O by 1 in digit-position  {Aadd Abpr{AmulAdpt{AemiyAdpt{AsubAbpr
A1 of A2Y, no change otherwise {Amul{Adpt1{AdivAbpr{Adpt1}}}}}}}

Axbuu-prepl  replaces 211 by 1 {Adsc{Adsa{AdivAbpr{AdptAqcs}{Adsa
left of digit-position A1 of A2,  {Axbuu-u{Adiv{AsubAbpr{Amul{AdivAbpr
no change otherwise ? {AdptAqcs}{AdptAqes}HAdpt1}}H{AsubAbpr
{Amul{AdivAbpr{Adpt1}{Adpt1}}}}}Aupr
{AdpcAbpr}}

Axouuv-prepl replaces {11} by 1 {Adsc{Adsa{AdivAbpr{AdptApcs}H{Adsa
left of digit-position A1 0f A2, {Axouuv-u{Adiv{AsubAbpr{Amul{AdivAbpr
no change otherwise {AdptApcs}{AdptApcs}HAdpt1}}H{AsubAbpr
{Amul{AdivAbpr{Adpt1}{Adpt1}}}}}Aupr
{AdpcAbpr}}

Axouuu-prepl replaces {111 by {11 {Adsc{Adsa{AdivAbpr{AdptApcs}}{Adsa
left of digit-position A1 0f A2, {Axouuu-ouu{Adiv{AsubAbpr{Amul{AdivAbpr
no change otherwise * {AdptApcs}{AdptApcs}}H{Adpt1}}{AsubAbpr
{Amul{AdivAbpr{Adpt1}{Adpt1}}}}}Aupr
{AdpcAbpr}}

b digit-position from right 2) for avoiding synaption problem O is attached at start to the right and at the end removed

=R

Table C6.2.3 Pinity as an example for synaptic recursion (of pinon strings)
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Azllisu
Azllipr
Azrulisp
Azrblisp
Azrtlisp
Azcuflisp
Azruflisp
Azrualisp
Azchbflisp
Azrbflisp
Azlliom
Azllien
Azcbliqu
Azctliqu
Azcqliqu
Azllimi
Azrtlimi
Azrblimi
Azctflimi
Azrtflimi
Azruvlimi
Azcuflimi
Azrbvlimi
Azllima
Azrbvlima
Azldenu
Azcdenu

auxiliary
Azllisu left limited sum
Azllipr left limited product
Azrulisp right unary limited sum, product
Azrblisp right binary limited sum, product
Azrtlisp right ternary limited sum, product
Azcuflisp ~ center unary function-lim. sum, product
Azruflisp right unary function-lim. sum, product
Azruflisp  Fight unary argument-lim. sum, product
Azcbflisp ~ center binary function-lim. sum, product
Azrbflisp right binary function-lim. sum, product
Azliom left limited omnitive
Azlien left limited entitive
Azcbliqu ~ center binary limited quantive
Azctliqu center ternary limited quantive
Azcgliqgu  center quatermary limited quantive
Azllimi left limited minimization
Azrtlimi right ternary limited minimization
Azrblimi right binary limited minimization
Azctflimi  center ternary function-limit-minimization
Azrtflimi right ternary function-limited minimization
Azruvlimi  right unary variable-limited minimization
Azcuflimi  center unary function-limited minimization
Azrbvlimi  right binary variable-limited minimization
Azllima left limited maximization
Azrbvlima  rigth binary variable-limited maximization
Azldenu left denumeration
Azcdenu  center denumeration

number-constant

{20{Aadd Aupr{
{2{10{ Amul Aupr{
Abpr}}l}
AbprAtpr}}lAbpr}
AbprAtprAgpr}}1AbprAtpr}
AbprAtpr}{1

}Aupr}

AbprAtpr}}lAupr}
AbprAtprAgpr }H1
}AuprAbpr}

20{AcjyAupr{
2{10H{AdjyAupr{

Abpr}}

AbprAtpr}}
AbprAtprAgpr}}
AzllisuAzllien

Azrtlisp Azrtlisp

Azrblisp Azrblisp

Azrtlisp AbprAtprAgpr {1
}AbprAtpr }

Azrblisp Azrualisp

Azrblisp Azcuflisp

Azrtlisp AbprAtprAgpr }}1AuprAbpr }
{AsubAupr Azllimi {
{AsubAbprAupr}Atpr}Azrbvlimi }
20Azllimi{Acjy
Amay}Azcuflimi

Y including the limits

limited sum or product

binary function f(x,y) by limited sum of h(i,y)
given by pinon Az1, i from 0 up tox

1

unary function f(x) by function-limited sum of h(i,x)
given by pinon A1, i from 0 to g(x) g given by pinon A2

ternary function f(x,y,z) by limited sum of h(i,y,z) , i from 0 up tox
binary function f(x,y) by function-limited sum of h(i,x,y) , i from 0 to g(x)
binary function f(x,y) by limited product of h(i,y) i from 0 up tox

unary function f(x) by function-limited product of h(i,x) , i from 0 to g(x)

other limited sums and products of higher arity analogously

pinon

Azllisu A1 Azrblisp

Azllisu A1 Azcuflisp A2 Azruflisp

Azllisu A1 Azrtlisp
Azllisu A1 Azcbflisp A2 Azrbflisp
Azllipr A1 Azrblisp

Azllipr A1 Azcuflisp A2 Azruflisp

Table C6.2.4 Programming with limits (to be continued)
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majorant m(x). The first zero is given by argument value 1 . It is obtained
with the above unary recursion function h(x) with recursion start O .

20Axrecdenu =
Azldenu A1 Azcdenu A2 Azruflisp

limited-quantive-phrase strings pinon

unary characteristic function f(x) replacing omnitive case with a unary Az|liom A1 Abpr}} 1
function h(i) given by A1 VA2[[A2<A1]—>[ A1(A2)=0]]

binary function h(i,j) by A1 VA2[[A2<A1]—[ A1(A2;A3)=0]] Azlliom A1 AbprAtpr}} 2
unary characteristic function f(x) replacing entitive case with a unary Az|jien A1 Abpr}} 1
function h(x) given by A1 FA2[[A2<1(A1)]A[A1(A2)=0]]

fication pinon A4 for number A2 {Azlliom A1 Abpr}} Aa} 0
VA1[[A1<A2]—>[ A1(A1)=0]]

V A2[[A2<A2(A1)]—[ A1(A2)=0]]] pinon A2 {Azlliom A1 Azculiqu A2} !
V As[[As<A2(A1)]—[ A1(As3;A2)=0]] {Azlliom A1 Azcbliqu A2} 2
VA2[[A2<A2(A1)]—[ A1(A2;A1)=0]] {{Azlliom A1 Azctliqu A2}AuprAupr} 1
VA3[[A3z<A2(A1)]—>[ A1(A3;A1;A2)=0]] {{Azlliom A1 Azcqliqu A2 }AuprAuprAbpr} 2
higher arities analogously

limited minimization pinon

f(x,y,z) with smallest i between 0 and x where ternary function h(i,y,2)=0  Azllimi A1Azrtlimi 3
(value x+1 if there is no value 0) with A1 for function h.

f(x,y,z) with smallest i between 0 and function-limit g(x,y,z) given by A2 Azllimi A1Azctflimi A2Azrtflimi 3
where ternary function h(i,y,z)=0 (value g(x,y,z)+1 if there is no value 0)

with Az for function h.

f(x,y) with smallest i between 0 and x where binary function h(i,y)=0 Azllimi A1Azrblimi 2
(value x+1 if there is no value 0) with A1 for function h.

f(x) with smallest i between 0 and x where h(i,x)=0 with variable x Azllimi A1Azruvlimi 1
f(x) gives the smallest value of i given by between 0 and function-limit  Az[1imi A1 Azcuflimi A2 Azruflisp 1
g(x) given by A2 where h(i,x)=0

if there is no zero the value is put to x+1 ; h(i,x) is given by A1

f(x,y) with smallest i between 0 and x where ternary function h(i,x,y)=0 Azllimi A1Azrbvlimi 2
with variable x (value x+1 if there is no value 0) with A1 for function h.

limited maximization

f(x,y) with highest i between 0 and x where binary function h(i,y)=0 with  AzlimaA1A4zrbvlima 2
variable x, (value x+1 if there is no value 0) with A1 for function h.

other limited minimizations of higher arity analogously

denumeration for characteristic pinon

auxilary recursion function h(x) that is the limited minimization of ¢c(i)=0 Axrecdenu = 1
and x<i, where c(i) is a characteristic function given by A1 and the Azllimi{Acjy A1 Amay}

appearance of a zero is guaranteed by a majorant m(x) given by A2 AzcuflimiA2 Azruflisp

denumeration function for the zeros of characteristic function c(i) with the 1

Table C6.2.4 Programming with limits(continuation)
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The following table makes use of programming with limits:

Axprim
Aprimy
Acompy

Axprima

Aprimay

Axprimaa

Aprimaay

Aprime

Acmjdivy
Agremdi
Acoprimy
Acmdivy

Alecmmu

Appsdec

Aadsdec

Appssdec

Appssari

Axprim
Aprimy
Acompy

Axprima

Aprimay

Axprimaa

Aprimaay

Aprime

Acmijdivy
Agremdi
Acoprimy
Acmdivy

Alecmmu

Appsdec

Aadsdec

Appssdec

Appssari

primality, usual method
auxiliary for primality: count
of divisors of x up to y-1
primality
composity(nonprime, not 0 1)

use of twofold limited quantive
auxiliary for alternative
primality

alternative for primality

use of pairs
auxiliary for alternative

primality

alternative for primality

application of denumeration
forime(X) 0,2,3,5,7,11,...
majorant x!+1

auxiliary common divisibility
y and z divisible by x

greatest common divisor
coprimality

auxiliary common divisibility
x divisible by y and z

least common multiple

prime-power suite decode
ppsdec(x,y)

code X, position y, arity z
x=210 3fV) 57

forime(y+1) ) y<z

antidiagonal suite decode
adsdec(x,y,z2)

code X, position y, arity z
x = pair(...pair(pair(
f(0).(1)).f(2)).....f(2))

prime-power succession suite
decode ppssdec(x,y)

code x, position y, arity z
X:2f(0)+1 3f(1)+1 5f(2)+1

forime(y+1)"0*! y<z
prime-power succession suite
arity

20{Aadd Aupr{AidivyAtprAbpr}}
{Asgy{Audc{AxprimAuprAupr}}}
{Angy{AdjyAprimyAudc}}

{Adjy{Aieqy Amul Atpr {AdjyAuqy{AuqyAbpr}}}

{AcjyAugyAzliomAzliom
AxprimadzrualispAzrualisp}

2{10{Amul Aupr{AadiAtpr{Amul{Amul{AadcolA
bpr{Asgy{Audc{AadcolAbpr}}}{Amul{AadrowA
bpr{Asgy{Audc{AadrowAbpr}}}}}}}
{AcjyAugy{Angy{AxprimaaAuprAbpo}}}

Azldenu Aprimy Acdenu {1Afact}Azruflisp

{Acjy{AdivyAbprAupr{Adivy AtprAupr}}
AzllimaAcmjdivy Azrbvlima
{AugyAgrcodi}
{AcjyAdivy{AdivyAuprAtpr}}

Azllimi Acmdivy Azrbvlimi

Azllima{Adivy Abpr{Aexp{AprimeAtpr}Aupr}}}
Azrbvlima

do not want to be buggered

Table C6.2.5 Prime numbers and suite coding (to be continued)
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Aadpairs  Aadpairs ~ antidiagonal pair succession {1 fadpair}
code pairs(x,y)

Aadssdec  Aadssdec antidiagonal succession suite
decode adssdec(x,y)
arity is included
code X, position y
y = pairs(...pairs(pairs(
f(0),f(1)),7(2))....f(2))
Aadssari  Aadssari  antidiagonal pair succession
suite arity

decoding

gheta(x,y,z)=dir (x,y(z+1)+1)
position x, dividend code v,
divisor code z, arity u

suite f(0),f(1),f(2),..,f(u)
f(z)= gbeta(x,y,z) D z<u+1

suite decoding

position X, code y, arity u Hi
bgbeta(x,y)=

gbeta(x, adrow(y),adcol(y))

no including of arity coding
as in prime power and
antidiagonal suite coding

Aobezy Aobezy ordered Bézout quadruple

Agbeta Agbeta ~ G0del beta-function suite {AdirAupr{1{AmulAbpr{1Atpr}}}}

Abgbeta  Abgbeta  binary Godel beta-function  { Adir Aupr{1{Amul{AadrowAbpr}{1{AadcolAbpr} 3

4

Das opposed to prime-power suite and antidiagonal coding there is no straightforward method to find the Godel beta-code

for a suite

Table C6.2.5 Prime numbers and suite coding (continuation)
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Afcg Afcg
Aprg Aprg
Acsg Acsg
Apcg Apcg
Abpc Abpc
Abpt Abpt
Abspt Abspt
Absspt Absspt
Amackg Amackg
AMACK(A1;A2)

fication generator
Aprg(A1)()=A1
Aprg(A1)(A2)=A1

Afcg(0)=0
Afcg(1)={10}
Afeg(2)={1{10}}
Afeg(3)={1{1{10}}}

projection generator

Aprg(0)()=0
Aprg(1)(A1)=A1
Aprg(1)(A1;A2)=A2
Aprg(3)(A1;A2;A3)=A3

cession generator
(with a little "by cases™ )

Acsg(0)(A1)=(0+A1)
Acsg(1)(A1)=(1+A1)
Acsg(2)(A1)=(2+A1)
Acsg(3)(A1)=(3+A1)

plication generator

Apcg(0)(A1)=0
Aprg(1)(A1)=A1
Aprg(2)(A1)=(2xA1)
Aprg(3)(A1)=(3xA1)

ﬁ.l-odified-Ackermann-fu nction

AMACK(A;A)

duplication
bi-ponentiation
bi-superponentiation

bi-supersuperponentiation

function generator

Amackg(0) =Abpc
Amackg(1)=Abpt
Amackg(2)=Abspt
Amackg(3)=Absspt

non-primcursive function

Amackg(A1)(A2)

20{Adsa {Adsa Aoufc Aupr }Avfc }

00)=0
{10}0=1
{1{10}}0=2
{1{1{10}}}0=3

{Amul Asgy {2Abnufc{Adsa {Adsa

Abfc Aupr }Abnufc }Audc }}
0

201

2201201

22201201201

{Aadd {Amul Angy Abnufc {Amul

Asgy {2{104{Adsa {Adsa Aoufc Aupr

}Avic }Audc }}}
201

1

{11}

{1{11}}

{AdsaAbnfcAcsg}

0
201

20{11}
20{1{1{11}}}

20{11}

2{10}20{11}
2{10}2{10}20{11}
2{10}2{10}2{10}20{11}

2Abnouuvfc {AdsaAbounvfc Aupr }

20Abcs
2{10}Abpc
2{10}Abpt
2{10}Abspt

1

Table C6.2.6 Generator technique and non-primcursive functions
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metafunctum pinon

(A*A) Atv-sa

(AJ) Atv-ssdel
(A2A) Atv-chdel
AAN) Atv-repl

A NA;A) Atv-rese
Ae(A;A) Atv-book
A1) Atv-succ
A+A) Atv-pnsucc
Acharl(A) Atv-length
Acharc(4;1) Atv-charcount
Acharp(A,;4,;1) Atv-charprof
—(9) P8(9)
P+H9;9) X))
?—(9;9) PD(9;0,9)
A=, Atv-apty

AfA Atv-breviory
AoA Atv-suitconty
A/A Atv-boundconty
AN Atv-freeconty
A~A Atv-comply
A<A Atv-miy

A=A Atv-uinfy

A A=A Atv-binfy
zero(A) Atv-zeroy
capital-greek-letter(A) Atv-capital-greek-lettery
capital- latin-word(A4)  Atv-capital-latin-wordy
sentence(/A) Atv-sentency
truth(A) Atv-truthy

=/ or tautiom(A) Atv-ninfy orAtv-tautiomy
derivation(A,4) Atv-derivationy

functum (function or relation)

functions

novitrigintal synaption
novitrigintal subscript deletion
novitrigintal character deletion
novitrigintal replacement
novitrigintal free arity

novitrigintal bound arity
novitrigintal succession ¥
novitrigintal petit-number succession 2
novitrigintal character-length 2
novitrigintal character-count 2
novitrigintal character-projection 2

9©(9)

multary metarelations
novitrigintal aptity

novitrigintal breviority
novitrigintal suitable containment
novitrigintal bound containment
novitrigintal free containment
novitrigintal compatability
novitrigintal minority 1
novitrigintal unary inference
novitrigintal binary inference

metaproperty examples
novitrigintal zero characteristic

novitrigintal capital-Greek-letter characteristic
novitrigintal capital-Latin-word characteristic
novitrigintal sentence characteristic

small truth (as opposed to capital TRUTH )

novitrigintal nullary inference or
novitrigintal tautiom characteristic

metarelation
novitrigintal segment-sentence derivation
characteristic

D in addition to synaption full succession is needed 2 in addition to synaption count-succession is needed

arity

W N R P R R R W R RPN

W NN DN NN DN NN

Table C6.2.7 Representing metafuncta as primcursive functa via pinon strings

Godel translation A7) maps metaindivual novitrigintals to individual decimals, backward Godel
cislation A¥A) . This induces functa from metafuncta, e.g.

AT (A1%A2) ) = Avv-sa(Al(AL) ;ATN(A2))
ATl (GA1) ) = Atv-del( ATN(AL) )

AY(Av-sa(ATl(AL) ;ATNA2))) = (A1%A2)
AY( Av-del( ANAL) ) = (6A1)

‘ VA1f [sentence(A1) ] ¢ [ Truth( Atv-sentency( A/?(Al) )=0)7]

truth:: syniom | aponom | basiom | tautiom | haplonom | zygonom
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initial:
auxiliary
auxiliary
inverse

non-, un-, in-
transposed
remainder
goedelisation

exitial:

alternative
generator
metarepresentation
characteristic

for auxiliary after z

X
z
w
i

i

g
g

transposition of binary argument
in connection with inverses w and others

- for auxiliary pinon-constant and spinon-constant strings resp.
for auxiliary number-constant that are not pinon- or spinon-constant strings

number mnemos nubtgqpshovd (notun)du...dv bntngnpnsnhnonvnunnunnn ..

aay

g generates a pinon string

m, me of metafuncta

y only values 0 and 1 for 'true’ and 'false’, i.e. characteristic function
lcr left center right part i kef otheridentifications

with number mnemo unary and one nullary

no number mnemo unary

cession cs addition, with fixed carlation carl
summand
decession dc truncated subtraction, factorial fact
with fixed subtrahend
fication fc constantion composity compy
(only nullary)
entire lorithmation Ir entire logarithmation, evenness evy
with fixed base
plication pc ;nutltiplication, with fixed negation ngy nullum-inequality
actor
power, potention po exponentiation, with oddity ody
fixed exponent
entire rooting rt entire radication, with pinity piny
fixed root exponent
entire section sc 3’.‘“.“3 division, with fixed primality primy
IvVISor
ponentiation pt exponentiation, with signation sgy nullum-equality
fixed base nqy
cession cs addition, with fixed no number mnemo binary
summand
equality inequality qy gy with fixed value unary addition add
entire lorithmability  Iry absolute difference adi
entire rootability rty antidiagonal row adrow decoding
entire sectivity scy antidiagonal column adcol decoding
fibonacci fibo antidiagonal pair adpair coding
addition succession ads
binary bicondition characteristic  bcy
ladder function la congruity cgy
synaption sa conjunction characteristic  cjy
deletion del coprimality coprimy
ternary entire division, remainder  div dir
replacement rep entire divisibility divy
disjunction characteristic  djy
multary equal-majority emay
multary addition mad equal-minority emiy
antidiagonal tuple adsec suite coding equality eqy
exponentiation exp
all arities greatest common divisor  grcmdi
pair-addition pad implication characteristic  imy
projection pr least common multiple lecmmu
maximum max entire logarithmation log
minimum min majority may
minority miy
no number mnemo ternary quaternary multiplication mul
pair suite dec. adsdec entire radication rad
Bézout quadruple bezouty truncated subtraction sub
Godel's betafunction  gbeta supplication sup (x+1)y
modulo-congruity modcgy super-exponentiation sexp
prime-power suite dec  ppsdec supersuper-exponentiation  ssexp

Table C6.3 Mnemonic rules for descriptor of pinon and number strings (to be continued)
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number part for

inv inv entire inverse

lisu lisu limited sum

lipr lipr limited product

lisp lisp limited sum and product
flisp flisp function-limited sum and product
liom lom limited omnitive

lien len limited entitive

liqu lqu limited quantive

fliom flom function-limited omnitive
flien flen function-limited entitive
fliqu flqu function-limited quantive
limi limi limited minimization

flimi flimi function-limited minimization
lima lima limited maximization

denu denu denumeration

in combinations

a a absolute

ad ad addition, antidiagoanl pair
aut aut auto

cm cm common

di di divisor, difference
e e equal

en en entitive

f f function

ar ar greatest

le le least

li li linited

ma ma major

mi mi minor

mod mod modulo

mu mu multiple

om om omnitive

pr pr product

qu qu quantive

sp sp sum and product
su su super, sum

Table C6.3 Mnemonic rules for descriptor of pinon and number strings (continuation)
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C7 Boojum-function and Snark-function

The Boojum-function (ALIA) and the Snark-function (JJA) were put forward in the publication The
Snark, a counterexample to Church's thesis? as pretty weird calculative functions. They can be
defined for concrete calcule LAMBDA of decimal pinitive arithmetic using the FUME-method that
contains two tiers of precise languages: object-language Funcish and metalanguage Mencish. Now
the lowest values and some more insight into these functions are given.

One has to do it in a way that looks a little queer. But one has to avoid problems with leading O that
arise with concatenation. The following table gives the Boojum-function (A1A) where the rows refer
to the first position and A1 to the second position. Column 6 gives the values of the Snark-function
(CIA) with respect to input of the Godel-number in column 4. The norm-unary-formula strings are

formed from 13 digits
with 14 numbers

(col.5)

use quadro-decimal digits
with lexicographic order

;()0123456 7 8 9 and Az (at least one appearance of A1)
0123456789101112 13, map to quadro-decimal strings

0123456789 A B C D , mapto decimal strings (column 4)
1,14,196,2744,38416,537824,7529536,105413504,1475789056

conventionally written 114, 1014, 10014, 100014, 1000014, 10000014, 100000014, 1000000014 ...

not norm-unary-formula lengtth ) decimal quadro-decimal | gpark-function (LA)
formed with the 14 digits Godel-number of Godel-numbe
examples all =1
; 1 0 0 (10)=1
( 1 1 1 ((1)=1
) 1 2 2 (112)=1
(3 4 2744 1000 (112744)=1
6789 4 26822 9ABC (1126822)=1
202(A1) 6 2818468 5351D2 (112818468)=1
norm-unary-formula processive

A1 1 13 D (113)=14
O(A1) 4 8612 31D2 (118612)=1
1(A1) succession 4 11356 41D2 011358
A1(0) yes 4 D132 1
A1(1) yes 4 D142 1
A1(2) yes 4 D152 1
yes 1
A1(9) yes 4 D1C2 1
A1(A1) yes 4 D1D2 1
A1(10) yes 5 D1432 1
yes 1
A1(99) yes 5 D1CC2 1
0(0;A1) 6 3130D2 1
0(1;A1) 6 3140D2 1
1
0(9;A1) 6 31C0D2 1
0(A1;0) 6 31D032 1
0(A1;1) 6 31D042 1
1
0(A1;,9) 6 31D0C2 1
0(A1;A1) 6 31D0D2 1
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1(0;A1) 6 4130D2 2
1(1;A0) 6 4140D2 3
1(9;A1) 6 41C0D2 11
1(A1;,0) 6 41D032 2225428
1(A3l) 6 41D042 2225442
1(A1;9) 6 41D0C2 2225582
1(A1;A1) 6 41D0D2 2225442
201(A1) unary projection® 6 2815724 5341D2 2815725
A1(0;A1) yes 6 D130D2 1
A1(1;A1) yes 6 D140D2 1
yes
A1(9;A1) yes 6 D1CO0D2 1
A1(A1;0) yes 6 D1D032 1
A1(A1;1) yes 6 D1D042 1
yes 1
A1(A1;9) yes 6 D1D0C2 1
A1(A1;A1) yes 6 D1D0D2 1
no more consecutive
0(A1)(A1) yes 7 31D21D2 1
1(A1)(A1) yes 7 31161244 41D21D2 1
A1(A1)(A1) yes 7 D1D21D2 1
201(A1)(A1) yes 9 5341D21D2 1
all primiive recursive
functions are trivial e.g.
22011 (A1;A1)  x+x 2) 10 553441D0D2 553441D0D2 AA6883C1C4
translate translate to decimal
22011(13;A1) 13+x 2) 11 553441460D2 553441460D2 55344146104
translate translate to decimal
and now
its getting really wild
diagional applied to its
modified Ackermann 2 Godel numberr
Amackg(A1)(A1) yes Amackg1D21D2 | Amackg1D21D2 | incredibly incredible
translate, very long very long

but that's not the end of
incredibilities

D for strings that are not formed for the 14 digits the corresppnding Godel-dedg-translation A””(A) gives result o

for strings that are not decimal number the corresppnding Godel-dedeg-cinslation A////(A ) gives result o
2) see publication Programming pinon strings in concrete calcule LAMBDA

Version 1.0

Programming primitve recursive functions and beyond

17




