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Summary: 160 years ago that in the complex analysis a hypothesis was raised, which was used in principle
to demonstrate a theory about prime numbers, but, without any proof; with the passing Over the years, this
hypothesis has become very important, since it has multiple applications to physics, to number theory, statistics,
among others In this article I present a demonstration that I consider is the one that has been dodging all this

time.
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Chapter 1

INTRODUCTION

Euler and Goldbach worked on an integral expression of the factorial function, giving rise to the widely used
Gamma function, which has had a number of applications, applications that appeared unexpectedly. As this
function is so unexpected, we can still ask ourselves, Is the whole theory of this function already raised? Can we
think of zeros of this function? This function has already been proven to have no real zeros, but can these zeros
(if they exist) be complex? these could be some, of a number of questions that will still be presented, questions
that if they had an affirmative answer, we could be thinking about the solution of the Riemann Hypothesis.

In mathematics and in all sciences (despite the fact that 2019 years have passed after Christ), there are still
some problems that have not been solved but that have provided knowledge, endless solid foundations that have
allowed to create many inventions that, in the past were very needed, but due to the circumstances, it was not
possible to use the elements or instruments for what is needed.

This is the case of the Riemann hypothesis, which resulted in demonstrating a exercise on the prime numbers,
but its truthfulness (at the time), not was important, however, with the passage of time this statement was
Acquiring greater strength.

This hypothesis says: “In pure mathematics, the hypothesis of Riemann, formulated for the first time by
Bernhard Riemann in 1859, is a conjecture about the zeros distribution of the zeta function of Riemann”;
this conjecture at the time did not have much importance then, it was used to talk about prime numbers,
but with the passing of time has taken quite a lot of importance due to its countless applications, but it is a
mathematical approach that has been 160 years without being demonstrated and that I personally expect to
know your demonstration someday.

At the time that corresponded to me to do the thesis to obtain my title of graduated in mathematics, I was
interested in this subject and made a general approach to what she is in reality and its applications; with the
Over the years, this topic continued in my mind and I started working hard in his demonstration.

On this occasion, I propose a possible demonstration, which has already been revised by a mathematical and
physical teacher, who approved it and who is now raised to those who have greater knowledge in the field of
mathematics pure.
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1.1 Gamma function
Leonard Euler began studying this theory influenced by Christian Goldbach, who was at the St. Petersburg

Academy because they were interested in working on number theory in 1727.

Thanks to the communication that Euler and Goldbach had, they discovered the Gamma function in 1729,
which has a number of applications to physics, number theory, statistics, etc.

1.2 APPLICATIONS OF THE GAMMA FUNCTION

The function Gama is a function of great importance in science and in mathematics. The development of
probability theory uses the Gamma function to a large extent, mainly for the calculation of distributions, such
as the Chi square distribution, student t and fisher F, as follows:

(vlgvz) U1 Tl FvlT
.f(vlan)F)_ﬁ(_> =T
F(I)F(f) V2 (1+Z_;F) 1;2

In addition to this, the Gamma function is the fundamental basis of the Laplace Transform, which is very
important in the solution of differential equations.

The Gamma function in probability is used for the computation of the Gamma distribution, which is a proba-
bility distribution under two parameters k and A which has the following density function, for £ > 0

o) = xe e

Where e is the number of Neper and I' the Gamma function.

1.3 HYPOTHESIS OF RIEMANN

In 1859 Riemann named the conjecture, which later received the nimbre Riemann Hypothesis, this he did in
his PhD thesis called “ On prime numbers less than a given magnitude, ” he named it by achieving an explicit
formula of the number of cousins smaller than a given number However, since this hypothesis was not primordial
for its purpose, it did not focus its time on the attempt to demonstrate it, although it did know that the non-
trivial zeros of the zeta function were in the complex line s = 1/2 + it Also, I knew that these zeros were in
the range 0 < Re(s) < 1.

In 1896, Hadamard and de la Vallée-Poussin independently proved that non-trivial zeros do not possess Re(s) =
1. These and other properties of the zeros demonstrated by Riemann, allowed to show that the nontrivial zeros of
the Riemann zeta function are in the critical band 0 < Re(s) < 1, estas conclusiones fueron un paso importante
en el desarrollo de teoria de nimeros.
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ZEROS OF THE GAMMA
FUNCTION

2.1 HYPOTHESIS

% —it; t € R,n € N, evaluada en la funcién Gamma, es Cero:

F(zn;l—it)_o teRneZ

2.2 Demonstration

We will do this demonstration by induction.

Be n =0, so, we have:
2 1 1 o0 .
p (2O N (Lo :/ T2 e~ TqT
2 2 0

By changing the variable (substitution), we have

T = potbi siT=0 =x=0
dT = (a + bi)x* 1Ty siT=00 x=00
Replacing

% it T % atbiy =it et . a—1+bi
T 2% " dT = (z1) e (a + bi)x dx
0 0
The constant a + bi can leave the integral
o S S atbi . o0 a . b a+tbi .
/ (x0T e (a4 bi)a*  Hd = (a + bi) / g(=5+0t)Fi(—at=§) o—a*" pa—14big,
0 0
Doing the operations presented with the constants we finally have:
> 1 : o a . b a-+bi
/ T2 e TdT = (a + bi) / (=g Fbtta-1)+i(—at=54b) =2 g,
0 0
Here results a system of equations of 2 x 2, with the variables a and b; you have:

5
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a+ 2bt =2 (1)
—2at+b=10 (2)

Using the equalization method, we have:
* Multiplying (1) * 2¢ and adding (2)

2at + 4bt? = 4t
—2at+b=0

b(4t2 4+ 1) = 4t
Clearing b , finally we have:

41
b= ——
42 +1

b replace it in (1) and clearing a,se tiene:

_ 82
a= 1251
a0 = 8t242—8t2

- 4t241

o= 2 _

T 4t241

Replacing the obtained values, we have:

) . . [e'e] 2 X 244it
(CL —+ b’L) / x(%ert*l)Jri(*atJr%)efxa“” dx = (%{;ili) / x(EQIJF_lJrﬁQtJr_lil)Jﬂ(iﬂ%Jrﬂ%) e T 4241 da
0 0

Replacing a and b, we have:

. 24-4it . 24-4it
2+ 4at Oox(ﬁ+4j‘2ﬁil71)+i<74t§11+4t§11)67x4t2+1 do — 244t “x(%)ﬂ'oe,“tzﬂ da
aw+1) ) aw+1) )

adding the complex values we have:

. 24-4it . 24-4it
(2 + 4zt> /°° x(%)ﬂ'oeﬁ%ul do — (2 + 4zt> /Oo L (O)+i0 —z 14 5
0 0

Finally we have:
[eS) ) . ) 24 4it
(a+ bi) / p(gHbt=1)Fi(—at+3) et g 2+dat / eﬂcﬁ? dx
0 w2 +1) Jo

Once again changing the variable (substitution), we have:
ctmi stz=0 — 2z=0

dr = (c+ mi)z¢~1H0idz sizr=00 — z=00

r =z
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9 dit 0o 2+44it ) 44t e} i 2+44it .
(4tJ2r+Zl> / e (4;4:1) / eI (¢ i)z 14V
0 0
= (i;"i?) (¢ + mi) /°° 6*222;241? T ye—14mi g,
0

again raising a system of equations 2 x 2 :

—QZ;i“ft =1 — 2c—4mt=4t>+1 (1)

A =0 —  4ct+2m =0 (2)

Using the substitution method:
Clearing m of (2), we have:

det +2m =0
2m = —4ct
m = —2ct

Replacing in (1)

2c — 4(—2ct)t = 412 + 1
2c+ 8ct? = 412 + 1
c(2+8t%) =4t +1

_ 4t?41
— 248¢2
= 4t241
— 2(4t2+1)
1
=3

Replacing in (2)

4Ly t+2m=0

2t+2m =20
2m = —2t
m = —t

By replacing the obtained values, we have:

2(1 1
2e—dmt | detgam (2);4(,t)t +i4(§)t2+2(7t) )
2 4 4it : 24 4it) /1 Lo
( +u )(c+mi)/°° em® ML 4541 zC*H"“dz:( T4 )(_+(,t)i) /°° = AT GIFT Loagi(en
42 41 0 4t2 + 1) \2 0

Sumando y restando se tiene

2(%)—4(—t)t +i4(%)f+2(*f) 144t? | 22t

2 + 4it 1 2 2 1 q4q(— 2 4it 1 2 2 1,
( ;r i )(—‘F(*t)i) /ao e ® 4t 4t P A t)dz:( ;r ‘ )(— —it) /Oo mF ML ATl ity
4t2 + 1) \2 0 4t2 1) \2 0
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The complex part disappears

2440t (1 O\ [ _HLeem 244it\ (1 \ [® w0 1,
— — gt e 2 2%z = ——— — —qt e 2 2
42 +1 2 0 482 + 1 2 0

having:

2 + 44t 1. 0 a0 14 2+ dat I L iua
() o) [t () (o) [t

applying the integral definition of the Gamma function we have:

244it\ (1 .\ [® . iy 24+4it\ (1 1
~ it S P S —it)T (= —it
() Go) [ o= (39) G-)r (G-)

With these results, we finally have:

244t (LA R (L gy oL
w2+1)\2 2 2

Leaving the Gamma function to one side only:

2+ 4at 1 . 1 1 .
(28 (1) () o (1) =0

Factoring the Gamma function:

Factoring 2:

r l—it 2(1 4+ 2it) 1+ 24t 1l
2 42 41 2

1\ [(1+ 2it)?

r(z—it) |——Xt —1| =

(2 Z>[4t2+1 ] 0
g 2 _ 2 _
p (L) (Lt - a4 -1

2 42 +1

1 . 44t — 8t2
F(i_”>(4t2+1 )‘O

Clearing the Gamma function we have:

Realizing the product:

Adding up:

Simplifying:

’Ltdz
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(1) o

It is met for n = 0, therefore we assume that it is met for n = k(1); then, let’s see if it is met for n =k + 1

r (2(k +21) +1 it) _ /oo RERDEL iy
0

As k + 1 it’s a natural, then we can do the substitution k + 1 = w, where w remains a natural; therefore, we

have:

X aktn41 X w1
/ Tz e Tyr = / Tz e Tqr
0 0

Making this substitution, we return to the expression (1), then:

/ T it =TT = 0
0

Returning the substitution that we made, finally we have:

Q.E.D.

o0
2(k+D)+1 .,
/ T2 e Tdr=0
0
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GENERALIZATION OF THE
RIEMANN HYPOTHESIS

When considering the functional ecution of the p — serie, we see that the Gamma function and the Riemanmn
zeta function are closely linked; when doing study of the zeros of the { — function, Riemann sees that this
function, in addition to trivial zeros, has other zeros, but do these zeros from where they come out, if the
Gamma function is supposed to have no zeros? In my study of the famous Riemann Hypothesis, I found what I
consider to be the zeros of the Gamma function, and that I applied it to the functional ecution of the p — serie,
I find a generalization of the Riemann Hypothesis, which I show below:

3.1 HYPOTHESIS

The non-trivial zeros of the Riemann zeta function have a real part =" with n € N.

3.2 Demonstration

Replacing s = % +it, t € R n € N; in the functional equation of the Riemann zeta function, we have:

1-2 an L, 1o 1-2 1-2 1-2
(( 2”+it)_2%+%%+wlsm(g( 2n+it))F<1—< 2n+it))((1—( 2n+it))

Simplifying you get:

1-2 o . 1-2 on + 1 o+ 1
C( 2n+it)—2122 it = +ltsin<g( 2n+it))r(n2+ _it)<<n2+ _it)

in the previous hypothesis it was shown that:

r (2”2“ —it) —0,

as this expression is a factor of the functional equation of the Riemann zeta function evaluated in % +it, so:

1-2n .
C( 5 +zt)—0

10
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Q.E.D.

3.3 COROLLARY:Riemann hypothesis

The real part of all non-trivial zero of the Riemann zeta function is 1/2

3.4 Demonstration

In the generalization of the Riemann hypothesis, making n = 0, you have:

1 . . 1 1 1
¢ (5 + it) = 93 tity— it gy (g (5 + zt)) r (5 - it) ¢ (5 - it) ,

and it was already shown that
S0:

Q.E.D.

3.5 EXAMPLE OF THE DEMONSTRATION

Over the years, they have found non-trivial zeros by means of algorithmic processes, one of them is

5= % 414, 125.

This zero was calculated thanks to computer algorithms, let’s see if this zero satistace the Riemann hypothesis
by means of the demonstration that we have proposed.

Take the Riemann zeta function given by:

¢(s) = 2°7°Lsin (?) T (1—s)¢(1—s),

now, let’s see if one of the non-trivial zeros already calculated, satisfies the demonstration presented here;
let’s replace now, let’s see if one of the non-trivial zeros already calculated, satisfies the demonstration presented
here; let’s replace s = 0.5 +714.135

7(0.5 4 i14.135)

(0.5 +i14.135) = 200 FHAI30,0.5+14.1351 i) ( 5

) (1 —(0.541414.135))¢((1 — (0.5 +414.135))
here we see that effectively

90.54i14.135_0.5+i14.135—1 ;| (77(0-5 +2ﬂ4-135)> (0.5 — i14.135) £ 0
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since, the exponential functions are different from zero, the value that is in the function sin(z) it’s different
from +k7; we just have to see I'(0.5 — i14.135),let’s see

F(0.5—i14.135):/ {05135 1= gy
0

simplifying we have

I (0.5—1i14.135) = / 057141350t gy
0
doing the substitution

t = gathi sit=0ent x =0
dt = (a + bi)z2~Hbidy sit=o0ent z =00

replacing
% 0.5—i14.135 —t % [ agbiy—0-5-i14.185 _artbi N a—14bi
t et = (zT") e (a+bi)x dx
0 0

By doing the operations presented with the constants we finally have:
o0 o'e) ]
/ §m05— 14085t gy — (g 4 bz)/ p0-5a-+14.135b—14i(~14.135a-+0.5b) ,—z* " ;.
0 0

Here results a system of equations of 2 x 2,(The solution of this system can be seen in the demonstration of
the zeros of the Gamma function); having

4(14.135)
— . —0,070657963
4(14.135)2+1
0 = — 2 (002499397

4(14.135)2 + 1
Replacing the obtained values, we have:
(a + bi) /Oo $0.5a+14,135b71+i(714.135a+0.5b)67ma+bi da
0

= (0,002499397+ 0,070657963¢)

oo . =
/ $0.5(0,002499397)+14.135(0,070657963)71+i(714,135(0,002499397)+0.5(0,07O657963))67m0’002499397“0’0706”7963 dx
0

Simplifying:

(a-+bi) / T 050+ 14,185 L+i(~14.1350+0.30) g, _ (0,002499397+0, 0706579631) / T QOO T 0 0TS
0 0

In these accounts it should be noted that this value of t, calculated by means of computational approaches,
manages a margin of error of 1 x 10~9, approximately; So, we have:

(a + bi) / 7 050141356 L4i(~14.1350+0.50) g, _ (0,002499397 + 0, 0706579637 / T 0eT 00700068
0 0
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Applying substitution again, we have:
ctmi sizr=0ent 2=0
dz = (c+ mi)zc~1Tmidz sixz =o0ent z =00

xr ==z

(0,002499397 + 0, 070657963) / A
0
— (0,002499397 + 0, 0706579634) / g ()R o mi) 2o
0

simplifying

(0,002499397 + 0,0706579637) / T gt onossTes
0

_ (0, 002499397 + 0, 0706579631) (C+ ml) /OO 67 (z([),002499397(270,070657963m)+i(0,0706579636+0,002499397m) )Zcfl'i'midz
0

Here results a system of equations of 2 x 2, (The solution of this system can be seen in the demonstration
of the zeros of the Gamma function); having

(14.135)2+1 1

2(14.135)2+1 2
m = —14.135
Replacing
-(0,002499397¢—0,070657963m)+1(0,070657963c+0,002499397m) )

co — -~ )
(0, 002499397 + 0, 0706579631) (¢ + mi) / e ( Lo~ ltmi
0

_(,1+4i(0) )

oo 05—

= (0,002499397 + 0, 0706579637)(0, 5 — 141351‘)/ e (= )z 0,5—14,135% 5
0

In these accounts it should be noted that this value of t, calculated by means of computational approaches,
manages a margin of error of 1 x 10~?,approximately; So, we have:

(0, 002499397 + 0, 0706579631) (C + ml) /OO 67(Z(O’002499397670,0706579637”)+i(0,0706579636+0,002499397M) )Zcfl'i'midz
0

= (0,002499397 + 0, 0706579634)(0, 5 — 14.1351) / ey 05141850,
0

With these results, we finally have:

(0, 002499397 + 0, 0706579637) (0, 5 — 14.1354)T (0.5 — i14.135) = I (0.5 — i14.135)

Leaving the Gamma function to one side only we have:

(0, 002499397 + 0, 070657963:) (0, 5 — 14.135i)" (0.5 — i14.135) — T' (0.5 — i14.135) = 0

Factoring the Gamma function:



CHAPTER 3. GENERALIZATION OF THE RIEMANN HYPOTHESIS 14

T' (0.5 —414.135) [(0,002499397 + 0,0706579637)(0, 5 — 14.135¢) — 1] = 0
simplifying:

I' (0.5 —414.135) [(0,001249699 — 0, 035328977i + 0, 0353289827 + 0, 998750307) — 1] = 0

In these accounts it is worth noting that this value of ¢, calculated by means of computational approaches,
a margin of error of 1 x 10~?, approximately; So, we have:

I'(0.5—414.135)[1 + 5E — 094] = 0
Clearing:

1

I(0.5—i14135) = 0% —
( ! ) =0 T 0

Thus:
I(0.5—-1414.135) =0
Finally having

¢(0.5+ i14.135) = 0

doing z = 0.5 — 414.125 In the functional equation of the zeta function, we have:

0.5 — i14.125)

(0.5 — i14.125) = 200714 125,05-i14.125— 1 i) (”( 5 ) (1 — (0.5 —i14.125))¢(1 — (0.5 — i14.125))

simplifying you have:

(0.5 —i14.125)

(0.5 — i14.125) = 200711415 —0.5-i14.125 i) ( 5

) (0.5 + i14.125)¢ (0.5 + i14.125)

here, we just saw that

(0.5 +i14.125) = 0
then how (0.5 + 14.125) es uni de los factores, se tiene que
(0.5 —i14.125) = 0

so 0.5 +414.125 is a non-trivial zero of the Riemann zeta function.
Also, in the Gamma function we saw that

I'(0.5—-1414.135) =0
applying the property of the Gamma function

P(z+1) =2I(2)
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and doing z = 0.5 — 714.135 se tiene
(0.5 —414.135) + 1) = (0.5 — 14.135)['(0.5 — i14.135)
we just saw that

(0.5 —i14.135) =0

SO

I(1.5—i14.135) =0

15
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