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Résumé

L’ objet de cette note est 1’écriture des équations d’Einstein (EE) de la relativité générale,
sans la constante cosmologique, pour une variété de dimension 4, munie d’une métrique
g = (g;;) diagonale. On calcule les expressions des composantes des tenseurs de Ricci, de
Riemann et la valeur de la courbure scalaire R. Par la suite, on donne en détail les expressions
des (EE) dans les cas suivants :

-a-gi = 9 = gi(wi);

-b-g1 =g1(x1 =t)etg; = g;i(t,x;) avec i = 2,3,4;

- ¢ - cas particulier de (b) avec x4 = 29 = constante.

Abstract

In this note, we study Einstein equations (EE) of general relativity considering a manifold
M with a diagonal metric g;;. We calculate the expression of the components of Ricci and
Riemann tensors and the value of the scalar curvature 2. Then we give the expression of the
(EE) :

-a- for the case where g;; = g; = ¢:(z:);

-b- for the case where g1 = ¢1(z1 = t) and g; = g;(t, x;) fori = 2,3, 4;

-c- for the case (b) with x4 = z9 = constant.
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1 Introduction

Soit M une variété riemannienne munie d’une métrique g;;. Les équations d’Ein-
stein de la relativité générale, sans tenir de la constante cosmologique, s’écrivent :

1 81G

Avec :

- ¢ la vitesse de la lumiere,

- (G la constante universelle de la gravitation,

- T;; le tenseur d’énergie-impulsion,

- R la courbure scalaire :

R = g”Rij (1.2)

- g les éléments de la matrice inverse de la matrice (g;;),

- R;j le tenseur de Ricci avec :

Rjx = Ryj = Z i pour j k=114 (1.3)

et R}l ;. le tenseur de Riemann de la courbure :

. ary ory,
_ ik L,
ik = e &Tk mg (L7 re. — T © ) pour j,i k=14 (1.4)

- Fl les coefficients de Christoffel du deuxieme espece :

k=4

Ik Oa: 0q.: 00
ool =N~ (99, 995k OYi lij=1,4 1.5
; 2 < 8.I'j + (3331 8xk pour &%, ’ ( )
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L’objet de cette note est la recherche d’une métrique g telle que :
i=4
g=ds’ = guda} (1.6)
i=1
ou encore :
gu 0 0 0 g 0 0 O
v 0 g2 0 0 0 ¢ 0 0
9= =109 "0 g o 0 0 g5 0 (4.7
0 0 0 gu 0 0 0 g4
Les équations de la relativité générale sont données dans notre cas par :
1 81G
Rii— ~R.gi = 22Ty pouri=1,4 (1.8)
2 ct
8tG
Rij = —2T;; pouri=1,4;j = 1,4;i # j (1.9)
c
avec :
R=g"Rij=g"Ry=) —“=> —~ (1.10)
. Jii PR
Rjy = Ry = > Riy (1.11)
i
. ort, — ort , ,
) Jk J? mt myt
k= e — + rnry . —nre (1.12)
Jik 6% 817k ;( Jk+ ma Jt mk)
L g% (09 | g gy
I, = =— — 1.13
K Z 2 <6a:‘ ox; 8xk> (1.13)
k=1 J
On pose :
A= @ (1.14)
c
2 Calcul des coefficients I,
Nous obtenons :
T ) B /A N ) B R S PP
U9, 02" 1 2g9 Oz’ 11 2g3 Ox3’ 1t 294 Oxg
1 891 1 892
rt, = — 27t 2 — - 292 3 . 14 =0 2.16
127 50 By’ 127 29y 0y 12 ; 12 (2.16)
1 Ogi 1 Jgs
Iy=—22 T2,=0, T=-—-2; D= 2.17
13 291 8333’ 13 ) 13 293 8331’ 13 ( )
1 dg1 1 Ogs
rt = — 9. 2 _qog. 13 —0 TI% =_— 294 2.18
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s sfe sfe sfe sfe sfe sfe sfe sfe sfe sfe sfe she she she she she she she sk sk sk sk sk skoskoskoskoskok

1 891 1 892
rh, =29 p2 . = 992 3 _ . 14— 2.19
21 291 8:1:2’ 21 292 8%17 21 ’ 21 ( )
10 1 1 10
- 92 2 _ 1 092 3 _ 092 pa _ 1 0925,

2010m" P 2g00m0" P 2g30w3" ® T 29404

1 992 s _ 1 093 u

rlo_g 12— - b T, =0 221
23 ’ 23 292 8903 ) 23 293 a$2 3 23 ( )
1 0go 1 094
Ty =0; T3 = —2==; T9=0; Ty=5—>— 222
24 2 S 24 2= 5 s (2.22)
skekckskoskokskckskskokskskskskekskskskskskskskskskeskskskskk
1 891 1 893
rto— 2 Y991 2 g o3 - Y93 pd 2.23
31 201 O3 ) 31 ) 31 243 011 ) 31 ( )
1 0 1 0
rl,=0; I2, = 92 8 — B, 14 =0 (2.24)

2020257 P 2930y

1 993 ra _ L%(Q‘%)

1 893 1 8g3
Thy=—c—a 5= Th = o— 2 -
53 291 01" % 292 Oy’ % 293 023" PP 294 Oy

1 dg5 4 1 0ga

Iy =0; T3,=0; 3= g5 D1a I3y = 291 O (2.26)

skt sk sk sk st ske st sk sheoske sheste sheoste sk sk s ke sk sk sk sk sk sheoske sk skeok
T = 2;22; I3 =0; I§=0; I'f= 2;22 (2.27)
D=0 I}= 21922;2, [h=0; Tip= 2;423; (2.28)
Pis=0; Ti3=0; Ii= 2;22; Tl = 2;2?; (2.29)
Ty = —;glgi‘i; = —2192352; I, = —219333962; Iy = 2;299;‘1(2.30)

3 Calcul des coefficients R;;

Ona:
i=4 )
Ri1 =) Riy (3.31)
i=1
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5
Utilisant : . 4
o ari,  or, | |
ik = 835- - 633];3 + Z(F%F;ni —T5T)
(2
m
ona: 1 1
or or
Rin = 5ot = Go + 2 (THil = THil,) =0 (332)
m
2 ar%l 81—%2 m 2 m 2
Riy = i > (T1iTs, —THIs,)
m
ory,  org
R, — 11 12

92y Oz T2 + T2 + T2, + TS,

~THT2, — TS, — Tisl%, — Tl
_ 10 (10p\ 10 (100 1 (991)" 1 (096"
20z \ g2 011 2 0xo \ g2 Oxo 4g192 \ Ox2 493 \ 0x1

1 0g1 0g2 1 0g1 0go 1 9dg1 Ogo 1

g1 0g2

99992 L 091992 333
49192 Ox1 0wy 4g3 Owo Oy 4gags Ox3 Oxs  4gags Oxy Oy (533)

ors, o3
6;31 - 67111 + Z(Fﬁrfnﬁ — T
m

_ 10 (109 19 (109 1 0900 1 (0g5)*
N 2 8.%‘1 gs 6:31 2 6m3 g3 81’3 49% 81‘1 8:U3 4g§ 81’1
1 9g1 dgs 1 9dg1 0gs3 1 0g1 Og3 1 9dg1 0g3

99109 - 99199 1 091993 2 991993 (33
49193 Ox1 0wy 4gogs Oxg 0wy 4¢3 0wz Oxs  4gsgs 0wy Oy (334

S
R131 -

ory, org
6;41 - Wélll + Z(Fﬁrfnél — i)
m

_ 10 (10ga\ 10 (1091 1 09109s 1 991994
o 2 8%1 g4 8.731 2 8334 gaq 8334 4glg4 8:754 8.%1 492 Bxl 81’4
1 0g1 Oga 1 0g1 O0gs 1 0g1 0gs 1 0g1 0ga

4
R141 -

G91 991 7 991 994 3 35
49194 0x1 Ox1  4gags Oxp Oxy  4g3gs Oxy Oxs  4g3 Oxg Oxy
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Ry o 0 (109N _ 0 (1og) 1 (99\'_ 1 (00
BT 0y \ 292021 ) 919 \ 202072 ) ' 49190 \ O 4g3 \ Oz
1 891 892 1 8g1 892 1 891 8g2 1 891 %

49192 Ox1 Ox1  4g2 Oxo Oxy  Agogs Or3 Oxg  Agags D1 Oy
10 (19 190 (19g 1 991094 1 0949ga
2 0x1 \ g4 011 g4 0y

2 0xa B 49194 Ox4 011 4gZ 0xy Oxy
1 0g1 Oga 1 9g1 094 1 0g1 094 1 O0g1 Ogs

49194 Ox1 Ox1  4g2ga Oxo Oxo  4g3gs Oxg Ox3  4g3 Oxg Oy
10 (10gs\ 10 (10901 1 9g19gs 1 99194
2 81’1 g4 81‘1 2 a$4 g4 8%4 4glg4 8%4 8:61 494% 8371 8.%4

1 9g1 dgs 1 0g1 Ogs 1 991092 1 991 09a (3.36)

4g1g4 8x1 8371 4g2g4 8:02 8x2 4ggg4 8374 8.@3 494% 81’4 8%4

sfe sfe sfe sfe sfe sfe sfe she sfe she she she she she she she sk she sk ske sk sk skeoskoskokokokok

De méme : 4
1=
Roo = Z R (3-37)
i=1
On trouve :
orL, orl
Ry = 830212 - 89:221 " ;(F%F}nl ~ )
orl, orl
= T2 T plrl 4T 4 T8I 4+ 6T,
8:132 8$2

1 1 2 1l 3 1l 4 11
_F21F12 - 1_‘211—‘22 - 1_‘211—‘31 - P21F41

10 (10 109 (109 1 (0q 2+ 1 892\ >
N 2 8:1:2 1 8%2 2 8%1 g1 81’1 49% 8372 49192 6m1
1 0g1 092 1 0g1 0g2 1 0g2 01 1 0g1 092 (3.38)

4g% 8:c1 81’1 4glgg 8a:2 8:c2 4g193 81'3 8353 4glg4 8174 81'4

Et:
R, =0 (3.39)

Et:

sy aLg’g

Ox3 0xo

_ 10 (1og) 10 (10p) 1 (0g)" 1 0900
© 20x9 \ g3 019 2 0x3 \ g2 Oxo 4g§ 0xo 4g1g93 0x1 011
2
L <<992> L 092095 1 Og20gs 1 092093 5,0,
4gogs \ Ox3

3
R232 -

+ Z(F%an:’) — 5T )
m

Agogs Oxp Oxy 4¢3 Ox3 0xy  4g3gs Oxg Oy
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Et:

61%2 6124 § : m
— F F -r F2
) 4 ) 9 ~ ( 24 m2)

R 10 (10g4\ 10 (10g 1 092094 1 g2 0go
242 = 2 81‘2 g4 8952

R242

2 8954 g4 81‘4 4glg4 81‘1 8301 8$4 8.%‘2
1 092094 1 092094 1 092 Ogs (3.41)
4ggg4 3.%3 8.%'3 4ggg4 (91’4 6.%2 4gi 8.7}4 8.%4 ’

D’ou I’expression de Rao :

oy L0 (L091) 10 (109 1 (091)" 1 (0g)°
2 2 &vg g1 81‘2 2 81‘1 g1 0:131 49% 833‘2 49192 81‘1
1 dg1 992 1 9dg1 9ga 1 Jg2 01 1 9g1 g2

g3 Oy Oy 49192 Oxy Ory  4gig3 Oy Oxs  Agigs Ows Dy
(1 32) 330 (moe) 3 (5) ~ mmomae
2 (?xg g3 0x9 2 dxs go 0xo 4g§ Oxa 449193 dz1 011
1 892
49293 <a$3> 49394 04 Oy

1 0gs Jg3 1 0g2 Ogs 1
10 (1094 10 (10g2) 1 @%_L%%
2 8.%'2 g4 6952 2 6954 g4 8%‘4

992 093 1 Og2 Ogs dg2 Ogs
49293 Oxo 09 4g§ Ox3 0o

4glg4 81’1 6331 81‘4 8$2
1 g2 094 1 9dg2 Oga 1 Ogo 394
992 91 992 591 2 292 094 (3.42)
49394 Ox3 Oxy  Agags Oxy Oxe  Ag2 Ox4 D14

e sfe sfe sfe sfe sfe sfe sfe sfe sfe she she she she she she she she she sk sk sk sk sk skoskoskeskoskok

De méme, on obtient I’expression de R33 :

R 10 (10q) 10 (10gs) 1 0gs0gq1 1 9g10gs
33 = g1 81'3 2 8:6'1 g1 6951 4g% 6951 (91'3 2 69c1 81'1

1 9g1 dgs 1 Og3 dgs 1 0g1 0g3 1 891 g3

4g1gp O Oxy | Agrgs Ox1 Oxs | Agigs Oxs3 Oxs  Agigs Oy (9334

(10 (10p) 10 (19 1 9p0p 1 (90)°
2 8:1@3 g2 81’3 2 81‘2 g2 6952 49192 8.2131 8951 4g% 8.21?3

+1<892> L1 <593>2+ L 09302 1 093 0p
493 \ Oy 4g2g3 \ Ox2 49293 Ox3 Oxa 49294 Ox4 Oxy

9 (1 9\ 0 (1 0gs\ 1 0OgsOgs 1 0gs0gs
Ox3 \ 294 Ox3 O0xy \ 294 Oy 49194 Oxy D1 4gagy Oxs Oy

1 (893)2+1393394 L 095091 1 Ogs Ogs

993991 |~ 993 G913 43
49394 \ Oy 493 Ox4 Oz 49394 Ox3 O3 * 493 04 024 (3.43)

sfe sfe sfe sfe sfe s she she she she she sk she she sk she sk ske sk ske sk skeoskeoskeoskoskokokokok
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Calculde Ry =S ='Ri,,

ort ort 0 1 dg1
1 — Y44 Y41 mrl o mI\l __Z (- YI1
Ry 1 924 + ;( 44l m1 1 lma) 924 \ 291 D4
_ 0 (L og\ 1 (0 _ 1 09pudpn 1 09100
03:1 291 81‘1 49% 8$4 49% 8:131 83:1 49192 6:1:2 8:132
1 0g1 Oga 1 <3g4>2 1 991 Ogs
- SO L GI1 991 3.44
49193 Ox3 Oy 49194 \ Ox1 49194 Oxy4 Oy (344
or2,  or? o [ 1 dg
2 — 44 42 FmFQ _ FmFQ R R
Risy Dzy  Ozs + Zm:( 1o — TisT54) D21 \ 295 O
L0 (L og\ 1 (0g\ 1 0p0u 1 99200
0xa \ 2¢2 0xo 495 04 4199 0x1 011 495 Oxo 09
1 Jgo % 1 9Jgy % 1 Jgo % (3.45)

 Agogs Ox3 Oxy  Agogs Oxg Oxy  Agags Oy Oy

ors, ors 0 1 Ogs3
R3 — 44 34 Fm F3 _ mr3 — _
1317 B 24 ‘*‘E (Tl s — Igalg) 971 \ 295 O
m

L0 (L 0g 1 (0gs\* 1 095091 1 09300
8%3 293 89c4 4g?2) 81‘4 4g293 81‘2 8%2

49193 Oy Oy

1 095091 1 Ogs0gs 1 0ga Oga (3.46)
4g§ 8303 6954 4ggg4 81'4 8354 492 81'3 81‘4 '

et:
Ry =0 (3.47)
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D’ou:

Ru=_2 (12 _ 2 (109n

= 8954 291 8334 81‘1 291 8331
L (09 1 00091 1 0q10g1 1 D91 O
49% 8.%4

+1<%Y+13mm_0vaﬂ_8<1%>
49194 \ 011 49194 0x4 Oy Oy \ 292 Oy Oz2 \ 292 O
_ L (99 L 9000 1 0 0u 1 990
4g% 8954

491 8%1 8x1 4glgg (91’2 8%2 4glg3 65133 81’4

4glg2 81’1 8331 4g2 8:(}2 8.%‘2 49293 8903 81}4

1@mulam%0<1%%0(mﬂ

Agogs Oy Oy Agogy Oy Oxy Oy \ 293 Oy O0x3 \ 2g3 Oy

1 (9s\® 1 095091 1 Ogs0gs 1 g3 O
493 \ Oz4

49193 Ox10x1  4gag3 Oxo Oxa 4g§ Ox3 014

1 0g30 1 Og4 0
_ 993 994 | jﬁﬁ (3.48)
49394 Oxy Oxy  4g; 013 014

e sfe sfe sfe sfe sfe sfe sfe sfe sfe sfe sfe she she she she sk she she sk sk sk sk sk skoskoskoskoskok

Exprimons maintenant les coefficients Ri2, R13, R14, Ra3, Ro4 et R34. Nous obte-
nons successivement :

Ryp = ZRM Z [ar arh + Z T ry inz)] (3.49)

Par suite :
3F BFI
Ry, = I L (T}, — 1) + (T5T3, — THTS,)
T T2
+(I5,08, — 5, T8,) + (DT — THTY) =
0 1 0 0 1 0
S T e (3.50)
6331 291 6952 8562 2g1 8561
8F or?
Ry = — 2 4 (T} — T1ol'y) + (T105, — THI3)
81‘2 8952

+(IF05, — To08,) + (I'eIy — T'ieI'9s) = 0 (3.51)

ors, arlg
R132 O3 - D9 ;(F F — I3 F 2)
_ 0 (L Ogs 1 091 093 1 0Ogs Ogs
8%2 2g3 ' 8331 4g193 ' 8.1:2 ' 8:61 2g?2) ' 8:112 ' Bxl
1 99> Ogs

49293 01 02

(3.52)
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ors, ord
R 12 Olyy pmpd _pmpd
142 = Dzs Oy + ;( 14lm2)

_ 9 (1 99 1 0g1 99a 1 0Oga 994
81’2 294 83?1 49194 ' ({9%2 ' axl 492 ’ 8.%'1 ' 8952
1 Jg2 Oga

49294 01 D22

D’ou:

1 9q 0 1 0g

R”—ZRM o1 (291'89:2) m(m%)

_ﬂ L% 1 9dg1 993 1 Jgs 9gs
81}2 293‘81'1

49193 Oxo Ox1 293 Oxy Omy

49293 Ox1 Oxy O

294 Oy 49194 Ox2 011

1 091 Oga 1 092 Oga

4gZ '81‘1 '81132 49294'81131 '81132

s sfe sie sfe sfe she she she sk she she sk she sk she sk ske sk ske sk sk skeoskeoskoskokokokokok

or? or?
R13—ZR113 Z [ 8:1513 8:):? ;(F 500 — I m3)]

__i L% L0 (L Ogy 9 (1 Op
N 8561 2g1 '8563 8953 291 ' 8901 81‘3 2g2 ' 856‘1

1 9g1 Ogo 1 OJg2 Ogo 1 Jg2 9g3

49192 . 81'3 ’ 81‘1 495 '8x1 '8563 492g3 ' 8373 . al'l
0 ( 1 Jgs > 1 Jg1 Jgsa 1 g3 Oga 1 Oga Bya

Qs \ 294 Oy

e sfe sfe sfe sfe sfe sfe sfe sfe sfe she sfe sfe she she she sk she she sk sk sk sk sk skoskoskoskoskok

1 dgy Ogs 6(1 8g4>+ 1 %%

or ort.
R14 = ZRDA Z [ 81}14 81’1: + %:(F FZ Flz m4)]

__i L% _ 0 (1 9\ 9 (1 O
 Ox1 \ 291 Oz4 Oxy \ 291 011 Ox4 \ 2g2 Ox1

1 0g1 092 1 0Jg2 0go 1 Ogo Ogs

49192 Oxy Oz1  4g3 Ox1 Oz 4gogs Ox4 O
9 (1693)+ 1 091 095 1 Ogs Ogs
49193 0wy Ox1  4gags Oxy Oxy

0wy \ 293 01

e st sfe sfe sfe sfe sfe sfe sfe sfe sfe sfe she she sfe she sk sk sk sk sk sk sk sk sk skosk skeskok

)

(3.53)

(3.54)

== — — - (3.55
49194 Ox3 Ox1  4gsgs Ox1 Oxs  4g? Oz Oxg (535)

(3.56)
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Ros = Zng Z [8F23 81_‘22 + Z F o %13)]

. 8 1 891 0 1 ng 0 1 892
1 991 9g1 1 Og1 Og2 1 9g1 993
4g%'8$2'8$3 49192 8.%‘2 8.%'3 49193'8.%'3'8.%'2

SUNEY AF [y ey
Ox3 \2940x2)  4g2gs Ox3 Ox2  4g3gs Oxz O
_ 1 091 O9a

4gi'83§‘2'83§‘3

>k sk st sk sk sk sk sk sk sk ke sk sk sk sk sk sk sk sk sk sk sk sk soskosk skeskokok

= [ori, o
Roy = ZRQz4 Z [ 81;324 82? ;(F T m4)]

=1

_7i 1 9, 9 (1 9\ _ 9 (1 09
 Ox4 \2¢1 0o Oxo \ 2g2 Ox4 Ox4 \ 2g2 O

1 9g1 g1 | 1 g2 g2 1 Og1 Oga

4g1 8%‘2 61‘4 4g% ' 8:61 ' 8334 4glg4 633‘4 ' 8%2

_ 0 (199 1 0Og2 995 1 0Ogs g5
O0xy4 \ 293 0x2

49293 ' 81‘4 ) 8x2 4g§ ’ 8902 ’ 8:753
1 Jgs O0gs
49394 "9y Do

sfe sfe sfe sfe sfe sfe sfe she sfe she she she she she she sk she sk ske sk sk sk skeoskokokokokok

R3y = ZR:M Z [ u_ 31 + Z (54 '3 m4)]
_ 3<1391> L 891891+ 1 091 9gs

_87&1 291'8363 _479%8733387374 4g193.81’3.ax4

1 9g1 094 O <1392> 1 992 Og2

49191 Oxy Oxy  Ory \2920x3) 492 Ox3 day

1 % agg 1 8g2 8g4 8 < 1 6g5>

Agags Oy Oxy ' Agags Oy Oy Owy \ 293 s

_ 0 (1 9g3
81‘4 293.81'3

4 Recherche de g = (g;i(z;))

On cherche la métrique g telle que les composantes :

gi(x) = gi(w;)

(3.57)

(3.58)

(3.59)

(4.60)
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Alors, on a les éléments suivants :

Ros =0
1 (992 1 0gz 0g3
492 <5332> 4gog3 O O3
1 dgs dg4

Ryy=——5-—"-—"—
4 492 Oxs Oy

R33 =

Ce qui donne :

Rii 1 092 > 2 1 g2 g3 1
R = = (=) +
zi: gi 49393 (8952

On peut écrire maintenant :

! (dgz>2 L dgrdgs 1

49393 \ dzo 49293 dxy dr3
D’ou:
1
—iR.gl = )\TH
1
*iR-gz = NI
1
R33 — 53-93 = N33
1
R44 — §R.g4 = )\T44

Rij=AI;; =0 1#]

4.1 Milieu Vide

Dans ce cas T;; = 0, ce qui donne :

—tRg1=0=R=0 ou g1=0o0rg #0
—3Rgp>=0=R=0 ou g2=00r g2 #0

Rz — 3R.g3=10
R44 — %R.g4 =0

L’équation (4.72) est vérifié pour ¢ # j et donne :

0=0

4g2g3 O3 Oy 49394 O3 Oy

4g3g4 das dxy

4.61)
4.62)

(4.63)

(4.64)
(4.65)

(4.66)

(4.67)

(4.68)
(4.69)
(4.70)

4.71)
4.72)

4.73)
(4.74)
(4.75)
(4.76)

4.77)
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De ce qui précede, on a les conditions :

R=0 4.78)
Rs33=0 4.79)
Ry =0 (4.80)

D’ou:

d 1d 1d
333:0:92<92+93>:0

drs \ g2 dry g3 dx3
d
dﬂ =0 = g9 = C = constante
)
1d 1 dg:-
=4 u 2992 993 _ C = constante (4.81)
g2 dx2 g3 dr3
——  —
f(z2) h(x3)

1. Si on considere le cas go = Co = constante, I’expression R = 0 donne :

dgs dga dgs dga
dxg dx4 diL'g 4 d.’L‘4 ( )
soit :
gs = constante = Cjy (4.83)
ou g4 = constante = Cy (4.84)
On a alors :
g2 = Cs
g3 = constante = C's
g4 fonction indéterminée a priori
g1 fonction indéterminée
La métrique g s’écrit :
g = ds* = g1(z1)dx? + Cada? + Csdax3 + gs(w4)da? (4.85)

2. On a aussi le cas : g4 = constante = (Y, ainsi que g; et gs des fonctions
indéterminées. La métrique g s’écrit dans ce cas :

g = ds? = g1(z1)dz? + Coda3 + gg(xg)dacg + Cydx? (4.86)

3. Si on considere le deuxieme cas de 1’équation (4.8T)), on a alors :

g2 = go(x2) = aeCr? (4.87)
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et:

R44 = 0 implique que :
d
ag4 = 0= g4 = Cy = constante (4.89)
dxy

La fonction g; est indéterminée.

La métrique g s’écrit alors :

g = ds® = g1(z1)dx? + ae“®2dx2 + aze”“*3dx3 + Cydz?|  (4.90)

5 Recherche de g = g (x)da? + 3'=5 gi(z;, 71 )da?

Dans cette section, on va écrire en détail les équations de la relativité générale
que vérifient les éléments g;(x1), gi(x;, 1),7 = 2, 3, 4. Pour simplifier les écritures,
on pose :

r1 =1 (5.91)
To =T (5.92)
T3 =1y (5.93)
T4 =2 (5.94)
La métrique s’écrit alors :
ds® = g = gi(t)dt® + go(w, t)da? + g3(y, t)dy* + ga (2, 1)dz> (5.95)

Les éléments du tenseur de Ricci sont successivement :

L9 (199 1 (99)* 1 09109
ot \ 2go Ot 493 \ Ot 4g1g2 Ot Ot
0 <1894> 1 094094 1 091094

SOt \gi Ot ) 2g2 0t 9z ' 2gigs Ot O

Ry =

(5.96)

s sfe sfe sfe sfe sfe sfe she sfe sfe she she she she she she she sk she sk sk skeoske sk skokokokokok

Roy =

10 (10mY 1 (95" 1 99109
20t \ g1 Ot 49192 \ Ot 4¢? Ot Ot
1 092 0gs 1 9g2 Oga

_49193 ot ot 4g1gs Ot Ot

(5.97)

>k sk sk sk sfe sk sk s sk sk ke sk sk sk sk sk sk sk sk sk sk sk sk skoskosk skeskokok
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10 1 893 1 891 893 1
R33 =5\ T T3 o +
20t \ g1 Ot 4g7 Ot Ot  4g1g3 Ot Oy
1 8920 1 (3g2\> 1 3g30
_ 992993 — 992 993 992 (5.98)
4g192 Ot Ot  4g5; \ Ox 4g2g3 0y Ox
skt sk sk sk sk sk steoske skeoske skeoste skeoste stk sk stk skeoskeosko koo skokoskok
8 1 8g4 1 694 891
Ru=——\s—""%") 735 =
ot \ 2g1 Ot 497 Ot Ot
L (99:\* 1 09094, 1 Og3 Ogu
4g1g4 \ Ot 49192 Ot Ot  4g3 Oy 0Oz
1 0dg30
_ 993 994 (5.99)
4g1g3 Ot Ot
sfe sk sk sk st sk skoske sk s sk skt sk sk sk sk skoskeoste sk skoskoskeskeoske skokoskesk
Ri2=0 (5.100)
Ri3=0 (5.101)
Et: R4, =0 (5.102)
Ro3 =0 (5.103)
Ros =0 (5.104)
R34 =0 (5.105)

s sfe sie sfe sfe sk she she she she she she sk she she sk ske sk ske sk sk skeoskeoskeoskoskokokokok
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5.1 Calcul de la courbure scalaire

Le rayon de courbure scalaire R est :

Ry M L0(Lom)y L (Omy, 1 0non
Y g1 0t \ 292 Ot 49195 \ Ot 4g3gs Ot Ot
10 (1094 1 094094 1 9g1 094
g1 0t <g48t> 29192 Ot 9z 2g%g4 Ot Ot

g1 Ot
Lo Lo (109 1 (9p\* 1 09109
292 ot g1 ot 4glg§ ot 4g%g2 ot ot

_1%%_13MwJ8C%>
4gngg3 8t 8t 4glggg4 8t 8t 293 6t 91 8t
L 091093 1 093093 1 092093

Cdg2gs Ot Ot ' 4gig2 Ot Dy 4gigags Ot Ot
L] (69)+ 1 893892_18(1694>
49393 \ Ox 4gog3 Oy Ox g3 Ot \2g1 Ot
1 0940991 1 (394>2 1 092094

_49%9455 4gng ot _4glggg4ﬁ ot
1 0g3 994 1 Ogs30ga

4g3gs Oy 0z 4gigsga Ot Ot (>-106)
5.2 Ecriture des Equations Différentielles
Dans le milieu vide, on a les équations :
Ryy — %R.gl =0 (5.107)
Ros — %R.gg =0 (5.108)
Rs3 — %R.g3 =0 (5.109)
Ry — %R.g4 =0 (5.110)

Rj=0=0 i#j (5.111)
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Ce qui donne :

1 [(0g2\°
2<92> N
295 \ Ot

1 0g4 094

t
m%
t g3 Ot 0z
7 ()
ot

) 49393
>+ 1 0g40g4

n (1@ﬁ+
29192 0t \ g1 Ot 49195
1 992093 1 092004
4g%gggg ot ot 4g%g2g4 ot ot
1 0gogs 1 0gy00
dgigs Ot Ot 4gig3 Ot Oy

o1 <992>2 1 99309
4919395 \ Ox 4919293 Oy Ox
094 Og1

1 1 094 2
10, ot ot aggg \ot ) T
194 9194
1 995 99 1
4919394 Oy Oz

1 1

Zg%gz ot 0z

892 2
QJ*

29193 Ot

9193 Ot

1 991092
29192 ot ot
1 091094

gi1gs Ot Ot
__1 99109
4g3ge Ot Ot
L 091994
29394 Ot Ot
L 991092
4g3go Ot Ot
0 (199
g1 Ot
0g2 093

1

1

4g%ggg3 ot Ot

1 9 1894

()

1 992094

4g3gags O Ot
993 094
4929394 Ot Ot

=0 (5.112)
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Et:

L0 (10N, 1 (99" 1 09109
ot \ g1 Ot 2g192 \ Ot 297 Ot Ot
1 0992093 1 092091

_2glg3 ot ot 29194 ot ot

+16<1692>+ 1 (89)_ L 99109
g192 0t \ 2g2 Ot 49193 \ Ot 4g3g3 Ot Ot

1 0 (10gs 1 094094 1 0g1 094
9192 Ot <g48t) 2919297 Ot 0z 2gigags Ot Ot

L0 (10eY 1 (0p) 1 9909
295 0t \ g1 Ot 49195 \ Ot 4g3g3 Ot Ot

1 092093 1 %%+18C%>
491 g% gs Ot Ot 41 g% gy Ot Ot 2gogs Ot \ g1 Ot
1 991093 1 093093 1 092093

ez _I_ -
4g%g2g3 ot Ot 4glggg§ ot 0y 4g1g§gg ot ot

_1<%y_1%%+1av®ﬁ
49393 \ Oz 49393 Oy O  gogi Ot \2g1 Ot

1 991091 1 @f 1 09209
492gogs Ot Ot 4gigegs \ Ot 4919594 Ot Ot
1 9gs dga 1 0OgsOgs

s & e et (5.113)
4929394 Oy 0z  4gi1gagsgs Ot Ot
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Et:

_ 9 (109
ot g1 ot
1 992093
2g1g2 Ot Ot

19 <1592>
9193 0t \ 2g2 Ot

_18C%>
9193 Ot \ ga Ot

1 a<18g2

_|_ — _ R
29293 0t \ g1 Ot
1 0g2 093

a 4919293 Ot Ot
__ L 091095
4g3g3 Ot Ot

1 dg2 ) 2
+ =2 4
49593 (356

L 9909
493g3gs Ot Ot

1 Og3 Ogs 1

49394 Oy "0z

2919393 Ot 02

491920391 Ot Ot

_ 1 091995 1 0995993
297 Ot Ot  2g1g3 Ot Oy
1 (9g2\*, 1 09500
493 \ Ox 29293 Oy Ox

091 092

_1<%f L g
4919393 \ Ot 4g2gogs Ot Ot

L 99409s 1 091091
292g3gs Ot Ot

091 992

) () s
4g19393 \ Ot 4g2gogs Ot Ot

L 992091 1 0 (1093
29% ot \ g1 Ot
1 995995 1 092 0gs

49195 Ot Oy 4glggggﬁﬁ
1 0g3 dgo 1L 9 (1 0gs
291 ot

49293 Oy Ox  g3g3 Ot

1 <ag4 ) ? 1 0g20g4
4919397 \ Ot 491929394 Ot Ot
0020 _
4g1g3g4 Ot Ot

(5.114)
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Finalement :
0 (1094 1 094 091
ot <913t> 297 Ot Ot
X TN Y.
29194 \ Ot 2192 Ot Ot 2¢3 dy " 0z
1 ogon
2g1g3 Ot Ot
1 0 1 Ogs 1 dga 2 1 9Jg1 Ogs
stk 191630 (%) + ig%a201 OF OF
1 9 1894 1 8948g4 1 8g1 (994
14 Ot <94<9t> 2197 Ot 0z ' 2g3g3 O Ot
I AL L
29294 Ot \ g1 Ot 4919594 \ Ot 4929294 Ot Ot

1 9905 1 99p0u 1 0 (1@93>
491929394 Ot Ot 4gigagi Ot Ot 2g3g4 0t \ g1 Ot
1 9910993 1 9950995 1 092093

4929394 Ot Ot Agiglgs Ot Dy 4gigagaga Ot Ot

1 dg2\* 1 dgsdgs 10 (1 9y
4939394 (595'«“) 429391 Oy Oz g3 ot <2918t>
L 99091 1 (894)2_ 1 992094
dgg: Ot Ot Agigi \ Ot Ag1g297 Ot O
1 gy dgs 1 Bg3dgs

49393 Oy 0z  Agigsg; Ot Ot

(5.115)



Abdelmajid Ben Hadj Salem 21

6 Recherche de la métrique sur le plan équipotentiel - = Cte

0
On se place sur le plan z = 29 = constante donc 99 _ = 0. On a alors les

0z

équations suivantes :
L0 (10p) 1 (9Nt 1 002 , 10 (1 9
ot \ g Ot 292 \ 0Ot 29192 Ot Ot g Ot \ 292 Ot

__ 1 (9:)_ L D0 L0 (Lom), 992"
49393 \ Ot 4g3go Ot Ot 29192 Ot \ g1 Ot 49393 ot

1 991992 1 8ggagg+ 1 8<1ag3> 1 9g19g3
4g3ge Ot Ot  4gigags Ot Ot  2g1g30t \ g1 Ot 4g3gs Ot Ot
1 0g30gs 1 0Og20gs 1 <5’92>2
Ag3g3 Ot Oy  Agigags Ot Ot 4gigigs \ Oz
L 993092 _ (6.116)
4g1g2g3 Oy Ox
ko>k skoskok ok skosk sk oskoskok oskoskosk sk sk oskok ok sk ok ok ok sk ok ok
0 (1 0gs 1 (09\> 1 99109 1 0g2 0gs
ot (91 ot ) 29192 <3t> 293 0t Ot 2g1gs Ot Ot
4 L9 (1392> L+t <392>2 1 9g19ga
9192 0t \ 29> Ot 49195 \ Ot 4gigs Ot Ot
1 0 (109 1 0go 1 9g1 0gs
oz ot <91 ot ) T g <6t> T il ot ot
1 0go Jgs 1 0 (1 0g3
4919293 ot ot 2gggga <91 8t>
1 Oqdgs 1 995995 1 092093
4979293 Ot Ot 4gigag3 Ot Oy 4gig3gs Ot Ot
1 <3g2>2_ L 093092 _ 6.117)
49393 \ Ox 493293 EN

Xk 3k ok ok sk sk ok ok 3k skok ok 3k sk ok ok 3k sk ok ok 3k sk ok ok 3k sk
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8<1393> 1 091095 1 05093

ot g1 Ot _Eﬁﬁ 2g1g3 Ot Oy

__ L 992093 1 <3g2>2 1 09399:
29192 Ot Ot  4g3 \ Ox 2gags Oy Ox

1 0 1 0gs 1 dga 2 1 0g1 0ga

" ggs 01 <2gat> " 91630 (at) " Aglangs 01 O

L Lo <1ag> L1 (@)_ L 99109

29293 Ot \ g1 Ot 4919393 \ Ot 4939293 Ot Ot
__ 1 099095 10 (1393>

4919295 Ot Ot 2930t \ g1 Ot
1 g1 0g3 1 g3 dg3 1 992093

T122 0t 0t dgigd Ot Oy  Adgigagl Ot Ot

1 <8gz>2 1 9gs dg>
49593 \ Oz 49293 Oy Ox

=0 (6.118)

Kok ok ok sk ok sk ok ok sk ok sk ok oskosk ok sk ok ok ok ok sk ok sk ok ko

1 9 1 Ogs 1 dga 2 1 0g1 0gs
995 01 (zmz) " 4919301 (at) " agPggi 01 Ot
RN (189) L (69) 1 99109

29294 Ot \ g1 Ot 4919394 \ Ot 492gogs Ot Ot
1 0gs 0gs 1 0 (1 0gs

491929391 Ot Ot 2g3g4 Ot <918t>

1 01093 1 0g30gs3 1 092 Og3

4g%g3gs Ot Ot | 4gig2gs Ot Oy 4gigogaga Ot Ot
4t <892>2 1 993 0g2
4929394 \ Ox 4929394 Oy Ox

=0 (6.119)
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