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Abstract- The superconductor theory based on the electron pair is reviewed and several 

viewpoints are proposed. A demonstrated case reveals the speed of each electron in the 

electron pair at Fermi level about 1.82x106 m/s in Pb. However, the fastest longitudinal 

and transverse speeds of crystal waves in Pb at 0 K are 2.18x103 m/s and 1.29x103 m/s 

in [100] direction, respectively. It seems to be very hard even impossible that the 

mediated phonon can real-time transfer momentum and energy between two so high-

speed and antiparallel-momentum electrons in the superconducting state. In this 

research, we focus on single electron based on the experiments of Transmission 

Electron Microscopy. The new fitting temperature-dependent model for the London 

penetration depth is proposed. This model is much better than the one- and two-gap 

models and matches three experimental data much well. Then it further gives the 

temperature-dependent effective electron mass for the Nb superconductor film. Finally, 

the expression for the resistivity is deduced which can explain why the resistance is 

almost zero in the superconductor. All these new results are obtained by using the 

concept of single electron. 

Keywords: superconductor, electron pair, mediated phonon, London penetration depth, resistivity, 

effective electron mass, temperature-dependent, 

I. Introduction 

Since the first superconductor, Hg, was found the critical temperature Tc at 4.153 K in 

1911 [1], a lot of research has been done about the physical properties and their 

performances [1-7]. The progress of superconductor has revealed some high-

temperature superconductors, such as YBa2Cu3O7 with Tc=92 K [4,5], 

Tl2Ba2Ca2Cu3O10 with Tc=125 K [3,4,6], and the highest temperature record H2S with 

Tc=203 K at 150 GPa [8]. How to explain its physical phenomenon is still a developed 

region even it has passed one century.  

In the past sixty years, the electron pair theory is thought success in the explanation 

of the low-temperature superconductor. The best condition for the electron pair is 

consisting of two electrons with antiparallel momentum and spins. According to this 

theory, Fe is thought as an inappropriate element for the superconductor compounds. 

Since the superconductor LaOFeP with Tc~4 K was found in 2006 [9], this early 

deduction was broken. The compound La(O1-xFx)FeAs with x between 0.05 and 0.12 

has found Tc=26 K [10]. Furthermore, this compound has found another 
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superconductivity at Tc=43 K [11] significantly higher than the critical temperature 

Tc=39 K of MgB2 [12]. The superconductor SmFeAsO0.85 even shows the critical 

temperature as high as 55 K [13]. It naturally implies that this theory is not suitable for 

explaining this kind of superconductor consisting of Fe. It makes us deeply think about 

the role of the electron pair and find another better way to explain the superconducting 

phenomenon.  

II. The Problems About The Electron-Pair Theory In The Superconductor 

The traditional electron-pair theory considers two electrons existing weak attractive 

interaction between them in the superconducting state and these two electrons are in 

the bounded state [5,6,14]. The electron pair appears in the range about kBTc above the 

Fermi energy εF where kB is the Boltzman constant. These two electrons combine with 

each other due to the exchange of phonon, and their total energy is slightly lower than 

the total energy of two free electrons. This phenomenon is thought physically that one 

electron causes the deformation of the positive ions in its vicinity and creates a mediated 

phonon. Through absorbing this mediated phonon, the other electron is affected by this 

deformation. In this picture, its binding energy of an electron pair at zero temperature 

is Δ. The energy 𝐸𝑘⃑  of single electron with wavevector 𝑘⃑  in the excited state is  

                                                           𝐸𝑘⃑ = √𝜀
𝑘⃑ 
2 + ∆2,                                                              (1) 

and the energy 𝜀𝑘⃑  of quasi-electrons counted from the Fermi energy εF is 

                                                             𝜀𝑘⃑ =
ħ2𝑘2

2𝑚𝑒
∗

− 𝜀𝐹 ,                                                           (2) 

where 𝑚𝑒
∗  is the effective electron mass, ħ equals to h/2π, and h is the Planck’s constant. 

The Hamiltonian for this superconducting electron system with the vibrating positive 

ions is [5,14,15] 

        𝐻 = 𝐻 𝑓𝑟𝑒𝑒
𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛

+ 𝐻 𝐶𝑜𝑢𝑙𝑜𝑚𝑏
𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛

+ 𝐻 𝑓𝑟𝑒𝑒
𝑝ℎ𝑜𝑛𝑜𝑛

+ 𝐻𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛−𝑝ℎ𝑜𝑛𝑜𝑛
𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛

.            (3) 

Through complicated canonical transformation [15], the original one can transfer to 

another form  

𝐻𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 = 𝐻 𝑞𝑢𝑎𝑠𝑖
𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛

+ 𝐻 𝑠ℎ𝑖𝑒𝑙𝑑𝑒𝑑
𝐶𝑜𝑢𝑙𝑜𝑚𝑏

𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛

+ 𝐻𝑑𝑟𝑒𝑠𝑠𝑒𝑑
𝑝ℎ𝑜𝑛𝑜𝑛

+ 𝐻𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛−𝑝ℎ𝑜𝑛𝑜𝑛−𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛

.  (4) 

It describes a process that an electron is scattered from the initial state 𝑘⃑  to the final 

state 𝑘⃑ ′ through the emission or absorption of a phonon with the wavevector 𝑞 . In the 

electron-pair theory, the best condition for the electron pair is that their momentum 𝑘⃑  
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and spin s are equal and antiparallel, and the two electrons move in the opposite 

directions. From these descriptions, we might ask whether the phonon-exchanged 

process is a physical picture or just a quasi-physical one.  

For example, the metal lead (Pb) has the superconducting critical temperature of 

7.193 K [5] and its Fermi energy is 9.37 eV [1]. The speed vF at εF for the bare electron 

is about  

            𝑣 𝑐⁄ = √2𝜀𝐹/𝑚𝑒𝑐2 = √18.74/511000~1/164,                                 (5) 

where c is the speed of light in the free space and the bare electron mass me is 

0.511MeV/c2 or 9.1*10-31 kg. It means that the speed of electron is very high and about 

1.82x106 m/s or (1/164) c [1]. However, the propagation of the lattice wave relies on 

the vibration of ions and the speed of the phonon at Debye frequency is not as so high 

as the Fermi electron speed. The mediated phonon between two electrons is the acoustic 

phonon and the crystal wave can be approximated to the continuously elastic wave. For 

Pb, the elastic stiffness constant C11 is 0.555x1012 dyne/cm2 and C44 is 0.194x1012 

dyne/cm2, and the density ρ is 11.599 g/cm3 at 0 K [1]. The highest speed of the crystal 

wave is the longitudinal wave vLA in [100] directions that is 

                    𝑣𝐿𝐴 = √
𝐶11

𝜌
= 2.18 × 103  𝑚 𝑠⁄ .                    (6) 

The speed of phonon is more 800 times slower than Fermi electron. Similarly, the speed 

of the transverse wave vTA is  

                   𝑣𝑇𝐴 = √
𝐶44

𝜌
= 1.29 × 103  𝑚 𝑠⁄ ,                     (7) 

which is about 1400 times slower than Fermi electron.  

Next, the average distance between two electrons is necessary to estimate when 

considering the electron-pair picture. The electrons of each electron pair are within the 

range about kBT above the Fermi energy and the density of these electrons approximates 

                    nkBTc/εF ~ 1029 •10-5 m-3=1024 m-3                 (8) 

or 106/μm3 in Pb [1]. This kind of electron roughly occupies a cubic with size about 100 

Å  and it gives the average distance between two electrons about 100 Å  or roughly 

30~40 atoms. This is a long distance for such two electrons, and the mediated phonon 

has to cross several ten atoms from one electron to the other.  

If one electron can absorb a mediated phonon bringing the changes of momentum 

and energy from the other electron, the propagation of this phonon has to be very fast. 

Actually, both electrons have so high speed so it is almost impossible to real-time 

exchange a phonon between two electrons across 100Å . Even it is possible, the electron 

much more probably absorbs other phonons prior to the mediated phonon due to other 
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scattering events, caused from other electron-ion interactions or thermal vibrations. The 

phonon is the quantization of the crystal wave and is the collective excitation. In other 

words, the wave can propagate through the whole crystal and each electron can absorb 

or scatter these phonons through the electron-phonon interaction. However, the electron 

pair means that the mediated phonon cannot propagate globally and only exists between 

two electrons for the purpose of exchanging momentum and energy.  

Let’s further look at the real picture for these two electrons. The original concept for 

the electron pair is shown in Fig. 1.The mediated phonon is created due to the distortion 

of ions in the vicinity of an electron. However, the electron-pair theory ignores that both 

electrons have ability to make ions distorted and induce respective crystal waves. It 

means that two phonons can be created simultaneously or successively so it is possible 

to exist more than one mediated phonons between two electrons, not always only one. 

In this theory, when one electron emits a phonon with momentum 𝑞  and changes its 

momentum from −𝑘⃑  to −𝑘⃑ − 𝑞 , then the other one absorbs this phonon and its 

momentum is changed from 𝑘⃑  to 𝑘⃑ + 𝑞 . However, this process is non-conservation of 

energy and the mediated phonon should be virtual, not real one. Actually, the really 

possible process is that one electron emits a real phonon and changes its momentum 

from −𝑘⃑  to −𝑘⃑ − 𝑞  but the other electron doesn’t be affected by this phonon, or 

absorb another real phonon 𝑞 ′ and its momentum is changed from 𝑘⃑  to 𝑘⃑ + 𝑞 ′.  

Fig. 1 An ideal case for a real electron pair ‘bounded’ by a phonon. According to the electron-

pair theory, the ionic deformation in the vicinity of each electron causes a crystal wave 

propagating in the superconductor. Two electrons exchange a mediated phonon in an electron 

pair. The vertical dash lines in the central region means a distance between two electrons and a 

lot of atoms in between them. Their average distance is about 100 Ả. However, this process is 

non-conservation of energy. The speed of Fermi electron can be 800-1400 times faster than the 

two fastest crystal waves in Pb. Actually, the speed of two electrons is so high that it is very 

hard even impossible to real time transfer a mediated phonon between them. 

Next, we further consider another two electrons are added in Fig. 1 where each one of 

them is positioned close to each previous electron. Due to the distortion of the lattices, 

each electron in the electron pair creates the respective crystal wave and the two 

additional electrons can feel each crystal wave as shown in Fig. 2. However, the 
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electron-pair theory only permits the crystal wave propagating between two electrons 

in an electron pair, so these two additional electrons cannot interact with these crystal 

waves in principle. It makes such crystal waves unique and unphysical. As mention 

before, this theory restricts the crystal waves propagating locally, not globally.  

Fig. 2 Two more electrons are added on the top and bottom in Fig. 1. In the electron-pair theory, 

these crystal waves don’t affect these additional electrons because the crystal wave only take 

responsibility to exchange momentum and energy between two electrons in Fig. 1. According 

to this picture, it seems to be very unreasonable when the crystal wave only propagates between 

two electrons. 

 Actually, the decrease in the electron energy for the electron pair shouldn’t mean 

the existence of the effectively attractive interaction which take responsibility to form 

the electron pair. In the high-density electron gas, it also shows a negative perturbation 

energy in the random phase approximation (RPA) 

                                          𝜖𝑘
′ =

𝑘2

2𝑚𝑒
− 𝛺 ∫

𝑑𝑙 

(2𝜋)3
4𝜋𝑒2

[(𝑘⃑ − 𝑙 )
2
+ 𝜆2]

|𝑙 |<𝑘𝐹

.                            (9) 

The energy 𝜖𝑘
′  of a quasiparticle at k near Fermi wavevector kF is  

                           𝜖𝑘
′ =

𝑘2

2𝑚𝑒
− 0.166𝑟𝑠(ln 𝑟𝑠 + 0.203)

𝑘𝑘𝐹

2𝑚𝑒
+ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡,                     (10) 

where 

                                                         𝑟𝑠 =
1

𝑎0
(

3

4𝜋𝑛
)
1 3⁄

                                                          (11) 

and a0= ħ2/mee
2 is Bohr radius [15]. However, it has not yet been thought that the 

effectively attractive force also exist between electrons to arise the stable electron pair 

in the RPA calculations, similar to the electron-pair theory in the superconductor.   

This electron-pair theory proposes the superconducting contributions from all 

electron pairs. In fact, the phonon can also be created from the thermal vibration. There 
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are a lot of phonons with different frequencies coexisting in the superconductor. One 

electron can obtain the energy and momentum from absorbing phonons no matter where 

they originally come from in the superconductor. Actually, this collective excitation or 

crystal wave created from the deformation of lattice can propagate to the wide place 

and is possibly absorbed by many electrons. It is alike a lot of speedboats moving on 

the sea and each of them creates propagating wave. Then each of those speedboats can 

receive waves from others, not only from certain one. It is very hard to restrict one boat 

receiving the wave from certain speedboat and excluding others in the open region.  

The propagating wave caused by the speedboat is similar to the electrons and 

phonons in the superconductor. To restrict each electron in the electron pair only 

interacting with their mediated phonon is unphysical even this phonon is true. 

Especially when the superconductor has some imperfections like defects or disorders, 

we have to consider these effects because the calculations of the quasi-electron energy 

and 𝑚𝑒
∗  in Eq. (2) also necessarily consider the lattice structure including the 

imperfections. The imperfection is an important factor for resistance. The 

superconductor with a near periodic structure should have the critical temperature 

higher than the one with much random structure in it even both have the same 

constitution.  

When we study the electron-pair theory, another question also arises. As we know, the 

normal electron current naturally exists in the superconductor. The normally electron 

current 𝐽 𝑠𝑛 in the superconductor is  

                                            𝐽 𝑠𝑛 = −∫ 𝑒𝑁𝑆(𝐸𝑘⃑ )
∞

∆

𝑓(𝐸𝑘⃑ )𝑣 𝑘⃑ 𝑑𝐸𝑘⃑ ,                                       (12) 

where f(𝐸𝑘⃑ ) is the Fermi-Dirac distribution, -e is the electron charge, and 𝑣 𝑘⃑  is the 

electron velocity at wavevector 𝑘⃑ . 𝑁𝑠(𝐸𝑘⃑ ) is the density state of the normal electron 

in the superconductor  

                                    𝑁𝑠(𝐸𝑘⃑ ) = 𝑁(𝐸𝑘⃑ )
𝑑𝜀𝑘⃑ 

𝑑𝐸𝑘⃑ 
= 𝑁(𝐸𝑘⃑ )

𝐸𝑘⃑ 

√𝐸
𝑘⃑ 
2 − Δ2

                                 (13) 

when |𝐸𝑘⃑ | > Δ , and  

                                                               𝑁𝑆(𝐸𝑘⃑ ) = 0                                                               (14) 

when |𝐸𝑘⃑ | < Δ. It is similar to the electric current 𝑗  under the applied electric field 

𝐸⃑  in the traditional metal which has the form  

                                                               𝐽 = 𝑛
𝑒∗2

𝑚𝑒
∗
𝜏𝐸⃑ ,                                                             (15) 
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where n is the average charge density, e* is the effective charge, and 𝜏 is the average 

scattering or relaxation time. However, these excited normally electrons should cause 

some resistivity as the electrons in the normal metals because of inelastic scatterings 

and energy dissipation. Since the normal electrons also exist in the superconducting 

state, it makes us think about why the resistance is still almost zero in the 

superconductor experiments. The resistivity ρ for the normal conductor has relationship 

with 𝜏 of the electron, that is  

                                                                    𝜌 ∝
1

𝜏
.                                                                   (16) 

It means that if the experiments show almost zero resistivity, the normally excited 

electron would have very large 𝜏 like a quasi-superconducting electron.  

III. The Perfect Conductor 

As we know, the single electron in the perfectly periodical or crystal structure is 

represented by the Bloch wave. It can have a stable solution that the electron propagates 

in the periodic structure near freely. The resistance is mainly created by the imperfect 

lattice and inelastic scattering with impurities. The dream conductor is the electron 

system with no dissipation in this perfect structure. It has been pointed out that the 

perfect conductor can shield electric and magnetic fields from its surface [16] so the 

Meissner effect and London penetration depth [2-4] may be explained by the traditional 

conductor theory. This is a reasonable explanation by using Pb as a demonstrated 

example. When the temperature is across Tc from low to high, the magnetic penetration 

depth in Pb should be continuous as the material state changes from the 

superconducting state to the normally metallic one.  

In electrodynamics [16], the surface current 𝐾⃑⃑ 𝑠 on the conductor is produced by the 

surface moving charges and the induced tangential magnetic field 𝐻⃑⃑  is 

                         𝑛̂ × 𝐻⃑⃑ = 𝐾⃑⃑ 𝑠,                            (17) 

and Ohm’s law gives 𝐾⃑⃑ 𝑠 = 𝜎𝐸⃑ 𝑐 with a finite conductivity σ for the electric field 𝐸⃑ 𝑐 

in the conductor. Then we have the magnetic fields 𝐻⃑⃑ 𝑐 inside the conductor is  

                                                          𝐻⃑⃑ 𝑐 = −
𝑖𝑐

𝜇𝑐𝜔
∇ × 𝐸⃑ 𝑐,                                                     (18) 

where μc is the permeability of the conductor. We also have the equation for 𝐸⃑ 𝑐 

                                                              𝐸⃑ 𝑐 ≈
𝑐

4𝜋𝜎
∇ × 𝐻⃑⃑ 𝑐.                                                     (19) 

The skin depth δ is  
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                                                                𝛿 = (
2

𝜇𝑐𝜔𝜎
)
1 2⁄

,                                                     (20) 

the electric field in the conductor                                                                       

                                        𝐸⃑ 𝑐 ≈ √
𝜇𝑐𝜔

8𝜋𝜎
(1 − 𝑖)(𝑛̂ × 𝐻⃑⃑ )𝑒−𝑥 𝛿⁄ 𝑒𝑖𝑥 𝛿⁄ ,                                   (21) 

and the magnetic field in the conductor  

                                                          𝐻⃑⃑ 𝑐 = 𝐻⃑⃑ 𝑒−𝑥 𝛿⁄ 𝑒𝑖𝑥 𝛿⁄ ,                                                      (22) 

where x is the distance from the surface in the conductor. This equation is much similar 

to the magnetic field in the superconductor characterized by the London penetration 

depth. The time-average power loss Ploss per unit area a is  

                                                           
𝑑𝑃𝑙𝑜𝑠𝑠

𝑑𝑎
=

𝜇𝑐𝜔𝛿

4
|𝐻⃑⃑ |

2
.                                                   (23) 

Above equation shows that the energy loss is proportional to δ at a fixed frequency ω 

and a constant magnetic field. From Eq. (20), the larger σ is, the smaller is δ. The larger 

conductivity benefits the electric current and lowers power loss. Once the factors of 

dissipation are removed, the material can perform like a dream conductor as a 

superconductor. In the following, according to the above discussions, we think about 

an advanced way how to explain the superconductor with near zero resistance or 

resistivity. All the research focuses on one electron propagation in the superconductor. 

IV. The Viewpoint From The Stopping Power In Transmission Electron 

Microscopy 

Since the Transmission Electron Microscopy (TEM) was developed [17], the detailed 

structure for a lot of materials can be obtained in the nanoscale imaging. It also a good 

technology for investigating superconductors and their TEM images have been revealed 

for many years [18-27]. As we know, it is the relativistic electron used in TEM and the 

acceleration voltage can be as high as several hundred KeV [17]. When we discuss the 

imaging processes in TEM, it needs to consider the stopping power for different 

materials [17, 28-38]. It means that the electrons lose their energy when passing through 

the sample and it is unavoidable due to the inelastic scatterings between electrons and 

atoms. Especially, the secondary electrons would stop in the sample and transfer all 

their energy to the material. No matter what kind of the material is, the energy loss 

always exists. It is the same as the superconductor that we also have to calculate the 

stopping power when using TEM. The TEM experiments of superconductors reveal the 

existence of the electron energy loss definitely. Furthermore, TEM can provides the 

electron-energy-loss spectra of samples [17,39]. 
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The TPP2-TM model [40-46] very successfully predicts the inelastic mean free path 

λInelastic in the material having close relationship with the incident energy E of an 

electron that is  

                                𝜆𝐼𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =
𝐸

𝐸𝑝
2{𝛽 ln(𝛾𝐸) − (𝐶 𝐸⁄ ) + (𝐷 𝐸2⁄ )}

 (in Å),                (24) 

where 𝐸𝑝 = 28.8(𝑁𝑣𝜌 𝑀⁄ )1 2⁄  (in eV) is the free-electron plasma energy, Nv is the 

number of valence electrons per atom for solids or per molecule for compounds, ρ is 

the density (in g/cm3), and M is the atomic or molecular weight. β, γ, C, and D are 

defined in Ref. 46 [46]. It is the modified Bethe equation and matches with the 

experimental data very well for many element solids, compounds, and molecules in 

some ranges of the incident electron energy [40-46]. As mentioned previously, the TEM 

imaging can show the inner structure of the superconductor due to the scattering from 

the incoming particles with inner atoms. It always accompanies with energy lost which 

implies the resistance in the superconductor until to very high voltage about several 

KeV. The stopping power has been studied many years. The well-known formula for 

the electron energy stopping power is the relativistically Bethe-Bloch equation [31], 

that is 

                      −
𝑑𝐸

𝑑𝑥
=

𝑁𝐴𝜌𝑚𝑒4𝑍

8𝜋𝜖0
2𝐴𝑚𝑒𝑣2

[ln (
𝐸2

𝐼2
γ + 1

2
) + 𝐹(γ) − δ𝐹(γ)],                         (25) 

                                 𝐹(γ) = [
1

γ2
−

2γ − 1

γ2
ln(2) +

1

8
(
γ − 1

γ
)
2

],                                    (26) 

where E is the kinetic energy, x is the traveling distance, I is the mean excitation energy, 

 𝛾 = 1 √1 − 𝑣2 𝑐2⁄⁄  , v is the speed of the incident electron, δF(γ) is the density 

correction, NA is the Avogadro’s constant, A is the atomic weight, Z is the atomic 

number, and ρm is the mass density. We can ignore the radiation stopping power because 

it is only significant when the atomic number Z>80 and the electron energy E>10 MeV. 

For the low-energy case, 𝛾~1. Then above equation for the compound becomes  

                                   −
𝑑𝐸

𝑑𝑥
=

𝑁𝐴𝜌𝑚𝑒4

8π𝜀0
2𝑚𝑒𝑣

2
∑𝑐𝑖

𝑍𝑖

𝐴𝑖
ln (

𝐸

𝐼𝑖
)

𝑖

 (
eV

Å
),                                   (27) 

where Ai is the ith-element atomic weight, Ii is the ith—element mean excitation energy, 

Zi is the ith-element atomic number, and ci is the ratio of the ith-element in the 

compound. From Eq. (27), it reveals that small Zi/Ai benefits the electron holding its 

kinetic energy and the stopping power becomes small. The larger Ii also results in the 

smaller stopping power.  

Now, considering an experiment to measure the current of the superconductor as 

shown in Fig. 3. An electron gun is positioned above the superconductor thin film in 
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vacuum. It is similar to the traditional way which the normal metallic wire contacts the 

superconductor to form a closed loop but here the superconductor is under zero bias. 

The collecting plate behind the superconductor film can receive most passing electrons 

including the secondary electrons. The benefit of this experimental setup is to replace 

the concept of the electron pair with the single electron inside the superconductor. Due 

to the focus on the movement of the single electron, it makes us use a different 

viewpoint to initially discuss why the resistance is so small in the superconductor.  

 

Fig. 3 The simple experimental setup for measuring the electric current A of the superconductor 

thin film. The electric voltage is applied on the electric gun to emit electrons. 

From the Joule’s heat law, the electric power dissipation is equal to I2R where I is the 

electric current and R is the resistance. If we consider the electron energy loss is 

proportional to I2R, then the resistance is also proportional to the electron energy loss. 

When the critical temperature Tc is defined as the resistance less than a certain value, 

then Tc can be the function of 1/R or 1/|𝑑𝐸 𝑑𝑥⁄ |. According to Eq. (27), it seems to be 

able to quantitatively explain that Bi2Sr2Ca2Cu3O10 (110 K) has Tc higher than 

YBa2Cu3O7 (92 K), Tl2Ba2Ca3Cu4O11 (122 K) is higher than Bi2Sr2Ca2Cu3O10 (110 K), 

and HgBa2Ca2Cu3O8 (133 K) is higher than Tl2Ba2Ca3Cu4O11 (122 K) [5,7].  

Although the standard measurement of the superconductor current is not like the 

experimental setup in Fig. 3, however, TEM experiments clearly exhibit the single-

electron transmission through the superconductor. It is almost impossible to find a 

conduction electron with energy of several keV in the superconductor to form an 

electron pair with the incident electron. Especially the velocity of the electron is close 

to c. This gives a reasonable way to discuss the resistance of the superconductor by the 

single-electron viewpoint. 

V. The Correction Model For The Resistivity Varying With Temperature 

Next, another simple schematic picture for measurements of the electrical current 

and resistance of the superconductor is shown in Fig. 4. In the traditional theory for 

conductor, the electrical conductivity σ is defined as [1] 
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                                                            𝜎 =
𝑛𝑒2𝜏

𝑚𝑒
∗

.                                                              (28) 

It obeys the relation 𝑗 = 𝜎𝐸⃑  as Eq. (15) where 𝑗  is the electrical current density and 

𝐸⃑  is the electrical field. The electrical resistivity ρ is the reciprocal of the electrical 

conductivity σ [1]. As we know, the electrical resistivity of metal is the function of the 

temperature T [1], that is,  

                                𝜌 ∝ 𝑇5.                                                             (29) 

The resistance R has relationship with the resistivity ρ. For a conductor wire, R=ρL/A 

where L is the length and A is the cross-section area. The discussion of ρ is a good way 

to know the behavior of R.  

The Kondo effect explains the magnetic ion-conduction electron interaction resulting 

in additional spin-dependent resistivity in solute magnetic alloys [1]. The electrical 

resistivity has the form 

                                                    𝜌 = 𝑎𝑇5 + 𝜂𝜌0 +  𝜂𝜌1 ln 𝑇 ,                                            (30) 

where a is a constant, η is the concentration, ρ0 is the measure of the strength of the 

exchange scattering, 𝜌1 = 3𝜌0𝑧𝐼𝑒 𝜀𝐹⁄ , z is the number of the nearest neighbors, and Ie 

is the exchange energy. The other possible resistivity source is from the Umklapp 

process. The Umklapp scattering of electrons by phonons has significant contribution 

to the electrical resistivity when the Fermi surface is close to the zone boundary. The 

number of phonons for this kind of scattering process decreases as exp(-ħωm/kBT) 

where ħωm is the phonon energy. The expression of resistivity has to be improved when 

it applies on the superconductor.  

The concept of the quasi-electron tells us that the electron mass needs to be corrected 

because of the high-density electron gas and ion background. The dependence of the 

effective electron mass on temperature T should also appear in the electrical resistivity 

especially at low temperature. According to the temperature dependence of the electron 

mobility in the semiconductor, the temperature-dependent electron mobility μe is  

                                                 𝜇𝑒 =
𝑒

𝑚𝑒
∗ (𝐴𝑇3 2⁄ +

𝐵𝑁𝑖

𝑇3 2⁄ )
                                                   (31) 

where A and B are constants, and Ni is the impurity density [47]. The first term of the 

bracket in the denominator is due to the acoustic phonon scattering and the second one 

is due to the impurity scattering. Comparing this equation with μe experiments [47], it 

further reveals that 𝑚𝑒
∗  is also dependent on temperature with the form 

𝑚𝑒
∗(𝑇) = 𝑚𝑒

∗(𝑇𝑟𝑒𝑓)𝑓(𝑇),                                             (32) 
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where f(T) is an undetermined function of temperature T and the reference of effective 

electron mass is chosen at some reference temperature Tref, for example, Tref=300 K. In 

addition, the energy gaps of Si and GaAs [47] also exhibit temperature dependence 

which means the calculations of the effective electron mass from the energy band 

dependent on temperature. 

Fig. 4 Another simple electric circuit setup for measuring the electric current A and the 

resistance or resistivity of the superconductor. The electric voltage V is directly applied on the 

superconductor. 

If we further use the temperature-dependent effective electron mass to the electrical 

conductivity for superconductor in Eq. (29), the electrical resistivity is expressed as  

𝜌(𝑇) = 𝑎𝑇5[𝑓(𝑇)]𝜈.                                                      (33) 

As we know, the electrical resistance and resistivity near the critical temperature has 

dramatical decrease, so f(T) can be chosen as an increasing function of T and ν is a real 

value. Because the electrical resistance of superconductor is defined less than 10-19 ohm, 

the electrons in superconductor are much low energy loss and almost freely, and they 

have very long mean free path. It also means only the phonons with very small energy 

ħω participating the electron-phonon interaction so the electron energy loss from the 

electron-phonon interaction is very small.  

Except for these long-wavelength excited phonons, the Umklapp scattering is the 

other consideration in the calculation of the electrical resistivity, and then we have 

another form similar to Eq. (33), that is,  

                              𝜌(𝑇) =𝑎𝑇2[𝑓(𝑇)]𝜈 ∫
𝑑𝜔

2𝜋

1

𝑒𝑥𝑝 (−
ħω
𝑘𝐵𝑇) − 1

,                                  (34) 

where ħω<<kBT. The electrons at or above Fermi energy take responsibility for the 

electrical conduction and the Fermi surface is very close to the zone boundary. Because 

the Umklapp scattering is considered, the total number of phonons is changed from T3 

to the exponential term in Eq. (34). Both equations make sure that the electrical 
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resistivity is small enough at low temperature in the superconductor.  

VI. The London Penetration Depth At Low Temperature 

  Since the effective electron mass is temperature-dependent as shown in Eq. (32), first 

of all, the function f(T) has to be found out. According to London’s theory [3], the 

penetrating depth λL in the superconducting state is  

                       𝜆𝐿(𝑇) = √𝑚𝑒
∗/𝜇0𝑛𝑠𝑒∗2,                       (35) 

where ns is the density of the superelectron above Fermi energy, μ0 is the magnetic 

permeability in free space, and e* is the effective charge of the superelectron. It is 

proportional to (𝑚𝑒
∗/𝑛𝑠)1/2 and has another expression the so-called two-fluid empirical 

model [2-4]  

                                                       𝜆𝐿(𝑇) = 𝜆0 [1 − (
𝑇

𝑇𝑐
)
4

]

−1 2⁄

,                                       (36) 

where λ0=λL(0) is the London penetration depth at absolute zero temperature.  

The London temperature-dependent penetration depth has been widely studied and 

different fitting models proposed. Some methods for measurements have been used for 

a long period, such as self-oscillating tunnel diode resonator [48] and two-coil mutual-

inductance technique [49]. The very early report showed that the results of the 

experiments on pure Sn [50] have some departure from the temperature-dependent 

penetration depth in Eq. (36). Recently, a lot of experiments about the change of the 

London penetration depth ∆𝜆𝐿(𝑇) = 𝜆𝐿(𝑇)  − 𝜆𝐿(0) have been measured. According 

to the report, the experimental values ∆𝜆𝐿(𝑇) of single crystal Y-Ba-Cu-O are between 

the two-fluid model and weak-coupling electron-pair theory [51]. The fitting function 

ΔλL(T) at low temperature is often well described by the power law of ∆𝜆𝐿(𝑇) = 𝑏𝑇𝑛 

where b is a constant and the range of n is often between 1 and 3 or even higher values 

[52-70]. According to ΔλL(T), the London penetration depth is 𝜆𝐿(𝑇) = λ0 + 𝑏𝑇𝑛 [58]. 

However, it should be finite at T=Tc. The magnetic penetration depth is not infinite 

actually. Some experiments have shown the finite value λL(T) at Tc which are much 

more reasonable than Eq. (36) [58,62,63,65-70].  

Then we discuss the range of n from the experimental fittings at low temperature. 

The fit for Y-Ba-Cu-O single crystal is changed from n=2 to n=1 when the temperature 

is cross the characteristic temperature T* [55,56]. Some Y-Ba-Cu-O thin films show the 

power law fits with n from 1.4 to 2.2 [57]. It even mentioned that there was no way to 

obtain satisfactory exponential fit to these experimental data. The best fits for the non-

magnetic PCCO single crystals are n=2.25±0.01 for one sample and n=2 for the other 

two samples [58]. For the magnetic NCCO single crystal, the best fits are n=1.35±0.03 
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and n=1.40±0.03 for different Curie constant [58]. The Sr2RuO4 single crystals show 

n~2 and n~3 [59]. The fits of LaFePO single crystals give n=1.2±0.1 for T<1 K [60]. 

The fitted n of Ba(Fe1-xCox)2As2 single crystals with different x value varies from 

2.0±0.1 for the underdoped samples to 2.5±0.1 for the overdoped samples [61]. 

Especially, single crystals of Ba(Fe0.93Co0.07)2As2 were observed n=2.4±0.1 [65]. Two 

hole-doped iron-based superconductors of Ba0.55K0.45Fe2As2 and Ba0.7K0.3Fe2As2 single 

crystals have n=2 at low temperature [62]. Single crystals of RFeAsO0.9F0.1 (R=La,Nd) 

have been studied for possessing non-exponential London penetration depth [63]. The 

mean Tc is 45 K for La-1111 and 14 K for Nd-1111 where the power law of in-plane 

∆𝜆𝐿(𝑇) gives n=2 at low temperature. The low-temperature ΔλL(T) of iron-pnictide and 

iron-chalcogenide superconductors were studied and there were six superconductor 

samples giving n between 1.7 and 2.5 [67]. Other iron-chalcogenide superconductors 

Fe1.03(Te0.63Se0.37) and Fe1.06(Te0.88S0.14) were also reported ΔλL(T) with n~2.1 for Fe(Te, 

Se) and n~1.8 for Fe(Te,S) [68]. For single crystals of electron-doped Ba(Fe1-xNix)2As2, 

the results show the temperature dependence for different doping level [66]. It gives in-

plane ΔλL(T) with n≧2 for the optimal doping level and n<2 in the overdoped regime 

at low temperature. The interplane ΔλL(T) is T linear behavior below Tc/3 in the 

overdoped regime. The in-plane ΔλL(T) in single crystals of Ba(Fe1-xTx)2As2 (T=Co, Ni) 

irradiated with 208Pb56+ ions exhibits 2.2<n<2.8 [69]. The London Penetration Depth in 

iron-based superconductors have ever reported n as high as 2.83 [70].  

The other often used fitting function is the weak-coupling electron-pair or gap model 

including the exponential term shown as  

                                                 ∆𝜆𝐿(𝑇) = 𝜆0√
𝜋∆

2𝑇
𝑒𝑥𝑝 (−

∆

𝑇
),                                            (37) 

where Δis the value of the energy gap for the electron pair used in Eq. (1) and it 

doesn’t satisfy the low T/Tc region in the most reports. Some reports show the 

inconsistent exponential behavior compared with the experimental data and the power 

law is better than this exponential model, such as UBe13 [53], Y-Ba-Cu-O single crystal 

[55,56], Y-Ba-Cu-O thin film [57], non-magnetic PCCO single crystal [58], magnetic 

NCCO single crystal [58], Ba(Fe1-xCox)2As2 single crystal near optimal dipping of 

x=0.074 [61,70], Ba(Fe0.93Co0.07)2As2 single crystal [65], and (Ba1-xKx)Fe2As2 single 

crystal with x=0.45 [58].     

Except for the low-temperature region, the exponential behavior also not always fits 

the high-temperature region near Tc [62,63]. It clearly shows that the superfluid density 

of R-1111 crystals decreases slowly close to Tc where the exponential behavior 

approximates a straight line. The deviation means that the exponential behavior is not 

suitable for the high-temperature region near Tc in this studying case. Even the two-gap 
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exponential model cannot also fit some experiments very well at the temperature close 

to Tc [62,63]. This model exhibits large errors comparing with experimental data even 

in the high T/Tc region when λ0=1400 Å [54]. As discussed previously, the electron 

pair is not real physical phenomenon so the reasonableness of the gap model is a 

doubted problem. 

However, from the fitting functions in these references [52-70], the power law is not 

so accurate for all temperature range below Tc. Sometime, in the low-temperature 

region n is one value but it changes to other value above T* [55]. The fast increase in 

∆𝜆𝐿 as T close to Tc means that this one-term power law doesn’t satisfy in the high T/Tc 

region. We have to add more high power terms to fit the experimental data. For example, 

the magnetic penetration depth of c-axis oriented YBa2Cu3O7 has also been reported 

[51] where the function matches well the experimental data  

                             𝜆𝐿(𝑇,𝐻) =
(𝛷0𝐻)1 2⁄

𝜋1 2⁄ 𝐻𝑐(0)
[1 − 2 (

𝑇

𝑇𝑐
)
2

+ (
𝑇

𝑇𝑐
)
4

]

−1 2⁄

,                         (38) 

where H is the applied magnetic field, Φ0 is the quantum flux, and Hc(0) is the critical 

magnetic field at 0 K. It is clear that the sign associated with T4 is different from Eq. 

(36). Furthermore, comparing Eq. (38) with Eq. (36), there is an additional T2 term. It 

means that Eq. (36) for the London penetration depth would be better by adding some 

different T-order terms. Furthermore, considering the continuum at Tc and λL(Tc) is 

finite so Eqs. (36) and (38) need to be improved for the superconductors.  

VII. The New Fitting Model For The London Penetration Depth   

Those superconductors for experiments [52-70] including single crystal, 

polycrystalline, pure, and dirty samples. The two fluid mode described by Eq. (36) also 

has something to do with the surface energy and the free energy of the superconductor. 

It is very reasonable that we physically add more T-order terms in the two-fluid model 

to fit the experimental data in the wide temperature range. This correction in London 

penetration depth includes T, T2, T3, and T5 terms for considering the range of n values 

in the power law [52-70], that is,  

   𝜆𝐿(𝑇) = 𝜆0 [1 − 𝑐4 (
𝑇

𝑇𝑐
)
4

− 𝑐1 (
𝑇

𝑇𝑐
)
1

− 𝑐2 (
𝑇

𝑇𝑐
)
2

− 𝑐3 (
𝑇

𝑇𝑐
)
3

− 𝑐5 (
𝑇

𝑇𝑐
)
5

]

−1 2⁄

,    (39) 

where c1, c2, c3, c4, and c5 are constants determining from the curve fitting and all of 

them between -1.0 and 1.0 in our calculations. This choice makes sure the low-

temperature behavior predicting by the power law and the high-temperature behavior 

which the electron-pair model cannot describe very well. Although those fitting values 
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of n in the power law show it less than 4.0 [52-70], however, it is better to include T5 

term in the curve fittings. Then we choose three experimental data to investigate how 

much the improvement of Eq. (39) is. 

  First, we consider the 70-nm thickness Nb superconducting film [71]. Here without 

considering the electron-pair coherent length and Pippard Kernal, we find that their 

experimental data can be fitted much well by Eq. (39) above 0.5Tc. According to 

experiments, this Nb film gives the London penetration depth λ0 about 112 nm and it 

would be at least several times larger than λ0 at T=Tc. Then we use the final seven data 

closest to Tc to get the better fitting curve. The experimental data and the fitting cure of 

𝜆𝐿
2(0) 𝜆𝐿

2(𝑇)⁄  varying with T/Tc are shown in Fig. 5(a) where c1=0.28, c2=-0.63, 

c3=0.97, c4=0.99, and c5=-0.63 are used. This fitting result is even better than the very 

complicated Pippard kernel integral. Especially in the high-temperature region, the 

Pippard Kernel integral shows large deviations with the experimental data. 

The second case is the experimental data of 𝜆𝐿
2(0) 𝜆𝐿

2(𝑇)⁄  in the superconductor 

YBa2Cu3O6.95 with Tc>93 K [56]. We use all the experimental data with λ0=1500 Å  in 

the range of T/Tc between 0.0 and 1.0 to fit the curve. These data show strong linear 

behavior at low temperature. Then choosing c1=0.54, c2=-0.28, c3=0.62, c4=-0.88, and 

c5=0.99 in Eq. (39), the fitting curve matches the experimental data much better than 

the s-wave electron-pair model as shown in Fig. 5(b). From low to high temperature, 

the fitting curve almost match the experiment at each data. Only the final data closest 

to Tc has some deviation but it is still within the experimental error. This fitting curve 

perfectly describes this experimental trend and it gives the London penetration depth 

about 10 λ0 at Tc. 

The third case is the single-crystalline Fe1.03(Te0.63Se0.37) superconductor with Tc~12 

K and λ0~560 nm [68]. The whole experimental data are used to get the fitting curve. 

The experimental data and the fitting curve by using Eq. (39) are both shown in Fig. 

5(c). It gives c1=0.27, c2=0.99, c3=0.99, c4=-0.90, and c5=-0.38 from the fitting. The 

results also show the fitting curve almost matching each experimental data except for 

final three data closest to Tc. Furthermore, this fitting curve is much better than the two-

gap γ model which has explicit deviation at low-temperature region until to 0.4Tc [68]. 

In summary, these three cases reveal the gap model less accurate and Eq. (39) can fit 

the experiments fairly well. 
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(a)                                   (b)                         

  

(c) 

Fig. 5 (a) 𝜆𝐿
2(𝑇) 𝜆𝐿

2⁄ (0) of the 70-nm thickness Nb superconductor film is drawn varying with 

T/Tc. Circles are the experimental data [71] and solid line is the fitting curve with c1=-0.63, 

c2=0.99, c3=0.97, c4=-0.63, and c5=0.28 in Eq. (42). (b) The fitting curve (solid line) and 

experimental data (circle) for 𝜆𝐿
2(𝑇) 𝜆𝐿

2(0)⁄  with λ0=1500 Å  [56]. In this case, c1=0.54, c2=-

0.28, c3=0.62, c4=-0.88, and c5=0.99. The fitting curve is fairly good in this case. (c) The fitting 

curve (solid line) and experimental data (circle) for 𝜆𝐿
2(𝑇) 𝜆𝐿

2(0)⁄  in the third case [68]. Here 

c1=0.27, c2=0.99, c3=0.99, c4=-0.90, and c5=-0.38 are used in this fitting curve and the fitting 

result is much well. 

VIII. The Expression For The Effective Electron Mass 

After verifying Eq. (39) by three cases of different superconductors very well, then 

the next step is to substitute Eq. (39) into Eq. (35) to get the relation 

                                               
𝑚𝑒

∗(𝑇)

𝜇0(𝑇)𝑛𝑠(𝑇)𝑒∗2(𝑇)
= 𝜆0

2𝐺(𝑇),                                             (40) 

where the function at the right-hand side is  

    𝐺(𝑇) = [1 − 𝑐1 (
𝑇

𝑇𝑐
)
1

− 𝑐2 (
𝑇

𝑇𝐶
)
2

− 𝑐3 (
𝑇

𝑇𝑐
)
3

− 𝑐4 (
𝑇

𝑇𝑐
)
4

− 𝑐5 (
𝑇

𝑇𝑐
)
5

]

−1

.            (41) 

When we consider e* as a constant value and the superconductor is non-magnetic for 

the most cases, then Eq. (46) can be reduced to  

                                                     
𝑚𝑒

∗(𝑇)

𝑛𝑠(𝑇)
= 𝜇0𝑒

∗2𝜆0
2𝐺(𝑇),                                                   (42) 

where μ0(T)=μ0 in the considering temperature range. This treatment reasonably 
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supposes two temperature-dependent terms ns and 𝑚𝑒
∗ , and other quantities 

temperature-independent. The superconductivity has been found dependent on 

temperature and the environment pressure [72]. The effective electron mass 𝑚𝑒
∗  

definitely also depends on temperature and pressure. When the material cools down, 

the lattice constant changes. The pressure also causes the same result. For example, the 

hydrogen phase diagram reveals different hydrogen phase varying with temperature and 

pressure [73]. The metallic hydrogen has been found at solid state under very high 

pressure [74]. Furthermore, H2S can perform superconductivity at Tc=203 K under 150 

GPa [8]. It is clear that the crystal structure is affected by temperature and the ultra-

high pressure so do the electronic band structure as well as the effective electron mass. 

Then we try to get the function f(T) in Eqs. (32) – (34). Considering the free-electron 

gas model for some metals in the superconducting state, it gives the density of state g(E) 

is  

                                                    g(𝐸) = 2𝜋𝑉𝑐 (
2𝑚𝑒

∗

ℎ2
)
3 2⁄

√2𝐸,                                          (43) 

where VC is the volume of the solid. Then the density of the superelectrons is 

                                  𝑛𝑠 = 2 × 2𝜋 (
2𝑚𝑒

∗

ℎ2
)
3 2⁄

∫
√2𝐸

𝑒𝑥𝑝 (
𝐸 − 𝜇
𝑘𝐵𝑇 ) + 1

𝑑𝐸
∞

𝜇

.                       (44) 

Here we still consider the superelectron obeying the Fermi-Dirac distribution because 

it is single-electron model, not consisting of double electrons. When the concept of the 

quasi-electron is used, the electron mass me is also replaced with 𝑚𝑒
∗  in Eqs. (43) and 

(44). The chemical potential μ is a temperature-dependence quantity [75] expressed as 

                                                𝜇(𝑇) ≈ 𝜀𝐹 [1 −
𝜋2

12
(
𝑘𝐵𝑇

𝜀𝐹
)
2

].                                               (45) 

Substituting Eq. (45) into Eq. (44), it gives 

                                          𝑛𝑠(𝑇) ≈
2𝜋3

3
(
2𝑚𝑒

∗

ℎ2
)
3 2⁄

1

√2𝜀𝐹

(𝑘𝐵𝑇)2.                                    (46) 

Then substituting Eq. (46) into Eq. (42) and adopting e*=e, it gives 

 
2𝜋3𝑒2𝜇0

3ℎ3
(2𝑚𝑒

∗)1 2⁄ 1

√2𝜀𝐹

(𝑘𝐵𝜆0)
2 

             =
1

𝑇2
[1 − 𝑐1 (

𝑇

𝑇𝑐
)
1

− 𝑐2 (
𝑇

𝑇𝑐
)
2

− 𝑐3 (
𝑇

𝑇𝑐
)
3

− 𝑐4 (
𝑇

𝑇𝑐
)
4

− 𝑐5 (
𝑇

𝑇𝑐
)
5

].             (47) 

After rearranging it, then we have  
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     𝑚𝑒
∗(𝑇) = 𝑚0 [(

𝑇𝑐

𝑇
)
2

− 𝑐1 (
𝑇𝑐

𝑇
)
1

− 𝑐2 − 𝑐3 (
𝑇

𝑇𝑐
)
1

− 𝑐4 (
𝑇

𝑇𝑐
)
2

− 𝑐5 (
𝑇

𝑇𝑐
)
3

]

2

,        (48) 

where  

                                                        𝑚0 =
9ℎ6𝜀𝐹

4𝜋6𝑒4𝜇0
2𝑘𝐵

4𝜆0
4𝑇𝑐

4
.                                               (49) 

Eq. (48) combined with Eq. (49) can give 𝑚𝑒
∗(𝑇) > 0 for T<Tc.  

In order to get 𝑚𝑒
∗(𝑇) for T>Tc and the continuity at T=Tc, 𝑚𝑒

∗(𝑇) for T>Tc near 

the critical temperature can be expressed as  

      𝑚𝑒
∗(𝑇) = 𝑚0 [(

𝑇

𝑇𝑐
)
2

− 𝑐1 (
𝑇

𝑇𝑐
)
1

− 𝑐2 − 𝑐3 (
𝑇𝑐

𝑇
)
1

− 𝑐4 (
𝑇𝑐

𝑇
)
2

− 𝑐5 (
𝑇

𝑇𝑐
)
3

]

2

.       (50) 

According to Eqs. (48) and (50), the value 𝑙𝑜𝑔10(𝑚𝑒
∗(𝑇) 𝑚0⁄ ) varying with T/Tc is 

calculated for Nb superconductor film as shown in Fig. 6(a). The effective electron 

mass of Nb is 𝑚𝑒
∗ = 12𝑚𝑒 [2] and Fig. 6(a) gives the value about 0.99 at 273 K. We 

can choose m0=12me in this case and the calculations give 𝑚𝑒
∗  almost equal to 12me at 

T > 3Tc.  

Actually, the value 𝑚𝑒
∗(𝑇) 𝑚0⁄  below Tc seems to close the heavy electron 

superconductors. Several superconductors with very heavy effective electron mass have 

been reported [5]. UBe13 has critical temperature Tc=0.85 K, CeCu2Si2 has Tc=0.65 K, 

and UPt3 has Tc=0.54 K. URu2Si2 is also reported Tc=1.2 K [4]. Their effective electron 

mass is two or three orders of magnitude larger than the normal electron mass. However, 

Eq. (48) has a singularity at T=0 which is unreasonable and needs to be removed. When 

we multiply a temperature–dependent correct term at the right-hand side, the value 

seems to reasonably fit 𝑚𝑒
∗(𝑇) < 𝑚𝑒 for a lot of superconductors. This correction term 

is (𝑇 𝑇𝑐⁄ )4+𝜉 so Eq. (48) becomes 

  
𝑚𝑒

∗(𝑇)

𝑚0
= (

𝑇

𝑇𝑐
)
4+𝜉

[(
𝑇𝑐

𝑇
)
2

− 𝑐1 (
𝑇𝑐

𝑇
)
1

− 𝑐2 − 𝑐3 (
𝑇

𝑇𝑐
)
1

− 𝑐4 (
𝑇

𝑇𝑐
)
2

− 𝑐5 (
𝑇

𝑇𝑐
)
3

]

2

. (51) 

where ξ is zero or a small quantity. This correction might be due to the superelectron 

density ns(T) in Eq. (46) which is temperature independent or weak temperature 

dependent and their number is different from the nearly free electron in the normal 

metal. The different choice of ξ results in different curve below Tc. When considering 

the behavior at T very close to zero, ξ=0 is a good choice. If Eq. (46) represents the 

standard electron density above Fermi surface in the normal metal, it means that the 

electron gas in the superconductor would be the high-density system for Tc > 1 K and 

the low-density one for Tc < 1 K. For some superconductors with Tc > 1 K, the 

superelectron gas would be the high-density system. The probability of the electron-

phonon interaction is dramatically decrease with temperature in both Eqs. (33) and (34), 
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so the material performs superconductivity. This reason also may explain why some 

good conductors, such as Ag, Cu, Au, I-A and II-A metals in the periodic element table, 

have not been found superconductivity because of their low-density superelectron gas. 

   
(a)                              (b) 

 
                                    (c) 

Fig. 6 (a) Calculations of 𝑙𝑜𝑔10(𝑚𝑒
∗ 𝑚0⁄ ) varying with T/Tc according to Eqs. (48) and (50). 

(b) Calculations of (𝑚𝑒
∗ 𝑚0⁄ ) varying with T/Tc after multiplying a temperature correction 

term in Eq. (51) with ξ=0. (c) The much longer temperature range of (𝑚𝑒
∗ 𝑚0⁄ ) calculated by 

Eq. (51) with ξ=0.  

IX. The Single-Electron Resistivity Of The Superconductor 

 Finally, we can use Eqs. (51) and (50) to deduce the resistivity in the Nb 

superconductor film. The function f(T) of the resistivity in Eqs. (33) and (34) can be 

obtained according to Eq. (51) and Eq. (50), that is,   

𝑓(𝑇) = 𝑚0 (
𝑇

𝑇𝑐
)
4+𝜉

[(
𝑇𝑐

𝑇
)
2

− 𝑐1 (
𝑇𝑐

𝑇
)
1

− 𝑐2 − 𝑐3 (
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)
1

− 𝑐4 (
𝑇

𝑇𝑐
)
2

− 𝑐5 (
𝑇

𝑇𝑐
)
3

]

2

 

                                                                 𝑓𝑜𝑟 𝑇 < 𝑇𝑐,                                                             (52) 

and 

𝑓(𝑇) = 𝑚0 [(
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𝑇
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2

 

                                                                𝑓𝑜𝑟 𝑇𝑐 < 𝑇.                                                              (53) 

In Eq. (34), the electron-phonon interaction should be weak enough. It is reasonable 

because the strong electron-phonon interaction can take more energy away from the 
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electron. Low temperature lowers the phonon excitation and therefore the energy 

dissipation decreases. Substituting Eqs. (52) and (53) into Eqs. (33) and (34), and 

supposing ħω=bkBTc where b is a constant, then we have the temperature-dependent 

resistivity for normal process 

                                                      𝜌(𝑇) = 𝑎𝑇5[𝑓(𝑇)]𝜈,                                                        (54) 

and for the Umklapp process 

                             𝜌(𝑇) = 𝑎𝑇2[𝑓(𝑇)]𝜈
1

𝑒𝑥𝑝 (𝑏
𝑇𝑐

𝑇) − 1
.                                      (55) 

Here the integration in Eq. (34) is replaced with an average number distribution. 

According to Eqs. (54) and (55), two cases for the compact temperature-dependent 

resistivity 𝜌(𝑇) 𝑎⁄ 𝑚0
𝜈 of the Nb superconductor film varying with T/Tc are drawn in 

Fig. 7(a). Here ξ in Eq. (52) is chosen as zero. The curve described by T5 for the normal 

metal is also shown in Fig. 7(a). v=1 are used for both equations and b=0.50 is used in 

Eq. (55). In Fig. 7(a), two cases described by Eqs. (54) and (55) exhibit the compact 

resistivity much lower than the T5 curve in the vicinity of Tc. Then the log10 of the 

compact resistivity is also calculated for these three equations as shown in Fig. (b) 

where T/Tc varies from 1.0 to 3.0. It explicitly shows very sharp decreases near Tc for 

both Eqs. (54) and (55). The T5 curve changes smoothly and is three orders higher than 

the other two equations. Eqs. (54) and (55) can extend to many superconductor cases 

and reasonably explain the sharp decreases of the resistivity near Tc. Although the 

calculations of Eqs. (54) and (55) are a little larger than the T5-calculations at around 

T/Tc=0.70, all of them are still much smaller than it is at T>Tc.  

     

(a)                                     (b) 

Fig. 7 (a) Compact resistivity varying with T/Tc for two cases described in Eqs. (54) and (55) 

for the Nb-superconductor film [71] where ν=1.0 in Eqs. (54) and (55), and b=0.50 in Eq. (55). 

(b). log10(Compact Resistivity) varying with T/Tc for these three equations from T/Tc=1.0 to 

T/Tc=3.0. The parameters v and b are the same as (a). 
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X. Conclusions 

In conclusion, the electron pair in the superconducting state is a not real physical 

phenomenon because the velocity of the Fermi electron is several hundred to thousand 

faster than the crystal wave and the mediated phonon in this process is virtual. How to 

combine two high-speed electrons through a much slow mediated phonon is very hard 

even impossible to carry out. Especially, the phonon is the collective excitation and 

many electrons have possibility to scatter or absorb the mediated phonon through the 

electron-phonon interaction. The mediated phonon should not only interact with two 

electrons and the weakly negative perturbation energy should not mean the possibility 

to form a stable electron pair in the superconductor. In RPA calculations, it has already 

reveal the negative energy correction for the quasi-electron in the high-density electron 

gas but it hasn’t yet been considered a stable electron-pair picture there. 

According to these discussions, we propose the single-electron viewpoint to explain 

the almost zero resistance or resistivity in the superconductor. The TEM experiments 

provide a good support that the energy loss exists when the several keV electron passes 

through the superconductor. It is almost impossible for a conduction electron in the 

superconductor to form an electron pair with the incident electron. Then we build the 

resistivity of the superconductor including the correction of the temperature-dependent 

effective electron mass. In the following, the correction function is tried to find out. 

Next, a new fitting model for the London penetration depth in the superconductor is 

first proposed. This new model can match three different superconductor experiments 

much better than the exponential electron-pair model. The later often has large 

deviations at low and high temperature. It further exhibits the finite London penetration 

depth at Tc which have been verified by some experiments. 

Finally, the successful fitting model gives the collection function of the temperature-

dependent effective electron mass for the resistivity of the superconductor. Using the 

fitting parameters from the experiment of the Nb superconductor film, the calculation 

results show the sharp decreases for the compact resistivity described by Eqs. (54) and 

(55) which is the characteristic of the resistivity near the critical temperature Tc for the 

superconductor. The results tell us that the high-density superelectron gas would be 

better for the existence of superconductivity and the electron-phonon interaction is very 

weak in the superconductor. When electron inelastically scatters the ion to produce a 

phonon, the small phonon energy results in the tiny energy lost taking away from an 

electron. It benefits the electron to hold most of its energy and therefore, the dissipation 

and resistivity are almost zero in the superconducting state.  
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