On Evaluation of Certain Gaussian-type Integrals

Henry Wong

Abstract

In this paper we evaluate certain Gaussian-type integrals via contour integration in the complex plane along with the
application of Cauchy-Goursat theorem.

1. Introduction

R
We consider lim [ exp(—(a + iA)x?) dx where a and A are real numbers such that ¢ > 0 and A # 0.
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2. Results

Let f be a complex-valued function in the complex plane defined by f(z) = exp(—Yz?) such that ¥ = v/ a2 + A2.

Casel. a > 0,1 >0.

I :z=x; I,:z=R+ pux+1ivx; I'y:z=x4+puR+ivR; I,:z=pux+ivx; (0O<x <R
such that yu = V—I—a’ v = V—a'
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By Cauchy-Goursat theorem,
/ exp(—=vz?)dz + / exp(—vz?)dz —/ exp(—yz?)dz —/ exp(—=Yz23)dz = 0.
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Hence
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/ exp(—(a+iA)x?)dx = (M—iv)(/ exp(—Yx?) dx+[ exp(—Y (R+ux+ivx)?)(u+iv) dx—/ exp(—Y (x+uR+ivR)?) dx).
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Since

and

li — =0 li =Y,
faed exp(YR?) S exp(aR?)

by squeeze theorem

R R
l}im / exp(=V(R + ux +ivx)®)(u +iv)dx| =0 and I}im / exp(=Y(x + uR 4+ ivR)*) dx| = 0.
Thus
R R
Rlim exp(=Y(R + ux +ivx)®)(u +iv)dx =0 and [}im / exp(—=Y(x + uR + ivR)?) dx = 0.
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It follows that

R

R R
I}LHOIQ ((;L—iv)(/o exp(—Yx?) dx—i—/o exp(—Y (R+ux+ivx)?)(u+iv) dx—/o exp(—)/(x+,u,R+ivR)2)dx)) = (u—iv) \/E

To conclude

R
lim exp(—(a + iA)x2) dx = (u—iv) [ —=.
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Case2. a > 0,1 <0.
I :z=ux; I'y:z=R+ pux —ivx; I'y:z=x4+ uR —ivR; I,:z=pux—1ivx; (0<x <R
such that yu = u,v: J/—a.
2y 2y

By the same argument as in case 1, it follows that

R

lim exp(—(a + iM)x?) dx = (u + iv) | —.
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