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ABSTRACT 

 
 A formula for the magnetic moment of a massive Dirac neutrino was 

deduced in the context of electroweak interactions at the one-loop level in 1977. A 

linear dependence on the neutrino mass was found. Alternatively, a magnetic 

moment for a massive neutrino arising from gravitational origin is predicted by the 

so-called Wilson-Blackett law. Both formulas for the magnetic moment can be 

combined, yielding a value of 1.530 meV for the lightest neutrino mass m1. 

 The remaining neutrino masses can then be calculated from recent neutrino 

oscillation experiments. The results are remarkable. First, the so-called geometric 

mean mass relation between the three neutrino masses m1, m2 and m3 is in good 

agreement with our results. Moreover, the empirical ratio of m3 to m1 is close to 33. 

This result suggests a value of 32 for the reciprocal value of the electroweak 

coupling constant αW at low energy. The latter value for αW implies an electroweak 

mixing angle, in reasonable agreement with the value calculated from atomic parity 

violation experiments on cesium. The obtained result deviates, however, from the 

weak mixing angle deduced from the standard model. 

 
1. INTRODUCTION 
 

 According to the standard model, neutrinos are massless particles. However, 

neutrino oscillation experiments have shown that neutrinos probably do have mass. In 

addition, a non-zero neutrino magnetic moment arises at the one-loop level within the 

minimal extension of the standard model with right-handed neutrinos. For a left-handed 

Dirac neutrino with a positive mass mi (i = 1, 2, 3) the following electromagnetic moment 

μi(em) has been deduced [1, 2] 
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where GF = 1.16638×10
–5

 GeV
–2

 is the Fermi coupling constant, c is the velocity of light, 

ħ is the reduced Planck constant, σ is the Pauli matrix and μB = |e|ħ/2me is the Bohr 

magneton. Note that (1.1) predicts that the neutrino magnetic moment is proportional to 

the neutrino mass mi. 

 At present, no magnetic moment of any neutrino has been measured. The tightest 

constraint on μi comes from studies of a possible delay of helium ignition in the core of 

red giants in globular clusters. From the lack of observational evidence of this effect a 

limit of μi < 3×10
–12

μB has been extracted [3]. Therefore, the value of mi cannot yet been 

calculated from (1.1). 

 Since 1891 many authors have discussed a gravitational origin of the magnetic 

field of rotating bodies. Particularly, the so-called Wilson-Blackett formula has often been 

considered [4–13] 
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where μ(gm) is the gravitomagnetic moment of the massive body with angular momentum 

S, G is the gravitational constant and k = (4πε0)
–1

 is Coulombʼs constant. For a sphere 

with a homogeneous mass density the angular momentum S is given by S = 2/5 mr
2
ω, 

where m is the mass of the sphere of radius r and ω is its angular velocity. Note that 

μ(gm) is proportional to the mass m. The parameter β is assumed to be a dimensionless 

constant of order unity. So far, the sign and value of β are unknown, however (see ref. 

[11] for an ample discussion of this point). It is noted that the Wilson-Blackett relation 

may also be deduced from a gravitomagnetic interpretation of the Einstein equations [9–

13]. 

 For an elementary particle like a neutrino with mass mi (i = 1, 2, 3) and angular 

momentum S = (ħ/2)σ the gravitomagnetic moment μi(gm) may be written as [12] 
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where the parameter gi (i = 1, 2, 3) is a dimensionless quantity of order unity, related to 

the gl -factor for charged leptons (l = e, μ, τ). In addition, the unknown dimensionless 

constant β has also been added to μi(gm). Note that μi(gm) does not explicitly depend on 

neutrino mass. 

 The gravitomagnetic moment μi(gm) of (1.3) for a neutrino with mass mi may be 

distinguished by different gi-factors. Starting from the Dirac equation, however, in first 

order the same factor gi = +2  is deduced (see ref. [12]) for all neutrinos mi, analogously 

to the factor gl = +2 for all charged leptons. 

 It is assumed in the deduction of the gravitomagnetic moment μi(gm) of (1.3) that 

this moment generates a magnetic induction field, equivalent to the electromagnetic field 

of μi(em) from (1.1). When the magnetic moments μi(em) from (1.1) and μi(gm) from 

(1.3) are taken equal, the following expression for mass mi results 
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Note that μi(em) from (1.1) and μi(gm) from (1.3) have the same direction for a negative 

value of the product giβ. Since a positive value gi = +2  has been deduced from the Dirac 

equation, β must be negative. This result is important, for the sign of the β-factor was 

unknown, so far. Insertion of the value g1 = +2 and a value β = –1 into (1.4) yields a 

value of 1.530 meV/c
2
 = 2.727×10

–39
 kg for the neutrino mass m1, the main result of ref. 

[12]. 

 According to the neutrino oscillation theory [14, 15], the masses of the three 

neutrino flavour states να (α = e, μ, τ) can be expressed as a superposition of three massive 

eigenstates νi with masses mi (i = 1, 2, 3). In addition, mass-squared differences Δm21
2
 ≡ 

m2
2
 – m1

2
 and Δm32

2
 ≡ m3

2
 – m2

2
 follow from observations. So, two relations between the 

masses m1, m2, and m3 are available. Consequently, when the neutrino mass m1 is known, 

the remaining masses m2 and m3 can be calculated. In section 2 such a calculation has 

been performed. Subsequently, the so-called “geometric mean neutrino mass relation” is 

tested. Finally, in section 3 a possible dependence for the masses mi on the weak coupling 

constant αW is considered. Furthermore, the value of the weak mixing angle following 

from the obtained value of αW is discussed. 
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2. CALCULATION OF THE NEUTRINO MASSES 

 

 In table 1 the latest three-neutrino oscillation data are summarized, assuming 

normal hierarchy. A recent value of the squared-mass difference Δm21
2
 = 74.9 meV

2
 from 

solar neutrino data and KamLAND is taken from Abe et al. [16]. The same value is given 

by Pocar et al. [17]. This value can also be compared with the Δm21
2
 = 74.6 meV

2
 from a 

global analysis from solar experiments, KamLAND, and short baseline experiments given 

by Bellerive et al. [18]. The value of Δm32
2
 = 2471 meV

2
 from latest electron antineutrino 

oscillation measurements is taken from Adey et al. [19]. Recently, a review of the results 

for Δm32
2
 is given by Roskovic [20]. 

 Insertion of the value g1 = +2 and a value β = –1 into (1.4) yields a value of 1.530 

meV/c
2
 for neutrino mass m1. The accuracy of this result is constrained by the relative 

inaccuracy of the gravitational constant G = 6.674×10
–11

 kg
–1

m
3
s

–2
. Subsequently, the 

masses m2 and m3 have been calculated from the values of Δm21
2
 ≡ m2

2
 – m1

2
 and Δm32

2
 ≡ 

m3
2
 – m2

2
 and are also given in table 1.  

 
Table 1. Calculated neutrino masses m2 and m3 from data of refs. [16–17, 19–20] for the normal 

hierarchy. All masses are given in units of meV. Mass ratios m2 /m1, m3/m2 and m3 /m1 are also 

shown. For comment, see text. 
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Δm21
2
 

(meV
2
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[19–20] 

Δm32
2
 

(meV
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[12] 

m1 

(meV) 

m2 

(meV) 
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Σi mi  

(meV) 

 

m2/m1 

 

m3/m2 

 

 

m3/m1 

 

 

(m2)
2
/(m1m3) 

 

  1.9

1.874.9


    68

702471   1.530 
 

8.79 50.5 
 

60.8 
 

5.74 
 

5.74 
 

33.0 
 

1.00 

 

 From calculated values mi (i = 1, 2, 3) in this table a sum Σi mi = 60.8 meV can be 

calculated. This value can be compared with cosmological constraints. So far, the tightest 

constraint of the sum Σi mi < 92.6 meV at 90% C. L. has been given by Di Valentino et 

al. [21]. They extracted this bound by combining the full Planck measurements, Baryon 

Acoustic Oscillation and Planck clusters data. In addition, they imposed a low 

reionization redshift prior. The obtained value for Σi mi illustrates that a cosmological 

measurement of the neutrino mass may be at reach. 

 In addition, it appears that the ratios m2/m1 and m3/m2 in table 1 are equal within 

observational accuracy. From these two ratios the so-called “geometric mean neutrino 

mass relation” Rν can be calculated 
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This result is in good agreement with the value Rν = 1, first proposed and discussed by He 

and Zee [22], and later on by Sazdović [23]. The former authors obtained a value of m1 = 

1.58 meV from the mass differences used by them, whereas Sazdović calculated a value 

of 1.55 meV from his choice for Δm21
2
 and Δm32

2
. 

 Furthermore, the empirical ratio m3/m1 = 33.0 is close to 33. Combination of this 

integer and relation Rν = 1 leads to the values m2/m1 = m3/m2 = 33
½
 = 5.7446. Of course, 

these mass ratios depend on the input values for Δm21
2
 and Δm32

2
, but comparison with 

other mass-squared differences in, e.g., ref. [12] show small deviations from this value. 

 

3. ELECTROWEAK COUPLING CONSTANT AND WEAK MIXING ANGLE 

 

 One can also try to express the masses m2 and m3 in units of the electroweak coupling 

constant αW = kg
2
/ħc, a basic constant for electroweak interactions. Combination of the 
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values for the ratios of m2/m1 and m3/m1 from table 1, and a chosen value αW
–1

 = 32.00, yields 

 

 1

2 1 15.74 (0.148 1) ,Wm m m     (3.1) 

 

 1

3 1 133.0 (1.00 1) .Wm m m     (3.2) 

 

A simple dependence on αW
–1

 is obtained on the right hand side of (3.2). Future 

measurements of Δm21
2
 and Δm32

2
 may affect the result of equation (3.2), however. 

 For comparison, the masses ml (l = e, μ, τ) of the charged leptons can be expressed 

in terms of the fine-structure constant α = ke
2
/ħc = 1/(137.036) (see, e.g., discussion in 

ref. [12]) 
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Using the observed electron mass me = 0.5109989 MeV, the calculated muon mass mμ = 

105.54887 MeV from (3.3) differs – 0.104 % from the observed mass mμ = 105.65837 

MeV, whereas the calculated tauon mass mτ = 1776.96 MeV differs + 0.0054 % from the 

observed mass mτ = 1776.86 MeV (see for the observed data ref. [24]). Compared to the 

dependence of the muon mass mμ in (3.3) on the factor (3/2 α
–1

 + 1) on the right hand side, 

the dependence of the neutrino mass m3 in (3.2) on the factor (αW
–1

 + 1) is remarkable. 

 The relation between the charges g and e is given by g sinθW = e, where θW is the 

electroweak mixing angle. This weak mixing angle can then be calculated from 

 

 2 32.00
sin 0.2335,

137.036
W

W





    (3.4) 

 

where α and αW are the values at low energy. This value of sin
2
θW is lower than the 

standard model prediction sin
2
θW = 0.23857 ± 0.00005, at near zero momentum transfer, 

calculated from the modified minimal subtraction (M̄̄S̄) scheme by Erler and Freitas [25]. 

In 1997 Wood et al. [26] reported the first accurate measurements of the atomic parity 

violation in cesium and deduced a first more precise value for the weak mixing angle. 

Using results from later 
133

Cs experiments from the Boulder group [27], Dzuba, Berengut, 

Flambaum and Roberts [28] reanalysed the parity non conservation in cesium and 

calculated a more accurate value of sin
2
θW = 0.2356 ± 0.0020. The latter value is about 

1.5 σ lower than the value 0.23857 from the standard model. Recently, Cadeddu and 

Dordei [29]), however, reinterpreted the 
133

Cs experiment at about 2.4 MeV and removed 

the 1.5 σ tension. They obtained an updated value of sin
2
θW = 0.006

0.0070.239

 , to be compared 

with the value 0.23857 from the standard model at low momentum transfer. However, the 

uncertainty in the result of ref. [29] is significantly enlarged compared to that from ref. 

[28]. Comparison of the value for sin
2
θW from (3.4) shows the best agreement with the 

result sin
2
θW = 0.2356 ± 0.0020 from ref. [28], but many uncertainties remain. A more 

definite value for sin
2
θW at low momentum transfer would be welcome. 

 

 Summing up, combination of the proposed value for the lightest neutrino of mass 

m1 = 1.530 meV/c
2
 = 2.727×10

–39
 kg with recent neutrino oscillation data is in good 

agreement with the so-called geometric mean mass relation Rν = 1 (compare to (2.1)). In 

addition, the empirical ratio m3/m1 is close to the integer value 33. When a value αW
–1

 = 

32 for the reciprocal electroweak coupling constant is adopted, one obtains the remarkable 

relation m3 = (αW
–1

+1) m1 = 33 m1. As a consequence, a value sin
2
θW = 0.2335 for the 

electroweak mixing angle is found. This value is compared with other theoretical and 

observational results. 
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