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Abstract

In this paper we give a proof for Beal's conjecture . Since the discovery of the proof of
Fermat's last theorem by Andre Wiles, several questions arise on the correctness of Beal's
conjecture. By using a very rigorous method we come to the proof. Let G = {(r.y.z) €
N? :min(r.y.z) >3} Q, ={pcP:p|n.p fz¥ -y}

T={(z.y.2)eN*:2>3.9>3.2>3)
¥{xr,y.z) € T consider the function f, , . be the function defined as :

fx.u.z N4 - Z
(X.Y.Z) » X*4+YV-2=

Denote by
E*¥%* = {(X.Y.Z) e N - fry{X.Y.Z) =0}

and U = {(X.¥,Z) € N : ged(X.,Y) > 2.ged(X.Z) > 2.god(Y.Z) > 2} Let z =
min(r.y. z) . The obtained result show that :if A* + BY = C* has a solution and 24 # @,
Vpefl, .

Q(B.C)= §[C) B~ (;)C"]

j=1

has no solution in (‘.Tzz)2 \ {(0.0)} Using this result we show that Beal's conjecture is true
sinee
U E™"nu#e

(x,p.2)ET

Then 3(a.3,7) € N¥ such that min(a, 3.7) < 2 and E*#Y N U = §) The novel techniques
use for the proof can be use to solve the variety of Diophantine equations . We provide also
the solution to Beal’s equation . Our proof can provide an algorithmn to generate solution to
Beal's equation
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1 Introduction

Mathematicians have long been intrigued by Pierre Fermat’s famous assertion that An+Bn = Cn is
impossible and the remark written in the margin of his book that he had a demonstration . This
became known as Fermat’s Last Theorem despite the lack of a proof. Andrew Wiles proved the
relationship in 1994, though everyone agrees that Fermat’s proof could not possibly have been the
proof discovered by Wiles. Number theorists remain divided when speculating over whether or not
Fermat actually had a proof, or whether he was mistaken. This mystery remains unanswered though
the prevailing wisdom is that Fermat was mistaken. This conclusion is based on the fact that thousands
of mathematicians have cumulatively spent many millions of hours over the past 350 years searching
unsuccessfully for such a proof. It is easy to see that Ar + B® = Cn then either A B, and C are co-prime
or, if not co-prime that any common factor could be divided out of each term until the equation existed
with co-prime bases. We could then restate Fermat Last Theorem by saying that A» + B» = Cn is
impossible with co-prime bases. Beyond Fermat’s Last Theorem A" + B® = C* No one suspected that
might also be impossible with co-prime bases until a remarkable discovery in 1993 by a Dallas, Texas
number theory enthusiast by the name of D. Andrew “Andy” Beal . Andy Beal was working on Fermat
Last Theorem when he began to look at similar equations with independent exponents. He constructed
several algorithms to generate solution sets but the very nature of the algorithms he was able to
construct required a common factor in the bases. He began to suspect that coprime bases might be
impossible and set out to test his hypothesis by computer. Andy Beal and a colleague programmed 15
computers and after thousands of cumulative hours of operation had checked all variable values
through 99. Many solutions were found: all had a common factor in the bases. While certainly not
conclusive, Andy Beal now had sufficient reason to share his discovery with the world. In the fall of
1994, Andy Beal wrote letters about his work to approximately 50 scholarly mathematics periodicals
and number theorists. Among the replies were two considered responses from respected number
theorists. Many invegestions have been made without success . The announcement of year 1993 the
Fermat’s Last Theorem was an exciting event for the entire mathematics community. This Introduction
was to discuss the mathematical history of Fermat’s Last Theorem , broken up into the following
periods 1. Diophantus to Euler 2. Euler to Frey 3. Frey to Wiles . I hope that the Introduction succeeds
in conveying the flavor of this truly wonderful mathematics. Hence the basic claim of FLT is that the
equation x* + y* = z» has no solutions when x,y,z are non-zero integers and n = 3 In 1983, faltings
proved the Mordell’s conjecture which implies that a polynomial equation with rational coefficients
Q(X, Y ) = o has only finitely many rational solutions when the curve has genus over 2.Serre and
Rabbet shows that the conjecture of The Taniyama — Shimura which states that all elliptic curves over
rational numbers are modular implies Fermat Last theorem .It is in this way all researchs have been
focus in proving that conjecture . Richard K. Guy in [1] settled all the original works in Beal’s
conjecture. In our paper based on the existing Litterature Thomas Barnet-Lamb, Toby Gee, and David
Geraghty in [2] , H. Riesel in [4],Elkies ND (2007) in [5], Mauldin RD (1997) [6], P.A. Clement in [7],
P. Ribenboim in [8],H.L. Montgomery and R.C Vaughan in [9], Waldschmidt M (2004) in [10] a
rigourous proof of Beal conjecture .

2 PRINCIPLE OF THE PROOF
Let
T={(z.y.2) EN*:2>3.9y>3.2 > 3)

¥(x,y.2) € T consider the finction f;, . be the function defined as :

fx.u.: NP - Z
(X.Y.Z2) —» XT+Y¥Y-7Z*

Denote by
E*%* = {(X.Y,2) € N*: [, .(X.Y,Z) =0}

and U={(X.Y.Z) e N¥: ged(X.Y) > 2. ged(X. Z) > 2. ged(Y. Z) > 2}
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2.1 LEMMAI1

If
U E=*=nuUz0

(r.y,2)eT

Then 3(a.3,9) € N* such that min(e, 3,9) < 2 and E*TnU=0

2.2 LEMMA 1 PROOF

Suppose that

U E=**nuU#0

(z,y,2)ET

and let (A;, Az, A3) € Uyypzer E%%* NU then 3(ay, 72, 23) € T such that
(Ale A, ‘43) € E@1a23s) A

So we can find (dy, dy, d3) with ged(d;, d;) = 1,Vi # j € {1,2,3} and d; |

A; Vi € {1,2,3} such that A; = 1"[1;=l (l? Where ¢} will be determined by
the following relation

~303
(Ij ‘
1

e

200
&% =

3

3

3 o1
X1 J
15"+
Jj=1

J

Pulling
o + r2x3t

-
o = ——
xr

.03 = 230,, 60} = 22064

+ xryr36
G= u.f?f = x36,.03 = 1,03

¥ + x1 2203

3
0 ~ 3 e
I3

.0:1‘ = .r28|.9g = .1‘102

Let Find #,.65,8; such that ry | o + wowsby. 20 | 8+ xyxsbo. s | 4 + 212263 Consider the
following equation

.122.‘1'30] =TI;— ()[J’.‘]]
ryx3bs = 10 — 3[-1'2]
rixably = x5 — y|xs)

Hence
(2223)"0, = () = a)(2225)*") 4]

(x123)%52)0, = (22 = B)(z125)° ") xg]

(2122)°03)05 = (3 = 3)(z122) 29~ 4]
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Looking for o < xy, 8 < 2,4 < i3 by the Eunler theorem we have :
by = (21 = o) (z223)*) 1y
02 = (12 - 13)(1'1.153)«“)-1 [.‘rg]

O3 = (x3 — %) (2122)°9 " [ag)

In obvious manner we can assert that min(a, 3.4) < 2 if not the process will continue until to
obtain this bound By construction

E*S = {(dy, da. ds) : & + & = ]}

then
E*? U =0

2.3 LEMMA 2

G={(r.y.2) e N*:min(z.y.2) 23} Q, = {peP:p|n.p f2¥ — "} Let z = min(z. y.z) . if
A* 4+ BY = C* has a solution then if Q4 # 0, Vp € 2,y

aso=E () ()

=1

has no solution in ("—,zz)2 \ {(0.0)}

2.4 PROOF
Suppose that A% 4+ BY = (' has a solution Let p € Q4 Then
Q(B.C) = Q(B. VA* + BY)

By the hypothesis we have
Q(B, VB) = 0[]
Pulling B = #°

SIC)7-()m=or

Let
Fr={je{l.2.x-1}: (’J{)a"ﬁ- (;)Ws 0[p*1}
In the following we are going to prove that I' = ) Assume that I'“ # ) Then
Zl(?)ﬁ- (f)o‘ﬁ] = 0[]
jere M J
Let Assume & = p*q+ r.0Y = p*¢' + ' and

falr.?) =Y [(f)r’ - (;),.u'] ~2%h

Jel*
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Assume the existence of the integer root rf, and the existence of the integer no such that
e (M) = Where ap, = np + 3 .ope ()1 Hence pmin(l™) Also we have ay,
jere \; ng jer< ;"o Gng o

2 jere (;!)r"—min(x*) or @y, | r™) Suppose that a,, | 3 jere (g),J-minu*) then

min(I) < Z (y)rj—min(r')
r Sdan, & g
" j

jere
o =) 43 j—min(r<)
min ¥ —min({I'*
prin(iY) i 2 jere (5)79 = 2 jer (P
- P - P

which is equivalent to

Pt < Tjere (N & 2 jere (?)r""“i““"
g = r* = p*

. Suppase that ay,, | r™™™) Hence ap,, = r™™ ™) As

3 (1) = an 2 14 rn
jere

.So I'* = () We have now:
vje {12,z =1} (j’)r’ - (;)r'i = 0"

Pulling R(X) = () X7 = (3) Since the existence of r” such that +”'r" = 1[p*] we have Vj. R(rr"") =
0[p*] for j =1 we have r+" = 2y’ and

5()o- (e

Then r = 20,7 = yo where = = 20[p*] and y = yo[p*] So B = 20 and C = yo then =§ = y3[p7]
.Using this result we have =¥ — y* = [p*] which is in contradictory with our hypothesis . The

Lemma is thus proved
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2.5 LEMMA 3

Let G ={(z,y,2) EN*: 2 = min(z,y,2) > 3,y # 2} if E=¥*NU =0 then E*¥* =)

LEMMA 3 PROOF

Suppose that r = min(z, y.2) Then Q24 # @ . Indeed if 3p such that y* — z¥ = 0[p] then
y* = 2¥[p| zlog.(y) = ylp] and ylog,(z) = z[p] As = # y then log,(2) € N, log.(y) € N if 3a.b
such that z = y® y = 2% then 2 = 2™ so y = = which is in contradictory with our hypothesis
. Hence Q4 # @ Consider now p € Q4 and suppose that E*¥= # () and E*¥* N U = @ then
Pulling d) = ged(A, B).,ds = ged(A,C), d3 = ged(B, C) if Vi € {1.2.3}.d; > 2 the result will be
iu contradictory with our hypothesis so 3i € {1.2, 3} such that d; = 1 Without loss of generality
we can suppose that d; = 1 .Using the relation A* = (' — BY then dy | A* sody =1 . Using
the same idea we have da =1 C* — BY = ()[p] As d; = 1 Now with the fact that p JC.p [B

We can write: C=pk+rwherel <r<p-—land B=pk'++ 1<’ <p—1,0% =1 = (p]
Henee 75 =77 in ;zz let ¥¥ = p— j for a certain j € [1,p— 1] Pulling P(r) =¥ — p+ j the zero

of the polynomial function over the ring ;zz isre= Yp—i¢ 5 Y0 < k < y—1 where ( = %7
.Using the that rg is integer then j = p — 1 and &k = () Beal equation becomes :

S T

=1

-1 ‘ ”j_x-l A g
;(;)p'h =,Z~,(i)’”‘ ]

Let ;
S
o) =X((1)x - (3)r1w
=M
By the Lemma 2 Q(A. B) = Q(K'. K”) = () has no solution in (;?z)z \ {(0.0)} .The Lemma is
thus proved

3 THEOREM

Let x.y. = a given integers . Let (A. B,C) € N*\ {(0.0,0)} such that the Beal's equation
AT+ BY =(C*

is satisfied then ged(A. B.C) = 2

3.1 PROOF OF THE THEOREM
Let x.y. = a given integers . Let (A. B,C) € N*\ {(0.0,0)} such that the Beal's equation
AT+ BY=C*

is satisfied . If x = iy = = by Last theorem of Fermat the result yields . Suppose that y # = by
the Lemma 3 we have :

ged(A, B) > 2, ged(B,C) = 2,ged(A,C) = 2

then ged(A, B.C) > 2
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3.2 DISCUSSION

Before our result , it appears that there has not been found a general proof of Beal’s conjecture. Only
the particular case was proved and this was proved by Crandall and Pomerance [11]. There are a
number of such cases [12]-[13] where partial proofs was given . As-well, there are cases where
computer searchers are made . If Beal’s is true as we have shown here, then, all computer searches will
never find a counter-example and the best way to resolved this would be via general proof as we have
done In our paper . Our thrust has been on a direct proof and just as the proof presented here , the
proof provided is simple with all the clarity , general and all-encompassing. It covers all possible cases.

4 CONCLUSION

In our article gives us a proof of the conjecture of Beal. Our proof is of a very understandable clarity.
Although she uses both analytical methods but it is purely arithmetical proof.
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