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Abstract

The article in the first two sections proves decisively that the Ricci scalar and the norm of the Ricci
tensor are constants on the manifold. In the subsequent sections Ricci tensor and Riemannian curvature
tensor turn out to be null tensors. The Ricci scalar works out to zero.

Introduction

The Ricci scalar™ and the norm of the Ricci tensor!?! are not only invariants but they are constants on a
given manifold, independent of the space time coordinates. This idea is established in the initial stages
of the article. Subsequent calculations show that the Ricci tensor and Riemannian curvature tensor are
the null tensors. Consequently the Ricci scalar works out to zero.
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Ricci Scalar
Covariant derivative of a scalar is equivalent to its partial derivative

We prove first
9 aB) = ap
o (BapA™?) = AagVy B + BapVyAap (1)

Proof:

We consider the following relations

ap ap AP @ 45 8 ras
V, A"F = A%P;, = pP% +0,7AF +1,"A
— R aB“B s s
VyBapg = Bagiy = ot + %) aBsg +7gBqgs

[The above relations do not assume A%F and Bqp as symmetric tensors]
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We obtain,

d
W(BaﬁAaﬁ) = Bap (VVAaﬁ - FVSaASﬁ - FysﬁAaS) + AP (VVBa/? +T%eBsp + FSVﬁBas)

0
PP (BapA%*) = Bop(~T)s“AF — TP A%) + A% (T, Bsp + TS pBys) + APV, Byg + BV, Ayp

= —T)s“g°F Bap — TysP 9% Bop + T5, 0 A Top + 15 g A% By + APV, Bog + BV, Agp

0

axY (BaBAaﬁ) = (_FysaASBBaB + FSVaAaBBsB) + (FsyﬁAaﬁBaS - FVSBAasBaﬁ) + AaﬁVVBaﬁ’

+ BV, Ay (2)
[In the above a, s, f are dummy indices]
We work out the two parentheses separately.
With the second term in the first parenthesis to the right we interchange as follows
aes
(-, s“AFByg +T5,,A%Bgg) = (—T,s“AF T, + T%, AP Byp) = 0

We do not have to worry about reflections on the left side of (5)because alpha and beta on the left side
also disappear on contraction.

Indeed recalling (2) and using the reIation:BaﬁA“lg = BﬂvAf‘Vwe may rewrite it [equation (2)] in the
following form :
d
PP (B AH) = Bop(V, A% — T, A%F — T, A%) + A%F (V, Byg + T%,qBsp + T, gBys)
+ A"V, Byg + BV, Ayp
There is no a, 8 on the left side of the above.
With the second term in the second parenthesis
Bos
(T3, g A% Bys — TP A% Byg) = (5,3 A% Bys — Ty p A% Bys) = 0

9
P (BapA™F) = A®FV,Byg + BYPV, Ayp
Field Equations®!™

1 8nG
R* —-Rg"¥ =—T% (3



1 8nG
Gap <Raﬁ _ERgaﬁ) = C_4gaﬁTaﬁ

8nG
c4

1
(Rgaﬁ“ﬁ —5Rgapg“* ) = ——gapT?

8nG
R—2R=—;
c

gaﬁT(w

C4—

8nG

9T = ———=R (4)

c* OR
8mG 0xt

Vi(gapT®) = -

c* OR
816G Ox!

GapViT? +TPV,gep = -

C4VR— c* OR c
8nG b\ snaaxi()

gaBViTaﬁ == -

c* 0°R
81mG dxJoxt

Vi(9apViT) = -

C4

9apViViT + (Vjgap) (Vi) = — = V;ViR

4
c
9apV;ViT™ = ~gog ViR

By similar technique we have
o4

9apViV; T = — G

ViViR
For torsion free fields[typical of General Relativity]

[V;V;=V,V; true of scalars in a torsion free field only: In General Relativity fields are typically torsion
free]

9apViViT = gopViV;TF (6)

But we know that the covariant derivative operator does not commute for tensors of rank one or higher:



V,V,T* + v,v;T*

Therefore (6) is an equation and not an identity that holds for every i, j pair. Thus we have six(4C2) such
equations while the number of space time coordinates is four.[ g,3 and T are functions of space and

time]

Disregarding dependence on coordinates, though hypothetically in order to make our arguments
stronger, there are ten independent components of the stress energy tensor considering its symmetric
nature. If the metric coefficients are considered as known quantities we may express six components of
T2 in terms of the other four T components and the metric components. The ten supposedly
independent components of the stress energy tensor are not really independent

Moreover V;T*F = 0falls in line with V[;T"‘ﬁ = 0.We may consider V[;T‘w = 0 as the seventh equation.

Moreover V;T*# = 0 guarantees the independence of the ten stress energy tensor components: it
eventually guarantees the independence of the ten Field Equations of Einstein.

Therefore it seems most plausible that

V,T*® =0;i =0,1,2,3(7)

Therefore from(5)

R ,
ViR =27 =0;i=0123(8)

Therefore R is independent of space time coordinates. But implicit dependence of R on space and time
coordinates is there[example: Einstein Hilbert Action formulation®']

The Ricci Tensor

We consider the Field equations

1 8nG
Raﬁ —ZR af _— _Taﬂ
29 c*

1 8nG
Vi (R~ Rg) = v
Applying (6) we have,

1
v, (R“B —ERg“B) =0



1 1
V;R + ERVig“ﬁ —Eg“ﬁViR =0

Applying (7) and the fact V; g*# = 0 we obtain

V:R*® =0 (9)

Vi(RapR) = RypViR™ + R*FV;R
Applying (9) we have
Vi(RepR*) =0;i=10,1,2,3

a(RaBRaB) -0
— =

Therefore the norm of the Ricci Tensor is independent of space time coordinates
Dot Product Preserving Transport

In parallel transport!® the two vectors the transported parallel to themselves.In dot product preserving
transport product the dot is preserved but the two vectors individually are not transported parallel to
themselves.

We have due to the preservation of dot product,
t'V;(gapu®v?) = 0 (10)
Since each vector is not transported parallel to itself we have

tiu® # 0; t'V;vf # 0 (11)

We transform to a frame of reference where t' has only one non zero component.

tk’Vk,(gaﬁ’u“'vﬁ’) = 0[no summation on k’: prime denotes the new frame of reference and not

differentiation]

Vi (gap'u®vP’) = 0(12)

u“’vﬁ’Vi,(gaB’) + gaﬁ’Vi,(u“’vﬁ’) =0

Since Vi(gaﬁ) = 0,we have,



9ap'Vi(u¥vF") =0 (13)

The vectors u®and v#’ and consequently their individual components are arbitrary. Therefore
9ap = 0= gap =0 (14)

[the null tensor remains null in all frames of reference]That implies that the Riemann tensor, Ricci
tensor and the Ricci scalar are all zero valued objects.

Part Il

8nG
C4—

R=- gaBTaB

ToB — _
Gap 811G

Trial solution

c* R
TP =—%Zg“5+X“B;ga5X“5:O(15)

VgT* =0

4
v _ ¢ Ega;;_l_xaﬁ =0
P\ 8nG 4

Since R is constant we have,
Vg X=0
1
X% = kg + l(R“ﬁ - ERg“B) +Y%;VpYF =0 (16)

[k and [ are constants that have different dimensions]

Our trial solution for T*# now,

c* R 1
T = ———— g% + kg*F l(R“B —=R “ﬁ) Y*B,Vyeh =0 (17
- 4g + kg“F + > g + B (17)
af c* R ap af af 1 af af
9apT™ = ——=79ap9"" + kgapg™ + l(gaﬁR —5Rapg )+ 9apY
8nG 4 2
* R= * R+ 4k +1(R—2R) + g, zY*F
8nG ' 8nG Gap

0 =4k — IR+ gopY P



9apY® =R — 4k (18)
Again since Vﬁg“ﬁ’ =0and VBY"‘ﬁ =0
GapVpY P +YPVpg%F = 0= V5(gapY ™) = 0= Vp(g,n¥™) = 0= 9p(g,nY*) =0
JuvY*Vis independent of space time coordinates
; ions < (paB _1paB) = TaB
From field equations P (R 5 Rg ) =T

Using the above with (50) we obtain,

%(R“B —%Rg“ﬁ) = —%Zg“ﬁ +kg® + l(R“ﬁ ——Rg“ﬁ) +vab
85:0 (R“B —le“B) = —%gg“ﬁ +%(ZR — gapY**) g + IR%F —%le“ﬁ +Y%B
8(;:0 (R“B —le“B) —%gg‘w + le“B — 79« 3g®PY*F + IR ——le“ﬁ +YeP
83:6 (Raﬁ B %Rgaﬁ) - _%ggaﬁ N ZZRgaB IR

C4 4-
) re# =B gas !
<87TG > 49 <87TG )

R
R*F =Zg“B (19)

4
Equation (52) holds unless 86% — [ = 0. Therefore an alternative technique of deriving (52) has been

provided.

Recalling (50)

4

T = —;—ngaﬂ +kg® + z(R“B —%Rg“ﬁ) + V%P

4

c R 1
rap = S R ap | poap l(_ @B __p aﬁ) yaB
grgad tTrOTHHZIT R



c* R R
TaB — ___ " qap k aﬁ_l_ af Yaﬁ
gngad Tr9 2977
c* R 4k — IR
TeB — — —____ gaB ( ) aB 4 yaB
gngad * g
4 Byap
T®B :_C_B af _ M +YyaeB
8nG 4 4
c* R
T = ———— g% (20

In this section, so far, we have not used the fact that R is a constant
Alternative Technique for deriving equation (19):

We have,
gaﬁRa'B =R
R
R =2 g% +§%; gopg™ = 0(21)
Using the above expression for R% and the fact that R is constant in the field equations we have
Vﬁfa‘g =0
1
§F = kg + Z(Raﬁ —ERQ“B) +Y9%;vpy9R =0 (22)
Therefore,
R 1
R =29% +1g™ + l<R“ﬁ —ERg“B) + YWY = 0(23)

R 1
9apR* = 7 9ap 9 + kgapg™ + l(gaﬂRaﬁ _ERg“Bgaﬁ) + 9V

R
9apR =7 9apg™ +kgapg® + 1R = 2R) + gopV“F
R=R+4k — IR+ goY°F
GapY®F = IR — 4k (24)

Equation(23) implies

R 1
R*(1—1) = g%k (Z+k —ERZ) + Y



1 R 1 1
= R = g (S 4+ kSRl + ——

— 2 1-1
1 R+ 4k — 2RI 1
R — aﬁ( ) yaB
- 1—19 4 1—1
Using (24) on the above relation
— af _
a1 g8 R+ Rl — gapY® — 2RI Pl e
1-1 4 1-1

1 R—RIl— gopY*F 1
RaB — af Ya[i‘
= 1-19 ( 4 1

_ Rab — . (R—Rl)_gaﬁgaﬁyaﬁ+ 1 yas
1—1 4 41 -1 1—-1
L pap L aﬁ(R—Rl)_ yep L e
—1-19 4 a-0"1-1
Equation (19) gets repeated
R
= R = —gF
4 g
Considering R as constant,
The Enigma
From the field equations we have
c* 1
TaB — (Raﬁ —ZR “/3)
811G 219
But we have obtained
c* R
TP = —— _—_ gaB
8nG 49

What is the inner story? The relation R = gaﬁR“Bis independent of the field equations. It is used with

4
the field equations to deduce gaﬁT“B = —SjT—GR. Again this relation is used to derive
c* R
TP = —— __ gaB
8nG 49

which is obviously more specific than the stand alone content of the field equations.
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Again R = %g“ﬁis derived from the parent relation R = g,3R%. Nevertheless in the intermediate
steps. we have used the field equations to derive Vﬁfo‘ﬁ = 0.ThusR = gaﬁR“ﬁis the outcome of both
the field equations and the formula R*# = Eg“ﬁ.lt is richer in content that if it were derived from the

field equations alone.

The Line Element and the Symmetric Nature of the Metric Coefficients

So long as we are on the same manifold, the line element is preserved. This is not true for distinct
manifolds

Example: A room with a flat floor and a hemispherical roof is considered. A small arc is drawn on the
roof and its projection is taken on the floor. With this transformation

ds'? # ds?

Only if
ds'? = ds?

then g, behaves as a rank two tensor. Indeed

ds'? = ds?

= gupdxtdx’ = gaﬁdx“dxﬁ

_ x* oxP
= G = 9ab 57 v

We revisit the idea!” that the metric tensor is a symmetric tensor. Indeed
ds? = g, dx*dx’
By interchanging the dummy indices u and v we have,

ds? = gy, dx’dx"
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1
= ds? = E(g‘“’ + gyp)dxtdx”

Juv T Gvy is asymmetric quantity. The relation

1
Juvdxtdx? = 5 (G + Gvp)dxtdx?

is true for arbitrary dx*and dxV.Therefore

1
Iuv = E (guv + gvu)

= 9w = Gvu

For an arbitrary non singular transformation a symmetric tensor has to be produced. That is impossible
unless the metric tensor is the null tensor. This corroborates our inference from the “Dot Product
Preserving Transport.

Part Ill
[Alternative Treatment: Brute Force Calculations]

From the Field equations

1 1 871G\ >
(Re? = 59 R) (Rep =5 R9s) = () T/Teg
1 1 871G\ >
RaﬁRaﬁ - ZERgaﬁRaﬁ +ZR2gaﬁga[g = (0—4) TaBTaﬁ

8nG\°
RugR™ —R* + R? = (C—4) T Top

2
R,sRF = 8nG TT - (25
aﬁ C4_ aﬂ( )

From relation
RaBR“B =Constant (26)

= T“ﬁTaﬁ =constant (27)
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From (27)we have,
TV, Typ + TopViT* =0

TapViT% =0;i=10,1,2,328)

Indeed
TV Tap = 9 9P T, Vi(9argp T)
= 9 9P T [9ar9p Vi (T*) + TV (gargp)]
= 9“9P" 9ar 91 Ty Vi (TH)
= 8,16, Ty Vi (TH)
= Ty ViTH = TopV, T
Therefore
TapViT =0 (29)
From (8)
RaﬁR‘”g = constant
We have,
RypViR* + R V;R,5 = 0 (30)
Now
RViRop = g** 9P Ry Vi(gargpiR™)
= ga“gﬁvRuv [gak,gﬁlvi(le) + R¥V; (gakgﬁl)]
= 9 9P gar 91 Ry Vi (R™)
= 8,"8, Ry, V;(R™)
= Ry ViR¥ = RygV;R*
Therefore

RypViR¥ =0 (31)

From (16)
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Tapg™ = C
aTHY ag
= G5t —E =0 (32)
From(30)
TaBViT“B = O

aTaB agst agsj agi} ag ag i ag-- ,
_ iB Bs si sj ij aj —
= Taﬁ Ox i + Taﬁg 2 <ax1 + axi 9x5 TP + Ta[;g ax] + axi x5 T 0

6T"‘3 dgsi 09si 04i; 1(dgs 09gs; 04i;
T T T}B as _ St SIJ _ lj T Ta] Bs si S:] _ u\_
af gxi @bl <6x1 Toxt Toxs) T 977\ Y oxt “oxs) 0
Tk dgsi 09gsi 04i; 1(0gs 09s; 04i;
T _ TS T}B N S.j _ 3] + TS T]'B si S:] _ ij -0
@B gl 1 <6x1 + oxt  0x$ B 9xJ t Ixt  9xS

Tk
B oxl

dgs; 0gsi 0
T, +T5ﬁTfﬁ<gsf+ Isj _ g”) 0 (33)

0xJ oxt 0xs

Now considering the fact that dummy indices can always be interchanged without affecting the value of
an expression we have,

TjBTSB <agji 4 691'_5 B 69@) 75 Tib <ag& N 9gjs B agu> 34)

0xS  Odxt  OxJ dxJ  9xt  0xS
We have
GT“B 09si 09s; 0gij
— Taf — s jB Si SJ _ ij
0 = 2T g VT = 2Typ pp + 2T°gT <6xf + Il O

Applying (34) on the above,

T 5 (095 0gjs 094\ . . s (095 . 9gis ag
2TV, T = 2T, - TS . TIB St IS _ J TJ . TSB J s _29is) 35
“ W o T <6x1 ot " axs )T \Gas o (35)
aT“ﬁ gﬂ g]s
2MapViT®F = 2Top ——=+ (T/pTF = T4 T/F) =5+ (T/pTF + T54T/F) =
+(T5pTI8 —TIgTF) == g” (36)

Now,
TJ'BTSB = gBkTJ'kTSB

TSpTIP = gg TSKTIP = g, g TSPTI* = T pT5P
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Therefore
T TSP —T°T/F =0 (37)

An alternative technique for deriving (37) would be as follows. By the interchange of dummy indices j w
and s we may assert that

g}l gJS

(TipTsP — TSBTJB)

= (T/gT*F +TSﬁTJﬁ)

) (095 09gis
Ti TSP — T5,TIiB Ly 25 )
( B B )(axs + dxt =0

09js
ax
product may not be zero in all frames of reference unless we have (37): TfﬁTSﬁ - TSﬁTfﬁ. By quotient

(TfﬁTsﬁ — TSBT]B)IS a tensor while ( 9t 4 ) is not a tensor and their product is not a tensor. The

99ji = 09js
law'®, (5 +5; ) should be a tensor unless (T/3TSF — TSzT/F) = 0The only solution is T,z —
a.g]s

09ji
kgap = 0.1 (52 + 22
to be not so from its transformation.

) = 0 in all reference frames it becomes the null tensor. We are considering it

The alternative technique has been discussed since it will be used in the final stages to bring out
important results.

From (36) and (37) we have

aT“B GT“B ag;
2T,V T = 2T, g’.s = 2Top——+ 2T/ TF a‘ijf

ot + (Tg! TP + Tp°TIF)

9T B ) 04
2TopViT* = 2T,p T ZTBJTSB% (38)

Using TaﬁViT“‘B = 0 and (38)we have

T 09js

Tap—— dxt +TBJTSB dxt =0

oT# i)
b T T T (,;g“L"_o (39)

=T,
From (32)

aTaB aglm
Jap 5 i + dxt



15

aT* ag,
ap 7 + 77 0k T =0 (40)

From(38) and(39)

T8
dxt (Taﬁ kgaﬁ) + glm ™k (T - kgkl) =0

T8
dxt (Taﬁ kgaﬁ) +—= glm —— ™" lp(Tkp - kgkp) =0

Tk dg
Dt (Taﬁ kgaﬁ)"’ lmea IB(T[? kgaﬁ)_o

6T“B agl

.Now the second factor on the left of (36) may be written as:

aTa_B ag”_" maglﬁ = or” a(Tmaglm)glﬁ -g glﬁ (’)T"%a
dxt dxt dxt dxt tm dxt
T 0 ) g 00T
dxt oxt ™ Qxt
oT*®  9(T™ gpy) ,, 0T
Oxt Oxt 0xt
_ oT* 18
T axt

Therefore

Tk aglm oT,*
—_JM rma g —
oxt ax‘ g oxt g

The above is not a tensor [derivative of a tenor is not a tensor in the curved space time context]

oT" 18 _
(Tap — kgaﬂ)ﬁg =0

(Taﬁ - kgaﬁ) is a rank two covariant tensor.

o
(Tap = kgap) 57 9% = 0(42)

a

. aT,
(T,' — k6, 57 =0 (43)
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. . . aT;*
(Tal - kdal)ls a rank two mixed tensor.By quotient law %should be a tensor unIessTal - k8al =0.

Therefore the left side of (17) is not a tensor. It may not transform to zero in all frames of reference
unless

T, — k6, =0
ng(Tal - kgal) =0
Taﬁ = kgaﬁ (44)

It is important to take note of the fact that equation (43) is derived from tensor equations. Hence it

preserves form in all reference frames though it is not expected to do so considering the fact that it is

6Tla
a

not a tensor equation. By division rule should be a tensor unless T3 — kgqp = 0The only solution

xi

is TaB - kgaﬁ =0..
Similarly by using (31°) and (32) we may prove
Raﬁ = k,gaﬁ (45)

but we have seen in part | that g, = 0. The same result was derived n the manuscript [Dot Product

Preserving Transport]

We recall(43)

aT,¢
l l
(T,' - k&4') 5 =0
Ifl=«a
aT,“*
(Taa - k) 6;‘ =0
aT,“* aT,“*
a”"a a _
Ta dxt dxt 0

1
T,%dT," — kdT,* = 0 = EdTa“Z — kdT,* =0

1
:>§Ta“2—kTa“—c=0:Ta“2—2kTa“—C:0

2k £V4k? +4C
B 2

T, (46)

The field is constant .But we have seen(T,' — k5al) =0
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Therefore

2k +V4kZ +4C
B 2

Y =k=>k*+C=0 (47)
The point is the right hand side of equation (43) is not expected to have zero on its right hand side in all
frames of reference since it is not a tensor equation. Nevertheless the form of (43)is preserved since

Tep — kgap = 0 which is a tensor equation.

Conclusion

We have unexpected constants on the manifold like the Ricci Scalar and the norm of the Ricci Tensor.
They are independent of the space time coordinates. They are not only invariants but they are also
constants. The article renders the fact that the Ricci tensor and the Riemannian curvature tensor are
the null tensors. The metric tensor also happens to be a null tensor. There is a requirement for
restructuring the subject.
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