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Abstract

The article in the first two sections proves decisively that the Ricci scalar and the norm of the Ricci
tensor are constants on the manifold. In the subsequent sections Ricci tensor and Riemannian curvature
tensor turn out to be null tensors. The Ricci scalar works out to zero.

Introduction

The Ricci scalar™ and the norm of the Ricci tensor!?! are not only invariants but they are constants on a
given manifold, independent of the space time coordinates. This idea is established in the initial stages
of the article. Subsequent calculations show that the Ricci tensor and Riemannian curvature tensor are
the null tensors. Consequently the Ricci scalar works out to zero.
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Ricci Scalar

First we write the Field equations®/*:

1 8nG
Rap =5 RGap = —5 Tap €9)

Ra[;:Ricci Tensor ;R Ricci Scalar;
Jap:metric coefficients; T, p:stress energy tensor

1 8nG
9™ Rap _ERgaBgaB = w9

1 816G g
R_ERX4=7 aﬁg

8nG
—R=— w9 (2)

Equation (2) expresses a standard result
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We differentiate each side of equation (2)with respectto x¥;y = 0,1,2,3

OR _ 8nG @ s
ax¥  c* ox¥ (Tap ")
We use the formula
aof _
ot =V
8nG ap 8rG op op
VoR = =~ 5(9apT™) = —— T**VpGap + apVsT

8nG ap oR
— Ve (9apT )=ﬁ=0 3)

R is independent of space time coordinates.

Detailed Explanation

Covariant derivative of a scalar is equivalent to its partial derivative

We prove

0

dxY (BaBAaB) = AaBVVBaB + BagVyAap (4)

Proof:

We consider the following relations

af af 9A%F apsB B pas
V, A"F = AP, = pp% + 0,74 +1,"A
_ - aB“B s s
VyBaﬁ = Baﬁ,y = Sxr +T yaBsB +T yBBas

[The above relations do not assume A% and Bgp as symmetric tensors]

We obtain,

0
W(BaﬁA“ﬁ ) = Bap(V, A%F — T, A% — T, P A7) + A% (V, Bag + T4 Bsp + %) pBas)

0
P (BapA®F) = Bop(~T)s“AF — TP A%) + A% (5,4 Bsp + T° ) pBus) + AV, Bog + BV, Ayp



= —T,"9% Bap — TysP 9% Bap + %, 0 A% Top + 5,3 A% By, + APV, Bop + BV, Ayp
6% (BapA®F) = (~T}s" A% Bop + T°,, A% Bg) + (I°,3A%F Bys — TP A% Bop) + APV, By
+ B“ﬁVyAaﬁ (5)

[In the above a, s, § are dummy indices]

We work out the two parentheses separately.

With the second term in the first parenthesis to the right we interchange as follows

aes
(-, s“AFByp +T5,,A%Bgg) = (—T,s“AF T, + T%, AP Byp) = 0

We do not have to worry about reflections on the left side of (5)because alpha and beta on the left side
also disappear on contraction.

Indeed recalling (5) and using the reIation:Ba[;A"‘ﬁ = BWA‘“’we may rewrite it [equation (5)] in the

following form :
0
ax¥ (BMVAW) = Bag (VYAaB - FysaASB - FysﬁAas) + A% (VVBaB + FSWBSB + FSVBBas)
+ A%V, Byp + BV, Ayp
There is no a, 8 on the left side of the above.
With the second term in the second parenthesis
Bes

(19,549 Bys — TP A% B,p) = (19, 5A%F By — T g A% Byg) = 0

9
P (BopA*F) = A®FV,Bog + BYPV, Ayp (6)

From(3) R is independent of space and time coordinates. Incidentally with the Einstein Hilbert Action
we do not treat the Ricci scalar as a constant: it depends on the space-time coordinates through the
metric coefficients[implicit dependence].

Ricci Tensor

Recalling equation (1)
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Rap =5 RGap =3 Tap

1 8mG
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1 8nG
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= R%R,p = 7R“5Taﬁ +5 R
0 8nG 0 1 0
___(RaB — —(paB . _(R2
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R being a constant
I R>) =0
ﬁ( ) =
Therefore
0 8nG 0
_—_(paB — _~ (pap
oxF (R™ Rap) c* 0xFP (R Tap)

8nG
= Vp(R%Typ) = % (R¥VyTap + T VpRyp)

0 ap 8nG ap 8nG B
:W(R Taﬁ)=c—4R VpTap + 3 T* VgRap (7)

Applying covariant differentiation on (1)and remembering that R is a constant and that Vﬁgaﬁ =0

VgTap = 0, we have,

1 81G
VeRap =5 RVpGap =~ VpTap

4 VﬂRaB =0
Therefore from(7) we have,

8nG 0

0
W(RaﬁRaﬁ) = ?W(R“BTaﬁ) =0 (8)

Norm of the Ricci tensor is a constant on the manifold, independent of space and time coordinates..

Riemannian Curvature Tensor



We start with the consideration of the Riemannian curvature tensor, Ryg,5
ZRapys = Rapys + Rapys
= Rapys + Rysap
= Rapys + Rsypa

Raﬁy6 + Rﬁyﬁa
Rapys = — 12 (9)

Rqpysis symmetric with respect to the interchange of both a, § and 8, y[or with respect to the

interchange of either]
Now
R*gys = GraR"gys = Rapys
R*,ps = graR"yps = Rayps
But from (8)
Ragys = Rayps
Therefore,
R¥gys = R yps (10)
Since the product of a symmetric and an antisymmetric tensor is zero we have,
gP"Rpyps =0 (11)
Since Ryyps = g“?’Ray,@a
97" gapR% 55 = 0;
But by (10)
97 9ap R g5 = 87 aR%gys
Therefore
gpygapR“Bws =0= SVaR“Bya =0
=>RVp,6 =0

The Ricci Tensor,



Rgs =0 (12)

Ricci scalar
R=gPRgs =0

From the Field Equations,

Tgs =0 (13)
The Riemannian curvature tensor
Now we will consider the first Bianchi identity:

Rapys + Raspy + Raysp =0

Using the symmetricity result proved towards the beginning of the section, we interchange dand 8 in
the middle term on the left of the last equation. We also interchange &, fin the third term

Raﬁy& + Raﬁ&y - Ray,[ic? =0

Lastly we interchange y, §in the second term and y, 8 in the third term above [ considering the
symmetricity proved earlier for the third term]

Rapys — Rapys — Rapys =0

= Raﬁy& =0 (14)

The Riemannian tensor being zero, the Ricci tensor is also a null tensor and the Ricci scalar stands zero.

That the Ricci tensor is zero has been proved by an alternative method towards the beginning of the
section.

Dot Product Preserving Transport

In parallel transport ®! dot product is preserved. We consider here a transport where dot product is
preserved but the two vectors individually are not transported parallel to themselves

We have due to the preservation of dot product,
tiVi(gaBu“vﬁ) =0 (15)
We have
tiVu® # 0; t'V;vf # 0 (16)

since each vector is not transported parallel to itself.



We transform to a frame of reference where t! has only one non zero component.

tk’Vk,(ga,;’u“’vB’) = 0[no summation on k’: prime denotes the new frame of reference and not
differentiation]

Vi (gap'uvh") =0 (17)

u“’vﬁ’Vi,(ga[;’) + ga[;’Vi,(u“’vﬁ’) =0
Since Vi(ga[;) = 0,we have,
9ap'Vi(u¥vF") = 0 (18)

The vectors u®and v#’ and consequently their individual components are arbitrary. Therefore g(’w =
0 = g4p = O[the null tensor remains null in all frames of reference|That implies that the Riemann

tensor, Ricci tensor and the Ricci scalar are all zero valued objects.
Conclusion

We have unexpected constants on the manifold like the Ricci Scalar and the norm of the Ricci Tensor.
They are independent of the space time coordinates. They are not only invariants but they are also
constants. Analysis of the Ricci tensor brings us to a result that stands in contradiction to a conventional
beliefs. The article renders the fact that the Ricci tensor and the Riemannian curvature tensor are the
null tensors. There is a requirement for restructuring the subject.
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