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Abstract

The direct sum decomposition of a vector space has been explored to bring out a conflicting feature in
the theory. We decompose a vector space using two subspaces. Keeping one subspace fixed we
endeavor to replace the other by one which is not equal to the replaced subspace. Proceeding from such
an effort we bring out the conflict. From certain considerations it is not possible to work out the
replacement with an unequal subspace. From alternative considerations an unequal replacement is
possible.
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Introduction

The concept of linear vector spaces!* is fundamental to the edifice of physics and mathematics.
Nevertheless this theory is not free from conflicts. We decompose a vector space using two subspaces!?..
Keeping one subspace fixed we endeavor to replace the other by one which is not equal to the replaced
subspace. Proceeding from such an effort we bring out the conflict. From certain considerations it is not
possible to work out the replacement with an unequal subspace. From alternative considerations an
unequal replacement is possible.

Basic Considerations and Calculations
We consider the direct sum® decomposition of a vector space V in subspaces Aand B .
V=A0B (1)
The dimensions of the three spaces have been stated below.
Dim(V) =n,Dim(4) =k = Dim(B) =n—k
If possible let there be a subspace B’ ,distinct from A[B # A]such that

V = A®B' (2)
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Since Dim(V) = n, Dim(4) = k,we have, Dim(B") =n—k
We denote by m, the dimension of the intersection, B N B’
Number of linearly vectors in the subset AUBUB'isequal to

The number of linearly independent vectorsin A + those in (B — B NB') + thosein(B'—BNB') +
thosein Bn B’

k+(n—k-m+(n—-k-m)+m<n (3)
In relation to relation (3) we have to take note of the factthat ANB=ANB'=AnBnB' ={0}
Equation (3) implies
m=>=2n-—k

It is not possible to have m ,the dimension of BNB', greaterthan, n — k, the dimension
of Bor of B’

Therefore,
m=n—k (4)
Therefore
B =B'(5)
A Pair of Theorems
We consider a basis of V = {eq, €5, €3, ..... €k, €k41, Cks2 - En}
We further assume {ey, e, €5, ..... ey }is a basis of A and that {ej;,q, k42 ....€} = {ek+j}forms a basis
of B

We have relation (1): V = A@B

. ! ! ! ! —
Now we consider a set of vectors {eq, €3, €3, ..... €k, €41, €4z ---€n'} Where e ; = ex,j + ajand a; €

A;j=12,..n—k; a; # Oleyy is from,V,defined earlier in this section.

Theorem 1:We prove that
ex+j € AUB or,ep.; = exyj+a; € AUB

Assume that e, ; € A

Now,



€ktj = €ltj —
On the left side ex4; € B

On the b right side both e,’cﬂ-and ajbelongto 4; j = 1,2, ...n — k. This not possible taking note of the
fact that A N B = {0} and that all the vectors involved are non zero vectors.

Therefore ey, ; ¢ A
Next let e,; €B
Now,
! —_—
Cr+j — Ck+j = @j

On the left side e,’<+j — eg4jbelongs to B since each e,’<+jand e+ jbelong to B.On the right side of the
above a; € A.This is not possible taking note of the fact that A N B = {0} and that all the vectors
involved are non zero vectors.

Therefore ey, ; ¢ A

Therefore as claimed we have,

€]’<+j = ek+j +a'] € AUB

Theorem 2:The set {eq, e,, €3, ..... €k, €41, €4p - - €n' } fOrm as basis with respect to the space V.

We consider the equation

k n—k
Z Cie; + Z Crvj€'ksj =0 (6)
i=1 =1

Now,
! —
€ k+j = €x+j T Q;

Therefore,

k n-k
Z Ciei + Z Ck+j(ek+j + (X]) =0
i=1 j=1



k n-k n-k
Z Cl-el- + Z Ck+jek+j + Z Ck+jaj =0
i=1 j=1 j=1
k k
0.’]' = Z Dﬂel = Z Djiel-
=1 i=1

Therefore,
k n—k n-k k
Z Cie; + z Ck+jek+j + z z Ck+ijl-el- =0
i=1 j=1 j=1i=1
k n-—k n—k
Ci + Ck+iji e; + z Ck+jek+j =0
i=1 j=1 j=1
Since

{e1,e5,€3, .. €, €11y Chan - En)
forms a linearly independent set in that they are the basic vectors for V,we have,
C+j=0;j=123..n—k (7.1)
n-k
Ci + z Ck+iji = O,l = 1,2,3k,l = 1,2,3 ok (72)
j=1
Since from (7.2)
Ck+j=0;j=123..n—k
we have
Ci=0;i=123..k
Therefore,

! ! !
{e1,e5,€3, .. €k, €pt1, Chn - Cn'}

comprise a linearly independent set of vectors. Since there are ‘n’ such vectors, n being the dimension of
V, they span V

Therefore the above set is a basis for V.
The Conflict

Let us consider B’ spanned by



{€r+1)€paz omn'}

Since

{e1,€2,€3, .. €, Chi1) ka2 o En)

spans V, we have the direct sum decomposition,

V = A®B’
We have seen earlier that ey, ; € AUB
We have also seenthat B’ = B
Thus we have arrived at a contradiction.

Conclusion

A conflict in the theory of vector spaces can have serious consequences in the areas of mathematics and
physics opening up gateways to fundamental research
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