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Abstract:

A black hole is treated as a self-contained, steady state, spherically symmetric, 4-dimensional spatial ball
filled with blackbody radiation, which is embedded in 3-D space. To model the interior distribution of
radiation, we invoke two stellar-like equations, generalized to 4-D space, and a probability distribution
function (pdf) for the actual radiative mass distribution within its interior. For our purposes we choose a
truncated Gaussian distribution, although other pdf’s with support, r € [0, R], are possible. The variable,
r =r®), refers to the 4-D radius within the black hole. To fix the coefficients, (¢, 0), associated with
this distribution, we choose the mode to equal zero, which will give maximum energy density at the
center of the black hole. This fixes the parameter, u = 0. Our black hole does not have a singularity at
the center, and, moreover, it is well-behaved within its volume. The rip or tear in the space-time
continuum occurs at the event horizon, as shown in a previous work, because it is there that we
transition from 3-D space to 4-D space. For the shape parameter, g, we make use of the temperature
just inside the event horizon, which is determined by the mass, or radius, of the black hole. The amount
of radiative heat inflow depends on mass, or radius, and temperature, T, = 2.725 K, where, T, , is the
temperature just outside the event horizon. Among the interesting consequences of this model is that
the entropy, S™ can be calculated as an extrinsic, versus intrinsic, variable, albeit in 4-D space. ltis
found that S™ is much less than the comparable Bekenstein result. It also scales not as, R?, where R is
the radius of the black hole. Rather, it is given by an expression involving the lower incomplete gamma
function, y (s, x), and interestingly, scales with a more complicated function of radius. Thus, within our
framework, the black hole is a highly-ordered state, in sharp contrast to current consensus. Moreover,

the model-dependent gravitational “constant” in 4-D space, G,§4), can be determined, and this will

depend on radius. For the specific pdf chosen, Gr(4)Mr =.1c%(r*/c?), where M, is the enclosed
radiative mass of the black hole, up to, and including, radius r. At the event horizon, where, r = R, this

reduces to Glg‘n =2G R3/02, due to the Schwarzschild relation between mass and radius. The
quantity, G, is Newton’s constant. There is a sharp discontinuity in gravitational strength at the 3-D/4-D
interface, identified as the event horizon, which we show. The 3-D and 4-D gravitational potentials,
however, can be made to match at the interface. This lines up with previous work done by the author
where a discontinuity between 3-D and 4-D quantities is required in order to properly define a positive-
definite radiative surface tension at the event horizon. We generalize Gauss’ law in 4-D space as this will
enable us to find the strength of gravity at any radius within the spherically symmetric, 4-D black hole.
For the pdf chosen, 954) = GT(LL)MT/T3 =.1c?r/ca?, aremarkably simple and elegant result. Finally, we
show that the work required to assemble the black hole against radiative pressure, which pushes out, is

equal to, .1 Mpc?. This factor of . 1 is specific to 4-D space.
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| Introduction

This is the second paper in a two-part series on black holes, where we model a black hole as a
self-contained, 4-D spatial sphere, filled with black body radiation. We focus on photonic
radiation only, obeying Bose-Einstein statistics in this paper, and leave open the possibility that
other forms of radiation can co-exist within the black hole, some obeying Fermi-Dirac statistics.
Those other radiations will depend on temperature, and the effective number of relativistic
degrees of freedom at that temperature, g*(T). See references [1-4]. The black hole, being
defined as a steady state ball of radiation in 4-D space, is embedded in 3-D space, much like a
gas bubble within a liquid, or, a liquid droplet within a gas. However, the droplet is 4-
dimensional, and, as we shall see, not of uniform density. There are three central issues
regarding black holes for which we seek an answer. First, what is the nature of the event
horizon? Second, what does the internal structure of a black hole look like? And third, can we
calculate key thermodynamic variables within the black hole itself? As examples of
thermodynamic quantities, what are the radiative pressure, the internal energy density, the
total (radiative mass) energy density, the entropy density, and the gravitational strength within
the black hole as functions of, r, the 4-D radius? In the first paper [5], we focused on giving an
answer to the first question. In this paper, we will address questions two, and three.

In a previous work [5], we presented a model to answer question one. We argued that the
event horizon can be thought of as a membrane, where we have a discontinuity in space, which
separates the 4-D black hole from the surrounding 3-D space. Access from one space to the
other is through the event horizon, which acts as flexible membrane, and which allows for zero
or net radiative heat inflow, but no net outflow. The event horizon was assumed to be
infinitely thin. The temperature, T; , just inside the event horizon in 4-D space is given strictly
in terms of the black hole mass, or radius. If the temperature just outside,T,, equals 2.725 K,
then we will assume that there is no inflow. For higher temperatures, where, T, > 2.725 K ,
we will assume net inflow. The amount of radiative heat inflow, dQ/dt, depends on the
temperature T,, as well as on the size , or mass, of the black hole. It can be determined using a
generalized version of the Stefan-Boltzmann equation, derived in reference [5], to take into
account radiative transfers between adjoining spatial dimensions. With or without net inflow
of radiative heat energy, we saw that the temperature drops precipitously upon entering the
black hole. This is due to the change in the dimensionality of space. Upon entering the black
hole, the surface area increases dramatically, and consequently, the temperature decreases
abruptly. We will show, however, in this paper, that as one reduces the 4-D radius within the
black hole, the temperature will increase, layer by layer, until it reaches a maximum value at
the center. At the center of the black hole, we will have a maximum temperature, and a
maximum radiative energy density, for a finite volume.

The temperature just outside the event horizon must be at least 2.725 K to account for the
CMB photons lying just outside, and it will be higher if there is radiative heat inflow. Other
forms of matter/radiation, undoubtedly, will also have to be taken into account, such as dark
matter and dark energy, but 2.725 K photons are the minimum blackbody contribution. We
will ignore neutrino blackbody radiation, as this can be considered later, as an add-on. To



define a specific inside surface temperature, T;, we hypothesized that there is no heat inflow if
the outside temperature used is the CMB temperature. This is, of course, a working hypothesis,
which cannot be justified observationally, as far as we know. Radiative heat inflows for T, =
2.725 K would be hard to observe, if they exist at all, as they would be very inconsequential.
They would not lead to any recognizable event horizon expansion, at least not in the current
cosmological epoch. Thus we cannot prove or disprove this statement; we simply accept it. By
accepting this hypothesis, however, we treat the black hole as if it has the ability to adjust to
outside conditions. In other words, the black hole is not a passive entity; it does interact and
respond to its surroundings. We must also prevent implosion due to gravity and our pdf
(probability distribution function) will guarantee that, as we shall see shortly.

For temperatures on the outside, T,, greater than 2.725 K, we will have net radiative heat
inflow, dQ/dt > 0. This inflow will cause the black hole to expand with time. A higher
temperature on the outside will increase the rate of expansion at the event horizon. As the
radius increases, the inside surface temperature, just inside the event horizon in 4-D space,
however, will decrease. Moreover, there is a limit to the amount of radiative heat inflow within

our framework. As shown in reference [5], the inequality, 0 < 1/c dQ/dt < 4FR(3), must hold,
where, FR(3), is the 3-D radiative force acting just outside the event horizon, tending to push the

event horizon radially in. By definition, FR(3) = 'pgg) 41R?, where 'pgg) is the radiative pressure
defined in terms of temperature, T,. This radiative pressure, being 3-dimensional, acts on

surface area, AE) = 4mR?. For an isolated, static black hole, where, dQ/dt = 0, it was found
that the temperature just on the inside surface obeys the following expression, T; =
569 R~1/5_ This assumes that the temperature, just outside the event horizon, has the specific
value, T, = 2.725 K. For the different situation where, T, > 2.725 K, we have a dynamic black
hole with net inflow, and, dQ/dt > 0. In this instance, T; , also assumes the same value as
above, but as the black hole expands, its value will decrease to accommodate the increase in
radius.  Until the radius changes, T; will not change. As we shall see, fixing T; will determine
the interior distribution of radiative mass within the black hole. This quantity is crucial. In both
scenarios, R, is the radius of the black hole, which is related to its mass, Mg, via the well-known
Schwarzschild relation, R = 2G Mg /c?.

Across the 3-D/4-D membrane, we have applied a generalized version of the Stefan-Boltzmann
law, which we have derived for radiative transfers between adjoining spatial dimensions. This
generalized law allows for the continuous exchange of electromagnetic photons back and forth,
but due to the different dimensions of space, the temperature on either side has to be
different. This provides a feedback mechanism, which guarantees the stability of the event
horizon. If we start with a temperature, T, = 2.725 K, on the 3-D side, then T; = .569 RS s
the equilibrium temperature, just inside the event horizon, on the 4-D side. If we have a higher
temperature just outside, T, > 2.725 K, which we call a “temperature load” or “load” for
short, then radiative heat will flow in. This will cause the black hole to expand, i.e., R now
becomes, R = R(t), where R(t) will start to increase. This causes the inside equilibrium

. 4 .
temperature, T; , to decrease. As R increases to, R’, the 4-D surface area, A% ), also increases



to new value, Ag) . During the process of expansion, we will see that the actual inside surface
temperature, within the 4-D black hole, goes down. Not only that, but so does the core
temperature, at the very center of the black hole. However the black hole will have a greater
mass, greater than the one before, due to its increased size.

The event horizon is also characterized by a necessarily positive, and finite, surface tension [5].
The black hole encloses a finite, fixed volume, and so this is a requirement for positive
curvature. It is, after all, a ball, but a 4-dimensional one. Having derived an expression for
radiative surface tension, we were able to calculate the amount of work needed to expand the
black hole against radiative forces. We came up with two expressions for the work done. The
first involved the surface tension. The second made use of the coefficients of surface tension.
We generalized the Young-Laplace equations for this multidimensional expansion of a
membrane. Normally the Young-Laplace equations apply to 3-D objects, such as liquid droplets,
or thin films, and the internal pressure is always greater than the external, outside pressure in
order to guarantee a positive curvature, a convex surface. As it turns out, for a positive
curvature, the 4-D radiative pressure is actually /ess than the 3-D radiative pressure. This
surprising result has to do with the different dimensionality of space. We were also able to
show that the two expressions for the positive work done upon expansion were shown to be
equivalent to one another.

Because there are two surfaces expanding, the 4-D and the 3-D surfaces, there are two
contributions to the radiative work done, one assisting expansion, and the other resisting it.
The overall pressure is such as to cause a resultant resisting force. The radiative surface
tension, Fsr radiative, Was defined as, Fsr rqdiative = FR(3) - FR(4) = pf’)Ag) - p£4)A%4), which is
always positive. All superscripts within parenthesis over a physical quantity will define the
space over which that quantity is defined. Sometimes, we will dispense with this convention, as
in the latter sections, when it is obvious in which space, the quantity refers to. The subscripts
on the radiative pressures refer to the different temperatures, over which the pressure is

calculated. The quantity, pf), is calculated at temperature, T, , just outside the event horizon

in 3-D space. The quantity, p§4), on the other hand, is calculated at temperature, T;, which is
the temperature just inside the event horizon, in 4-D space within the black hole. The full
surface tension will consist of radiative and gravitational components. In fact, as shown in
reference [5], Fsr = (Fst radiative + FG(,4R)), where FG(;) is the magnitude of the gravitational
force, at r = R, directed radially inwards. In this paper we will derive an expression for this 4-
D, model-dependent, gravitational force.

The radiative portion of the total surface tension was found to always obey the relation,

Fsr radiative = 2 FR(3), where the equality holds if there is no inflow, and the inequality applies
to the situation where there is net radiative heat inflow, dQ/dt > 0. As one can see,
Fst radiative, 1S always positive and finite, in spite of the fact that the 4-D surface area is greater
than the 3-D area. This special result of a positive-definite radiative surface tension is due to
the different dimensionality of space, itself. If the black hole were a three dimensional object,



then we would not have an innate radiative surface tension. The radiative surface tension at
the event horizon was also found to obey the equation, Fgr rqaiqrive = 1/3 a® 4mR? [ T —
4/5 (2.725)* ], where R is the radius of the black hole, and T, is the temperature load outside
the event horizon. This holds, with (T, > 2.725) , or without (T, = 2.725), net radiative heat
inflow. If there is net heat inflow, radiative heat and other forms of radiative energy get
transferred over to the 4-D side, and the black hole expands. Unlike a star, where the inside
surface temperature is driven by internal heat, and inside pressure, the black hole’s surface
temperature is determined by external conditions. Within a star, internal factors such as
nuclear fusion and production rates drive the process of expansion/contraction. We assume no
energy production process going on within the black hole itself.

In this paper we focus on questions, number two, and number three. We seek to determine
what the internal structure of a black hole could look like given our 4-D radiative model.
Specifically, we want to see how key thermodynamic quantities can be determined, i.e.
calculated. We will treat the black hole much like a star in that we will consider two stellar-like
equations. These equations will be applied to radiation, once we generalize them to 4-D space.
Within the black hole, we will assume a particular, steady state distribution of radiative mass.
We choose a probability distribution with maximum mathematical entropy, a truncated
Gaussian (= truncated Normal) pdf, which, as we shall see, will serve our purpose quite well.
The radiative mass distribution is assumed to equal the total radiative energy distribution
divided by the speed of light squared. Both quantities will depend on the 4-D radius within the
black hole. The temperature profile within the black hole is ultimately what determines the
radiative energy density. For a 4-D radiative object, having spherical symmetry, the radiative

mass density, p§4), will be proportional to the temperature to the fifth power, i.e., p£4)~ T?, as

this is the power law that one obtains in 4-D space for blackbody radiation. The subscripts, on
both, p£4), and, T, , indicate that these quantities are radius dependent. As mentioned, the
weakest temperatures are to be found just inside the event horizon. From there they increase
smoothly and continuously, as one approaches the very center of the black hole.

The outline of this paper is as follows. In section Il, we generalize two very basic 3-D stellar-like
equations to 4-D space. We focus on blackbody photons but leave open the possibility that
other radiations can be “packed “, within this same space, some obeying Fermi-Dirac statistics.
These would also apply to the massive particles trapped inside the black hole. If those particles
are above freeze-out temperatures within parts of the black hole, they will be in the radiative
state. Otherwise, these fermions are in the particle state, when temperatures drop below
freeze-out temperatures. As will be seen, there will be layers within the black hole where
temperatures are just too high for massive particles to exist; they will then have to be in the
radiative mode. Other sections within the black hole can accommodate real massive particles
because the temperatures are low enough.

In section Ill, we give some rationale for choosing a truncated Normal distribution to represent
the mass distribution. We assume a maximum radiative mass energy density near the center,
which fixes the mode to equal zero. This fixes one parameter, namely, u = 0. The other



parameter, the shape parameter, o, will be determined by the inside surface temperature, T;,
just inside the event horizon, which, in turn, will depend on the size, or mass, of the black hole.
As shown in reference [5], the inside and outside surface temperatures are related to one
another by the generalized Stefan-Boltzmann law. For no net radiative heat inflow, T, =
2.725 K, which is an assumption. With net radiative heat inflow, T, > 2.725 K. Either way,
the inside surface temperature is given by the expression, T; = .569 R™Y/5. The difference is
that, for an isolated, static black hole with no inflow, R = constant. In the second instance
with inflow, R will increase as a function of time, i.e., R = R(t). Thus, if we know the radius of
the black hole, R = R(t), we can calculate the inside surface temperature, Ty, as a function of
time. Until the radius has changed, the inside surface temperature will not change. For a
Gaussian distribution, which is “truncated”, it is important to recognize that, u, is no longer the
mean. And neither is, g, the standard deviation. The mean and variance are complicated
functions of, R, i, and, o, in this instance.

Section IV will concern itself with derivations. We will focus on three black holes, one having
the mass of the sun. The other two will have masses ten times the mass of the sun, and, a
million times that of the sun. For each, we will derive key thermodynamic variables within the
black hole, as a function of radius. We will focus on black holes which are isolated and static. In
other words there is no net heat inflow. The thrust of this paper is to indicate a process, and
not work out all scenarios. It will be clear how to proceed if the black hole is not static, i.e., if
we are dealing with a black hole having net heat inflow. Some key thermodynamic variables
are 4-D mass density, pﬁ‘”, and the 4-D radiative pressure, 'pﬁ‘”. We also derive expressions for
the 4-D internal energy density, u£4), the heat density, qﬁ‘”, and the entropy density, sr(4).
These variables will be presented in table form, where there is one table for each black hole
mass. Again, we will focus on an isolated, static black hole, with no inflow, i.e. dQ /dt = 0, in
order to keep the discussion simple. In other papers, radiative inflow can be considered using
the equations developed here, and in the previous paper. All tables are to be found, at the end
of the paper.

In section V, we calculate certain global properties within the black hole. We find expressions
for the radiative mass, M, = Mr(4), from, r = 0, up to and including radius, r. We also look at
the work done in assembling the radiative mass against radiative pressure, Wr(4). We will

calculate the gravitational constant, Gr(4), the gravitational acceleration, g£4), the gravitational
force, FG(j) , and the entropy, Sr(4), among other variables, within the black hole at a particular r
value. The total mass, total work, and total entropy are found if we specialize to, r = R. At the
surface we also calculate the 4-D gravitational “constant”, the gravitational force, and the
gravitational potential. There will be a discontinuity in the gravitational force, but the 4-D
gravitational potential at r = R can be chosen to match the 3-D gravitational potential, by a
judicious choice of integration constant. In this way we guarantee the same equipotential
surface in both spaces for the same R value, even though the spaces are quite different on
either side. Again, three tables will be presented, one for each of the black holes considered in
section IV. The tables list various values as a function of radius, in incremental steps of, r = 0,



.03 R, .06 R, .09R, etc.. They are found at the end of this paper. Finally, in section VI we
present our summary and conclusions. We have an appendix, appendix A, where some useful
identities associated with the truncated Gaussian probability distribution function can be
found, and referred to. We also give a few identities as it relates to the calculation of entropy.

I 4-D Generalization of the Standard Hydrostatic Stellar Equations for a Black
Hole

In this section, we consider two standard stellar-like equations, and generalize them for
application to our 4-D blackbody radiation model. The stellar equations, which are 3-D in
character, will be generalized to 4-D space. Moreover, they will be specialized to our radiative
model, which will require certain modifications.

For a star, there are four standard, 3-D stellar equations, which are typically used to model the
interior of a star [6,7]. They, in effect, determine a stars internal structure. One of these
equations deals with hydrostatic equilibrium. As is well known, layer by layer, the force of
gravity holds in check the radiative pressure acting radially outwards. This pressure is due to
nuclear fusion processes occurring deep within the interior of the star. For a black hole, we
conjecture that we also have radiative pressure, but this is not due to any kind of energy
production process within its interior. Rather, we claim that we have simple packing of
radiative energy, which is spherically symmetric, and 4-dimensional. This packing of radiative
energy will be accomplished by way of gravity. As one heads radially outward from the center

of the black hole, we have a pressure gradient, p£4) an internal energy density gradient, u£4),

and a radiative heat density gradient, q£4), which fall off with increasing radius. Each is

proportional to the fifth power of temperature, T;>, where, T = T(r) =T, , is the temperature

inside the black hole. In 4-D space the internal energy density, u® = a® T, where a® is a
numerical constant equal to a® = 4.7481 * 1073 ] m~* K. Refer to reference [5], where it

is also shown that, p£4) =1/4 u£4) , and, q£4) =5/4 u£4). MKS units will be used throughout
this paper, even when not explicitly written out.

In a very real sense, our 4-D model for radiative energy trapped within a spherical surface is
much like a capacitor. This capacitor is rather exotic in that it is four dimensional. It will also
not have a uniform distribution of radiative energy within its confines. The size of this capacitor
will determine how much radiative mass it will be able to store (and vice versa). And the
radiative mass density at a particular 4-D radius will determine its permittivity. The permittivity
will be a function of radius, as radiative mass density within the black hole is a function of
radius. A capacitor is a passive object in that no energy production occurs within its volume. It
simply stores energy, and therefore has to be “charged” in some sense. Massive and massless
energy inflow into the black hole will serve this function. We shall allude to this analogy on
occasion, as this is a good way of imagining our version of a black hole.



Since the black hole has a finite radius in 4-D space, which corresponds to the Schwarzschild
radius in 3-D space, it has support, r € [0, R]. In other words, only radii within this realm can be
considered, where the square brackets signify that we have to include radius, r = 0, as well
as, 7 = R. The temperature, the radiative pressure, the internal energy density, etc. within the
black hole are also defined within the same realm of support. There is no probability of finding
these entities outside the event horizon.

Coming back to 3-D space, as mentioned, there are typically 4 equations that one looks at for
modeling the interior of a star. Two of these fundamental equations are:

er(3) Jdr = 4mr? pﬁs) (mass conservation) 2-1
, and,

dp£3)/dr = —GMT(3)p§3)/r (hydrostatic equilibrium) (2-2)

In equation, (2 — 1), er(g), is the 3-D increase in radiative mass for a corresponding increase

in radius, from radius, 7, to radius, r + dr. The quantity, p£3), is the radiative mass density at

radius, r, between r and r 4+ dr. In equation, (2 — 2), dp£3) , is the three dimensional increase
in radiative pressure for a corresponding increase in radius, r, from r to r + dr. Since the right
hand side is negative, we actually have a decrease in pressure for an increase in radius, starting
from the center of a star. On the right hand side of equation, (2 — 2), we have Newton’s

constant, G. We also have, Mr(3), which is the radiative mass, enclosed within a volume of
radius, r. Equation, (2 — 2), in effect, tells us that the radiative pressure pushing the layer out
at radius, 7, is counterbalanced by the gravitational force, pulling that very same layer in.

There are two other equations typically considered in conjunction with these equations, (2 —
1), and, (2 — 2), for modeling the interior of a star. They are not relevant here. First, there is
no energy production assumed within the black hole, and hence the nuclear production rate,
sometimes designated as, 853), in Watts/kg is zero. Moreover, there is no assumed energy
transport within the black hole. We have no diffusivity, i.e., no scattering and/or absorption of

photons passing through a medium. Even though the diffusivity coefficient, Kﬁg), is zero, there

will, however, be a temperature gradient, which is non-trivial. In other words, dTrM)/dr * 0.
This will be due to simple packing of radiant energy within the black hole. The pdf, which is
chosen, will tell us how to pack the radiative mass, and gravity will ensure that the stored
energy remains stable. Again, in a very real sense, the black hole will function much like a
passive 4-D capacitor, and one that can be loaded, or “charged” with extra mass/energy.

It is our hypothesis and contention that a black hole is a self-contained, spherically symmetric
object filled with blackbody radiation. We therefore generalize the two equations listed above,
equations, (2 — 1), and, (2 — 2), to 4-D space. We take each in turn, and start with equation,
(2 —=1) . The 4-D generalization is

er(4)/dr = 2m?r3 p£4) (mass conservation) (2-13)



4)

Here, p,~, is the 4-D mass density defined at radius, r , in kg/m* and, 2m%r3 is the

corresponding 4-D surface area, Ag) = 2m?r3, at radius, r. The quantity, dM( ), is the
infinitesimal increase in radiative mass when we increase r, from radius, r, to radius, r + dr.

The 4-D mass density, pﬁ‘”, at radius r, will be proportional to T;> , where, T, is the

temperature at that radius. We can integrate equation, (2 — 3), to find the mass, Mr(4), up to
and including r. The result is

4 4 4 4
M = [T am® = 7 O aVar -4

Here, A( ) = 21213 is the 4-D surface area. The maximum value for mass is obtained when the
radius, 7, equals, R. The radius, R, characterizes the event horizon. Inserting this as our limit
of integration gives

M = [FpPaPdr (2-5)

This is our expression for the total radiative mass associated with a 4-D black hole, which is the
same mass we perceive in 3-D space.

Now, we know that the mass of a black hole is proportional to its radius because of the
Schwarzschild relation, R = 2GMg/c?. Comparing this to equation, (2 — 5), it would appear

that, p( )A( ) , is a constant, i.e.,
OGO

Pr Ar - CZ/(ZG) (2 - 6)
If we substitute this expression into equation, (2 — 5), then equation, (2 — 5), would be
trivially satisfied. However, as we shall see shortly, this will not allow for any gravitational
force to act within the black hole. Although this solution would allow us to “pack in” enough
radiative mass to make up the mass of the black hole, it would come at a cost. The cost is that
the temperature at the inside surface would then be excessive. Therefore, we will have to
dismiss this solution.
We propose a more general solution of the form,

4)A(4) M 2-=7)

In this expression, f,., is our probability distribution function (pdf), satisfying the condition,

[ fdr =1 (2 —8)



The specific choice of function, f,., will be postponed until section lll. For now, f,., has units of
meters™?!, and the probability of finding the radiative mass between r; and 75, is given by the
following expression, defined in 4-D space,

Probl(r, <r <mn) = f:lzfr dr (2-9)

The pdf, defined by equation, (2 — 8), is truncated, and has support, r € [0, R]; outside of this
range in radius, 7, there is no probability of finding 4-D radiative mass.

We next integrate equation, (2 — 7), taking into account, equation (2 — 8). This gives
R R
MR=f0f;.MRdT'=MRf0frdT (2_10)
This is, of course, an identity due to equation, (2 — 8). And so, more generally,

M, = [, f, Mgdr = M [, f, dr
= Mg E°PF (2-11)

In the second line, we have introduced the cumulative probability distribution function, E¢PF,
which is defined by the equation

ECPF = forfr dr (2-12)

This is the sum of all probabilities, from radius, r = 0, up to, and including, radius, r. By
definition, if the upper bound radius is reached, then, r = R, and, F£PF = 1. The probability of
finding the radiative mass between, r = 0, and, r = R, is with certainty, or 100%, which equals
one numerically.

There are many pdf’s, and corresponding cumulative probability distribution functions (cdf’s),
which will satisfy equations, (2 —8), (2 —9), and, (2 — 10). Equation, (2 — 6), is but one
choice. This can be seen as follows. Another way to write the right hand side of equation, (2 —
6), is Mg /R, because of the Schwarzschild relation. Therefore, upon comparing with equation,
(2 —7), this would give,

fr = 1/R = constant (truncated uniform distribution) (2-13)

This depends solely on the size, or mass, of the black hole. In this instance, we obtain a
truncated uniform distribution, where the probability distribution function is everywhere the

same within the black hole. That would mean that, p£4)A£4) = constant, throughout the black
hole. As we shall see, this is not a very interesting solution. A much better choice for pdf will
be a truncated Gaussian distribution function, to be introduced in section Ill.
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We now come back to equation, (2 — 2). The 4-D generalization would read

dp® jdr = —=6OM p{ fr (2-14)
In equation, (2 — 14), the quantity, dpf”, is the increase in 4-D radiative pressure, in going
from radius, 7, to radius, r + dr. The mass, MTM), is the radiative mass enclosed, between r =
0, and, radius, r. The quantity, Gr(4), is the 4-D analogue of Newton’s constant. It has a value,
which is model dependent, i.e., specifically depends of the pdf chosen. We will soon derive an
expression for it, and we will notice that it will depend on radius. The MKS unit for mass
density in this 4-D world is, kg/m*. The MKS unit for the 4-D gravitational “constant”, Gr(4), is,

Newtons * mg/kg2 . It can be easily verified that equation, (2 — 14), is dimensionally
consistent, even though the units apply to a 4-D world.

Equation, (2 — 14), however, is not quite correct. It is missing a term on the right hand side,
which we will now correct for. To show this, we first need to develop some general ideas. We
start with the internal energy density. As is known [8-12], in N-dimensional space, the internal
energy density, u®™, can be written as

u™ = y(N,T) = 2(N — 1) a2 (kg YL (N + 1)T'(N + 1)/ [(hc)N T'(N/2)]
(2-15)
In this equation, kg is Boltzmann’s constant, c equals the speed of light, h is Planck’s constant,
{(x) is the zeta function, and I'(x) is the gamma function. Moreover, the radiative pressure,
heat density, and the entropy density, s("), are related to u™ via the equations,

p®™ = yW/N g™ =N+ 1) u™/N s = g1 (2-16)

These relations depend only on the dimensionality of space, N, and the temperature, T,

because u™ is , in itself, a function of temperature and dimension. In 4-D space, equation,
(2 — 15), reduces to

UM = u® () = a® 5

=3n/2c oW T?
= 4.7481 % 10713 T 2-17)

In equation, (2 —17), o™ is the Stefan-Boltzmann constant, generalized to 4-D space. From
equations, (2 — 16), it follows that

p@® = u®/4 qg® = (5/4) u® s® = g®r (2 -18)
The particular factors, which relate pressure to internal energy density, radiative heat density
to internal energy density, etc. depend on the dimension of space chosen, which in this

instance equals four.
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Moreover, it is possible to define a total energy “density”, er(4), by the relation,

dEr(4) _ u£4)dllr(4) n p£4)dvr(4) + q£4)d1/r(4)

= eMqy® (2 —19)

By definition, the total radiative energy “density” is found by using

(4 4

P4+ g (2 -20)

@ =y

(4

» ,is the 4-D internal energy density, py) , the 4-D radiative pressure, and

In these equations, u
q£4), the 4-D heat density, all defined at a particular radius, r, in 4-D space. The quantities are
radius dependent because the temperature depends on radius. Hence we have the subscripts,
r. Being 4-D quantities, the densities and pressures have different units than those of their 3-D

counterparts.

In equation, (2 —19), dEr(4)is the total energy trapped in a layer between radius, r, and
radius, ¥ + dr . The volume element, dVr(4) = AS” dr, is the corresponding, 4-D, infinitesimal
volume element. In 4-D, the surface area, ASL) = 2m?r3.

Technically, equation, (2 — 20), only makes sense when multiplied by a volume element, or a
surface area. This is because the units for radiative pressure (Newtons/m3) are not the same
as those for internal energy density, or heat energy density, (Joules/m®*). Both terms are
represented on the right hand side of “equation”, (2 — 20). However, when multiplied by a
volume element, or a surface area, we retrieve units which do match, as in equation, (2 — 19).
When we write an expression such as relations, (2 — 20), or, (2 — 18a) , we implicitly assume
that it is to be multiplied by such terms in order to make it dimensionally valid.

The total radiative energy density of blackbody photons, in 4-D space, is represented by the
sum given in relation, (2 — 20). It consists of three components, internal energy density, plus
heat energy density, plus radiative pressure. All are defined at the same particular
temperature. This is the temperature within a specific layer within the black hole. Being
defined at the same temperature, all three blackbody contributions exist simultaneously. In
other words, it is an all or nothing situation, because of our relations, (2 — 18).

Furthermore, we assume that all three components, indicated in equation, (2 — 20), make up
the radiative mass within a particular layer inside the black hole. In other words, er(4) = p£4) c?,

where pﬁ‘” is the radiative mass density, in kg/m?*, at radius, r, between radii, r and r + dr.
This gives,
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) 4@
r

4 4
pAY = e et AP

=10/4u®/c? AW
=10pM/c? AW (2 -21)

For the second and third lines in equation, (2 — 21), we have used the relations, (2 — 20), and,
(2 — 18). It can be further demonstrated that,

el” =10pP =24 = 10/4u (2-22)

The factors sitting out in front are specific to 4-D space. For this relation, (2 — 22), to make
sense in terms of units matching, it is assumed that we multiply this equation by a volume, or
surface element. It is under this condition, that an “equation” such as relation, (2 — 22), holds

valid. The radiative heat energy density, q£4), is related to the entropy density, Sr(4), by means

of the last equation in (2 — 18), which for a particular radius, reads, sr(4) = q£4)/TT . We treat
the entropy density as a state variable, which depends on the temperature within an
infinitesimal layer, at a particular radius .

Next, we recognize that, if we focus on a layer within the black hole, at radius, r, there is a 4-D

radiative force, FT(4). This force is directed radially out, if viewed from above, and radially in, if
viewed from below. By definition,

FY = pAl = p 2n? r? (2-23)

It will turn out that if a layer has a thickness, dr, between r and r + dr, there will be a greater
radiative force pushing out, at r, than pushing in at r + dr. This will be due to the fact that the
temperature closer in to the center, will always be greater than the temperature slightly further
out. We can also write, because of equation, (2 — 22),

eMA® =10 pWa® = 10 P (2 — 24)
Therefore, from equation, (2 — 21), it follows that
4) (4 4
PP AP =10 Fc? = £ My (2 - 25)
Equation, (2 — 7), has also been utilized. Relation, (2 — 25), is a fundamental equation.

From the last equality, in equations, (2 — 25), we see very clearly, that the chosen pdf, f,., will
determine the radiative mass distribution, as well as the radiative force distribution, within the

black hole. It will also determine, the distribution of internal energy density, and of radiative
O N COIICI I COIAC))
rAr;prAr'qTAT’
proportional to er(4)A£4). This, in turn, is proportional to, p£4)A£4), by equation, (2 — 21). And

heat density. From equation, (2 — 22), we notice that u are all
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4)A£4), is proportional to Fr(4), and f,., by equation, (2 — 25). We see from all this that

the pdf chosen will ultimately determine these other quantities as well. The units for, u(4)A£4),

T
pf”Ag), q£4)A$4), and er(4)A$4), are  Joules/m. Those for, p£4)A£4), are, kg/m.

Summarizing, the pdf, f,., will determine not only how radiative mass is packed within the black
hole, but also, how the various forms of radiative energy density and radiative forces are
distributed within the 4-D volume. Equation, (2 — 25), essentially tells us how the black hole is
structured within its interior. Ultimately, it will rest upon our choice of pdf, i.e., the specific, f;,
function chosen to model the interior.

finally, pﬁ

We now come back to our original equation, (2 — 14). Consider a specific layer, between radii,
r, and, r 4+ dr, within the 4-D black hole. The forces acting on this layer are as follows:

R = Fy = 1dF,) | 2 - 26)

,r

In this expression, Fr(4), is the 4-D radiative force pushing radially out at radius, r, and F;”(-fZir is

the 4-D radiative force pushing the layer radially in at radius, r + dr, from above. The
temperature at radius, 7, is slightly (infinitesimally) larger than that at radius, r + dr, and so we
have a slight difference in radiative pressure. We also have a slight difference due to the larger
surface area at radius, r + dr, versus that at radius, r . On the right hand side of equation,
(2 — 26), we have the infinitesimal gravitational force acting on this layer between, r, and, r +
dr . This is acting on the radiative mass trapped within that layer, and this force is directly
radially inwards. We will prove in section V, due to Gauss’s law in 4-D space, that
4 4) (4 4
| dFY) = 6OM® am® jr
= G, M pP AP dr

=GcPMW p® 212 ar (2 —27)

The infinitesimal gravitational force depends on the strength of gravity, the enclosed radiative

mass, Mr(4), and the radiative mass density at radius, r . This is the force acting on the layer of
thickness, dr, out at a specific distance, r, from the center of the black hole.

We next rewrite equation, (2 — 26), as follows:

4, _ 4 (4)
|dE® | = E® —FD,.
= E® _ (E® 1 aE™)
= —dF®
A

= —dp4")
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= —dp;” 47 —p;” aal”
= —dp® AW — p® er2r2gr (2-128)

In the last line, we used the 4-D surface area, A£4) = 2m%r3, to calculate, dAS” = 6m?r?dr.

From the 4% line, we notice that if, p£4)A£4) = constant, then there can be no gravitational

force within the black hole. The left hand side would then equal zero. This allowed us to

disqualify equation, (2 — 6), as a solution. By equation, (2 — 21), p£4)A£4) is proportional to
pﬁ“ASL) . Thus, if one expression, is a constant, then, so too, is the other expression. We also

see that equation, (2 — 13), is inadmissible, because, if it were, then by equation, (2 — 7),
p£4)A54) would be proportional to a constant. This, in turn, would make the right hand side of
the fourth line, in equations, (2 — 28), equal to zero. To make a long story short, a uniform
probability distribution function is not feasible. Both equations, (2 — 6), and, (2 — 13), refer
to this scenario. A uniform distribution is too simplistic to model the interior of a black hole. It
would also lead to much too high inner-surface temperatures for a black hole, if we want to
pack the required mass within its confines.

We next substitute the right hand side of equation, (2 — 27), into the left hand side of relation,
(2 — 28), since these are equivalent. We thereby obtain

¢OMPp® 2n2dr = —ap™® AP — p® 6n?ridr (2 — 29)
This we divide by, dr, and rearrange terms. The result is

dp® jar A® = —¢PMPp® 212 — p* 6722
, or, dividing by 4-D surface area,

dp fdr = =GOMP pP fr3 =3 p P fr (2 -30)

We can compare this to our original ansatz, equation, (2 — 14). Right away, we notice that the
second term in equation, (2 —30), is new! Equation, (2 — 14), is missing this term, and
cannot be correct because it does not take into account the change in surface area. Equation,

(2 —14), assumes that, ASL) =AW

r+ar» Which is patently false. If we retrace our steps, we
4)

ey acts( r)adially inwards, at radius, r + dr, and it acts on surface area, Ag)dr.
4

The radiative pressure, p,; , on the other hand, is directed radially out, and it acts on a different

recognize that p

surface area, A£4). The difference in radiative forces in equation, (2 — 28), requires us to take
into account not only a change in pressure, but also, at the same time, the change in areas,
upon which these pressures are acting. In the 4" and 5% lines of equations, (2 — 28), we see
this very explicitly. The change in area is what leads to the second term on the right hand side,
in the last line of equation, (2 — 28). In 3-D stellar hydrostatics, apparently, the second term
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must be negligible when compared to the first term, and for this reason, it is probably ignored.
We do not do so here. That second term on the right hand side of equation, (2 — 30), is
crucial.

I Choosing a Truncated Gaussian as a PDF for a Radiative Mass Distribution
within the Black Hole; Determining the Shape Parameter

As was shown in section Il, equations, (2 —6), and, (2 —13), led to a naive solution for
determining the distribution of radiative mass within the black hole. If the distribution of
radiative mass within the black hole were uniform, then a gravitational force within its interior
cannot be accommodated. Nor would we be able to keep the inner surface temperature small
with such a choice, and still pack the requisite mass within radius, R. We are thus led to
consider other pdf’s which will bypass these problems. One good choice for our purposes is a
truncated Gaussian [13-18]. In this section, we will fix the parameters associated with this
distribution, such that we can model the interior for any size black hole. In this section, and the
remaining sections, we will typically drop the superscript (4) on variables as a matter of
convenience, as all quantities are defined in 4-D space.

First and foremost, we should recognize that other choices [19-22] for a continuous truncated
pdf are possible. They would lead, like the truncated Gaussian we are about to choose, to
steep increases in radiative densities and pressures within the interior. Among the possibilities,
we could list the truncated exponential distribution, the beta distribution, the Kumaraswamy
distribution, etc. These all have support, r € [0, R], and satisfy equations, (2 —8), (2—9)
and (2 — 12). Moreover, upon a judicious choice of parameters, these probability distributions
can mimic the truncated Gaussian in many ways. The exponential involves only one parameter;
the other two listed, require two parameters in order to specify the distribution. We will
however choose the Gaussian or Normal distribution, f, = f(r,u,0;a,b) = f(r,u,0;0,R),
where (u, o) are the parameters to be determined, and [a, b] = [0, R] are the lower and upper
bounds for the r = radius value.

The truncated Gaussian, or truncated Normal, distribution with parameters, (i, o), will serve
our purposes well for the following reasons. We list them in bullet form.

1. The pdf is relatively simple, somewhat familiar, and non-trivial

2. Being a continuous distribution, this pdf can be made to smoothly increase, starting
from a minimum value at, r = R, to a maximum value at, r = 0.

3. This pdf becomes particularly simple if the mode is chosen at, r = 0. In this situation,
u = 0, and our two parameters reduce effectively to one, the shape parameter, o.

4. This pdf can be made to pack an incredible mass within a relatively small volume,
especially in 4-D space, and still keep the inside surface temperature very low.

5. The pdf has maximum entropy of all the continuous distributions. In fact, random error
follows this kind of distribution. It seems, in this regard, to be an efficient way to pack
radiation energy. We have a distribution of blackbody energy based on temperature
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called Planck’s law. Superimposed on this is a distribution based on radius, our
truncated Gaussian.

For these reasons, we pursue this choice. It may turn out, however, that other truncated pdf’s
have more desirable characteristics and behavior. This can be worked out in other papers. We
emphasize that all properties within the black hole in this paper are pdf-model dependent. This
includes the calculation of entropy, gravitational constant, gravitational force, etc. and so the
choice is very important. Great flexibility is present, however, for working out various
scenarios, with this, and other probability distribution functions.

We will assume a-priori, that the mode is to be set at, r = 0. As mentioned several times, this
fixes the parameter p. Under this assumption, 4 = 0, and our pdf, f,., takes the following,
much-simplified form,

fr=f(0,0;0,R)

= /(2/m) 1/ exp(—-12/(20?%)) 1/erf(R/(V20)) 3-1)

Thus, the maximum radiative energy density is at, r = 0, the very center of the black hole. In
this equation, erf(x) is the error function, and ¢ is the shape parameter. The corresponding
cumulative distribution function, EPF, is found using the defining relation, (2 — 12). The
result of this integration is,

EfPF = F(r,0,0;0,R)

= erf(r/v20)/erf(R /N 20) (3-2)
This leads trivially to, F5?F = 1. See equations, (2 — 12), and, (2 — 8). In the special case
where, u = 0, the mean is given by the following, much-simplified, function,
Mean = \/(2/m) o [(1 — exp(—R?/(20%))] 1/erf(R/V20) (3-73)

The variance can also be calculated. The result is

Var = 02[1 — R/o[1 + erf(R/V20)]/erf(R/V20)) — % [(1 — exp(—R%/(202))/erf(RV20)]?
(3-4)

Other higher moments can be calculated. We note that for the truncated Gaussian, the mean is
not simply equal to, u. Neither is the standard deviation, equal to, 0. The mean is calculated
using equation, (3 — 3). We see that its value depends on g, the shape parameter, and radius,
R. The standard deviation is given by the expression, STD = \/Var, where the variance is
written out in equation, (3 — 4).

We know that equation, (2 — 7), is a requirement. We can specialize this equation to zero
radius, and, r = R. In the first instance, we obtain, with the help of equation, (3 — 1),
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Polo = Mgfy

= Mz V(2/m) 1/ 1/erf(R/V20) (3-5)
In the second instance, we find, again with the help of equation, (3 — 1),
PrAR = Mgpfr
= Mz V(2/m) 1/0 exp(—R?%/20?)/erf(R/20) (3-6)

The superscripts have been dropped as we are dealing here exclusively with 4-D quantities.

Equation, (3 —5), is to be understood, in the following sense. In the limit where, r — 0, this
equality holds. A density function such as, p,, requires a finite volume, and so, on the left hand
side of equation, (3 —5), we require a minimum volume. The right hand side is definitely not
volume dependent, and unequal to zero. For left and right hand sides to match, we imagine a
limiting process where the right hand side is always finite, but the left hand side approaches,
but never reaches, r = 0. It is in this limit that we are to understand equation, (3 —5). We
also notice that the right hand side of equation, (3 — 6), is unequal to zero (unless o = ),
and thus finite in value.

We next divide the left hand side of equation, (3 — 5), by the left hand side of equation, (3 —
6). We do the same thing on the right hand side. Performing this operation lets us write

PoAo/(PrAR) = fo/fr = exp(R?/207) B3-=7)

We shall see, shortly, that the quantity, R?/20?2, is, in practice, already large when applied to
black holes. Thus the ratio, f,/fz, is dramatically large.

More generally, following the steps above, if the radius lies within the range, 0 <r <R, we
can use equations, (2 — 7), and, (3 — 1), to demonstrate that

prAr/(PrAR) = fr/fr = exp[(R* —12)/207] (3-8)

With this equation, we see that the product, p,4,., is monotonically decreasing with increasing
radius. We have a maximum value for linear radiative mass density, p,-4,, at, r = 0, and this
steadily decreases, until we achieve a minimum at r = R. Not only is radiative mass density,
prA,, decreasing with increasing r, but so too are, the internal energy density, u, 4, , the

radiative force, p, A, = F. = Fr(4), and the radiative heat density, g, A,. Refer to equations,
(2-21), (2—-22), (2—23), and, (2 —24), where these specific proportionalities are
established. These quantities, must therefore, also decrease according to equation, (3 — 8),
for increasing radius. It remains to determine the parameter, o, and this we do next.

One way to find the shape parameter, g, is to start with equation, (2 — 25). We rewrite it here
in the form,

f- Mg =10 E,/c? B3-9
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On the left hand side, we have the pdf, whereas on the right hand side we have the 4-D
radiative force, at radius, r, within the black hole. We specialize equation, (3 — 9), to radius,
r = R. So we are just inside the event horizon, on the 4-D side. This gives

fRMR=1OFR/Cz (3_10)
We next recognize that for an isolated, static black hole (ISBH), with no heat inflow,
4 3
5 FY = 4 Y (ISBH) (3-11)

This was proven in reference [5], using the generalized Stefan-Boltzmann law at the 3-D/4-D
interface. Substituting this expression into the right hand side of equation, (3 — 10), renders

fr Mg = 8 F /c? (ISBH) (3-12)

The quantity, FR(3), is the radiative force right outside the event horizon, on the 3-D side. For an
isolated, static black hole, it was assumed that the radiative temperature just outside the event

horizon is equal to, 2.725 K, the CMB temperature. Thus, FR(3), can easily be determined
numerically. The result is

F® =pP4D = 1734 anr?
=1/3a® (2.725)* 4wR?
= 1/3 (7.5657 = 10716) (2.725)* 47R?
= 1.747 + 10713 R? (ISBH) (3-13)

In the first line, we made use of the first equality in equations, (2 — 16). For the 2"¢ and 3™
lines, it is well-known that, in 3-D space, the internal energy density can be expressed as, u,(:’) =
a®T* = (7.5657 * 1071°) T*, in MKS units.

We next substitute the right hand side of equation, (3 — 13), into the right hand side of

equation, (3 — 12), in order to eliminate 3-D radiative force, FR(3). Bringing over the factor of
total radiative mass, My, to the other side, we obtain

fa = 8 (1747 * 107 13) R2 /(M c?) (ISBH) (3—14)

Next, because of the Schwarzschild relation, R = ZGMR/CZ, we can relate the radius of the
black hole to its mass, and vice versa. This allows us to rewrite equation, (3 — 14), entirely in
terms of the mass of the black hole, or entirely, in terms of its radius. In terms of its mass, we
find,

fr = (3.416 x 10783) M, (ISBH) (3—15)
In terms, of its radius, we obtain,
fr = (2303« 1075%) R (ISBH) (3-16)

19



Either way, for a given size, or mass, we now have an expression for, fz, the probability density
function, just inside the 4-D event horizon.

Once we know, fg, we can determine, o, the shape parameter. Using equation, (3 — 1), it is
clear that

fr =V(2/1) 1/0 exp(—R%/20?)/erf(R/V20) (3 -17)

Unfortunately, the right hand side of this equation is a complicated function of g, as o occurs in
three separate places. Thus, an analytical solution does not seem possible. We therefore
resort to a numerical solution, using a trial and error approach. We step through various o
values and look for a match between the right hand side of equation, (3 — 17), and either one
of equations, (3 — 15), or (3 — 16). This is best achieved by using a spreadsheet, and we will
give specific solutions for various black holes.

We will consider three black holes. The first will have the mass which equals that of the sun
(not realistic), which we call black hole, A, abbreviated, BH,. The second will have a mass ten
times that of the sun. This we refer to as black hole, B, or BHg. The third black hole is
supermassive black hole with a mass, a million times that of the sun. These kinds of black holes
are found at galactic centers. This is black hole, C, or BH. , for short. Using these masses, and
the Schwarzschild relation, we find

(M, Mg, M) = (1.989 * 10%°,1.989 1031, 1.989 * 1036) kg
— (R4, Rp,Rc) = (2.954 % 103,2.954 * 10%,2.954 x 10°) meters (3-18)

We next determine the probability distribution function at radius, R, which is, fz, for all three
black holes using either equation, (3 — 15), or equation, (3 — 16), whichever is convenient.
We find

(froar frpr frc) = (6.8292 % 107°3,6.8292 * 10752,6.8292 x 10™*7) meters™* (3 — 19)

Using these values, we next determine the associated ¢ values. We use equation, (3 —17),
and our trial and error approach utilizing a spread sheet. We obtain a match for the following
shape parameter values, which apply for each of the black holes considered.

(04,08,00) = (1.951 % 102, 1.992 = 103, 2.241 = 108) meters (3 —20)

In this way, we can fix the parameters associated with our choice of probability distribution
function. Fixing the u values is easy, if we assume a maximum in f,. at the origin. If the mode is
at, r = 0, then necessarily, we must set, (i4, Ug, Uc) = (0,0,0). Finding the shape parameter,
o, however, is much more complicated. There does not appear to be an easier way of
determining the o value, other than this trial and error approach, and looking for a match in
solution.

Once more, we have focused on an isolated, static black hole (ISBH) because our goal in this
paper is to illustrate a method, and not work out all possibilities. If we have net radiative
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inflow, then necessarily, dQ/dt > 0. For this situation, we would have an evolving inside
surface temperature at the event horizon, one that is continuously changing with increasing
event horizon radius, R = R(t). The inside surface temperature, T;, decreases as R increases.
The net radiative heat inflow can be determined from the outside blackbody temperature, and
the size (or mass) of the black hole. This changing inside surface temperature, on the 4-D side,
would translate into other values for, fr = fr(t), and, consequently, o = g(t), which
hypothetically can be worked out. We would obtain a different distribution of radiative mass
density, or better said, a changing distribution, within the black hole because of equation, (3 —
8), and the different g, and, fi values. The point is that we would know how to proceed for
this more involved situation. In addition, in the interests of keeping the discussion manageable,
we have only considered three massive black holes. A whole catalog can be created for
differing masses, and different heat inflows.

We close this section by giving the dimensionless ratio of o value, to radius, R, for the three
black holes under consideration. This is sometimes referred to as the Pearson ratio. It occurs
very often, such as in equations, (3 —1),(3 —2),(3 —3), and (3 —4). We divide the shape
parameters indicated in equations, (3 — 20), by the corresponding radii in relations, (3 — 18).
The results are,

(64/Ra, 05/Rs, 0c/Re) = (0660, .0674, .0759) (3 —21)

Even though o is not the standard deviation for a truncated Normal distribution (see equation,
(3 —4)), the Pearson ratio is a measure of dispersion. Due to the relatively small values
indicated by equations, (3 — 21), we can expect a high concentration of radiative mass,
radiative pressure, radiative heat density, etc. located close to the center of the black hole.
Towards the surface these values will drop down to almost insignificant amounts. This will be
made apparent when we construct tables, in sections IV and V, for the three black holes under
consideration. There, we will see very clearly how the values are concentrated within a
relatively narrow radius, close to the very core of the black hole. It is interesting to notice that
this dispersion does not increase significantly, even for a very massive black hole.

v Determining Temperature, Radiative Pressure, Internal Energy Densities, and
Radiative Forces within the Black Hole

We have spent some time determining the shape parameter associated with our choice of
probability distribution. This will enable us to determine the temperature as a function of
radius, within the black hole, itself. Once we have the temperature distribution, we can also
find other key thermodynamic quantities of interest within the black hole, and specify these as
a function of 4-D radius. We are thinking of the radiative pressure, the internal energy density,
the radiative heat density, and the total (radiative mass) energy density. These quantities
depend on the temperature and temperature only. Moreover, if temperature is a function of
radius, so too, are these quantities.
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The radiative force within the black hole will also depend on temperature, but, in addition, on
the surface area. The surface area, in turn, depends on the 4-D radius. By definition, according
to equation, (2 — 23), E. = p, A, = p, 2m%r3, where we have dropped the superscript on,
E., p,, A,, for ease of writing. Unless otherwise indicated, all quantities in this section, and
the next, are 4-dimensional quantities. Therefore, we will dispense with the superscripts,
unless we have to distinguish between 3-D and 4-D quantities. At radius, r, the force, F,, is a
radiative force pushing the surface area, A, = 2m?r3, out. At radius, r + dr, we have another
radiative force, F,,4,, Which pushes the surface area, A, .4, , at v + dr, from the outside in,
because it acts from the top down. Together with gravity, which also pulls the layer between
radii, r, and, r + dr, in, these forces guarantee for hydrostatic equilibrium, according to
equation, (2 — 26). Layer by layer, the black hole is thus kept in stable equilibrium. For a given
radius, 7, the forces, F., and F,,4,-, depend only on temperature, T, = T(r). And because,
T, =T() > Tyyrqr = T(r +dr), we have a greater radiative force pushing out at radius, 7,
than pushing in at radius, r + dr. In other words, F. > F,., 4. Refer to equation, (2 — 26).

From section Il, we know that equation, (2 — 17), holds. With this equation we can calculate
the internal energy density at any temperature, T,. . Once we have the internal energy density,
it is easy to calculate the radiative pressure, the heat density, and the entropy density. We use
equations, (2 — 18). To find the total energy “density”, and the radiative mass density, we
employ equations, (2 — 20), and, (2 — 21). Thus, the temperature, T;. , is needed for all these
quantities. But, T;. , can be determined. We start with equation, (2 — 25). This equation can
be rewritten in the forms,

prAr = frMp
(e;/c?) Ay = f;Mpg
(10/4) (ur/c*)A; = fr Mg
(10/4) (a™T?)/c? A, = f,Mp

(10/4) (a®TP)/c? 2n*r® = \[(2/1) 1/0 exp(—12/(20?)) 1/erf(R/(N20)) My (4 —1)

For the 2" line, we substituted the first line in equation, (2 — 21). In the 3" line, we employed
the last equality in relations, (2 — 22). The 1% line in equation, (2 — 17), was invoked for the
4™ line in equations, (4 — 1) . And finally for the 5" line, we substituted, equation, (3 — 1), on
the right hand side, and our, by now familiar, expression for the 4-dimensional surface area,
A, = 2m?r3, on the left hand side. Upon inspection of the right hand side in the last of the
series of equations, in, (4 — 1), we see that this depends on the variables, r, R, and, o. The left
hand side depends on the temperature, T, , and the radius, r. Therefore, for a given r value, we
can use this equation to determine the temperature as a function of radius. All that we need is
the shape parameter and the mass, or size, of the black hole. Those values were determined in
the previous section for the various specific black holes under consideration.
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Equation, (4 — 1), however, is a rather complicated function. Another way to calculate the
temperature, T,-, within the black hole is less complicated, and offers additional insight. We
shall follow this approach, even though it is less direct, as it will allow us to derive the other
guantities in a more systematic manner. We proceed in a series of steps, and use the three
black holes introduced in the previous section, to illustrate the results. In this way numerical
comparisons can be made, and highlighted. The three massive black holes under consideration,
are those specified in equations, (3 — 18), where we have specified both their masses, and
their associated radii.

The first step is to determine the temperature just inside the event horizon, T;. For this we use
our generalized Stefan-Boltzmann law, derived in reference [5]. The equation reads,

(1/¢) dQ/dt = (4/3) a® T} 4wR? — (5/4) a™TP 2m?R3 (4-2)
In this equation, the constants, a®, and a®, have the numerical values in MKS units,

a® = (3n/2c) o™ = 4.7481 10713 (4 -3)
a® = (4/c) 6® =7.5657 x 1071¢ (4—-4)

The quantity, c® = 5.67 * 1078 Watts/m?K?*, is the Stefan-Boltzmann constant in three
dimensional space. In 4-D space, its extension [8] is given by, o® = 3.021% 1075 Watts/
m3K>. In equation, (4 — 2), the quantity, dQ/dt, is the net radiative heat entering the black
hole from the 3-D side. We have shown in a previous work [5] that, dQ/dt > 0, is a direct
consequence of our 4-D black hole radiation model, as we are ignoring/discounting radiative
evaporation, for example, due to Hawking radiation. These are second order effects, at best, if
they exist, as shown in reference [5]. The temperatures, T,, and Ty, in equation, (4 — 2), are
the temperatures just outside, and just inside, the event horizon, respectively. The
temperature, T, is on the 3-dimensional side, whereas, the temperature, Ty, is on the 4-D side
within the black hole. The, R, is, of course, the radius of the black hole event horizon,
proportional to its mass, because of the Schwarzschild relation.

We notice that equation, (4 — 2), contains two terms on the right hand side. The first term on
the right hand side, is the radiative heat leaving 3-D space, and entering the 4-D black hole. We
assume that the event horizon is infinitely thin. The second term on the right hand side is the
radiative heat exiting the 4-D black hole, and entering 3-D space. Both propagate at velocity, c.
Another way of writing equation, (4 — 2), is thus

1/cdQ/dt = 1/cdQ® /dt —1/c dQ™ /dt (4-15)

In this expression, dQ(3)/dt is the radiative heat streaming into the black hole, and, dQ(4)/dt,
is the radiative heat flowing out. This expression leads to a necessarily positive radiative
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surface tension, and was a primary motivation for the construction of a black hole as a 4-D
object.

There are other ways to write equation, (4 — 2), the generalized Stefan-Boltzmann law. A
particularly straight-forward way is in terms of radiative pressure, and radiative force. In this
formulation,

(1/c) dQ/dt = 4p AD —5p® AW (4 — 6)

Here, the surface areas, AS) = 41tR?, and, Ag) = 2m?R3, are the 3-dimensional and 4-
dimensional surface areas, respectively, at the event horizon. Also, it is to be noticed that the
3-D radiative pressure, pf’) =1/3 uf’) =1/3a®T,}. Thus, 'p£3), is defined in terms of the
temperature right outside the event horizon. By contrast, the 4-D radiative pressure is defined
in terms of a different temperature, T;. There, we have, p£4) =1/4 ufw =1/4a®T?,
where, T, , is the temperature right inside the event horizon, within the 4-D black hole.

Equation, (4 — 6), for net radiative heat inflow, can also be rewritten as,

(1/c) dQ/dt = 4 ¥ —5 F® (4—7)
, Where,
F® = p® a® and, F® = p® 4 (4 — 8a,b)

The particular factors of, 4, and, 5, in equations, (4 — 6), and, (4 — 7), are imposed upon us by
the dimensionality of the differing spaces. The radiative force, FR(3), acts on the event horizon

and pulls the event horizon membrane radially in. The radiative force, FR(4), by contrast, acts on
the infinitely thin event horizon, and pushes the membrane radially out. Because dQ/dt =

0, we see that, 4 FR(3) >5 FR(4) . The radiative surface tension, defined as, Fsr rqdiative =
FR(3) - FR(4), was thus shown to be always positive.

We will next assume that there is no net inflow. In other words, dQ/dt = 0, and we have what
we refer to as an isolated, static black hole (ISBH) . Net inflow will be treated in another
paper and it will be easy to extend these ideas once we understand the process for an isolated
static black hole. For an ISBH, we assume that the outside temperatureis, T, = 2.725K, a
working hypothesis. This cannot be proven, just surmised, because, at this small temperature,
net inflows will not lead to appreciable expansion. In other words, expansion, if it existed,
cannot be observed as it would be so slight. As such, at T, = 2.725 K , we may, or, may not,
have inflow. We assume no inflow. Under this assumption, the CMB photons surrounding the
black hole will lead to a temperature, called the equilibrium temperature, just inside the event
horizon equal to,

TS5 R = .0597 or, T,=.569R"Y5  (ISBH) (4 — 9a, b)
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This is obtained by solving equation, (4 — 2), after we set the left hand side equal to zero.
Remember that, for, T, = 2.725 K, we assume we have an isolated, static black hole.

Even though equations, (4 — 9a, b), were derived for an isolated, static black hole, they tell us
how to proceed for a dynamic black hole (DBH), with dQ /dt > 0. For a different outside
surface temperature, T, > 2.725 K, we will have net inflow, and, R = R(t). The relation to be
used here for T; is the same as before, except that now, R is evolving, and getting larger. As a
consequence, T; , will start to decrease by the equations above. The radius will start to
increase with net heat inflow, but until it has achieved a new value, we must assume that the
inside temperature hasn’t caught up yet. In other words it is still the temperature as
determined by equation (4 — 9b). We can argue as follows. The inside surface temperature
determines, through the shape parameter g, the inner mass distribution within the black hole.
This, in turn, determines its total mass. The total mass determines the total radius. And the
total radius relates back to the inside temperature by use of equations, (4 — 9a, b). Until such
time that the radius increases, Ty, will be fixed by the above equation. In a sense, a dynamic
black hole is an evolving set of isolated, static black holes, each with a different radius. The
energy absorbed will determine the final radius, irrespective of how much time it takes. The
rate of inflow will determine that.

If we go back in cosmological time, the CMB temperature was higher. Thus, equations, (4 —
9a, b), would have to be modified as we assumed that the CMB temperature was 2.725 K to
obtain the factors of .0597 and .569 in these expressions. For higher (or lower) CMB
temperatures, we have to scale both factors as follows: (.0597) - (Tcyg/2.725)* (.0597),
and, (.569) — (Tcyg/2.725)*/5 (.569) , to take into account different CMB temperatures. If
we go back in cosmological time, for the same radius, the equilibrium inside surface
temperature was higher. That means for the same outside temperature load, T, > T¢uypg,
inflow must have been less. In future epoch, it will be greater under the same conditions. As,
Tcms — 0, we obtain (reproduce) the permanent inflow model discussed in the introduction.

From equations, (4 — 9a), we see that the mass (size) of a black hole determines the inside
surface temperature. The greater the radius, the less of an inside surface temperature, we will
have. For the three black holes considered in relations, (3 — 18), upon using equations, (4 —
9a), we find that

(Tya Top Toc) = (115K, .0726 K, .00726 K) (4 -10)

These temperatures are many orders of magnitude greater than the corresponding Hawking
temperatures, and yet, they are below the minimum outside surface temperature of, 2.725 K.
For example, the predicted Hawking temperature for a black hole having a mass equal to that
of the sun is only, 62 nK, which is much less than .115 K, shown in equation (4 — 10) . But
then, the space considered was 3-dimensional, and a totally different specific process was
considered. We also remark that the variation in temperature between the various massive
black holes is not as dramatic as might be expected. This is due to the R~1/5 factor in equation,
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(4 — 9b), which in effect, is equivalent to M;l/s because of the Schwarzschild proportionality
between mass and radius. The Hawking temperature, by contrast, equals, Ty = hc3/
(8mtGMky), and therefore is proportional to Mz! . His temperature, therefore, falls off much
more dramatically than ours, as one increases black hole mass. This first step of finding the
inside 4-D surface temperature, really consists of applying equation, (4 — 9a), or, equation,
(4 — 9b), to find the inside surface temperature.

The second step consists of strict calculations. In this step, we determine the internal energy
density, the radiative pressure, the radiative heat density, and the total entropy density,
defined by equations, (2 —17), and, (2 — 18). These quantities are all to be calculated just
inside the event horizon, where we know the temperature, T;. For the internal energy density,
Ug = Uy = u§4), we use equation, (2 —17). The respective temperatures are listed in
equations, (4 — 10). The results for the three black holes considered are thus,

(uga U1 usc) = (9.60 x 10718, 9.60 x 1071, 9.60 » 1072*) J/m* (4-11)

These values are very small, but then the temperature, just within the event horizon is very
small. We can now use equations, (2 — 18), to find the radiative pressures, the heat densities,
the entropy densities. The results, with appropriate units, are:

(PraPLe Pic) = (240« 10718, 2.40 x 107%°, 2.40 x 1072%) N/m® (4-12)
(q1.4. 918 91,c) = (1.20 10717, 1.20 » 1078, 1.20 x 1072%) J/m* (4 —13)
(sp.4, 81,8 S1,c) = (1.04 %1076, 1.65 % 10717, 1.65 % 10721) J/(m*K) (4 —14)

Equations, (4 —11), (4 — 12),(4 — 13), and (4 — 14), hold for an isolated, static black hole
(ISBH), and until the radius has changed, for a dynamic black hole (DBH), as well.

In step three, we calculate the total (radiative mass) energy “density”, the 4-D mass density,
and the radiative force, all at, r = R, just inside the 4-D event horizon. For the total energy
density, we use equation, (2 — 20), in conjunction with equations, (4 — 11),(4 — 12), and,
(4 —13). Theresults are:

(eva e1p €1c) = (240 x 10717, 2,40 x 10718, 2.40 x 10723) (4 —15)

These values, numerically, are twice the radiative heat density, which confirms the second
equality in the equations, (2 — 22). In fact, all the equalities in equation, (2 — 22), are found
to hold true. For the mass density, we can use the first line in equation, (2 — 21), together
with equation, (4 — 15). Here, we obtain

(prarPrprprc) = (2.67 x 10734, 2.67 x 10735, 2.67 » 107%°) kg/m* (4 — 16)

These values are exceedingly low, but then we are in 4-D space. And, for the radiative force,
equation, (2 — 23), can be utilized where we use the radiative pressure values indicated in
equations, (4 — 12), together with the radii specified in equations, (2 — 18). The radii are
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needed to calculate the 4-D surface areas using the formula, Ar = 2m2R3. The net results of
these calculations give,

(Fua Fip Fic) = (1.22% 1075, 1.22 % 107%, 1.22 » 10°) Newtons (4-17)

These 4-D radiative forces, pushing out against the event horizon, seem incredibly small,
considering the fact that we are dealing with very massive objects. They, in fact, are. We
should keep in mind, however, that they push against a greater 4-D surface area. Radiative
forces, as it will turn out, are insignificant when compared to gravitational forces, except in the
most extreme of circumstances, close to the event horizon of a black hole. This will be seen
shortly. Within the interior however, radiative forces will have to be comparable to
gravitational forces for hydrostatic equilibrium. See equation, (2 — 26). On the surface we do
not have hydrostatic equilibrium; we have, instead, an intrinsic surface tension which is non-
zero due to the changing dimensionality of space. Equations, (4 — 15),(4 — 16), and (4 —
17), hold only at the event horizon, just inside the 4-D black hole, because it is there that we
have established a temperature. As we shall see shortly, all the values indicated by equations,
(4 — 11), through to, (4 — 17), will increase dramatically as we enter the interior of the black
hole. The subscript, “1” in all these relations can be interchanged with, “R”, because the
temperature, Ty, holds at radius R, inside the black hole. As examples, we can write p; 4 =

Pra,» P1,B = PrB,» q1,c = qrc , €tC.

Thus far, all the pressures, densities, and forces are given at radius, R, because at that radius,
we know the temperature. We now look into the interior, where r < R. In step 4, we will
calculate the mass density as a function of radius, p, = p(r). For that, we will employ
equation, (3 — 8). This can be written in the form,

(pr 73)/(pr R®) = fr/fr = exp[(R* —1%)/20°] (4-18)

We notice that in the limit where, r — 0, the right hand side is non-zero. Therefore the left
hand side must also be finite in this limit. This can only mean one thing for the left hand side,
namely, that p, increases more rapidly, than r3 decreases, in this limit. Also remember that p,
is really a density. A density, a-priori, requires a finite volume, however small. The pdf chosen
is seen to give us a finite result for the right hand side given this limit. And so, without further
analysis, we must accept that the left hand side is also finite in the limit where, r — 0.

For each of the black holes considered, we know the shape parameter, g, and the total radii, R.
Therefore, for a specified r < R value, we can evaluate the right hand side of equation, (4 —
18). We also know the py values on the left hand side, which hold at the surface. These are
given by equations, (4 — 16). We can therefore determine the inner radiative mass density,
pr , as a function of radius. These results have to be given in table form, because we are
considering separate, /R , values. The tables are presented in Table A, Table B, and Table C,
following the appendix. Table A, applies to a black hole having a mass equal to that of the sun.
Table B, holds for a black hole, having a mass ten times that of the sun. And table C refers to
the 3" black hole under consideration, one having a mass a million times that of the sun. All
tables will increase the radius in steps indicated. And so, in the first column, we have r =
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.03 R, .06 R, .09R, .... Notice that we do not start with, r = 0, as it is meaningless to define a
density, or for that matter, a temperature, for zero volume. We therefore start with an almost
infinitesimally small, but finite radius, r = 107® R. The associated, pr, values are calculated
under column 3 in these tables. Column 2 is reserved for, f,./fz = exp[(R? — r?)/20?], which
is specific to our choice of pdf.

The fifth step is about calculating the total energy “density”, using the first line in relation, (2 —
21). And then, by using equations,(2 — 22), we evaluate the radiative pressure, the radiative
heat density, and the internal energy density. Since the 4-D mass density, p,-, within the black
hole is a function of radius, 7, so too are, e, ,p, , q, and, u,.. The total energy density is given
by the simple relation, e, = p, c?, where c is the speed of light. Again, because we are dealing
with functions that depend on, r/R, we have to give the results in table form. These are
presented in Tables, A, B, and C, where each table refers to a black hole of a specific mass. The
values for, u, , p, and, g, , are highlighted under columns, 4,5, and 6, respectively. The values
for total (radiative mass) energy densities, e, , are not tabulated, as this is simply the sum of
columns, 4,5 and 6. Or, what is equivalent, we could take the entries under column, 2, for, p,,
in the tables, and, multiply those by c? to obtain e, .

In step 6, we finally evaluate the temperature, T,.. This step is relatively easy. Instead of using
equation, (4 —1), we will use a much simpler expression, equation (2 —17). Solving
equation, (2 — 17), for temperature, T, , gives

T, = (ur/a(4))1/5 (4-19)

In this equation, a® = 4.7481 « 10~'3, in MKS units, as specified in equation, (2 —17).
Using the u, values specified in the tables, given under column, 4, we can thus evaluate the
corresponding temperatures by use of equation, (4 — 19). These temperatures are listed
under column, 7, in each of our three tables. When comparing the temperatures at the very
core for the three black holes considered, we see something very interesting. The temperature
actually goes down at the core as the black hole increases its mass. But then the surface
temperature just inside the event horizon, T;, also decreases its temperature as radius, R ,
increases in value. This would mean that the smallest black holes have the highest
temperatures at their core. This fact could have important ramifications for high energy
physics, and perhaps even modeling massive particles as mini black holes.

It also shows that, for a dynamic black hole, the inside surface temperatures will decrease as
the radius expands. Assume that a black hole expands from a mass of one solar radius to a
mass of ten times that value. Depending on the rate of inflow, this will occur within a certain
period of time. Due to the Schwarzschild condition, the radius also increases ten-fold. We are
in effect going from table A, to table B. Now look under the temperature column. We see that
not only has the surface temperature just inside the event horizon decreased, but also the core
temperature. Think of a dynamic black hole as a series of snapshots of isolated, static black
holes, each with an increased radius.
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Retracing our steps, we should recognize that, u,, q,, p,, e, are all proportional to one
another, and thus to p,.. Using the proportionalities, we can claim that,

Ur/Ug = qr/qr = Dr/Dr = €r/€r = Pr/Pr = (Tr/TR)S (4 —20)

By setting up a ratio, the constants relating these individual quantities factor out. For the final
equality, in equations, (4 — 20), we employed the relation, (2 —17). Moreover, the mass
density, p,, in turn, is related to pg, through equation, (3 — 18). Because of equation, (3 —
18), we can further write,

urAr/(UrAr) = qrAr/(qrAR) = PrAr/(DrAR) = €rAr/(erAR) = PrAr/(PrAR)
= fr/fr = exp[(R* —1?)/207] (4-21)

An equivalent way of writing this equation is in terms of radii. Because, 4, = 2m%r3, and Az =
2m?R3, it is possible to write,

u, 13/ (ugR?) = q,73/(qrR>) = p,7°/(PrR®) = e,7°/(egR?) = p,1°/(prR?)
= f,/fr = exp[(R* = 1r?)/207] (4—22)

Moreover, we recognize that, by equation, (2 — 23), the radiative force at radius, r, is given by,
E. = p,.A,. From this, it follows that, Fx = pgAg. The 3" equality in equation, (4 — 21), can
therefore be re-expressed as,

F./Fr = fr/fr = exp[(R* —1%)/207] (4—23)

We see from equations, (4 — 21),(4 — 22), and (4 — 23), that all quantities on the left hand
side, are, in effect, determined by the ratio, f,./fz. The numerical values for f,./fr are specified
in the 2" column in each of the tables. Again, this specific ratio is fixed by our choice of pdf.

The temperature is also related to this ratio, f,./fz . The temperature profile within the black
hole, is found using the internal energy density, by equations, (2 — 17), or, what is equivalent,
(4 — 19). Using the version indicated by equation, (4 — 19), and combining this with the first
equality in equations, (4 — 20) , we are justified in writing,

T, /Tr = (ur/up)'’® = (pr/pr)"/? (4—24)

Moreover, multiplying both left and right hand sides by, (r/R)3/5, we find that,

(T+/Tr) (r/R)*S = [pr3/(prR})]I'® = (f/fa)"/® = exp[(R* —?)/100?] (4 —25)

The last two equalities in equation, (2 — 22), were utilized in obtaining the results in equations,
(4 — 25). We notice from relation, (4 — 25), that

(T-/Tr) = (R/)*° (fe/fr)° (4 - 26)
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Equations, (4 —24),(4—25), and, (4 —26), are some other ways to calculate the
temperature, T, , within the black hole. However, equation, (4 — 19), seems to us to be the
most direct way to evaluate these temperatures.

The seventh step is to evaluate the 4-D entropy density function, s, = s(r). This is considered
a state variable, i.e., it will depend on the state of the system, defined as a particular layer of
the black hole, at a specific temperature. The easiest way to find, s, , is to use the last
equation, in relations, (2 — 18). We know the heat density, q,,, as well as temperature within a
specific layer, T,.. These values were tabulated under columns, 6, and 7, respectively. Thus we
can find, s, , by simply dividing the entry in one column, column 6, by the corresponding entry
in the other, column 7. The results for, s, are listed under column 8, in tables 4, B, and C.

An interesting formulation for entropy density is to use a ratio. We can compare the entropy
density within the interior of the black hole, s,., to its value just inside the event horizon, where
S, = Sg. In step 2, we evaluated, (SR’A,SR’B,.S‘R’C) = (51,,4’51,3:51,0)- See equation, (4 — 14).
We find, upon constructing the ratio,

sr/sk = (@r/qr)(Te/Ty) = (R/T)* (fi/fr) (Te/T)
= (R/T)* (fi/fe) RITU/fR)7Y°
= (R/T)'° (f/fe)*/®
= (R/T)'*/° exp[4 (R* —1%)/0?] (4-27)

For the 1° line, we used the last relation in equations, (2 — 18), and the 2" equality in
equations, (4 — 22). For the second line, equation, (4 — 26), was employed. The 3™ line
involves simplification. And, as for the 4™ line, the last equality, in equation, (4 — 21), was
utilized. From the last line in relations, (4 — 27), we see that the entropy density increases
rather dramatically if one decreases the radius, r . As stated, the values for, s,, are specified in
the tables. They are to be found under column, 8.

In step 9, we calculate the 4-D surface area the 4-D radiative force, F. = p,A,. These values
depend on the radius, and also, on the temperature at radius, . The evaluation of surface area
is easy; we simply use A, = 2m%r3 = 2m2R3 (r/R)3. These values are not tabulated. For, E. =
prA4,, we multiply the radiative pressure, entered under column 5, by the corresponding
surface area. Those results are tabulated under column, 9, in the three tables.

As was done for entropy density, we can construct a ratio, which will tell us how the radiative
force increases within the interior of the black hole. But this was already done by way of
equation, (4 — 23). Again, the factor, f,./fr, comes into play, and this factor is listed under the
2" column in all three tables. Therefore, because, E./Fr = f./fz, we need only look under the
2" column in the three tables, to see how radiative force increases as one penetrates into the
interior. Needless to say, the radiative force increases dramatically with decreasing r value.
Although ridiculously weak at the surface of the black hole, its value within the interior is
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strong. We can think of the black hole as a multi-layered, 4-D capacitor, where energy
densities, radiative forces, and radiative pressures increase substantially with decreasing radii.

In step, 10, we determine the temperature gradient, dT,./dr, within the 4-D black hole. For
this, we will utilize equation, (4 — 25), the first and the last entry. Written out somewhat
differently, we have

TS r3 = T3 R3 exp[(R? — 1r%)/100?] (4 —28)
We differentiate both the left, and the right, hand sides with respect to radius, r. The result is
5T dT,/dr r3 + TP 3r2 = T3 R3 exp[(R? — 1%)/100?] (-1r/02) (4 —29)

We next divide the left hand side of equation, (4 — 29), by the left hand side of equation, (4 —
28). We do the same with the right hand side; divide the right hand side of equation, (4 — 29),
by the right hand side of equation, (4 — 28). In this way we obtain,

(5/T,) dT,/dr + 3/r = (-r/c?) (4 —30)
Hence, it follows that,
dT,/dr = —(r/c? +3/r) T,/5 (4 -31)

The negative sign tells us that we will have a decrease in temperature, in the amount of, dT,. ,
for a corresponding increase in radius, from r to r + dr. This decrease depends, of course, on
the shape parameter, g, as well as on the radius, r, and temperature, T,..

We know the values on the right hand side of equation, (4 — 31). The radius is specified under
column, 1, in all tables. We use, r = (r/R) R. For the temperatures, T, , we utilize the
corresponding entries under column 7 in all three tables. And the shape parameters are listed
in equations, (3 — 20). Thus, the right hand side of equation, (4 — 31), can be evaluated. We
list, dT;./dr, under column, 10, in tables 4, B, and C.

For step, 11, we calculate the 4-D blackbody specific heat, C,, = du,./dT, , at radius, r. Using
equation, (2 — 17), we see that,

C, = du,/dT, =5a™T?} (4-32)

However, we also know from the last two equalities in relations, (2 — 18), that it is permissible
to write,

sy =5/4u, /T, =5/4 a™WT? (4-33)

We utilized equation, (2 — 17), for the last equality. Upon comparing equations, (4 — 32),
with equation, (4 — 33), it is obvious that,

C, =4s, (4 — 34)
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This very simple result makes it easy to calculate the specific heat, or, du,./dT,. We simply take
the entries for, s,, specified under column 8 in the tables, and multiply them by a factor of 4.
Those values are listed under column 11 in all tables.

Our final step, in this section, is step, 12. Here, we calculate the internal energy density
gradient, du,./dr. We’ll use the fact that,

du,/dr = (du,/dT,) (dT,/dr) = C, (dT,/dr) (4 —35)

The entries for, C,, are given under column 11 in tables A,B, and C. We also know the
corresponding values for, dT,./dr , as these are listed under column 10. Thus, we are able to
evaluate the right hand side of equation, (4 —35). We display those values, in our final
column, column 12, in all tables. We remark that because, dT,/dr, is negative, du,./dr, will
also be negative. Therefore, for an increase in 4-D radius, from radius, r, to radius, r + dr, we
expect a decrease in internal energy density, du,., at a specific radius, r. Not only that, but the
radiative pressure, the heat density, and the radiative mass density, will also decrease. Refer to
equations, (4 — 20), where this can be seen directly.

Vv Determining Radiative Mass, Work Done against Radiative Pressure,
Gravitational Forces, and Entropy within the Black Hole

In this section, we will use the two stellar-like equations, which have been generalized to four
spatial dimensions, in section Il. We wish to calculate some important global attributes which
hold within, and on the surface, of the black hole. By doing so, we will appreciate the role that
the chosen pdf plays in the determination of these physical characteristics. We are looking
specifically, at the radiative mass, the work needed to assemble the black hole against radiative
pressure, the gravitational forces both within, and on the surface of the black hole, and the
entropy. To keep the discussion simple, we will consider only an isolated, static black hole,
where there is no net radiative inflow. Net inflow can be considered in a follow up paper. We
will also assume that the radiative temperature just outside the event horizon, on the 3-D side,
is the CMB temperature, 2.725 K.

As in the previous section, we will proceed in steps, as it will help us to organize our thoughts in
a coherent way. Also, we will dispense with the superscripts as all quantities, because, unless
otherwise indicated, the quantities are 4-D. The three black holes under consideration are the
same as before. Black hole, BH,, will have a mass equal to that of the sun. Black holes, BHp
and, BH. , have masses, ten and a million times that of the sun, respectively. Finally, because
these global quantities or attributes are dependent on radius, we will have to present our
results in table form. We will have three tables; table AA refers to black hole, BH,, table BB to
black hole, BHg, and table CC relates to black hole, BH,.

We start with the cumulative distribution function (cdf), given by equation, (3 —2). The
defining relation, for, EPF, is equation, (2 — 12). Written out once more, we have
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EPF = [ f, dr = erf(r/20)/erf(R /N 20) (5-1)

For each of the black holes under consideration, black holes BH,, BHg, and, BH, we have a
specific R, and, a specific o value. These are indicated in equations, (3 — 18) and (3 — 20).
Therefore, it is possible to evaluate, numerically, the right hand side of equation, (5 — 1), for
various 7 = (r/R) R values. These E‘PFvalues are listed under column 2, in tables AA, BB,
and, CC. Under column 1, we list the internal radii, in steps of, r = 0, .03 R, .06 R, .09 R,
etc.. Thisis step 1. All tables are presented at the end of the paper.

Step 2 will determine the radiative mass, M,., starting from r = 0, up to, and including radius, r.
From equation, (2 — 11), we know that,

M, = Mg E°°F 5-2)

Thus, for a determination of, M, all that is needed is for us to multiply the total mass of the
black hole, Mg, by the cdf, specified in the 2" column, in tables AA, BB, and, CC. These values
are entered in the third column in the corresponding tables. It is to be noticed, upon inspection
of the results, that most of the radiative mass is concentrated relatively close to the center of
the black hole. This holds for all three black holes considered. This is a consequence of the pdf
chosen, a truncated Gaussian, and the fact that the values indicated in equations, (3 — 21), are
relatively low in value. In other words, the dispersion is low.

In step 3, we seek to find the total radiative energy, E,., starting from, r =0, up to, and
including radius, r. We are also interested in finding the total internal energy, U,., the total
heat trapped, Q,,, and the total work done against radiative pressure in assembling the black
hole, W,.. The quantities are to be evaluated, starting from, r = 0, up to, and including radius,
r. We start with, E,.. To find the total radiative energy, we integrate over the energy density
function, but 4-dimensionally, from, r = 0, to a final value, . Within an infinitesimally small, 4-
D volume element, dV, = A,dr = 2m?r3dr, we will have trapped electromagnetic energy in
the amount, dE, = e, dV, = p,c? dV,. This is stored energy in a 4-D layer, between radius, 7,
and radius, r + dr. We integrate to find the total energy contained up to radius, r. The result
is,

E, = [, dE, = [, e,dV, = [ pyc?dV;, = M, c? (5-3)

The mass of the black hole is thought to be made up of radiative energy, in all its forms,
internal, plus pressure, plus heat. For the last equality, we made use of equation, (2 — 4). If
we specialize equation, (5 — 3), to r = R, we obtain the full mass, Mg, for the mass of the
black hole on the right hand side. See equation, (2 —5). This is the same mass that we
observe three-dimensionally.

The next quantity to be determined is the internal energy, U,. We follow the same steps as
before. Within an infinitesimal volume element, dV,. = A,.dr, we must have internal energy in
the amount, dU, = u,.A,dr. We integrate to find

4 4
Ur = fOrdUr = f;urdVT = fJEerVT — EMr c2 (5 _ 4)
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For the 3" equality, we recognized that, u, = f—oer . See the last equality in equations, (2 —

22). We proceed similarly for the heat trapped, and the work done against radiative pressure.
For the former, we find,

1 1
@ = fOrdQT - fOr qrdV = forEerVT = Mr c? (5-5)
And for the latter, we obtain,
1 1
W = for dw, = forprdVr = forﬁerd]/} = EMr c? (5 — 6)

We made use of the relations in equations, (2 — 22), in order to relate heat density, and
radiative pressure, to, e,. If we specialize the equations, (5—4),(5—5),and (5 —6),tor =
R, we see that,

4 1 1
UR:EMR Cz QR:EMR Cz WR:EMR CZ (5_7)

4 5 1. . . .
The factors of TS and, N all these relations remain the same, whether we consider, a

layer, an enclosing volume, or the total volume. The factors are imposed upon us by the
dimensionality of space and the fact that we are dealing with blackbody radiation, period.
What is obvious with these relations is the fact that the internal energy makes up 40% of the
total energy, the trapped heat represents 50% of the total energy, and the work done against
pressure makes up 10% of the total. In 3-D space, the proportions would be different. In three

dimensions, the corresponding proportions would be,% = 37.5% ,% = 50%, and, % = 12.5%.

Whenever we integrate pressure over volume, we obtain work done. Equation, (5 —6), is
particularly noteworthy from that point of view. We interpret this equation as the work done
in assembling the black hole against radiative pressure, which will want to blow the black hole
out. What keeps this radiative mass held together (contained) must be gravity. Our hydrostatic
equation shows that. Layer by layer, gravity holds the radiative forces in check. See equation,
(2 —26). In a sense, a black hole is something like a 4-D version of ball lightning, but because
of the 4-D space, it is nonluminous. See the waterfall model described in reference [4]. We can
think of it as an exotic type of 4-D capacitor, filled with blackbody radiative energy in a multi-
layered fashion.

Coming back to our tables, we list U,, Q,, and, W,., under columns 4,5 and 6, respectively. In
each of our tables, A4, BB, and, CC, we have calculated these values. The total (radiative mass)
energy is not tabulated. This can be found most easily, by multiplying, the radiative mass,
entered under column 3, by c2. Another way is to sum columns 4,5, and 6, which gives the
same results.

The next quantity to be considered is the product, G,M,. = Gr(4)Mr(4), which brings us to step 4.

In this step, we introduce the 4-D gravitational “constant”, G, = Gr(4), which is not really a
constant as it will depend on the 4-D radius. It is model dependent, unlike Newton’s constant,
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Gy. In other words, its value depends on the pdf chosen. To determine the product of, G,.M,.,
we will use equation, (2 — 30). This can be rewritten in the form,

Gy My pr = —(dp;/dr) 7% — 3p, 1 (5-8)

On the left hand side of this equation, we express the radiative mass density, p,-, in terms of
the radiative pressure, p,.. From equation, (2 — 21), it can be seen that,

prAy = 10 pr/cz Ay 5-9)

Moreover, using equation, (4 — 21), it is also true that,

prAr/(prAR) = exp[(R* —7%)/207] (5-10)

We differentiate both left and right hand sides of this equation with respect to radius, r. The
result is

[(dp,/dr) Ay + pr(dA,/dT)]/(prAR) = exp[(R® —1%)/20%] (-1/0?) G-1D)

Next, we divide the left hand side of equation, (5 — 11), by the left hand side of equation,(5 —
10), and we do the same on the right hand side. We obtain in this way, the new result

(1/py) (dpy/dr) + (1/A;) (dA,/dr) = (-1/d?) (5 —-12)
However, (1/4,) (dA,/dr) = 3/r. And therefore, equation, (5 — 12), can be rewritten as,
(dp,/dr) = (=py) B/r +7/0?) (5-13)
We next substitute both equations, (5—9), and, (5 —13), into equation, (5—28). The
relation, (5 —9), is used to eliminate, p,, on the left side of equation, (5 —8), whereas
relation,(5 — 13), will eliminate the (dp,/dr) term on the right hand side. In this way, we
obtain,

G-M, 10 p,./c? = p,.(3/r + 1r/d?) 13 — 3p,1? (5-14)

Two terms cancel on the right hand side, and we divide the remaining expression by, p,.. After
rearranging terms, we find the much simpler result,

G.M, =.1c% (r*/c?) (5-15)
This is a very interesting expression because it depends on radius, and the shape parameter, o.

Now, for the three black holes considered we know the shape parameters. These are given in
equations, (3 —20). Therefore, we can evaluate, G,.M,., as a function of radius, using the

35



above equation, (5 — 15). The results are present under column, 7, in each of the three tables,
AA, BB, and, CC.

This brings us to step 5. In this step, we calculate, G, = Gr(4). From equation, (2 — 11), we saw
that that the radiative mass, M,.,, at radius, r , is proportional to the cumulative distribution
function, EPF, by means of the relation, M, = E‘PF M. Moreover, My, being the total mass
of the black hole, can be related to its total radius, R, by way of the Schwarzschild relation, R =
2GMg/c?. We can therefore write in place of M,, the equation, M, = E‘PFM, =
EfPF(Rc?/2G). We substitute this for, M, on the left hand side of equation, (5 — 15). This
gives us,

G, EPF (Rc?/2G) = 1 ¢? (r*/a?) (5—-16)

Simplifying, and rearranging terms, it follows that,
G, E*PF =2 (G/R) (r*/a?) (5-17)

This equation shows us the relation between the 4-D gravitational “strength”, G,., and Newton’s
constant, G. If we consider the special case where, r = R, this reduces to,

Gr = .2 G (R3/0?) (5 — 18)

At, r = R, we have a sharp discontinuity in gravitational strength due to the fact that
.2 (R3/0%) # 1. In other words the gravitational strength does not match at the event
horizon, when we compare its value on the 3-D side versus on the 4-D side. As one enters the
4-D black hole from 3-D space, the gravitational strength will increase abruptly in value, from,

G, to Gy = 6}24). However, as argued in the previous paper [5], this is to be expected. Many
physical quantities will change their value abruptly due to the discontinuity of space. Gravity is
no exception. We referred to this state of affairs in our previous work as our “waterfall model”.
We emphasize, once more, that the results indicated by equations, (5 — 15), and, (5 — 18),
are pdf dependent. If we had introduced a different pdf, other than the truncated Gaussian, to
model the interior, radiative mass, distribution of the black hole, then we would have obtained
different expressions for the strength of gravity both within, and on the surface, of the black
hole.

We also notice, from equation, (5 — 17), that in the limit where, r = 0, both the left hand side
and right hand side vanish. In this limit, E?F — 0, as can be seen from equation, (2 — 12).
At the very center of the black hole, it would appear as if there is no gravitational strength. In
actual fact, it can take on any value in this singular limit, as equation, (5 — 17), would still be
satisfied. However, as soon as the radius becomes finite, not any value is allowed; equation,
(5 —17), determines a specific value for, G,. For a given size black hole, where we have a
definitive o value, the gravitational strength will increase as, G~ r*, as indicated by relation,
(5 —=17). For each of the black hole masses considered, we have the corresponding R and o
values. See equations, (3 — 18), and, (3 — 20). These values can be substituted in equation,
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(5 —17), to find G,, for various r values. We also need the EPF values, but these are
specified under column 2, in each of the tables. The calculated G, values, using equation, (5 —
17), are listed under column 8, in each of the tables, AA, BB, and, CC.

It would have also been possible to obtain, G,, using the product, G,-M,., specified under column
7, and dividing out the corresponding M,. terms, which are indicated under column 3. However,
this approach would not have given us explicit mathematical expressions for, G,..

In step 6, we determine the gravitational acceleration, g, = g£4), within the 4-D black hole.
This is most easily accomplished using a 4-D version of Gauss’s law. In 4-D space, we generalize
Gauss’s law to read,

¢E ' d—Ar) = _27Tzrggr = r/gr (5 - 19)

The M, stands for the radiative mass which is enclosed within radius, r, and we have assumed
spherical symmetry. The negative sign is due to g, pointing radially inwards. We have
introduced a “gravitational permittivity”, €., on the right hand side. As we shall see, this
qguantity will be radius dependent, and hence the subscript, . This is the gravitational
permittivity to be associated with the photon-packed blackbody medium. The permittivity
really refers to the permittivity of a material substance, which, in this instance, is blackbody
radiation at a specific temperature. Hence, it is radius dependent.

We rewrite equation, (5 — 19), as

9r = 54) == (angr) M, /r?
= —G,M,/r? (5 — 20)
, Where,
G, =GP =1/(2n%,) (5 —21)

We can think of equation, (5 — 21), as the defining equation for ¢,. Because, G,, is a function
of radius, r , so too, is, .. This makes sense as an energetically denser medium should be
reflected in the gravitational permittivity of the medium. Moreover, equation, (5 — 20), seems
a logical 4-D extension of the familiar 3-D equation, g® = —GM,. /r2.

We next substitute equation, (5 — 15), into the right hand side of equation, (5 — 20), and
cancel terms. We thereby obtain a relatively simple result,
4
gr=g;" =—1c*r/o”

= —2GM,/R (r/d?) (5-22)
For the second equality, we made use of the Schwarzschild equation. Equation, (5 — 22), is a
very elegant result. It tells us that the gravitational acceleration increases linearly with radius,
r, within the 4-D black hole of a specified mass, or radius. This is so in spite of the fact that the
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medium does not have uniform density. Also remember that the mass, or radius, of the black
hole will determine its shape parameter, o, as was seen in section lll. As such, g, is, effectively,
a constant. Equation, (5 — 22), is specific to the pdf chosen, which, in our situation, is a
truncated Normal distribution. At the event horizon where the radius, r = R , we see that,
gr = —1c?R/a?. Equations, (5 — 20), and, (5 — 22), are to be noted for their simplicity. A
different pdf would have led to different results.

We have calculated the gravitational acceleration, using equation, (5 — 22), for the three black
holes we are analyzing. The results are presented in tables, AA, BB, and, CC, under column 9.
The gravitational acceleration will have its greatest value at the event horizon, much like the
Earth.

For step 7, we calculate the gravitational potential, ¢, , as a function of radius, r, which also will
include, r = R. We know that the gravitational acceleration is negative the gradient of the
gravitational potential. If we have spherical symmetry, then, g, = —d¢, /dr, where g, is
directed radially in. Therefore, d, = —g,dr, and we can integrate. For the gravitational
acceleration, g,, we will use the first equality in equation, (5 — 22). Thus, upon substitution,

fy dor = J; (1c®) (r/o?) dr
@r — Qo = (1c?) (r*/207) (5—-23)
This can also be rewritten as,

¢r — o = (2GMg/R) (r*/207) (5 —24)

, because by the Schwarzschild condition, ¢? = 2GMy/R. At the particular radius, 7 = R,
equations, (5 — 23), and, (5 — 24), become,

Pr = @o + (1c?) (R?/207)
= @y + (1GMy R/O‘z) (5-25)

The value, ¢, is our constant of integration.

We want the 4-D gravitational potential to match the 3-D gravitational potential at, r = R. This

will guarantee an equipotential surface for the event horizon, which has exactly the same value

in both 3-D and 4-D space. For this purpose, we will demand that, (p}(f) = wlgg), at radius, R.

Using the second expression in equation, (5 — 25), we obtain
o + (1GMgx R/0%) = —GMg/R (5-26)

This fixes the constant of integration to equal,
@o = —GMg/R [1+ .1R?/0?] (5-27)

Coming back to our original expression, (5 — 24), we see that this can now be rewritten as,
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¢r = (=GMg/R) [1+.1 (R* —7%)/0?] (5 —28)

This is our expression for the gravitational potential, within the black hole, and on its surface.
We note that when, r = R, we retrieve our familiar, 3-D expression for the gravitational
potential.

Utilizing equation, (5 — 28), we can find ¢, for any value of radius, r. The right hand side can
easily be evaluated for a specific black hole mass. Given the black hole radius, or mass, we can
also find, o, using the methods illustrated in section lll. We have found the shape parameter
for three black holes; they are indicated in equations, (3 — 20). For these very specific black
holes, we have calculated the gravitational potential as a function of r. The values are listed
under column 10, in tables AA, BB, and, CC. The gravitational potential is most negative at the
very interior of the black hole.

The next step is step 8. In this step, we will evaluate the gravitational force. This calculation is
very significant is that it will allow us to determine the total surface tension, which is needed to
find the total work done in expanding the event horizon. See reference [5]. To determine the
gravitational force, we will make use of the gravitational acceleration. If we consider a layer of
thickness, dr, between radii, r, and, r + dr, the gravitational force acting on that layer, must
be,

dFg, = (gr)(dM,) = (g,)(prdV;)
= (9-)(prArdr) = (=1 c?*r/o?)(Mgfrdr) (5—29)

For the 2" equality, we have made use of equations, (5 — 22), and, (2 —25). To find the
total gravitational force, at a specific radius r within the black hole, we integrate equation, (5 —
29). We obtain as a result,

For = [0 (97) (prArdr) = [ (=1 c?r/0?)(Mgfrdr)

= (—.1 Mgc?) [, (r/o?)(fdr)

= (—.1 Mgc?) for(r/az)(fR exp [RZ;ZZ] dr)
= (=1 Mpc? o) f; (r/o?) (exp [E20| dr)
= —Fp [eRZ/Za2 _ e(RZ—rZ)/ZUZ] (5 — 30)

For the 3™ line, we have substituted equation, (4 — 21). And for the 5% line, we have used
equation, (3 — 10), to simplify the constant factor in front of the integral.

We notice that equation, (5 — 30), equals zero when r = 0, as it must. We also notice that, if
r = R, then we obtain,
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Fop = — Fg [eR*/27° — 1] (5 —31)

Both equations, (5 —30), and (5 —31), are rather simple. As always, they are a direct
consequence of the pdf chosen. We can use these equations directly to find the 4-D
gravitational force as a function of radius. We know, the, o, as well as the, R, values for the
three black holes under consideration. See equations, (3 — 20), and, (3 — 18). We also know

the value for the radiative force, Fp = FR(4), just inside the event horizon. These are given by
equations, (4 — 17), for the three black holes. The values for the gravitational force are
tabulated under column 11 in each of the tables, A4, BB, and, CC.

In the first paper [5], we spent a considerable of time talking about the significance of the
surface tension. In fact, we noted that it consisted of two components, a radiative as well as a
gravitational component,

4
Fsr = (Fst ragiative + FG(,R))

=[P - Y + XY (5 —32)

See equations, (3 — 10), or, (3 —13), in reference [5]. The radiative force, FR(3), is the 3-D

radiative force pushing the event horizon in, whereas, FR(4), is the 4-D radiative force pushing
the event horizon out. The surface tension is important in determining the work needed in
expanding the black hole. Very simply, to increase the radius of a black hole by an amount, dR,
from surface radius, R, to, R + dR, it takes the following amount of work, dW = Fgr dR. We
compare the radiative surface tension in equation, (5 — 32), to the gravitational surface
tension within the same equation. From reference [5], we obtained

Mgy = (Msunl 10 Mgy, 10° Msun)
= Fsr radiative = (3.05 * 10_7, 3.05 x 107> , 3.05 % 10+5) (5 —33)

Refer to equation, (3 — 19), specifically, in the work cited. These values hold for an isolated,
static black hole, where there is virtually no net radiative heat coming in. We compare these
values to the gravitational force values, indicated in tables AA, BB, and CC. There we obtain, at
the surface,

Mgy = (Msunl 10 Mgy, 10° Msun)
- Fgr gravity = FG,R = (7.30 * 1043, 7.16 x 104> , 6.36 % 1043) (5 - 34)

In both equations, forces are measured in Newtons. We see that there is no comparison.
Radiative forces cannot compete against gravitational forces when expanding a black hole in
this situation, where there is virtually no net radiative heat inflow.
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If there is substantial net heat inflow, the radiative surface tension contribution may not
negligible. Consider an external, outside temperature of, T, = 10° K, which would correspond
to hard X-rays, having energies in the 100 keV range. We can work out the radiative forces, in
terms of radius, R. We obtain using our, by now, familiar relations,

B =pPAY =2 a®(10%)* 4mR? = 3.17 x 1021 R? (5 — 35)

Fe? = piP Ay == a®(0597 « R71)° 2n?R% = 1.40 x 10713 R? (5 — 36)

We have used equations, (4 —8a,b), (2 — 16a),(2 — 17) and, (4 — 9a), to obtain the above.
The 3-D internal energy density can be expressed as, us) =a®T* = (7.5657 * 10716) T*, in
MKS units, a well-known result. The radiative surface tension is defined as, Fsr rqdiative =

FR(3) — FR(4). For the three black holes, we therefore find, using the definition for radiative
surface tension, and equations, (5 — 35), with, (5 — 36),

MBH == (MS'LLTU 10 Msun: 106 Msun)
= For ragiative = (2.77 * 10?8, 2.77 x 103°, 2.77 = 10%0) (5-37)

We have used the radii listed in equations, (3 — 18). These values in equations, (5 — 37), are
still much less than those indicated by equation, (5 — 34). However, for very massive black
holes (Mg > 10°M,,,,) , with external temperatures very high (T, > 10° K), we can see that
we are approaching a situation where the radiative contributions to surface tension can no
longer simply be ignored.

Our final step is step 9. In this step, we evaluate the entropy of a black hole, S, , as a function
of radius. We treat the entropy as an extrinsic quantity, dependent on volume. Our volume,
however, is a 4-dimensional one. In a volume element, dV,, between r and r + dr, we can
expect a value for entropy in the amount, dS, = s,.dV,. , where s, is the entropy density in
layer, r and r + dr. The entropy up to radius, r, can be found by integrating this expression.
We find that,

S, =81 = [ s;dv = [ s, Adr (5 — 38)
The, A, = 2m?r3, is the 4-D surface area at radius, 7. On the left hand side, we have fixed the
constant of integration, S; = 0, as we believe that there can be no entropy if the volume is

zZero.

We know, however, that the entropy density can be related to radiative pressure, when
multiplied by a volume or surface area. From equations, (2 — 18), we can write,

SrAy = 5/4 urAr/Tr =5 prAr/Tr (5 - 39)

This expression will be substituted into equation, (5 — 29), and we obtain,
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Sy = [, syArdr = [ 5p. A/T, dr =5 [ F./T, dr (5 — 40)

For the last equality, we employed equation, (2 — 23), which relates radiative force to radiative
pressure.

Next, we utilize, equation, (4 — 23). Substituting this for, F,, allows us to re-express equation,
(5 —40), as follows.

Sy =5 [, /T, dr =5 Fg [, exp[(R? —12)/20%]/T, dr (5 — 41)
We will also make use of relation, (4 — 25), which we will rewrite as,

1/T, = 1/Tx (r/R)3/> exp[—(R? —r?)/100?] (5 —42)

We substitute this equation, (5 — 42), into the integrand of equation, (5 — 41), in order to
eliminate the 1/T, term. Upon simplifying, we find that

S, = (5Fx/TR)(1/R¥) [ r3/Sexp[.4(R? — r?)/0?] dr (5 — 43)

This is an expression, which can be integrated. The result is

_3 2 4 272 4 2R
Sr=(~Fa/T) RS (5/2)° [T (5.555) = T (5)1 0%/%e? (5 —44)
In this equation, I'(s), is the gamma function and, I'(s, x), is the upper incomplete gamma
function, defined in the appendix. Using the identities given in the appendix, we can re-express
equation, (5 — 44), in terms of the lower incomplete gamma function, y(s, x). The result s,

3 9 (4 22 2R?
Sy = (+Fe/TR) R75 (5/2)5 v (3,25) 0%/5eGa? (5 — 45)
This gives the entropy as a function of radius within the black hole. In hindsight, equation, (5 —
45), could have been obtained by using equation, (4 — 27). This would have been a little more
direct, but then we would not have seen the connection between temperature and radius, as
specified in equation, (5 — 42). And the quantity, sg, would also have to be worked out.

The lower incomplete gamma function, I'(s, x), in equation, (5 — 45), can be evaluated for
various radii within the black hole since we know the o value. We also know the radiative
force, Fg, just inside the black hole, as well as its radius. Finally, the temperature, T = T, is
also known. Therefore, the entropy, S,, can be calculated for each of the black holes
considered. The results are presented under column 12 in the tables, AA, BB, and, CC. For the
various radii, equations, (3 — 18), were utilized. For the shape parameters, equations, (3 —
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20), were employed. The corresponding 4-D inside surface temperatures were specified by
equations, (4 — 10). And in relations, (4 — 17), we have the respective radiative forces, just
inside the event horizons for the black holes being analyzed. All the quantities in equation,
(5 — 36), are 4-D quantities.

We note that because of the mathematical inequality, I'(s) > I'(s, x), the entropy, as given by
expression, (5 — 35), will always be positive. We also give the Excel function for the lower
incomplete gamma function, as this is somewhat unusual. To calculate, y (s, x), we may use

y(s,x) = EXP(GAMMALN(s)) * GAMMA.DIST (x,s, 1, TRUE) (5 — 46)
Utilizing this expression, one can verify these results.

We are now in a position to discuss our results. We first notice upon inspection of tables,
AA, BB, and, CC, that the radiative mass in each instance is very much concentrated within the
core of the black holes. In fact, within a radius of 15% of the total radius, we have the following
percentages of total mass contained, for the three black holes being considered:

(M{L 1sp, ME_ (cr, ME_icg) = (97.7% M%, 97.4% ME, 95.2% M§) (5—47)

These percentages indicate that the radiative mass is very much localized within a relatively
small core volume. The cumulative probability distribution function, F°PF, listed under column
2, represents the actual percentage of total mass contained within a given radius. See
equation, (2 — 11).

The same percentages hold for the total radiative energy, E,._ 155, at v = .15R, the internal
energy, U, 15z, at v = .15R, and the heat energy, Q,- 155, at ¥ = .15R. All these quantities
are proportional to, M,._ 155, as can be seen by equations, (4 — 22), and, (4 — 23). Once we
know how radiative mass is distributed within the black hole, we effectively know how energy,
in all its forms, is likewise distributed. We have chosen a specific pdf to model the mass
distribution within the interior of the black hole. This fixes column 2 in all these tables. And
from column 2, we derive the other quantities. Again, we can think of the black hole as an
exotic type of capacitor in that it can store radiative energy. How specifically that energy is
packed will depend on the pdf, which is chosen.

A third realization is that gravity varies within the black hole. Surprisingly, it is radius
dependent, a consequence of the pdf chosen. Thus, in 4-D space, the 4-D gravitational
"constant”, G, = Gr(4), is not a constant. Also at the event horizon, its value changes abruptly.
Upon entering the black hole from 3-D space, its value increases dramatically from, G = Gy,
which is Newton’s constant, to G, = 6154). We can set up a ratio of Gz /G. This ratio is not
dimensionless as the gravitational “constant” in 4-D space has units of, Newtons m3/kg?.
We find for the three black holes under investigation, the following increases upon entering the
black hole form 3-D space:
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(GA/G, GB/G, GE/G) = (1.35 % 105, 1.30  10°, 1.03 = 10'1) meters (5 — 48)

The larger the black hole, the greater the increase upon entering 4-D space. For supermassive
black holes, this increase is particularly impressive.

A fourth surprise is entropy. Contrary to current thinking, the entropy in our model suggests
that a black hole may be a highly ordered state. Our entropy value, in relative terms, is small,
very much smaller than the Bekenstein result. Also, our entropy scales with increasing radius,
comparable to R?, but not with a clean power law. Our expression for entropy is given by
equation, (5 — 45). At radius, r = R, which characterizes the event horizon, this quantity has
been calculated in each of the tables. For the three black holes being analyzed, we find

(SA, SB, SS) = (1.63 1037, 6.59 x 1040, 7.24 x 10%6) (5 — 49)

The units for 4-D entropy are, Joule/K, in the MKS system. According to Bekenstein, the sun
has an entropy of roughly, 103> J /K. For a black hole having the mass of the sun, he calculates
a value equal to, 1.5 * 10%* J /K. Our value for a black hole having the mass of the sun is
different, 1.63 = 1037 J /K, which is about one hundred times larger than that of the sun, but
much, much lower than his estimate. See the first equality in equations, (5 — 49). Moreover,
his entropy scales as, Sgekenstein~ R2. Our entropy also scales, but the scaling behavior is
complicated. Upon inspection of the values indicated by equations, (5 — 49), there is much
variation between the various masses, and corresponding radii. If our result is to be believed,
most of the entropy in the universe is, thus, not in the form of black holes. As with other
calculated global quantities, it needs to be emphasized that our formula for entropy depended
on our choice for distribution function. If we had chosen a different pdf, other than a truncated
Gaussian, the results for entropy would be entirely different.

As with radiative mass, most of the entropy, is to be found within the very interior of the black
hole. Resorting to the tables, we can calculate how much entropy we have, as a percentage of
the total, at a radius of, r = .15 R. We find,

(SA 1sr SE 15r, SEo15r) = (91.2% S, 90.4% SE, 84.9% S§) (5 —50)

We see that we have accounted for 85%+ of the total entropy, within an inner radius, 15% of
the total.

VI Summary and Conclusions

In this work we analyzed what the internal structure of a black hole could look like, given our 4-
D blackbody radiation model for a black hole. We treat the black hole as a self-contained,
spherically symmetric, steady state, 4-D spatial ball filled with radiation. The blackbody
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radiation produces the radiative mass and we chose a particular pdf, the truncated Gaussian, to
pack the mass a certain way within its interior. Any truncated pdf with support, r € [0, R],
hypothetically, could have been chosen, but the truncated Gaussian is relatively simple,
somewhat familiar, and leads to acceptable results. We fixed the parameters by assuming that
we have maximum radiative energy at the center, which allowed us to set, u = 0. We were
also able to determine the shape parameter, o, by using the temperature just inside the event
horizon. This inner surface temperature was calculated using a generalized version of the
Stefan-Boltzmann law, derived in a previous paper, and which allows for radiative transfers
between spaces having different dimensions. In a very real sense, we can think of a black hole
as an exotic type of capacitor, but one which stores energy in 4-D space, in a non-uniform way,
and, in blackbody form. The distribution of radiative energy is not constant; rather it follows a
pdf, which has to be specified and fulfill certain conditions. We treat the black hole as a 4-D
construct, for reasons given in a previous work. If our model is correct, the rip or tear in the
space-time continuum occurs not at the center of the black hole, but rather at its surface,
because it is there that we are transitioning between 3-D and 4-D space. The event horizon is
assumed infinitely thin.

In section Il, we considered two stellar-like equations, conservation of mass and hydrostatic
equilibrium. We generalized these equations to 4-D space. We discovered that the radiative
mass density cannot be uniformly distributed. First, the temperature at the surface of the black
hole, on the inside, would be too high, if we want to accommodate the required mass. Second,
and perhaps more importantly, we would have no gravitational forces within its interior. For
that to happen, a temperature gradient is necessary. The only gravity which would then exist
would be at the surface. We therefore introduced a generalized Gaussian distribution, but
truncated so that only values of radii within the black hole are admissible. The 4-D
generalization of the hydrostatic equilibrium equation, (2 — 14), was also considered. We
found that this had to be modified because it is not just pressure which is changing when one
changes the radius. We also have to change the surface area upon which this pressure is
acting. Our modification to this equation is relation, (2 — 30). In section Il we argued that the
internal energy density, the heat density and the radiative pressure all contributed towards the
total energy/radiative mass density. A temperature change will carry over to all these variables,
and not selectively to a subset. All these variables are defined in terms of a specific
temperature, and if the temperature changes, so, too, do all these variables change,
simultaneously.

In section lll, we looked at the specifics of the truncated Gaussian distribution. We specified
the pdf, and the corresponding cdf, for the case where the mode is assumed to be at the
center, r = 0. This fixed our first parameter, u, associated with this distribution. In this case
where we have maximum radiative mass density at the center, u = 0. The second parameter,
o, called the shape parameter, was determined using the inside surface temperature of the
black hole. We determined three values for sigma, for three specific black holes. The results
are given by equations, (3 —20). The black hole masses considered were highlighted in
equations, (2 — 18). For this choice of distribution, equations, (3 — 6), and, (3 — 8), tell us
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how the radiative mass is distributed (packed) within the black hole. In this paper, we
considered, by and large, only black holes for which there is no radiative heat inflow. This was
to keep the discussion simple. We did indicate, however, how to generalize these results for
the situation where there is net heat inflow. Equations, (2 — 14),(2 — 15),and, (2 — 16)
apply if there is no net heat inflow. This allowed us to find the pdf value, fz, at r = R. We then
used equation, (2 — 18), to fix the o value for each black hole having a different mass, or
alternatively, radius.

Section IV concerned itself with determining the temperature profile, the various densities, the
radiative pressures, and the radiative forces within the black hole. All these quantities are
functions of the 4-D radius, r. After a review of the generalized Stefan-Boltzmann law for a 3-
D/4-D interface, we found, T;, which is the temperature just inside the event horizon, on the 4-
D side. For the three black holes considered in this paper, these temperatures were evaluated.
They are given by equations, (4 — 10). The calculated temperatures, specified by equations,
(4 — 10), are much higher than the corresponding Hawking temperatures, but then again, they
are defined within a different spatial dimension, and are obtained by different means. The
three black holes we focused on, numerically, were those having masses, and radii, as specified
under equations, (3 — 18).

Once we have the temperatures at the surface, we can use our probability distribution
function, to determine the temperature profiles, T,, = T'(r) within the interior. This will also
allow us to calculate, within the interior, the internal energy density, u,, = u(r), the radiative
pressure, p,- = p(r) the heat density, q,, = q(r), the total radiative mass density, p,, = p(7),
the entropy density, s,- = s(r) and the radiative force, F, = F(r). We presented our results in
table form, one for each black hole under consideration. Table, 4, our first table, gave the
results for black hole, BH4, which has a mass equal to that of the sun. Table, B, holds for a
black hole, BHg, which has a mass, which is ten times that of the sun. And, table C corresponds
to a supermassive black hole, BH., which is a million times more massive than that of the sun.
The equations that we used to calculate these values were given in the text.

In section V, we determined some other attributes associated with the three black holes, which
were under investigation. Specifically, we focused on evaluating the total enclosed radiative
mass, M, = M(r), up to and including radius, r. We also looked at the enclosed radiative
internal energy, U, = U(r), the trapped heat, Q,, = Q(r) and the work done against radiative
pressure, W, = W(r), up to, and including, radius, r. These were given by equations, (5 —
4),(5—-5), and (5 — 6), respectively. The total radiative energy, E, = E(r), is the sum of
these three components, and this is what produces the radiative mass in our model. For their
individual evaluation, integration over 4-D space was necessary. Their values, as well as those
for, M,. , are listed in tables AA, BB, and, CC, for various radii within the black holes. Table, AA
holds for black hole, BH4, which has one solar mass. Tables, BB, and CC, apply for black holes,
BHpg, and, BH_, respectively, where black hole, BHg , has a mass ten times that of the sun. And
black hole, BH , refers to a black hole which is a million times more massive than the sun. We
saw that these values were essentially proportional to the cumulative distribution function,
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EPF | which is indicated under column 2 in all these tables. Most of the radiative mass (85%+),

and therefore energy, is to be found within a core radius that is 15% of the total radius.

In this section, we also evaluated/calculated the gravitational acceleration, g, = g£4), the

gravitational strength, G, = Gr(4), the gravitational force, F;, = FG(? ,and the gravitational
potential, ¢, = @(r), within the black hole, as functions of radius, r. All these quantities were
given by relatively simple expressions, a result of the pdf chosen, and they are also listed in the
tables indicated above. We saw that upon entering the 4-D black hole, the gravitational
“constant” is no longer a constant, but varies with respect to radius. Not only that, but its value
increases abruptly upon entering 4-D space. The increases in gravitational “constant” over the
Newtonian value is given by equations, (5 — 48), which are the increases, for the three black

holes under consideration.

Finally, in this section, we evaluated the entropy, S, = S(r), from, r = 0, up to and including
radius, r. This was given by a rather complicated function, equation, (5 — 45), which involves a
lower incomplete gamma function. This result is a consequence of the pdf chosen, a truncated
Normal distribution. From equation, (5 — 45), we notice that the entropy depends on the full
radius, R, the inside surface temperature of the black hole, T, = T;, the radiative force just
inside the event horizon, F = p;Ag, and the shape parameter, . We have each of these
quantities for the three black holes being analyzed. Thus, we can tabulate the entropy, S, , as a
function of radius. The results are presented in each of the tables, A4, BB, and, CC, under
column 12. The total entropy, Sg, at radius, R, is especially interesting. We find that it is very
much less than the corresponding Bekenstein result, especially for very large black holes. See
equations, (5 — 49), where specific values are calculated. Our results also scale with the radius
of the black hole, but in a somewhat complicated manner. See equation, (5 — 45) , where the
R dependency is indicated. According to Bekenstein, the entropy should scale as,
Shekenstein~ R?, making it an intrinsic variable in 3-D space. In sharp contrast to current
thinking, our conclusion is that the black hole may be a highly ordered state, if our model is to
be taken seriously. Moreover, in equations, (5 — 50), we observe that the entropy is pretty
much determined within a radius, which is 15% of the full radius. Almost the entire entropy is
contained within the core.

We focused in this paper on one pdf, and one scenario, an isolated, static black hole, with no
heat inflow. Obvious extensions would be to consider net radiative heat inflows, where
dQ/dt > 0. There, we would have to specify the specific amount of temperature on the
outside of the event horizon. Another extension would be to consider other truncated pdf’s
with the same support, r € [0, R], to model the interior radiative mass distribution inside the
black hole. These may have more favorable attributes or characteristics. Our goal in this work
was to develop a framework, for considering what could happen within the interior of a black
hole. It was not, obviously, to play out all scenarios.

Another generalization of this work would be to add other forms of radiation, not just
blackbody, and consider their effect within the interior of the black hole. We could also
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incorporate massive particles, obeying Fermi-Dirac statistics. If the temperature is above the
so-called “freeze-out” temperature, these particles are in the form of radiation. Below the
freeze-out temperature, we expect distinct massive particles. We have seen that the
temperature within the black hole assume a distribution of temperatures. Thus, there could be
regions within the black hole where we have particles, and other regions, where we have
radiations. For a one solar mass black hole (see table, A), the temperature decreases from, T =
414 x 10 K, at aradius, r = 107° R, down to, T = 1.09 * 10° K, at a radius, r = .2 R. These
are high temperatures, which correspond to energies of, 357 MeV, down to, 94 keV,
respectively. Above, 214 MeV, most of the particles in the standard model [1-4] are in
thermodynamic equilibrium with the blackbody photons. To take into account both fermionic
and bosonic relativistic species, we must specify a scale factor, grora.(T), which is
temperature dependent. At about, 214 MeV, the scale factor, grora, = 62.5. We can
multiply the internal energy density of blackbody photons by a factor, such as this, to estimate
what the black hole is capable of holding energy-wise, if we wish to take into account other
forms of radiation. This is another area for further study.

Above background energies of, 1 GeV , which corresponds to a temperature of, 1.16 * 103 K,
the scale factor becomes, grorar = 75.5. And at background energies of approximately, 1 TeV
, Which corresponds to a temperature of, 1.16 = 101° K, the scale factor increases to, groraL =
106.75. Above, 1 TeV, all particles in the standard model are relativistic. Interestingly such
temperatures are only exceeded for incredibly small black holes. We saw that the smaller the
black hole, the greater the temperature within its very core. As mentioned in the text, in
passing, this may have ramifications for particle physics, and the modeling of elementary
particles as mini black holes. This is a further area of investigation. One can consider the
modeling of elementary particles as mini-black holes.

It is difficult to see, at present, how this model can be tested observationally. We can estimate
outside surface temperatures by the electromagnetic emissions being given off next to a black
hole. We can also estimate the black hole mass, and size, by the trajectory of stars in its
vicinity. This should allow us to estimate inside surface temperature. Net heat flow can then
be calculated using our generalized Stefan—Boltzmann equation. We have assumed that the
heat flowing in is a direct function of the surface temperature on the outside, versus that on
the inside. For a temperature on the inside, we assumed a-priori, that, for a specific radius, it
can be calculated as if the black hole were an isolated, static black hole. This is a working
assumption, which may or may not hold true. With all these assumptions, we might observe
how a black hole expands with time, and see if our relations make sense in predicting radiative
heat inflow with corresponding expansion. We believe that 4-D space is probably beyond our
observational reach. Probing this space to verify the radial properties within the black hole may
well prove to be the ultimate challenge.
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APPENDIX A:

Here, we present certain formulae, as it relates to the truncated Gaussian distribution, and
identities relating to the calculation of the entropy. These are given for reference purposes.

The symbols are explained in the text.

The truncated Gaussian distribution function is given by,
fr=f,u=00;0,R)
= /(2/n) 1/0 exp(-12/(20?)) 1/erf(R/(N20))
The corresponding cumulative distribution function reads,

EPF = F(r,u=0,0;0,R)

= erf(r/v20)/erf(R/V20)

B-1)

(3-2)

We have assumed that the radius has support, r € [a, b] = [0, R], and that the mode equals
zero. Thus, u = 0. The shape parameter, o, is determined by the inside surface radiative force,

Fr = FR(4), within the 4-D black hole. The function, erf(x), is the error function.
V(1/2) o eR*/@ erf(r/(V20)) = e ®*T/@0%) [COF/f
B fr =i AR (01D ARY) My = 1 Mgc?
EV/f =pP AP /(0 AP) Mg = 1e, /e, Mgc? =.1 Mgc?
Jy e® N dr = [V /fy dr=1/fr Jy fr dT = EPF /f

ECPF [fr = MREFPF /(MR fr) = M, /(prAR) = Myc?/(egAg) = .1M,c?/Fy

Some identities relating to the calculation of entropy follow. Let,
v(s,x) = lower incomplete gamma function = fox t5le~tdt
I'(s,x) = upper incomplete gamma function = fxoo tSle~tdt
Then,
v(s,x) + I'(s,x) =T(s)

, where, I'(s), is the gamma function. From this, it follows that
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(A-2)
(A-3)
(A—-4)
(A-5)
(A-6)
(A=7)
(A-8)



y(s,x)=T(s)—T(s,x) >0 (A-9)

This inequality will always lead to a positive value for entropy.

il

[T e MR/ 13/5 g — _ 58 [F (ﬁ Zrz) _r (ﬁ)] 58/5 oAR?/a?

9 ] 2
0 25 5°50 5
2 2
_ 4 58 4 2r 8/5 ,.4R%/c?
—+—2 ]/(E,Q)O'/ e / (A—].O)
5

The symbol, 7, refers to the 4-D radius within the black hole. Other identities are derived in the

text.

Tables A, B, and C (These tables refer to section IV):
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TABLE A - for a Blackhole having 1 Solar Mass

t/R - f/f

0.000001
0.03
0.06
0.09
0.12
0.15
0.18
0.21
0.24
0.27

0.3
0.5
1

-

5.99E+49
5.40E+49
3.96E+49
2.37E+49
1.15E+49
4.54E+48
1.46E+48
3.82E+47
8.13E+46
1.41E+46
1.98E+45
2.15E+37
1.00E+00

'Pr -

(kg/m")
1.60E+34
5.34E+20
4.90E+19
8.67E+18
1.78E+18
3.59E+17
6.69E+16
1.10E+16
1.57E+15
1.91E+14
1.96E+13
4.60E+04
2.67E-34

ur M pr

- '|'r

'(Joules/m“) '(Newtons/m3j'(JouIes/m4) '(K)

5.75E+50
1.92E+37
1.76E+36
3.12E+35
6.38E+34
1.29E+34
2.40E+33
3.96E+32
5.64E+31
6.86E+30
7.05E+29
1.65E+21
9.60E-18

TABLE B - for a Blackhole having 10 Solar Masses

(Joules/m”) (Newtons/m® (Joules/m’)

-

0.000001
0.03
0.06
0.09
0.12
0.15
0.18
0.21
0.24
0.27

0.3
0.5

-

5.87E+47
5.31E+47
3.95E+47
2.41E+47
1.20E+47
4.94E+46
1.66E+46
4.59E+45
1.04E+45
1.93E+44
2.95E+43
6.70E+35
1.00E+00

(kg/m")
157E431
5.25E+17
4.88E+16
8.81E+15
1.86E+15
3.91E+14
7.61E+13
1.32E+13
2.01E+12
2.62E411
2.91E+10
1.43E+02
2.67E-35

TABLE C - for a Blackhole having 10° Solar Masses

r/R - f/f

0.000001
0.03
0.06
0.09
0.12
0.15
0.18
0.21
0.24
0.27

0.3
0.5
1

-

5.21E+37
4.82E+37
3.81E+37
2.58E+37
1.49E+37
7.39E+36
3.13E+36
1.13E+36
3.50E+35
9.28E+34
2.10E+34
1.94E+28
1.00E+00

Pr T

(kg/m")
1.39E+16
4.77E+02
4.71E+01
9.45E+00
2.31E+00
5.84E-01
1.43E-01
3.26E-02
6.77E-03
1.26E-03
2.08E-04
4.14E-11
2.67E-40

Tables AA, BB, and CC

- qr
1.44E+50 7.18E+50
4.80E+36 2.40E+37
4.40E+35 2.20E+36
7.79E+34 3.89E+35
1.60E+34 7.98E+34
3.23E+33 1.61E+34
6.01E+32 3.00E+33
9.90E+31 4.95E+32
1.41E+31 7.06E+31
1.72E+30 8.58E+30
1.76E+29 8.81E+29
4.13E+20 2.07E+21
2.40E-18 1.20E-17

5.63E+47 1.41E+47 7.04E+47
1.89E+34 4.72E+33 2.36E+34
1.75E+33 4.39E+32 2.19E+33
3.17E+32 7.92E+31 3.96E+32
6.68E+31 1.67E+31 8.36E+31
1.40E+31 3.51E+30 1.76E+31
2.74E+30 6.84E+29 3.42E+30
4.76E+29 1.19E+29 5.94E+29
7.22E+28 1.80E+28 9.02E+28
9.42E+27 2.36E+27 1.18E+28
1.05E+27 2.62E+26 1.31E+27
5.15E+18 1.29E+18 6.43E+18
9.60E-19 2.40E-19 1.20E-18
II]I’ - pl’ - qr -
(Joules/m”) (Newtons/m> (Joules/m’)
5.00E+32 1.25E+32 6.25E+32
1.71E+19 4.28E+18 2.14E+19
1.69E+18 4.24E+17 2.12E+18
3.40E+17 8.49E+16 4.24E+17
8.29E+16 2.07E+16 1.04E+17
2.10E+16 5.25E+15 2.63E+16
5.14E+15 1.29E+15 6.43E+15
1.17E+15 2.93E+14 1.47E+15
2.43E+14 6.08E+13 3.04E+14
4.52E+13 1.13E+13 5.65E+13
7.47E+12 1.87E+12 9.34E+12
1.49E+06 3.72E+05 1.86E+06
9.60E-24 2.40E-24 1.20E-23

(

K)

K)

-

4.14E+12
8.34E+09
5.17E+09
3.66E+09
2.67E+09
1.94E+09
1.38E+09
9.64E+08
6.53E+08
4.29E+08
2.72E+08
5.11E+06
1.15E-01

1.03E+12
2.09E+09
1.30E+09
9.22E+08
6.76E+08
4.95E+08
3.57E+08
2.51E+08
1.72E+08
1.15E+08
7.39E+07
1.61E+06
7.26E-02

1.01E+09
2.05E+06
1.29E+06
9.35E+05
7.05E+05
5.36E+05
4.05E+05
3.01E+05
2.20E+05
1.57E+05
1.09E+05
5.00E+03
7.26E-03

(These tables refer to section V):
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S, ~ [

'(Joules/(mAK]'(Newtons) '(K/m)

1.74E+38
2.88E+27
4.25E+26
1.06E+26
2.99E+25
8.34E+24
2.17E+24
5.13E+23
1.08E+23
2.00E+22
3.24E+21
4.04E+14
1.04E-16

- |dT,/dr
7.31E+43 -8.40E+14
6.59E+43 -6.04E+07
4.84E+43 -2.23E+07
2.89E+43 -1.34E+07
1.40E+43 -9.47E+06
5.55E+42 -7.13E+06
1.78E+42 -5.42E+06
4.66E+41 -4.08E+06
9.93E+40 -2.99E+06
1.72E+40 -2.12E+06
2.42E+39 -1.45E+06
2.63E+31 -4.17E+04
1.22E-06 -1.81E-03

(Joules/(m*K] (Newtons)

6.80E+35
1.13E+25
1.69E+24
4.29E+23
1.24E+23
3.55E+22
9.59E+21
2.37E+21
5.24E+20
1.03E+20
1.77E+19
3.99E+12
1.65E-17

S, - |1

7.16E+43
6.49E+43
4.82E+43
2.94E+43
1.47E+43
6.03E+42
2.03E+42
5.60E+41
1.27E+41
2.36E+40
3.60E+39
8.18E+31
1.22E-04

-

(Joules/(m*K] (Newtons)

6.19E+23
1.05E+13
1.64E+12
4.54E+11
1.47E+11
4.90E+10
1.59E+10
4.87E+09
1.38E+09
3.60E+08
8.53E+07
3.72E+02
1.65E-21

6.36E+43
5.89E+43
4.65E+43
3.15E+43
1.82E+43
9.02E+42
3.82E+42
1.38E+42
4.28E+41
1.13E+41
2.57E+40
2.37E+34
1.22E+06

(K/m)
-2.10E+13
-1.51E+06
-5.56E+05
-3.32E+05
-2.35E+05
-1.77E+05
-1.36E+05
-1.03E+05
-7.62E+04
-5.47E+04
-3.80E+04
-1.26E+03
-1.10E-04

- |C,=du,/dT, - du./dr -

'(Joules/maK) '(Joules/ms)

6.95E+38
1.15E+28
1.70E+27
4.26E+26
1.20E+26
3.34E+25
8.69E+24
2.05E+24
4.32E+23
8.01E+22
1.30E+22
1.62E+15
4.17E-16

-5.84E+53
-6.95E+35
-3.80E+34
-5.69E+33
-1.136433
-2.38E+32
-4.71E431
-8.37E+30
-1.29E+30
-1.70E429
-1.88E+28
-6.75E+19
-7.54E-19,

(Joules/m*K)  (Joules/m®)

2.72E+36
4.52E+25
6.75E+24
1.72E+24
4.95E+23
1.42E+23
3.84E+22
9.46E+21
2.09E+21
4.11E+20
7.08E+19
1.60E+13
6.61E-17

-5.72E+49
-6.81E+31
-3.75E430
-5.70E429
-1.16E429
-2.52E428
-5.21E427
-9.74E426
-1.60E+26
-2.25E425
-2.69E+24
-2.02E+16
-7.24E-21,

dT,/dr - |C,=du,/dT, - du,/dr -

(Joules/m*K)  (Joules/m®)

(K/m)
-2.05E+05
-1.46E-02
-5.28E-03
-3.10E-03
-2.19e-03
-1.67E-03
-1.31E-03
-1.03E-03
-8.06E-04
-6.16E-04
-4.60E-04
-3.15E-05
-8.69E-11

2.48E+24
4.18E+13
6.57E+12
1.82E+12
5.88E+11
1.96E+11
6.36E+10
1.95E+10
5.53E+09
1.44E+09
3.41E+08
1.49E+03
6.61E-21

-5.08E429
-6.10E+11
-3.47E+10
-5.63E+09
-1.29E409
-3.27E408
-8.35E407
-2.02E407
-4.46E406
-8.88E+405
-1.57E+05
-4.68E-02
-5.74E-31,



TABLE AA - for a Blackhole having 1 Solar Mass

t/R v Fc'”r

0.000001
0.03
0.06
0.09
0.12
0.15
0.18
0.21
0.24
0.27

0.3
0.5
1

* Mass=M, -~ U, T |Q, - W, hd
'(kg) Y(Joules) Y(Joules) '(Joules)

121E-05 24064257 8.64E+417  108E+42°  2.16E+41
350E-00  6.97E+29°  2.50E+46°  3.13E+46°  6.26E+45
6.36E-01  127E+30°  455E+46°  5.60E+46°  1.14E+46
8276-01  164E+30°  5.91E+46 7.39E+46°  1.48E+46
9.31E-01 1856430 6.66E+46 8.32E+446°  1.66E+46
977601 1946430  6.99E+446°  8.73E+46  1.75E+46
9.94E-01  1.98E+430°  7.10E+446°  8.88E+46  1.78E+46
9.99E-01  1.99E+30°  7.14E+46 8.92E+46°  1.78E+46
LO0E+00 19964307  7.15E+46°  8.94E+46°  1.79E+46
LO00E+00  199E+30  7.15E+46  8.94E+46  1.79E+46
LO00E+00  199E+30  7.15E+46  8.94E+46  1.79E+46
LO0E+00  199E+30  7.15E+46  8.94E+46  1.79E+46
LO0E+00  199E+30  7.15E+46  8.94E+46  1.79E+46

TABLE BB - for a Blackhole having 10 Solar Masses

-

-

(kg) (Joules)
0.000001 1.18E-05 2.35E+26 8.46E+42
0.03 3.44E-01 6.84E+30 2.46E+47
0.06 6.26E-01 1.25E+31 4.48E+47
0.09 8.18E-01 1.63E+31 5.85E+47
0.12 9.25E-01 1.84E+31 6.61E+47
0.15 9.74E-01 1.94E+31 6.96E+47
0.18 9.92E-01 1.97E+31 7.10E+47
0.21 9.98E-01 1.99E+31 7.14E+47
0.24 1.00E+00 1.99E+31 7.15E+47
0.27 1.00E+00 1.99E+31 7.15E+47
0.3 1.00E+00 1.99E+31 7.15E+47
0.5 1.00E+00 1.99E+31 7.15E+47
1 1.00E+00 1.99E+31 7.15E+47

TABLE CC - for a Blackhole having 10° Solar Masses

r/R - |[FE -~ [Mass=M, - U, -

(kg) (Joules)
0.000001 1.05E-05 2.09E+31 7.52E+47
0.03 3.07E-01 6.11E+35 2.20E+52
0.06 5.71E-01 1.14E+36 4.08E+52
0.09 7.64E-01 1.52E+36 5.47E+52
0.12 8.86E-01 1.76E+36 6.34E+52
0.15 9.52E-01 1.89E+36 6.81E+52
0.18 9.82E-01 1.95E+36 7.02E+52
0.21 9.94E-01 1.98E+36 7.11E+52
0.24 9.98E-01 1.99E+36 7.14E+52
0.27 1.00E+00 1.99E+36 7.15E+452
0.3 1.00E+00 1.99E+36 7.15E+52
0.5 1.00E+00 1.99E+36 7.15E+52
1 1.00E+00 1.99E+36 7.15E+452

(Joules)
1.06E+43
3.07E+47
5.60E+47
7.31E+47
8.27E+47
8.70E+47
8.87E+47
8.92E+47
8.93E+47
8.94E+47
8.94E+47
8.94E+47
8.94E+47

Q, -

(Joules)
9.40E+47
2.75E+52
5.10E+52
6.83E+52
7.92E+52
8.51E+52
8.78E+52
8.89E+52
8.92E+52
8.93E+52
8.94E+52
8.94E+52
8.94E+52

(Joules)
2.12E+42
6.14E+46
1.12E+47
1.46E+47
1.65E+47
1.74E+47
1.77E+47
1.78E+47
1.79E+47
1.79E+47
1.79E+47
1.79E+47
1.79E+47

Wr -

(Joules)
1.88E+47
5.50E+51
1.02E+52
1.37E+52
1.58E+52
1.70E+52
1.76E+52
1.78E+52
1.78E+52
1.79E+52
1.79E+52
1.79E+52
1.79E+52
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Ger - Gr - gr h ¢G,r T |:G,r - sr -
'(N m3/kg) '(N m3/kg2) '(m/sz) Y(Joules/kg) Y(Newtons) '(Joules/K)
" 1808401 7.486-257  -6.976+08"  -1.08E+18°  8.37E+337  1.63E+29
" 1468419 2096-117 20064137 -1.076+418°  7.16E+42°  2.29E436
" 23384200 1846107 41864137 -1.07E+418° 24764437 6.25E436
"o1a8e+21” 7178107 62884137 -1.076418° 44264437 1.01E437
" 373217 2016-007 83764137 -1.06E+18°  5.90E+43”  131E+37
" 910e+21”7  4.68E-097 -105E+14" -1.05E+18°  6.75E+43°  1.48E+37
" 189e+422"  9556-007  -126E+147  -1.04E+18°  7.13E443"  157E+37
" 3508422 1766-087  -146E+14”  -1.036+418°  7.26E+443°  161E+37
" so6E+22"  3.006-08° -167E+147  -1.026+418°  7.30E+43°  162£+37
955€+22  4.80E-08  -1.88E+14  -1.O00E+18  7.30E+43  1.63E+37
1466423 7.326-08  -2.09E+14  -9.82E+17  7.30E+43  1.63E437
1126424 5.656-07  -3.49E+14  -8.18E+17  7.30E443  163E+37
1.80E+25  9.04E-06  -6.07E+14  -449E+16  7.30E+43  1.63E+37,

(N m’/ke)
1.73E+03
1.40E+21
2.24E+22
1.13E+23
3.58E+23
8.73E+23
1.81E+24
3.36E+24
5.72E+24
9.17E+24
1.40E+25
1.08E+26
1.73E+27

GM -

(N m*/kg)
1.36E+13
1.10E+31
177432
8.94E+32
2.82E+33
6.90E+33
143434
2.65E434
4.52E+34
7.24E434
1.10E+35
8.51E+35
1.36E437

(N m’/kg’)
7.33E-24
2.04E-10
1.79E-09
6.96E-09
1.94E-08
4.51E-08
9.18E-08
1.69€-07
2.88E-07
4.61E-07
7.03E-07
5.42E-06
8.67E-05

Gr -

(N m*/kg?)
6.51E-19
1.80E-05
1.55E-04
5.88E-04
1.60E-03
3.64E-03
7.32E-03
1.34E-02
2.28E-02
3.64E-02
5.55E-02
4.28E-01
6.85E+00

(m/s%)
-6.69E+07
-2.01E+12
-4.02E+12
-6.02E+12
-8.03E+12
-1.00E+13
-1.20E+13
-1.41E+13
-1.61E+13
-1.81E+13
-2.01E+13
-3.35E+13
-6.69E+13

o =

(m/s%)
-5,28E402
-1.59E407
-3.17E407
-4.76E+07
-6.34E+07
-7.93E407
-9.51E+07
~1.11E+08
-1.27E+08
-1.43E+08
~1.50E+08
-2.64E+08
-5.28E+08

(Joules/kg)
-1.03E+18
-1.03E+18
-1.03E+18
-1.03E+18
-1.02E+18
-1.01E+18
-1.00E+18
-9.90E+17
-9.77E+17
-9.61E+17
-9.45E+17
-7.86E+17
-4.49E+16

¢G,r -

(Joules/kg)
-8.25E+17
-8.25E+17
-8.23E+17
-8.19E+17
-8.14E+17
-8.08E+17
-8.00E+17
-7.91E+17
-7.81E+17
-7.69E+17
-7.55E+17
-6.30E+17
-4.49E+16

(Newtons)
7.87E+35
6.74E+44
2.34E+45
4.22E+45
5.69E+45
6.55E+45
6.95E+45
7.10E+45
7.14E+45
7.15E+45
7.16E+45
7.16E+45
7.16E+45

-

Fe,r

(Newtons)
5.52E+33
4.78E+42
1.71E+43
3.21E+43
4.54E+43
5.46E+43
5.98E+43
6.22E+43
6.32E+43
6.35E+43
6.36E+43
6.36E+43
6.36E+43

(Joules/K)
6.38E+32
8.98E+39
2.46E+40
4.02E+40
5.21E+40
5.95E+40
6.34E+40
6.50E+40
6.56E+40
6.58E+40
6.59E+40
6.59E+40
6.59E+40,

Sr -

(Joules/K)
5.81E+38
8.23E+45
2.30E+46
3.87E+46
5.20E+46
6.15E+46
6.72E+46
7.02E+46
7.16E+46
7.21E+46
7.23E+46
7.24E+46
7.24E+446,



