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A NOTE OF DIFFERENTIAL GEOMETRY
- APPLICATION OF THE METHOD OF THE REPERE
MOBILE TO THE ELLIPSOID OF REVOLUTION

ABDELMAJID BEN HADJ SALEM]

1 THE REPERE MOBILE

1.1 INTRODUCTION

Let E the geodetic ellipsoid of reference defined by the parameters a,e re-
spectively the semi-major axis and the first eccentricity. Let R(O, X, Y, Z) the
geocentric frame associated to this ellipsoid. A point A est defined by its tri-
dimensional Cartesian coordinates (X, Y, Z) :

X = (N + h)cospcosA (1)
Y = (N + h)cospsinA (2)
Z = (N(1 — €*) + h)sing 3)
with
N=——uw»2 )

V1 —e2sin?p
At A(p, A, h), we consider the local frame defined by the orthonormal frame
(ex, ey, en) given in the normed basis (7, j, k) of R as:

—SinA —SINPCOSA COSYPCOSA
ex = | cosA e, =| —sinpsin\ ;e, = | cospsin (5)
0 oS sinY
To facilitate the notations, let:
€1 = €) (6)
€9 = €<p (7)
e3 = en (8)

When the geodetic coordinates (¢, A\, k) of A change, the local frame at A
moves that it called mobile frame or repere mobile of the point A.
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Figure 1: The Mobile Frame

2 THE DIFFERENTIAL EXPRESSIONS OF dA AND de;

The position of A is given in R by:
OA=Xi+Yj+ Zk )

with (i, j, k) the canonical basis of R. As (eq, €2, e3) is also a orthonormal basis
of R, the liaison of (¢, j, k) to (e1, e2, e3) (A. Ben Hadj Salem, 2010) is given by:

i —SINA  —SINWYCOSA  COSPCOSA el
Jj| =1 cosh —sinpsinA cospsinA €2 (10)
k 0 cosp SNy es3

The differential of (9) gives :
dA = idX + jdY + kdZ

Now, we replace i, j et k in function of e;, e2 and e3, we obtain the differential
expressions:

dA = Y7 wies (11)

Similarly, the differential of the vector e; is expressed in (i, j, k), and will be
transformed in the basis (¢;) using the inverse of the matrix given by (10), then
we obtain:

dei = Z;z? wijej (12)
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The two formulas and define the infinitesimal shifting of the repére
mobile at A when A moves.

The coefficients w; and w; respectively in the previous two formulas are
differential forms of degree 1 in terms of differential forms d\, dy and dh (A.
Ben Hadj salem, 2012).

3 RELATIONS SATISFIED BY DIFFERENTIAL FORMS w; AND
wij

Returning to past formulas and (12), they represent differentials of vector
functions, as a result, then:

d(dA) = 0 (13)
d(del) =0 2=1,3 (14)
The formula gives:
d(dA) = d(z 0.)1'67;) = Z d(wiei) = Z(dwiei—wi/\dei) = Z dwiei—z wiAde; = 0
i i i i i (15)
Let:

Z dw;e; = Z w; N de;

Now replace de; by its expression (12), we get:
Zdwiei = Zwi Nde; = Zwi AN Zwikek = Zzwz N Wik€k
i i i k ki
Giving by changing the index i and k for the right term:
Z dwie; = Z Z We N\ WEi€;
i ik

So that:

dwi = Zzi? WE N\ Wi (16)

Now back to the formula (14):
j=3

7=3
d(dez) =0= d(z wijej) = Zd(wijej) (17)
7=1

J=1

But:
k=3
Z d(wijej) = Z dwijej —Zwij/\d(ej) = Z dwijej —Zwij/\(z wjkek) =0
J J J J J k=1
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Then:
j=3 k=3

Z dw;je; = Z Z Wij N\ Wjkek (18)
J

Jj=1k=1

The (e;) form a basis of R, e; coefficients must be equal to 0, giving after han-
dling:

dwij:Z’,iii’w@-k/\wkj 1<i<3,1<5<3 (19)

Differential forms given by and constitute the Elie Cartan formulas
(H. Cartan, 1979).

3.1 CASE OF AN ORTHONORMAL REPERE MOBILE

In the case studied in this note, the base (e;) is an orthonormal basis that is to
say:

o =1sioi=j=1
ej.ej = 0 { —0si it] (20)
Differencing (20), we get :
dei.ej + ei.dej =0 (21)

Using the formula giving de;, that is to say (12), the above expression becomes::

k=3 k=3
(Z wiker)-€5 + 61‘-(2 wjrer) =0 (22)
k=1 k=1
As e;.ej = §;;, we obtain:
]wij+wﬂ:0 Vi,j:1,2,3‘ (23)
When i = j, we get:
(Wit = wyy = w3z =0 (24)

4 APPLICATION TO THE ELLIPSOID OF REFERENCE
4.1 DETERMINATION OF THE w;
Taking the differential of the formulas in the basis (7, j, k), then :
dA =idX + jdY + kdZ
Replacing ¢, j and k by its expressions in function of e;, e; and e3, we obtain:
dA = cosp(N + h)dXey + (p + h)dpes + dhes (25)

Let:

w1 = cosp(N 4+ h)d\; wy = (p+ h)dp; ws= dh‘ (26)
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4.2 DETERMINATION OF THE Wi

The expression of de; in function of the vectors e; of the repere mobile at A is
obtained using (5):

de; = —(icosA + jsin\)d\
deg = (—cospcosAdy + sinpsinAd\)i + (—cospsinAdp — sinpcosAd\)j — kcospdp
des = (—sinpcosAdp — cospsinA\d\)i + (—sinpsinAdp + cospcosAdN)j + kcospdp

(27)
Starting from (10), we get:
de1 = sinpdles — cospdAes (28)
des = —sinpdAe; — dpes (29)
des = cospdAer + dpes (30)
also in matrix form:
dey 0 sinpd\  —cospdA e1 e1
deg | = | —sinpdA 0 —dyp el =Q 1 es (31)
des cospdA dp 0 es es
with:
0 sinpdA  —cospdA 0 wig wis
Q= | —sinpdA 0 —dyp =|wy 0 (w3 (32)
cospdA dp 0 w3y wsy 0
Then the elements w;;:
w11 = woy = w3z =0 (33)
wio = —Wwao = StNwdA (34)
w13 = —w31 = —cospdA (35)
Wo3 = —w3z = —dp (36)
4.3 VERIFICATION OF THE FORMULAS dw; AND dw;;
Let us check the formula that is:
k=3
dw; = Z Wk N\ Wi
k=1
For example, we calculate dw;:
dwi = d((N + h)cospd\) = d(Ncospd)\) + d(hcospd)) (37)



but d(Ncosp) = —psinedyp, we obtain:
dwi = —psinedp A d\ — hsinpdp A dX\ + cospdh A dA (38)

or:

dwy = —(p + h)sindip A dA + cosipdh A dX (39)

By the formula (16):

k=3
dwi = Zwk/\wkl =wi Awil +wos Awal +ws Awsyr =
k=1
04 wo Awar +ws Awsy = (p+ h)de A (—sined\) + dh A cospdA =
—(p+ h)sinpdp A dX + cospdh A dX\ (40)

Which is identical to the equation (39) above. Now we check the formulas of
the dwi]’ :

k=3
dwij = Zwl‘k N Wi
k=1
and we calculate for example dw;»:
’dwlg = d(sinpd\) = cospdp N d\ ‘ (41)

On the other hand, according to the formula (19), we get:

k=3
dwis = Zwm A wie = w1 A wiz + wai A wa + wiz A wsa
k=1
but:
w11 = w2 =0

Finally, we obtain:

k=3
dwig = Z w1k A wra = wig A wsa = —cospdA A dp = cospdp N\ dA (42)
k=1
It is the result of (#1).

5 CASE WHERE h =0

If h = 0, then the point A is on the tangent plane on the ellipsoid, in this case,
we obtain:

w1 = Ncospd (43)
wg = pdp (44)
wig = SinpdA (45)



However, according to the fundamental theorem of the local Riemannian ge-
ometry, there exists a unique differential form w2 defined in the tangent plane

which satisfies the equations (S.S Chern, 1985):

dwi = wia A wo
dwy = w1 A wia

et dwig = —Kwi Awy

with K is Gauss curvature or the total curvature at the point A.

Let us check the equations (4648). From (43145), we obtain:
dwi = —psinedp A dA
dwy = p'dp Adp =0
dwio = cospdp N dA

then:
dwi = w1a A wg = sinpdA A pdp = psined\ N dp
dws = w1 A w1z = Ncospd A sinpdA =0
et dwio = cospdp N dA

but:

w1 A wy = Ncospd\ A pde = —pNcospdp N dX
Comparing and (55), we find that :

1
dwig = ———w1 Awy = —Kwi Aws
pN

with:

1
K= N = the total curvature or Gauss curvature
P

(46)
(47)
(48)

(49)
(50)
(51)

(52)
(53)
(54)

(55)

(56)

It is the inverse of the product of two radii of curvature of the ellipsoid. (57)
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