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In this paper, we show that the dynamics of a wide variety of nonlinear systems such as engineering, physical,
chemical, biological, and ecological systems, can be simulated or modeled by the dynamics of memristor cir-
cuits. It has the advantage that we can apply nonlinear circuit theory to analyze the dynamics of memristor
circuits. Applying an external source to these memristor circuits, they exhibit complex behavior, such as
chaos and non-periodic oscillation. If the memristor circuits have an integral invariant, they can exhibit
quasi-periodic or non-periodic behavior by the sinusoidal forcing. Their behavior greatly depends on the
initial conditions, the parameters, and the maximum step size of the numerical integration. Furthermore,
an overflow is likely to occur due to the numerical instability in long-time simulations. In order to generate
a non-periodic oscillation, we have to choose the initial conditions, the parameters, and the maximum step
size, carefully. We also show that we can reconstruct chaotic attractors by using the terminal voltage and
current of the memristor. Furthermore, in many memristor circuits, the active memristor switches between
passive and active modes of operation, depending on its terminal voltage. We can measure its complexity
order by defining the binary coding for the operation modes. By using this coding, we show that in the
forced memristor Toda lattice equations, the memristor’s operation modes exhibit the higher complexity.
Furthermore, in the memristor Chua circuit, the memristor has the special operation modes.
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1 Introduction

The dynamics of n-dimensional autonomous systems can be transformed into the dynamics of two-element
extended memristor circuits. The internal state of the memristors in these two-element circuits have the
same dynamics as n-dimensional autonomous systems [I]. Thus, the memristors are essential dynamical
elements needed in the modeling of complex nonlinear dynamical phenomena. In this paper, based on the
above research results, we show that the dynamics of a wide variety of nonlinear systems, not only in physical
and engineering systems, but also in biological and chemical systems and, even, in ecological systems, can
be simulated or modeled by the dynamics of memristor circuits. It has the advantage that we can apply
nonlinear circuit theory to analyze the dynamics of memristor circuits.

It is known that the dynamics of Chua’s circuit and Van der Pol oscillator can be realized by using an
ideal active memristor and some linear elements [2]. However, almost nonlinear systems can not satisfy the
circuits equations without change. Thus, in order to transform their nonlinear equations into the memristor
circuit equations, we use two methods, one is the exponential coordinate transformation, and the other is
the time-scaling change [I}, Bl 4]. The resulting memristor circuits have the same dynamics as the nonlinear

L After retirement from Fukuoka Institute of Technology, he has continued to study the nonlinear dynamics on memristors.



systems. Furthermore, by connecting an external periodic forcing to these memristor circuits, they can
exhibit complex behavior, such as chaos and non-periodic oscillation. If the memristor circuits have an
integral invariant, then they can exhibit quasi-periodic or non-periodic behavior, which greatly depends
on the initial conditions, the circuit parameters, and the maximum step size of the numerical integration.
Furthermore, an overflow (outside the range of data) is likely to occur due to the numerical instability in
long-time simulations. Thus, in order to generate a non-periodic oscillation, we have to choose the initial
conditions, the parameters, and the maximum step size, carefully. Furthermore, noise may considerably
affect the behavior of physical circuits.

We also show that if we plot the terminal voltage against current of the memristor in the circuits, we
can get the reconstruction of chaotic attractor on the two-dimensional plane. Furthermore, if we plot the
instantaneous power p versus the terminal voltage v of the active memristor, then the v — p locus lies in the
first and the third quadrants, and it is pinched at the origin in many memristor circuits. It looks exactly like
the i—v loci of the passive memristor when a periodic source is supplied. Thus, the active memristor switches
between passive and active modes of operation depending on its terminal voltage. However, in the forced
memristor Toda lattice equations, the v — p locus exhibits more complicated behavior, that is, it switches
between four modes of operation. In order to measure the complexity order, we define the binary coding
for the above memristor’s operation modes. By using this coding, we show that in the forced memristor
Toda lattice equations, the memristor’s operation modes exhibit the higher complexity. Furthermore, in the
memristor Chua circuit, the active memristor exhibits the special operation modes, which is quite different
from the other memristor circuits.

2 Three-element Memristor Circuit

Let us consider the three-element memristor circuit in Figure [I} which consists of an inductor L, a battery
FE, and a current-controlled extended memristor.

The terminal voltage vy; and the terminal current i3, of the current-controlled extended memristor are
described by

V-1 characteristics of the extended memristor

vy = 133(% i) i,
de 4 .
E - f(ﬁC, ’LM)'

Here, © = (21, @2, -+, ,) € R, R(m, ip) is a continuous scalar-valued function,
and f = (f1, fo, -+, fn) : R" — R™ (see Appendix A).
The dynamics of the above three-element memristor circuit is given by

Three-element memristor circuit equations

Ldi -

— = 71}]\/1+E:7R(.’13, i)i+E,

dt (2)
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where L denotes the inductance of the inductor, F
denotes the voltage of the battery, and iy, = i.

Assume that n =1 and L = 1. Then Eq. can be recast into the form



Three-element memristor circuit equations withn =1 and L =1

di —opy+E=—R(z, i)i+E,

dt (3)
LR Y

dt 1 ) )

where € = 2 and f = fi.
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Figure 1: A three-element memristor circuit which consists of an inductor L, a battery E, and a current-
controlled extended memristor (right side).
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Figure 2: Four-element memristor circuit driven by a periodic voltage source vg(t) = 7 sin(wt), where r and
w are constants.

2.1 Brusselator equations

The Brusselator is a theoretical model for a type of autocatalytic reaction. The dynamics of the Brusselator
is given by



Brusselator equations

% = A+{w-— (B+1)}u,

(4)
@ = Bu-—u?v
at '

where A and B are constants.

Consider the three-element memristor circuit in Figure [I| with L = 1. Then the dynamics of this circuit is
given by Eq. . Assume that Eq. satisfies

E = A,
R(z,i) = —{iz—(B+1)}, (5)
fi(z,i) = Bi—i?z.

Then we obtain

Memristor Brusselator equations

d.
2 = At{ie-(B+1}

py (6)
hatad — B— .9

7 i —1°x,

where A and B are constants.

Equations and @ are equivalent if we change the variables
i1=u, T=". (7)

The terminal voltage vy, and the terminal current iy, of the current-controlled extended memristor in Figure
are given by

V-1 characteristics of the extended memristor

vy = R(m, iM) iy = —{iMx —(B+ 1)}iM7

R(z, 0) # oo,
dx

— = Biy —iyla,
dt M M

X (8)
where R(z, ip) = —{iMx —(B+ 1)} and iy = 4.

It follows that the Brusselator equations can be realized by the three-element memristor circuit in Figure
Equations (4) and () exhibit periodic oscillation (limit cycle). When an external source is added as shown
in Figure [2] the forced memristor Brusselator equations can exhibit chaotic oscillation [5]. The dynamics of
this circuit is given by



Forced memristor Brusselator equations

% = A+ {iz— (B+1)}i+rsin(wt),
0 9)
i Bi—i’zx,

where r and w are constants.

We show the chaotic attractor, Poincaré map, and iy, — vps locus of Eq. @ in Figures and (a),
respectively. The following parameters are used in our computer simulations:

A=FE=04, B=1.2, r =0.05, w=0.81. (10)

The ip; —vps locus moves in the first quadrant, that is, it moves in the passive region, since the instantaneous
power of the extended memristoris positive, that is,

Par(t) £ ine(t) var(t) > 0. (11)

Hence, the instantaneous power Py, (t) is dissipated in the extended memristor, which is delivered from the
forcing signal and the inductor. Furthermore, the iy, — vps locus is not pinched at the origin as shown in
Figure a), since the trajectory does not tend to the origin.

We define next the instantaneous power of the two circuit elements, that is, the instantaneous power of
the extended memristor and the battery by

prep(t) 2 in () vars(t), (12)

where vy g(t) = va(t) — E, and E denotes the voltage of the battery. That is, varg(t) denotes the voltage
across the extended memristor and the battery. We show the vy — pasp locus in Figure b). Observe that
the locus is pinched at the origin, and it lies in the first and the third quadrants. Thus, the instantaneous
power pyg(t) delivered from the forced signal and the inductor is dissipated when vy (¢) — E > 0. However,
the instantaneous power pyg(t) is not dissipated when vy (t) — E < 0. We conclude as follow:

~ Behavior of the extended memristor ~

Assume that Eq. @ exhibits chaotic oscillation. Then, we obtain the
following results:

1. The extended memristor defined by Eq. is operated as a pas-
sive element. The instantaneous power Py () of the memristor
is dissipated in this extended memristor, which is delivered from
the forcing signal and the inductor.

2. When vy (t) — E < 0, the instantaneous power pyrg(t) of the
extended memristor and the battery is not dissipated. However,
when vy (t) — E > 0, the instantaneous power pyrg(t) is dissi-

pated.
- J

Note that z(t) in Eq. is the internal state of the extended memristor. Thus, we might not be able to
observe it. However, we can reconstruct the chaotic attractor into two dimensional Euclidean space (plane)
by using

(i(t), i'(t)), (13)



where i’ (t) 2 dilt)

to be the reconstruction of the chaotic attractor on the two-dimensional plane, since

(iM(t), UM(t)) - (i(t), —i'(t)+ At sin(wt)), (14)

(see [6] for more details). Furthermore, the ip; — vps locus in Figure a) is considered

where ips(t) = i(t). We show their trajectories and Poincaré maps in Figures |§| andm respectively. We can
also reconstruct the chaotic attractor into the three-dimensional Euclidean space by using

(i(t), i'(t), i"(t)), (15)
or
(iM(t), o (t), z"j(l(t)) = <i(t), —i'(t) + A + rsin(wt), z'”(t)), (16)

o O d2i(t . . -
where i"(t) = % We show the reconstructed three-dimensional attractors in Flgure We can apply
the above reconstruction methods to other examples in this paper.
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Figure 3: Chaotic attractor of the forced memristor Brusselator equations @D Parameters: A =04, B =
1.2, » = 0.05, w = 0.81. Initial conditions: ¢(0) = 1.1, x(0) = 1.1.
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Figure 4: Poincaré map of the forced memristor Brusselator equations @[) Parameters: A = 0.4, B =
1.2, r =0.05, w = 0.81. Initial conditions: i(0) = 1.1, =(0) = 1.1.

2.2 Diffusion-less Gierer-Meinhardt equations

Diffusion-less Gierer-Meinhardt equations [7, 8, @] is defined by
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Figure 5: The ip; —vpr and iprp — parp loci of the forced memristor Brusselator equations @D Here, vps and
ip denote the terminal voltage and the terminal current of the current-controlled extended memristor, and
pae(t) are instantaneous powers defined by parg(t) = iy () varg(t). Observe that the vy, —ips locus is not
pinched at the origin, and the locus lies in the first quadrant only. That is, it moves in the passive region.
However, the vy g — pape locus is pinched at the origin, and it lies in the first and the third quadrants.
Parameters: A =0.4, B=1.2, r =0.05, w = 0.81, d = 0.7. Initial conditions: i(0) = 1.1, z(0) = 1.1.

0.
0.2 03 04 05 0.6 0.7 0.8 0.9

(a) (i(t), 7'(t)) reconstruction

i(t)

0.5f
0.4f
0.3f
0.2

L
02 03 04 05 06 0.7 08 09

(b) (ine(t), var(t)) reconstruction

iy (t)

Figure 6: Reconstructed chaotic attractors using (i(t), #'(t)) and (ir(¢), var(t)), where vps and ip; denote
the terminal voltage and the terminal current of the current-controlled extended memristor. Parameters:
A=04, B=12, r=0.05, w=0.81. Initial conditions: i(0) = 1.1, z(0) = 1.1.
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(a) Poincaré map for the attractor in Figure @(a) (b) Poincaré map for the attractor in Figure @(b)

Figure 7: Poincaré maps for the reconstructed chaotic attractors in Figure [f] Observe that these two
Poincaré maps are quite similar. Parameters: A = 0.4, B = 1.2, r = 0.05, w = 0.81. Initial conditions:
i(0) = 1.1, =(0) = 1.1.
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Figure 8: Reconstructed chaotic attractor using (i(¢), i'(¢) i"(t)) and (iar(t), var(t), ine”(t)), where vy
and 7,; denote the terminal voltage and the terminal current of the current-controlled extended memristor.
Parameters: A =0.4, B=1.2, r = 0.05, w = 0.81. Initial conditions: ¢(0) = 1.1, z(0) = 1.1.



Diffusion-less Gierer-Meinhardt equations

2
B (2
t v [ (17)
dv 9
= wu°—cv,

dt

where b and ¢ are constants.

Let us consider the three-element memristor circuit in Figure [Il The dynamics of this circuit given by Eq.
. Assume that Eq. satisfies

E = 0,
R(z,i) = —(;—b), (18)
fi(z,i) = ®—cx.

Then we obtain

Memristor diffusion-less Gierer-Meinhardt equations

: - (o)
[ T

19
i (19)

dt

= ?—cuz,

where b and ¢ are constants.

Equations and are equivalent if we change the variables
i=u, T=n0. (20)

The terminal voltage vy; and the terminal current iy, of the current-controlled extended memristor in Figure
are given by

V-1 characteristics of the extended memristor

UM = ]%(x, iIVI)iM:_<7/f_b) iM,

R(z, 0) # oo, (21)
d—m = iyl—cx
dt - M )

where R(z, in) = — (ZM - b>.

The above small-signal memristance R(az, inr) satisfies

lim |R(z, inr)| = ‘— (’M - b>’ = o0, (22)

x—0 x

when 5 # 0. In order to avoid this singularity, we use the different time-scaling [I0]. That is, after time
scaling by dr = v dt, Egs. , , and assume the equivalent forms



Diffusion-less Gierer-Meinhardt equations with time scaling

d
d—u = (u—b)u,
.
o (23)
e (u? — cv)v,

where b and ¢ are constants,

Memristor diffusion-less Gierer-Meinhardt equations with time scaling

di
d—z = (i—baz)i,

i (24)
il (i? — cx)x,

where b and ¢ are constants,

and

V-I characteristics of the extended memristor

o = Rz, in)ing = —(ing — bx)ing,
R(z, 0) # oo, (25)
d
d—f = (ip? —cx),
where R(z, inr) = —(iag — bx),

respectively. Similarly, Eq. can be realized by the three-element memristor circuit in Figure 1} where

E = 0,
R(z,i) = —(i—bx), (26)
fl (v,i) = (i®—cx)ax,

Note that the above time scaling maps orbits between systems and in a one-to-one manner except
at the singularity v = 0, although it may not preserve the time orientation of orbits.

Equations and exhibit periodic oscillation (limit cycle). When an external source is added as
shown in Figure [2] the forced memristor circuit can exhibit chaotic oscillation. The dynamics of this circuit
is given by

Forced memristor diffusion-less Gierer-Meinhardt equations with time scaling

di
@ (i —bx)i + rsin(wt),

dt

i (27)
= = 2

7 (i — ca)z,

where r and w are constants.
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We show the chaotic attractor, Poincaré map, and iy; — vas locus of Eq. in Figures |§|, and
respectively. The following parameters are used in our computer simulations:

b=0.65, c=0.796, r = 0.2, w = 0.5. (28)

The ip; — vy locus in Figure lies in the first and the fourth quadrants. Thus, the extended memristor
defined by Eq. is an active element. Let us next consider an instantaneous power defined by pys(t) =
ing(t)vps(t). Then we obtain the vy — pas locus in Figure Observe that the locus is pinched at the
origin, and the locus lies in the first and the third quadrants. Thus, when vy; > 0, the instantaneous power
delivered from the forced signal and the inductor is dissipated in the memristor. However, when vy, < 0, the
instantaneous power delivered from the forced signal and the inductor is not dissipated in the memristor.
Note that the vy; — pas locus in Figure [12] looks exactly like the ip; — vps locus of the “passive” memristor,
whose locus lies in the first and the third quadrants [12]. Hence, the memristor switches between passive
and active modes of operation, depending on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits chaotic oscillation. Then the extended
memristor defined by Eq. can switch between “passive” and “ac-
tive” modes of operation, depending on its terminal voltage.

In order to obtain the results shown in Figures we have to choose the initial conditions carefully. It is
due to the fact that a periodic orbit (drawn in magenta)ﬂ coexists with a chaotic attractor (drawn in blue)
as shown in Figure [T3]

As stated in Sec. we can reconstruct the chaotic attractor into two dimensional plane by using

(i(t), i'(t))- (29)

Furthermore, the ip; — vps locus in Figure [11]is considered to be the reconstruction of the chaotic attractor
on the two-dimensional plane, since

(iM(t)7 UM(t)) — (i(t), —i'(t) + rsin(wt)), (30)

where ip(t) = i(t). We show their trajectories and Poincaré maps in Figures [14] and respectively. We
can also reconstruct the chaotic attractor into the three-dimensional Euclidean space by using

(@(t), (1) i" (1)), (31)
or
(ine(®), var(®), 5 (0) = (i), ~7'(t) + rsin(er), (1)) (32)

We show the reconstructed three-dimensional attractors in Figure

2.3 Tyson-Kauffman equations

The dynamics of the Tyson-Kauffman equations [I3] can be described by

Tyson-Kauffman equations

d

d—ltt = A-Bu-uv’=A—(B+v)u,
d

d—: = Bu-+uv?—v,

(33)

where A and B are constants.

2Without loss of generality, we can use the terminology “periodic orbit” in order to describe a “periodic trajectory” of the
nonautonomous systems, such as Egs. @) and (27) (see “Duffing’s Equation” in Sec. 2.2 of [11])).
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Figure 9: Chaotic attractor of the forced memristor diffusion-less Gierer-Meinhardt equations with time
scaling. Parameters: b = 0.65, ¢ = 0.796, r = 0.2, w = 0.5. Initial conditions: i(0) = 0.5, z(0) = 0.5.
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Figure 10: Poincaré map of the forced memristor diffusion-less Gierer-Meinhardt equations with time
scaling. The partially enlarged view of the locus is shown on the right side of Figure Observe the folding
action of the chaotic attractor. Parameters: b = 0.65, ¢ = 0.796, » = 0.2, w = 0.5. Initial conditions:
i(0) = 0.5, z(0) = 0.5.
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Figure 11:  The ip; — vps locus of the forced memristor diffusion-less Gierer-Meinhardt equations
with time scaling. Here, vy; and i3, denote the terminal voltage and the terminal current of the current-
controlled extended memristor. Observe that the extended memristor defined by Eq. is an active
element. Parameters: b = 0.65, ¢ = 0.796, r = 0.2, w = 0.5. Initial conditions: i(0) = 0.5, =(0) = 0.5.

2 4 6

Figure 12: The vy — pas locus of the forced memristor diffusion-less Gierer-Meinhardt equations with
time scaling. Here, pas(t) is an instantaneous power defined by pas(t) = ip (6)var(t), and vas () and ipg(t)
denote the terminal voltage and the terminal current of the current-controlled extended memristor. Observe
that the vp; — pas locus is pinched at the origin, and the locus lies in the first and the third quadrants. The
memristor switches between passive and active modes of operation, depending on its terminal voltage v (t).
Parameters: b= 0.65, ¢ =0.796, r = 0.2, w = 0.5. Initial conditions: i(0) = 0.5, x(0) = 0.5.
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Figure 13: A periodic orbit (magenta) coexists with a chaotic attractor (blue). Parameters: b = 0.65, ¢ =
0.796, r = 0.2, w = 0.5. Initial conditions for a chaotic attractor: ¢(0) = 0.5, x(0) = 0.5. Initial conditions
for a periodic orbit: ¢(0) = 0.5, z(0) = 0.1.
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Figure 14: Reconstructed chaotic attractors using (i(t), i'(¢)) and (ias(t), var(t)), where vps and iy denote
the terminal voltage and the terminal current of the current-controlled extended memristor. Parameters:
b=0.65, ¢ =0.796, r = 0.2, w = 0.5. Initial conditions: #(0) = 0.5, z(0) = 0.5.
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(a) Poincaré map for the attractor in Figure [14{a) (b) Poincaré map for the attractor in Figure |14(b)

Figure 15: Poincaré maps for the reconstructed chaotic attractors in Figure [IT4 Observe that these two
Poincaré maps are quite similar. Parameters: b = 0.65, ¢ = 0.796, r = 0.2, w = 0.5. Initial conditions:
i(0) = 0.5, x(0) =0.5.

14



(a) (i(t), i'(¢), i"(t)) reconstruction (b) (ine(t), var(t), ias”(t)) reconstruction

Figure 16: Reconstructed chaotic attractor using (i(t), i'(t) i’(t)) and (iar(t), var(t), in”(t)), where vpy
and 7); denote the terminal voltage and the terminal current of the current-controlled extended memristor.
Parameters: b = 0.65, ¢ =0.796, = 0.2, w = 0.5. Initial conditions: ¢(0) = 0.5, x(0) = 0.5.

Consider the three-element memristor circuit in Figure The dynamics of this circuit given by Eq. .
Assume that Eq. satisfies

E = A,
R(z, i) = (B+a?), (34)
filz,i) = Bi+ia?—z.

Then we obtain

Memristor Tyson-Kauffman equations

di

— = A—(B+2?%)i,

dt (35)
d—m = Bit+ix?*—z

dt ’

where A and B are constants

Equations and are equivalent if we change the variables
i=u, x=u. (36)

In this case, the extended memristor in Figure [1| is replaced by the generic memristor (see Appendix A).
That is, R R

R(z,i) = R(z) = (B + z°). (37)
The terminal voltage vy, and the terminal current iy; of the current-controlled generic memristor are de-
scribed by

V-1 characteristics of the generic memristor

vy = R(l‘)i]w:(B—f—l‘Q)iju,
d 38
ﬁ B’L'MfiM27£E, ( )

where R(z) = (B + z2).

15



It follows that the Tyson-Kauffman equations can be realized by the three-element memristor circuit in
Figure|ll Equations and can exhibit periodic oscillation (limit cycle). When an external source is
added as shown in Figure[2] the forced memristor Tyson-Kauffman equations can exhibit chaotic oscillation.
The dynamics of the circuit is given by

Forced memristor Tyson-Kauffman equations

di
d—z = A— (B+a2?)i+rsin(wt),

(39)
9 piiia? g
at ’

where r and w are constants.

We show the chaotic attractors, Poincaré maps, and iy; — vas loci of Eq. in Figures and
respectively. In our computer simulations, we used the following two kinds of the parameters:

(a) A=0.5, B=0.00803, C =0.01, (40)
r = 0.5, w = 0.5,
and
(b) A=05, B=0.0079, C=0.01, (41)
r = 0.55, w = 0.5.

Note that the locus in Figure [19(a) moves in the first quadrant, and the locus in Figure b) moves in the
first and third quadrants. That is, they move in the passive region, since the instantaneous power defined
by

par(t) 2 i () v (8), (42)

is mot negative. In this case, the power is dissipated in the generic memristor, which is delivered from the
forcing signal and the inductor.

Let us define next the instantaneous power of the two circuit elements, as stated in Sec. That is, we
define the instantaneous power of the extended memristor and the battery by

prep(t) 2 in () oars(t), (43)

where vprg(t) = vy (t) — E, and E denotes the voltage of the battery. That is, varg(t) denotes the voltage
across the extended memristor and the battery. We show the vy g — pyg locus in Figure Observe
that the locus is pinched at the origin, and it lies in the first and the third quadrants. Thus, the instanta-
neous power pyrg(t) delivered from the forced signal and the inductor is dissipated when vy (t) — E > 0.
However, the instantaneous power pyrg () is not dissipated when vy (¢) —E < 0. Thus, we conclude as follow:
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~ Behavior of the generic memristor N

Assume that Eq. exhibits chaotic oscillation. Then, we obtain the following
results:

1. The generic memristor defined by Eq. is operated as a passive
element. If we define the instantaneous power of the generic memristor by

o (t) 2 ine(t)var(t), then pps(t) is dissipated in this generic memristor,
which is delivered from the forcing signal and the inductor.

2. If we define the instantaneous power of the two elements, that is, the in-

stantaneous power of the generic memristor and the battery, by pare(t) 2
i (t)(vpr(t) — E), then pprg(t) is not dissipated when vy (t) — E < 0. How-
ever, pyg(t) is dissipated when vy (t) — E > 0.

- J

As stated in Sec. we can reconstruct the chaotic attractor into two dimensional plane by using

(i(t), i'(t))- (44)

Furthermore, the iy; — vas loci in Figure are considered to be the reconstruction of the chaotic attractor
on the two-dimensional plane, since

(iM(t)7 ’UM(t)) — (i(t), —i'(t) + rsin(wt)), (45)

where iy (t) = i(t). We show their trajectories and Poincaré maps in Figures 21] and [22] respectively. We
can also reconstruct the chaotic attractor into the three-dimensional Euclidean space by using

(i(), @' (t) i"(2), (46)

or

(z’M(t), oa(t), i’]\’/[(t)) = (i(t), —i'(t) + rsin(wt), i”(t)). (47)

We show the reconstructed three-dimensional attractors in Figure 23]

Figure 17: Chaotic attractors of the forced memristor Tyson-Kauffman equations . Parameters: (a)
A=0.5, B=0.00803, r=0.5, w=0.5. (b) A=0.5, B=0.0079, r = 0.55, w = 0.5. Initial conditions:
i(0) = 2.1, z(0) = 2.1.
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Figure 18: Poincaré maps of the forced memristor Tyson-Kauffman equations . The partially enlarged
view of the locus is shown on the right side of Figur Parameters: (a) A = 0.5, B = 0.00803, r =
(b) A=0.5, B=0.0079, r =0.55, w = 0.5. Initial conditions: #(0) = 2.1, z(0) = 2.1.

0.5, w = 0.5.
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Figure 19: The ip; — vy loci of the forced memristor Tyson-Kauffman equations (left) and partially
enlarged views of the ip; — vy loci (right). Here, vps and ip; denote the terminal voltage and the terminal
current of the current-controlled generic memristor. Observe that the locus in Figure |[19(a) moves in the
first quadrant, and the locus in Figure b) moves in the first and third quadrants. Thus, they move in the
passive region. Parameters: (a) A = 0.5, B = 0.00803, r = 0.5, w =0.5. (b) A=0.5, B=0.0079, r =
0.55, w = 0.5. Initial conditions: (0) = 2.1, z(0) = 2.1.
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Figure 20: The vy g — pypg loci of the forced memristor Tyson-Kauffman equations . Their partially
enlarged views are shown on the right side of Figure Here, vprp(t) = vy (t) — E, and pyp(t) is an
instantaneous powers defined by payrg(t) = iy (t) varp(t), var and iy denote the terminal voltage and the
terminal current of the current-controlled generic memristor, respectively, and E denotes the voltage of the
battery. Observe that the vy g — parg loci are pinched at the origin, and they lie in the first and the third
quadrants. Parameters: (a) A = 0.5, B = 0.00803, » = 0.5, w = 0.5. (b) A = 0.5, B = 0.0079, r =
0.55, w = 0.5. Initial conditions: (0) = 2.1, z(0) = 2.1.
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Figure 21: Reconstructed chaotic attractors using (i(t), i'(¢)) and (ias(t), var(t)), where vas and iy denote
the terminal voltage and the terminal current of the current-controlled generic memristor. Parameters:
A =0.5, B=0.00803, r=0.5, w=0.5. Initial conditions: i(0) = 2.1, z(0) = 2.1.
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(a) Poincaré map for the attractor in Figure [21{a) (b) Poincaré map for the attractor in Figure 21(b)

Figure 22: Poincaré maps for the reconstructed chaotic attractors in Figure Observe that these two
Poincaré maps are quite similar. Parameters: A = 0.5, B = 0.00803, r = 0.5, w = 0.5. Initial conditions:
i(0) = 2.1, z(0) = 2.1.

iM”(t)

(a) (i(t), 7'(t), i"(t)) reconstruction  (b) (ias(t), var(t), ias”(t)) reconstruction
Figure 23: Reconstructed chaotic attractor using (i(t), i’(¢) i”(t)) and (ias(t), var(t), in”(t)), where vy

and iy; denote the terminal voltage and the terminal current of the current-controlled generic memristor.
Parameters: A = 0.5, B =0.00803, r = 0.5, w = 0.5. Initial conditions: i(0) = 2.1, z(0) = 2.1.
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2.4 Lotka-Volterra equations
Consider Hamilton’s Equations defined by

Hamilton’s equations

dg _  OH(g: p)

dt op (48)
dp __9H(a, p)

dt dq

where ¢ and p denote the coordinate and the mo-
mentum and H(g, p) is the Hamiltonian.

Let us define the Hamiltonian:

Hamiltonian

H(q, p) = —bp+alnp—cq+ding, (49)

where a, b, ¢, d are constants.

From Eq. , we obtain

d 0
dg _ OH_ @
dt Op D (50)
ap _ _OH _ _d
dt dq q
After time scaling by dr = pq dt, we obtain the associated Pfaff’s equation [10]
d
e (b + a> P,
dr P
(51)
 _ (.4
dr q e
Equation can be recast into the Lotka-Volterra equations [I4]
Lotka-Volterra equations
dq
o, = la=bp)g
: (52)
- _ (cq—d)
ar q b,
where a, b, ¢, d are constants.
Equation has the Hamiltonian as its integral invariant, that is,
dH(q, p)
—== =0. 53
dr (53)
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Consider next the three-element memristor circuit in Figure [I] The dynamics of this circuit given by Eq.
([B). Assume that Eq. satisfies
E = 0,

R(z,i) = —(cxz—d), (54)
fi(z, i) = (a—bi)x.

Then we obtain

Memristor Lotka-Volterra equations

;l—z = (cx—d)i,

T

I (55)
E = (a — bl) Z,

where a, b, ¢, d are constants.

Equations and are equivalent if we change the variables

i=p, T=q. (56)

In this case, the extended memristor in Figure |1]is replaced by the generic memristor (see Appendix A).
That is, R y

R(z,i) = R(z) = —(cx — d). (57)
Thus, the terminal voltage vys and the terminal current ip; of the current-controlled generic memristor are
given by

V-1 characteristics of the generic memristors

Ve = R(SL’)ZM = —(C.’L‘—d)i]w,
i . (58)
i = a 1)),

where R(z) = —(cx — d).

It follows that the Lotka-Volterra equations can be realized by the three-element memristor circuit in

Figure
The Lotka-Volterra equations can exhibit a periodic orbit (one-dimensional curve), since they have

Integral

H(z, i) = —bi+alni—cx+dlnx, (59)

as its integral invariant. When an external source is added as shown in Figure [2 the forced Lotka-Volterra
equations can exhibit a quasi-periodic or a non-periodic responseE] which depends on initial conditions. The
dynamics of the circuit is given by

3In this paper, we use the terminology “non-periodic response” in order to describe “chaotic-like but non-attracting re-
sponse”.
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Forced memristor Lotka-Volterra equations

i (cx — d) i+ rsin(wT),

dr

I (60)
E = (a —-b Z) Z,

where r and w are constants.

We show their non-periodic and quasi-periodic responses, Poincaré maps, and iy — vps loci in Figures [24]
a), and respectively. The following parameters are used in our computer simulations:

a=2/3,b=4/3, c=1,d=1,

(61)
r=0.04, w=1, or 1.01.

The ip; — vy loci in Figure [26]lie in the first and the fourth quadrants. Thus, the generic memristor defined
by Eq. is an active element. Let us next show the vy; — pps locus in Figure where pps(t) is an
instantaneous power defined by pas(t) = ip(t)var(t). Observe that the vy — pas locus is pinched at the
origin, and the locus lies in the first and the third quadrants. Thus, when vy; > 0, the instantaneous power
delivered from the forced signal and the inductor is dissipated in the generic memristor. However, when
vy < 0, the instantaneous power delivered from the forced signal and the inductor is not dissipated in the
generic memristor. Hence, the memristor switches between passive and active modes of operation, depending
on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic response. Then the generic
memristor defined by Eq. can switch between “passive” and “ac-
tive” modes of operation, depending on its terminal voltage.

3r 3+
2t 2f
1t 1t
0 1 0 i
0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5
(a) non-periodic (w = 1) (b) quasi-periodic (w = 1.01)

Figure 24: Non-periodic and quasi-periodic responses of the forced memristor Lotka-Volterra equations .
Parameters: (a) a =2/3, b=4/3, ¢c=1,d=1,r=0.04, w=1. (b)a=2/3,b=4/3,¢c=1,d=1,r=
0.04, w = 1.01. Initial conditions: #(0) = 0.19, z(0) = 0.18.

In order to generate the non-periodic Poincaré map in Figure [25{a), we have to choose the initial condi-
tions and parameters carefully, and the maximum step size h of the numerical integration must be sufficiently
small (h = 0.002)E| Compare the three Poincaré maps in Figure In order to view these Poincaré maps

4We used “NDSolve” in Mathematica to solve differential equations numerically. Numerical integration tool, like NDSolve,
can specify the maximum size of a single step used in generating a result. For most differential equations, the results given by
NDSolve are quite accurate.
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(a) Poincaré map for a non-periodic response. i(0) = 0.19, z(0) =0.18, r=0.04, w=1.
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(b) Poincaré map for a quasi-periodic response. i(0) = 0.185, x(0) =0.185, r =0.04, w = 1.
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(c) Poincaré map for a quasi-periodic response. #(0) = 0.19, «(0) =0.18, r =0.04, w = 1.01.

Figure 25: Poincaré maps of the forced memristor Lotka-Volterra equations . Compare the three Poincaré
maps in Figure In order to generate the non-periodic Poincaré map in Figure (a), we have to choose
the initial conditions and parameters carefully. Parameters: a =2/3, b=4/3, c=1, d=1, r =0.04, w =

1 or 1.01.
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Figure 26: The i5; —vps loci of the forced memristor Lotka-Volterra equations . Here, vj; and ip; denote
the terminal voltage and the terminal current of the current-controlled generic memristor. Parameters: (a)
a=2/3,b=4/3, c=1,d=1,r=004, w=1. (b)a=2/3,b=4/3, c=1,d=1, r =0.04, w = 1.01.
Initial conditions: ¢(0) = 0.19, x(0) = 0.18.

from a different perspective, let us project the trajectories into the (&, , )-space via the transformation

&(r) = (i(1) +5)cos (wr),
n(t) = (i(r) +5)sin (w7), (62)
(r) = =(r).

Then the trajectory on the (i, z)-plane is transformed into the trajectory in the three-dimensional (£, 1, {)-
space, as shown in Figure EI Observe the difference among the three trajectories.

Note that the maximum step size limitation for A is important for numerical stability, otherwise an
overflow (outside the range of data) is likely to occur. We show its example in Figure Observe that if
h = 0.002, then the trajectory rapidly grows for ¢ > 1148, and an overflow occurs as shown in Figure a).
However, if h = 0.001, then the trajectory stays in a finite region of the first-quadrant of the (i, x)-plane as
shown in Figure (b) The above numerical instability in long-time simulations is partially caused by the
fact that if i(7) takes sufficiently small negative values at some time 7y by the low-accuracy computation,
then we obtain

dx (1)
dr
for 7 ~ 79 and 0 < —bi(7) < 1, where b > 0. Thus, z(7) is approximated by

= (a — bi(T))x(T) >0, (63)

(1) &~ x(19)e’", (64)

and it grows rapidly, where a > 0. Consequently, z(7) would overflow. Thus, noise may considerably affect
the behavior of the above memristor circuit.
As stated in Sec. we can reconstruct the non-periodic trajectory into two dimensional plane by using

(i(t), i'(2)), (65)

or

(iM(t), UM(t)) - (i(t), —i'(t) + Tsin(wt)), (66)

5For example, if (i(t), z(t)) moves on the unit circle, that is, (i(t), 2(t)) = (cos(3t), sin(3t) ), then the projected trajectory
(&(t), n(t), ¢(t)) moves on a torus (for more details on the transformation , see Appendix in [I5]).

S1f we plot the intersection of the points with the plane defined by {(&, 0, ¢) € R3 | = 0, £ > 0}, we obtain similar Poincaré
maps (see Appendix in [I5]).
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where ips(t) = i(t). Their trajectories and Poincaré maps are shown in Figures [30] and respectively. We
can also reconstruct the non-periodic trajectory into the three-dimensional Euclidean space by using

(i(t), i'(t), i"(t)), (67)

or
(iM(t), on(t), i']\’/[(t)) = (z’(t), —i'(t) + rsin(wt), i"(t)). (68)
These reconstructed trajectories are shown in three-dimensional space in Figure [32}
Pu Pu
2 L
1t ] 1
0 v v
0 Mo 0 M
—1f
—2L
—3L
-2.0 -1.5 -1.0 -0.5 0.0 05 1.0 -1 0 1
(a) non-periodic (w = 1) (b) quasi-periodic (w = 1.01)

Figure 27: The vy — pps loci of the forced memristor Lotka-Volterra equations . Here, pp(t) is an
instantaneous power defined by pas(t) = iy (¢)var(t), and var(t) and ip(t) denote the terminal voltage
and the terminal current of the current-controlled generic memristor. Observe that the vy, — pas locus
is pinched at the origin, and the locus lies in the first and the third quadrants. The memristor switches
between passive and active modes of operation, depending on its terminal voltage vy (t). Parameters: (a)
a=2/3,b=4/3, c=1,d=1,7r=004, w=1. (b)a=2/3, b=4/3, c=1,d=1, r=0.04, w=1.01.
Initial conditions: #(0) = 0.19, xz(0) = 0.18.
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(b) A quasi-periodic response with 4(0) = 0.185, x(0) = 0.185, r = 0.04, and w = 1.

(¢) A quasi-periodic response with 4(0) = 0.19, z(0) =0.18, r =0.04, and w = 1.01.

Figure 28: Three trajectories of the forced memristor Lotka-Volterra equations , which are projected
into the (&, n, ¢)-space via the coordinate transformation . Compare these three trajectories in Figure
[28] with the three Poincaré maps in Figure 25] The trajectories are colored with the Rainbow color code
in Mathematica, that is, the color evolves through violet, indigo, blue, green, yellow, orange and red, as
varies from its minimum to its maximum value. Parameters: a =2/3, b=4/3, c=1,d=1, r =0.04, w =
1 or 1.01.
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Figure 29: Behavior of the forced memristor Lotka-Volterra equations (60)). If &~ = 0.002, then the trajectory
rapidly grows for ¢ > 1148, and an overflow occurs as shown in Figure 29(a). However, if A = 0.001, then the
trajectory stays in a finite region of the first-quadrant of the (i, z)-plane as shown in Figure b). Here,
h denotes the maximum step size of the numerical integration. Parameters: a = 2/3, b=4/3, c=1, d =
1, r =0.04, w = 1.056. Initial conditions: #(0) = 0.18, z(0) = 0.18.
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(a) (i(t), 7'(t)) reconstruction (b) (ine(t), var(t)) reconstruction

Figure 30: Reconstructed non-periodic trajectories using (i(t), i'(¢t)) and (ia(¢), var(t)), where vy and iy
denote the terminal voltage and the terminal current of the current-controlled generic memristor. Parameters:
a=2/3, b=4/3, c=1, d=1, r=0.04, w=1. Initial conditions: #(0) = 0.19, 2(0) = 0.18.
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(a) Poincaré map for the attractor in Figure [30(a) (b) Poincaré map for the attractor in Figure |30(b)
Figure 31: Poincaré maps for the reconstructed non-periodic trajectories in Figure . Observe that these
two Poincaré maps are quite similar. Parameters: a =2/3, b=4/3, ¢=1,d=1, r=0.04, w = 1.
conditions: #(0) = 0.19, z(0) = 0.18.
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(a) (i(t), i'(t), i"(t)) reconstruction

(b) (inr(t), var(t), ins”(t)) reconstruction
Figure 32: Reconstructed non-periodic trajectory using (i(t), ¢'(t) i’(t)) and (ia(t), var(t), ia”(t)), where

vy and iy denote the terminal voltage and the terminal current of the current-controlled generic memristor.
Parameters: a =2/3, b=4/3, c=1, d=1, r =0.04, w = 1. Initial conditions: ¢(0) = 0.19, x(0) = 0.18.
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2.5 Rossler system

The dynamics of the Réssler system [16, [I7] is defined by

Réssler system

d.’El - o —

dt - 2 3

d

% = 11 +amy, (69)
dz

d—tg = b+uaxs(z1 —0),

where a = 0.2, b= 0.2, and ¢ = 5.7.

The behavior of Eq. is chaotic for certain ranges of the three parameters, a, b and c.
Consider the three-element memristor circuit in Figure|ll The dynamics of this circuit given by Eq. .
Assume that Eq. satisfies

E=0b, L=1,
R(xl, x9,1) = —(x1—c),
R , , (70)
fi(zy, 22,1) = —x2—1,
fo(z, 22,9) = @1 +azs.
Then we obtain
Memristor Rossler system
di
d—; = E+(xr1—0¢)i,
d
% = —T2— iy (71)
dl‘g n
— = z1+4ax
dt 1 2,
where a = 0.2, E=b=0.2, c=5.7.
Equations and are equivalent if we change the variables and the parameter
i=x3, E=0. (72)

In this case, the extended memristor in Figure |1]is replaced by the generic memristor (see Appendix A).
That is, R R

R(z1, x2, i) = R(x1, 22) = —(x1 — ¢). (73)
The terminal voltage vy, and the terminal current iy, of the current-controlled generic memristor are de-
scribed by
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V-1 characteristics of the generic memristor
vy = R(’Il, x2) iy = —(x1 —¢)im,
dry )
o Tt (74)
d.’l?g +
— = 1 +axy,
ar 1 2
where R(z1, 29) = —(z1 — ).

It follows that the Rossler system can be realized by the three-element memristor circuit in Figure
The memristor Rossler equations also exhibit chaotic oscillation. Thus, an external periodic forcing is
unnecessary to generate chaotic or non-periodic oscillation. We show their chaotic attractor, Poincaré map,
and ip; — vps locus Figures and respectively. The following parameters are used in our computer
simulations:

a=02, b=E=02 c=57. (75)

Observe that a chaotic attractor is a simple stretched and folded ribbon (see Figures and. The iy —vpr
locus in Figure [35] lies in the first and the fourth quadrants. Thus, the extended memristor defined by Eq.
(74) is an active element. Let us show the vy — pas locus in Figure where pps(t) is an instantaneous
power defined by pas(t) = iar(t)var(t). Observe that the vy — pas locus is pinched at the origin, and the
locus lies in the first and the third quadrants. Thus, when vy; > 0, the instantaneous power is dissipated in
the memristor. However, when vy; < 0, the instantaneous power is not dissipated in the memristor. Hence,
the memristor switches between passive and active modes of operation, depending on its terminal voltage.
We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits chaotic oscillation. Then the generic
memristor defined by Eq. can switch between “passive” and “ac-
tive” modes of operation, depending on its terminal voltage.

Finally, we reconstruct a chaotic attractor by using the current i(¢) (see [6] ), that is,

(i), 7). "), (76)

and by using the i;; and vy, that is,

(iM(t), oa (1), 1’1(4(16)) = (i(t), i) + E, i”(t)), (77)

where ips(t) = i(t). We show the reconstructed attractors in Figure
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Figure 33: Chaotic attractor of the memristor Rossler equations . Parameters: a = 0.2, b = FE =
0.2, ¢ =5.7. Initial conditions: (0) = 0.1, x1(0) = 0.1, z2(0) = 0.1.
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Figure 34: Poincaré map of the memristor Rossler equations . Tts Poincaré cross-section (plane) is defined
by {(i, x1, x2) € R | i = 0}. The trajectory of Eq. crosses the above Poincaré cross-section (plane)
many times. From Figures[33]and[34] we can observe that a chaotic attractor is a simple stretched and folded
ribbon. Parameters: a = 0.2, b= FE = 0.2, ¢ =5.7. Initial conditions: (0) = 0.1, z1(0) = 0.1, z2(0) = 0.1.

0 5 10 15 20

Figure 35: The ip; — vps locus of the memristor Rossler equations . Here, vps and ip; denote the
terminal voltage and the terminal current of the current-controlled generic memristor. Parameters: a =
0.2, b=FE =0.2, ¢ =5.7. Initial conditions: i(0) = 0.1, z1(0) = 0.1, 22(0) = 0.1.
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Figure 36: The vy; — pps locus of the Rossler equations . Here, pps(t) is an instantaneous power defined
by par(t) = inr(t)var(t), and vy (t) and ipr(¢) denote the terminal voltage and the terminal current of the
current-controlled generic memristor. Observe that the vy, — pas locus is pinched at the origin, and the
locus lies in the first and the third quadrants. The memristor switches between passive and active modes
of operation, depending on its terminal voltage vys(t). Parameters: a = 0.2, b= E = 0.2, ¢ = 5.7. Initial
conditions: i(0) = 0.1, z1(0) = 0.1, x2(0) = 0.1.

(a) (i(t), i'(t), i”(t)) reconstruction (b) (iM(t), var(t), iM”(t)) reconstruction

Figure 37: Two reconstructed chaotic attractors using (i(t), i'(t), i”(t)) and (iM(t), vpr(t), iM”(t)).
Parameters: a = 0.2, b=FE = 0.2, ¢ = 5.7. Initial conditions: i(0) = 0.1, z1(0) = 0.1, x2(0) = 0.1.
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2.6 (O, laser model

The dynamics of the COs laser model is given by [18]

COs laser model equations

dX,
dt
dXo
dt
dXs

dt
dXy

dt
dXs

dt
dXg

dt

koXl {X2 —-1- ]fl sin2 X6} 5
7F1X2 — 2]€0X1X2 + ’)/Xg + X4 + 1:)07
—F1X3 + X5 + ’}/XQ + Po,

(78)
—F2X4 + ’)/X5 + ZX2 + ZP()7

—TI'2 X5 + 2X3 + X4 + 2P,

bRX1
1 —|— aX1 ’

—bXg + bBy —

Here, X is the photon number proportional to the laser intensity, X5 is proportional to the laser inversion,
X3 is proportional to the sum of the populations of the laser resonant levels, X; and X5 are, respectively,
proportional to the difference and sum of the populations of the rotational manifolds coupled to the resonant
levels, and Xg is a term proportional to the feedback voltage which acts on the cavity loss [I8]. The

parameters are chosen as follows:

ko = 28.5714, ki = 4.5556, ~ = 0.05,
Py=0.016, a=32.8767, b=0.4286,
G1 =10.0643, Gy =1.0643, z=10.0,
By = 0.1026, R =159, 160.

(79)

Let us consider the three-element memristor circuit in Figure[l} The dynamics of this circuit is given by
Eq. . Assume that Eq. satisfies

E =0,
(2, 1)

[~

8

=

Y

t

xr

3]
~

3
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)
x, i)
)

!

w
~

!

x, i

(
(
(
(

'S

t

f5(.’13, Z)

Then we obtain

L=1,

—kq {:131 — 1 — kysin® x5} ,

7].—‘11‘1 — 2]601‘1%1 =+ ’YSUQ =+ T3 —+ Po,

_leg —|—$4+’)/$1 —|—fj()7 (80)
= —Taox3 + yw4 + 221 + 21,
= —Toxy+ 2z + 723 + 2P,

bR

—baxs + bBy — .
s + 050 —
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Memristor CO4y laser model equations
di
dijf = ]{30 {.Il — 17]61 SiIl2 I5}i,
dLL‘l
e =TIz = 2kozy21 + o2 + 23 + Fo,
dx
—2 = Tixa+ x4 +y71 + P,
dt
(81)
dl‘g
g = —Texg+yxy + 221 + 2P,
dx
d7t4 = —Texy + za0 +yx3 + 2P,
dxs bR1
— = -=b bBy —
dt R W
where
X1:i7 X2:x17 X3:$2,
(82)
Xe=w3, Xs=wx4, Xe=us5.
In this case, the extended memristor in Figure 1] is replaced by the generic memristor. That is,
R(x, i) = R(x) = —ko {1 —1—kysin®a5}. (83)

The terminal voltage vy; and the terminal current iy, of the generic memristor are described by

V-I characteristics of the generic memristor

vy = R(m) i = —ko {371 —1 — ky sin? ZL‘5} iM,
d.fl
i T2y — 2kox121 + Y22 + 23 + PO,
dx
7; = —T22 + 24 +v21 + o,
de (84)
aTtg = —Toxg +yas + 221 + 2P0,
d$4
r = —Toxy + 220 + ya3 + 2P,
d$5 bR
— == bBy —
dt s+ 0B — T

where R(z) = —ko {21 —1—kysin® a5}

Thus, the CO4 laser model can be realized by the three-element memristor circuit in Figure Equations
and can exhibit chaotic oscillation [I8]. Thus, an external periodic forcing is unnecessary to generate
chaotic or non-periodic oscillation.

We next show the chaotic attractors and ip; — vps loci in Figures and respectively. The iy — v
locus in Figure lies in the first and the fourth quadrants. Thus, the generic memristor defined by Eq.
is an active element. Let us show the vy; — pas locus in Figure where pjs(t) is an instantaneous
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power defined by pas(t) = iar(t)var(t). Observe that the vy — pas locus is pinched at the origin, and the
locus lies in the first and the third quadrants. Thus, when vy; > 0, the instantaneous power is dissipated in
the memristor. However, when vy; < 0, the instantaneous power is not dissipated in the memristor. Hence,
the memristor switches between passive and active modes of operation, depending on its terminal voltage.
In order to obtain these figures, we have to choose the parameters and the initial conditions carefully and
the maximum step size h of the numerical integration must be sufficiently small (h = 0.005). It is due to the
fact that a stable limit cycle (drawn in red) also coexists with a chaotic attractor (drawn in blue) as shown
in Figure We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits chaotic oscillation. Then the generic
memristor defined by Eq. can switch between “passive” and “ac-
tive” modes of operation, depending on its terminal voltage.

We next show the Lorenz mapsﬂ in Figure instead of Poincaré maps, since Eq. is the high-
dimensional differential equations. The Lorenz map in Figure (b) represents a repeated folding and
stretching of the space on which it is defined. In order to view the above folding action from a different
perspective, let us plot the point (z2, x3) when xg = K (K is a constant). This is the simplified version
of Poincaré map. We show the above plot in Figure Observe that Figure (b) exhibits the repeated
folding and stretching action.

Finally, we reconstruct the chaotic attractors by using the time-delayed current signal (For more details,
see [0] ), that is,

(i(t), it — 1)). (85)
The reconstructed chaotic attractors are shown in Figure [#4] Observe that the chaotic attractors in Figure

[44] are similar to those in Figure[38 As stated in Sec. the iy — v locus in Figure 39 is considered to
be the reconstruction of the chaotic attractor on the two-dimensional plane.

"The Lorenz map is defined as follow: Consider a chaotic solution i(t) of the memristor CO2 laser model equations .
Extract the local maxima in i(¢) and label the nth local maximum é,. Plot of the maximum ¢,41 versus the maximum .
The above constructed map is called Lorenz map, and it gives a well-defined relation between successive peaks, that is, we can
estimate the peak knowing the peak. Furthermore, we need only one state variable to construct the Lorenz map.
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Figure 38: Chaotic attractors of the memristor CO2 laser model equations . All parameters except for
R are given in Eq. (79). Parameters: (a)-(c) R =159, (d)-(f) R = 160. Initial conditions: i(0) = 21(0) =

xg(O) = .1‘3(0) = $4(0> = J}5(0) =0.1.
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Figure 39: The ip; — vas locus of the memristor CO2 laser model equations . Here, vj; and iy denote
the terminal voltage and the terminal current of the current-controlled generic memristor. All parameters
except for R are given in Eq. (79). Initial conditions: i(0) = 21(0) = z2(0) = z3(0) = 24(0) = 25(0) = 0.1.
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Figure 40: The vy — par locus of the memristor CO2 laser model equations . Here, pp(t) is an
instantaneous power defined by pas(t) = inr(t)var(t), and vas(¢t) and ipr(¢) denote the terminal voltage and
the terminal current of the current-controlled generic memristor. Observe that the vy; — pas locus is pinched
at the origin, and the locus lies in the first and the third quadrants. The memristor switches between passive
and active modes of operation, depending on its terminal voltage vy (t). All parameters except for R are
given in Eq. (79). Initial conditions: i(0) = 21(0) = 22(0) = 23(0) = x4(0) = x5(0) = 0.1.
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Figure 41: A stable limit cycle (red) coexists with a chaotic attractor (blue). All parameters except for R
are given in Eq. (79). Initial conditions for chaotic attractors: i(0) = z1(0) = z2(0) = x3(0) = z4(0) =
z5(0) = 0.1. Initial conditions for a limit cycles: i(0) = z1(0) = 22(0) = x3(0) = 24(0) = 0.1, 25(0) = 5.1.
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Figure 42: Lorenz maps of the memristor C'O; laser model equations . All parameters except for R are
given in Eq. (79). Initial conditions: i(0) = 21(0) = 22(0) = 23(0) = x4(0) = x5(0) = 0.1.
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Figure 43: Two-dimensional plot of the memristor CO2 laser model equations (81). (a) The point (z2, z3)
is plotted when 2 = 0.01. (b) The point (x3, x3) is plotted when xg = 0. Observe that Figure b)

exhibits the repeated folding and stretching action, and Figure
All parameters except for R are given in Eq. (79). Initial conditions: i(0) = z1(0) = z2(0) = x3(0)

$4(0) = 1‘5(()) =0.1.
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Figure 44: Reconstructed chaotic attractors using (i(t)7 i(t — 1)) Observe that the chaotic attractors in

Figure are similar to those in Figure All parameters except for R are given in Eq. . Initial
conditions: #(0) = x1(0) = 22(0) = 23(0) = 24(0) = z5(0) = 0.1.
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3 2N-element memristor circuit

Let us consider the 2/N-element memristor circuit shown in Figure It consists of IV inductors with the
inductance L, (n=1, 2,--- N) and N extended memristors described by

V-1 characteristics of the extended memristors

Un = R(w, in) iny
dx ~ . (86)
— = T, 1).
= = fe i)
Here, ® = (v1, ¥, ---, TN) € ]R~N, i = (i1, d9, -, in) € RV, I%(a:, in) 18 a continuous scalar-valued
function, and f = (f1, f2, -+, fn) : RY — RY. Even though the extended memristors in Figure
appear to be disconnected, their dynamics are coupled via the memristance equation involving the same
state variables = (21, z2, -+, xn) and ¢ = (i1, 42, -+ , ix). Note the memristor defined by Eq. is
considered to be a special case of the extended memristor defined in Appendix A. That is, we modified the
current ¢ of Eq. (241) into the vector form ¢ = (i1, 42, - -+ , in).
The dynamics of the above 2/N-element memristor circuit is given by
2N -element memristor circuit equations
di ;
ndi_; = —Up= 7R("B7 Zn) in7
‘ (87)
T - .
— = T, 1
== Fw ),
where n = 1, 2,---, N and we usually assume
L,=1.

Memristior
device N

Memristior
device 1

Memristor
device 2

Figure 45: A 2N-element extended memristor circuit, which consists of N inductors with the induc-

tance Ly (k = 1, 2,---N) and N memristor devices described by vj, = Ri(z, i) ix (k =1, 2,---N).

4L — f(x, i), Here, Ryi(x, i) denotes the memristance of the kth extended memristor device, = =

(w1, X9, -+, N) € R, 4 = (iy, d9, -+, iy) € RV, and f= (fh fo, -+, fN) : RY — RN, Even though
the extended memristor devices appear to be disconnected, their dynamics are coupled via the memristance
equation involving the same state variables @ = (z1, z2, ---, zn) and 4 = (i1, 42, -+, iN).

3.1 Toda lattice equations

Consider the Hamiltonian for a chain of particles with nearest neighbor exponential interaction [19, 20]

H=%" %pﬁ £ e, (88)
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Memristior
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Vs(t)=rsinwt

Figure 46: A 2N-element extended memristor circuit driven by a periodic voltage source vs(t) = rsin(wt),
where r and w are constants.

where ¢, is the displacement of the n-th particle from its equilibrium position, and p,, is its momentum
(mass m = 1). Then, the Hamilton’s Equations are given by

Toda lattice equations A

dg, )

- ny

dt (89)

dpn _ e*(qn*qn—l) _ e*(‘]n-#l*qn)

dt ’
where n =1, 2,--- | N and we consider the case of
a periodic lattice of the length N: ¢, = ¢4 N

3.1.1 Toda lattice equations B

Let us define a new variable

X, = e (dnt1—an) (90)
Then, Eq. can be recast into the form [21]

Toda lattice equations B

an

dt = (pn - pn-l—l)Xna

. o1)

pTL

= Xn— _Xn7

dt !
where n = 1, 2,--- | N and we consider the case
of a periodic lattice of the length N: p, = p,4n,
Xn = X7L+N'

Consider the 2N-element memristor circuit in Figure The dynamics of this circuit given by Eq. .
Assume that Eq. satisfies

(92)

=
—~
8
~
S
~
I
\
8
~
\
8
3
+
—

Then we obtain
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Memristor Toda lattice equations B

diy, .

E = (zn - zn—‘—l) Tn,

(93)

dx,, . .

W In—1 — ln,
where n = 1, 2,---, N and we consider the case of a
periodic lattice of the length N: z,, = 4N, in = ininN-

Equations and are equivalent if we change the variables
Z‘n - Xna Tn = Pn- (94)

In this case, the extended memristors in Figure [45| are replaced by the generic memristors, that is,

Ry(x, in) = Rn(x) = —(2n — Tn1), (95)

though the current i of Eq. (240) is modified into the vector form ¢ = (i1, 42, - -+ , iy). Thus, their terminal
voltage v, and the terminal current ¢,, are described by

V-I characteristics of the generic memristors
Un - Rﬂ,(xna xn-{-l) iTz, == _(Jjn - xn+1)ina
dz, ~ . . ) ) (96)
dt = fn(anly Zn) =1ln—1 —1ln,

where ,, = Tp4nN, in =ipynN,andn=1, 2,---, N.

It follows that Eq. can be realized by the 2N-element memristor circuit in Figure
For N = 3, Eq. is given by

Toda lattice equations B with N = 3

dX,

— = —p2)X
dt (p1 — p2) X1,

dp1

— = X3-X

dt 3 1,

dX

7dt2 = (p2 —p3)Xa,

dps (97)

— = X;-X

dt 1 2,

dXs

— —p1)X.
dt (p3 — p1) X3,

dps

—= X5 — X3,

ar 2 3

Equation has the three integrals [21], 20], since the solution satisfies
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~ Integrals ~
d
a(]h +p2+p3) =0,
d
=7\ P1P2 + Pip2 £ psp1 — X1 —Xo— X3 =0,
d
77\ Pp2ps —p1Xo —p2X3 —p3Xy ) =0.
(98)
o J
The corresponding memristor circuit equations for Eq. are given by
Memristor Toda lattice equations B with N = 3
di .
dftl = (@1 —x2)iy,
dIl . .
E = 13 — 11,
di .
d72 = (z2 — x3)i2,
s (99)
W = i1 — Iz,
dis .
7; = (z3 —71)i3,
dzxs o
W = 12 — 13,
where i1, i3, and i3 denote the current through the
generic memristor.

The terminal voltage v, and the terminal current i, of the generic memristors are described by

V-1 characteristics of the 3 generic memristors

dzy
dt

dzy
dt

dzy
dt

V1 =

V2 =

V3 =

Ri(z1, m2) i1 = — (21 — 22)i1,
filis, i1) = i3 — i1,
Ry(x2, x3) io = — (22 — 2312,
folir, iz) = i1 — i,
Ry(x3, 1) i5 = — (23 — 21)i3,

falia, i) = ig — i3,
(100)

where x4 = 1, ig = i3.

Equation can exhibit periodic behavior. If an external source is added to the memristor circuit as shown
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in Figure then the forced memristor circuit can exhibit a non-periodic response. The dynamics of this

circuit is given by

Forced memristor Toda lattice equations B with N = 3

dil
dt
dl‘l
dt
dig
dt
dl‘g
dt
dig
dt
d(L‘g
dt

(z1 — x2)i1 + rsin(wt),
i3 — 11,

(w2 — x3)i2,

i1 — 12,

(w3 — 21)1i3,

Z‘2 _i33

where r and w are constants.

(101)

We show their non-periodic and quasi-periodic responses, Poincaré maps, and 7; — v; loci in Figures
and respectively (7 = 1, 2, 3). In order to obtain these figures, we have to choose the parameters and
the initial conditions carefully and the maximum step size h of the numerical integration must be sufficiently
small (h = 0.006). The following parameters are used in our computer simulations:

r=0.25, w=0.925.
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The i; —v; loci in Figure 49|lie in the first and the fourth quadrants. Thus, the three generic memristors
are active element. Let us show the v; —p; locus in Figure [50] where p;(t) is an instantaneous power defined
by p;(t) = i;(t)v;(t) ( =1, 2, 3). Observe that the v; — p; loci are pinched at the origin, and the loci lie
in the first and the third quadrants. Thus, when v; > 0, the instantaneous power p;(t) delivered from the
forced signal and the inductor is dissipated in the memristor. However, when v; < 0, the instantaneous
power p;(t) is not dissipated in the memristor. Hence, the memristors switch between passive and active
modes of operation, depending on its terminal voltage. Thus, we conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic or quasi-periodic oscil-
lation. Then the generic memristors defined by Eq. can switch
between “passive” and “active” modes of operation, depending on its
terminal voltage.
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Figure 47: Non-periodic and quasi-periodic responses of the forced memristor Toda lattice equations B,
which are defined by Eq. (101). Here, ¢; and z; denote the terminal current and the internal state of the
Jj-th generic memristor, respectively (j = 1, 2, 3). Parameters: r = 0.25, w = 0.925. Initial conditions:
(a) i1(0) = 0.7, z1(0) = 1.2, i5(0) = 1.3, 22(0) = 1.4, i3(0) = 1.5, z3(0) = 1.6.  (b) i;(0) = 0.4, 21(0) =
1.2, i2(0) = 1.3, 22(0) = 1.4, i5(0) = 1.5, z3(0) = 1.6.

48



s

] i ...\.._'-.&‘3:‘?'- : :'_..E 2 I I
2.0 0.5 1.0 1.5 2.0
0.7) (d) quasi-periodic (i1(0) = 0.4)

(b) non-periodic (i1(0) = 0.7) (e) quasi-periodic (i1(0) = 0.4)

1.8
1.6
14
1.2
1.0

2:0
i1(0) = 0.7) (f) quasi-periodic (i1(0) = 0.4)

(¢) non-periodic

—~

Figure 48: Poincaré maps of the forced memristor Toda lattice equations B, which are defined by Eq. .
Here, i; and z; denote the terminal current and the internal state of the j-th generic memristor, respectively
(j =1, 2, 3). Parameters: r = 0.25, w = 0.925. Initial conditions: (a) i1(0) = 0.7, 21(0) = 1.2, i3(0) =
1.3, 25(0) = 1.4, i3(0) = 1.5, 25(0) = 1.6.  (b) i1(0) = 0.4, 21(0) = 1.2, i5(0) = 1.3, 25(0) = 1.4, i5(0) =
1.5, 23(0) = 1.6.
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Figure 49:

1.3, 25(0) = 1.4, i5(0) = 1.5, z3(0) = 1.6.
1.5, 23(0) = 1.6.
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The i; — v; loci of the forced memristor Toda lattice equations B, which are defined by Eq.
. Here, i; and v; denote the terminal current and the voltage of the j-th generic memristor, respectively
(j =1, 2, 3). Parameters: r = 0.25, w = 0.925. Initial conditions: (a)-(c) i1(0) = 0.7, z1(0) = 1.2, i2(0) =
(d)-(F) i1 (0) = 0.4, £1(0) = 1.2, i5(0) = 1.3, 25(0) = 1.4, i5(0) =
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Figure 50: The v; —p; loci of the forced memristor Toda lattice equations B, which are defined by Eq. .
Here, p;(t) is an instantaneous power defined by p;(t) = i;(t)v;(t), and v;(t) and i;(t) denote the terminal
voltage and the terminal current of the j-th generic memristor, respectively (j = 1, 2, 3). Observe that the
v; — p; locus is pinched at the origin, and the locus lies in the first and the third quadrants. The memristor
switches between passive and active modes of operation, depending on its terminal voltage v;(t). Parameters:
r = 0.25, w = 0.925. Initial conditions: (a)-(c) ¢1(0) = 0.7, z1(0) = 1.2, i2(0) = 1.3, 22(0) = 1.4, i3(0) =
1.5, 23(0) = 1.6.  (d)-(f) 41(0) = 0.4, 21(0) = 1.2, i2(0) = 1.3, 22(0) = 1.4, i3(0) = 1.5, 23(0) = 1.6.
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3.1.2 Toda lattice equations C'
Consider Eq. and define new variables

A %efmann 2.
1 (103)
bn = alns
2]) ]
where n =1, 2,---, N. Then Eq. can be recast into the form [20, 24]

Toda lattice equations C'

day,
ﬁ == (bn - bn+1)an»
db (104)
7; == 2((171—12 - an2)7
where n = 1, 2,---, N and we consider the case

of a periodic lattice of the length N: a,, = an4n,

bn = bn+N.

Consider the 2N-element memristor circuit in Figure The dynamics of this circuit given by Eq. .
Assume that Eq. satisfies

L, = 1,
Rz, in) = —(&n—Tni1) (105)
fol@,i) = 2(in_12—in?).

Then we obtain

Memristor Toda lattice equations C

diy, .
E = (zn - zn—‘—l)lna
p (106)
== 2int®—in?),
where n = 1, 2,---, N and we consider the case

of a periodic lattice of the length N: i, = i,4n,

Ly = Tp4N-

Equations (104 and (106) are equivalent if we change the variables
in = Qn, Ty = by. (107)
In this case, the extended memristors in Figure [45| are replaced by the generic memristors, that is,

Rz, in) = Ry(x) = — (@ — Tny1), (108)

though the current i of Eq. (240) is modified into the vector form ¢ = (i1, 42, - -+ , iy). Thus, their terminal
voltage v, and the terminal current 7, of the current-controlled memristor are described by
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V-I characteristics of the generic memristors

Un = Rn(m) - R?L(Ina ivn-&-l) 7;71,

— _(xn _xn+1)in7

, ~ i (109)
le = fn(mvl) = f(i”_l’ i”>

dt
= 20in_1% —in%),

where i, = ipyN, Tn = Tpen,and n=1, 2,---, N.

It follows that Eq. (104)) can be realized by the 2/N-element memristor circuit in Figure
For n = 3, Eq. (104) is given by

Toda lattice equations C' with N = 3
da
7; = (b1 —b2)a,
db
7; = 2(032 - 012)7
da
anQ = (b — b3)as,
o (110)
7: = 2(a,? — ar?),
da:
7; = (bs - b1)03,
db:
7; = 2(as? — a3?),

Equation (110) has the three integrals [21} [20], since the solution satisfies

/Integrals ~
i(bl-i-bz-i-bs) =0
dt ’
d
dt{b12 + b22 + b32 + 2 (a12 + a22 + a32)} =0,

Z(bﬂ)zb:ﬂ — bras? — baaz® — bza,® + 2a1a2a3> =0,

(111)

1
where 2aja0a3 = —.
4
\ W,

The corresponding memristor circuit equations for Eq. (110) are given by
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Memristor Toda lattice equations C' with N = 3

di )
dftl = (501 - 12)21,
d

% = 2(i3® —i1?),
di )
ditQ - (IQ - Ig)lg,
b (112)
7; = 2(iy% —is?),
di

ﬁ = (3 —x1)i3,
d

% = 2(ig? —is?).

V-I characteristics of the 3 generic memristors

U1
dxq
dt

V2
dxry
dt

U3
dxrq
dt

Ri(21, 22) i1 = — (21 — 32)i1,
filis, i1) = 2(i5* — i1 ?),
Ry(w2, 3) o = — (22 — w3)i2,
falin, iz) = 2(ir® — i2?),

R3(xs, x1) i3 = —(x3 — 21)1i3,

falia, is) = 2(ix? — i3”).
(113)

where x4 = x1, 19 = i3.

Equations (112) can exhibit periodic behavior. If an external source is added as shown in Figure then
the forced memristor circuit can exhibit non-periodic response. The dynamics of this circuit is given by
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Forced memristor Toda lattice equations C with N = 3
di
£ = (x1 — x2)i1 + rsin(wt),
d
= = 20’ -a?),
di .
ditz = (z2 — x3)ia,
da (114)
d—; = 2(i1% —ix?),
di-
% = (x3 —x1)i3,
d
== 20 i),
where r and w are constants.

We show their non-periodic and quasi-periodic responses, Poincaré maps, and i; — v; loci in Figures
and respectively (7 = 1, 2, 3). In order to obtain these figures, we have to choose the parameters and the
initial conditions carefully, and the maximum step size h of the numerical integration must be sufficiently
small (h = 0.006). The following parameters are used in our computer simulations:

r=0.12, w=1. (115)

3.1.3 Complexity order

Consider the case where Eq. exhibits the quasi-periodic response. Then, the ¢; — v; loci lie in the
first and the fourth quadrants as shown in Figure d)-(f). We show next the v; — p; locus in Figure
[B4(d)-(f), where p;(t) is an instantaneous power defined by p;(t) = i;(t)v;(t) (j = 1, 2, 3). Observe that
the v; — p; loci are pinched at the origin, and the loci lie in the first and the third quadrants. Thus, when
v; > 0, the instantaneous power p;(t) delivered from the forced signal and the inductor is dissipated in the
memristor. However, when v; < 0, the instantaneous power p;(t) is not dissipated in the memristor. Hence,
the memristors switch between passive and active modes of operation, depending on its terminal voltage.
They switches between two modes of operation:

(1)]', pj) = (+7 +)a (_7 _)7 (J =1,2, 3) (116)

Here, (v;, p;) = (+, +) is read as v1 > 0 and p; > 0, (vj, p;) = (—, —) is read as v1 < 0 and p; < 0, and we
excluded the special case where (v1, p1) = (0, 0). Thus, we conclude as follow:

Switching behavior of the memristor

Assume that Eq. (114) exhibits the quasi-periodic response. Then the
generic memristors defined by Eq. (113) can switch between “passive”
and “active” modes of operation, depending on its terminal voltage.

In the case of non-periodic response, the above property does not hold as shown in Figure[53|(a) and Figure
a). The generic memristor connected across the periodic source exhibits more complicated behavior. It
switches between four modes of operation:

(Ula pl) = (+’ +)’ (+7 _)7 (_v +)’ (_7 _)' (117)
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Here, v; and p; denote the terminal voltage and the instantaneous power of the generic memristor connected
across the periodic source. That is, pi(t) is defined by pi(t) = i1(t)v1(t), and (v1, p1) = (4, —) is read
as v1 > 0 and p; < 0. Here, we exclude the special case where (vq, p1) = (0, 0). Note that the other
two memristors switch between passive and active modes of operation, depending on its terminal voltage,
as shown in Figures Figure [53[b)-(c) and Figure [54[b)-(c). That is, they switch between two modes of
operation:

(v, p1) = (+, +), (=, =), (118)

and

(027 p2) = (+7 +)7 (75 7)' (119)
Thus, the memristor’s operation modes (117)) can be coded by two bits:

(0,0), (0,1), (1,0), (1, 1), (120)
where + is coded to a binary number 0 and — to 1. The operation modes (116)), (118)), and (119) are coded
by one bit:

(0), (1), (121)

which are equivalent to (0, 0), (1, 1), respectively. Hence, we can measure the complexity order of the
memristor’s operation modes, by using the above binary coding. Thus, the memristor’s operation have the
higher complexity when Eq. (114)) exhibits non-periodic response. We conclude as follow:

~ Switching behavior of the memristor ~

1. Assume that Eq. (114]) exhibits non-periodic response. Then
the generic memristor defined by Eq. (113]) switches randomly
between four modes of operation, that is,

(v, p1) = (4, +), (+, =)s (= +), (= )
They can be coded by two bits:
(0,0), (0, 1), (1,0), (1, 1),
where + is coded to a binary number 0 and — to 1.

2. Assume that Eq. (114) exhibits quasi-periodic response. Then
the generic memristor defined by Eq. (113) switches randomly
between two modes of operation, that is,

(Ula pl) = (+7 +)’ (_7 _)
They can be coded by
(0,0), (1, 1),

respectively, which are equivalent to the one-bit coding (0), (1).
\_ J

Note that if the forced memristor circuits have different kinds of elements, for example, capacitors, then
more complicated modes may appear.
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Figure 51: Non-periodic and quasi-periodic responses of the forced memristor Toda lattice equations C, which
are defined by Eq. . Here, i; and x; denote the terminal current and the internal state of the j-th
generic memristor, respectively (j = 1, 2, 3). Parameters: (a)-(c) r =0.12, w =1. (b)-(c) r =0.001, w = 1.
Initial conditions: i;(0) = 0.1, 21(0) = 0.2, i2(0) = 0.3, z2(0) = 0.4, i5(0) = 0.5, x5(0) = 0.6.
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Figure 52: Poincaré maps of the forced memristor Toda lattice equations C, which are defined by Eq. .
Here, ¢; and z; denote the terminal current and the internal state of the j-th generic memristor, respectively
(j = 1,2, 3). Parameters: (a)-(c) r = 0.12, w = 1.  (b)-(c) r = 0.001, w = 1. Initial conditions:
i1(0) = 0.1, 1(0) = 0.2, i2(0) = 0.3, 22(0) = 0.4, i3(0) = 0.5, 23(0) = 0.6.
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Figure 53: The ¢; — v; loci of the forced memristor Toda lattice equations C, which are defined by Eq.
. Here, ¢; and v; denote the terminal current and the voltage of the j-th generic memristor, respectively
(j = 1, 2,3). Parameters: (a)-(c) r = 0.12, w = 1. (d)-(f) r = 0.001, w = 1. Initial conditions:
i1(0) = 0.1, z1(0) = 0.2, i2(0) = 0.3, 22(0) = 0.4, i3(0) = 0.5, z3(0) = 0.6.
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Figure 54: The v; — p; loci of the forced memristor Toda lattice equations C, which are defined by Eq.
(114). Here, p;(t) is an instantaneous power defined by p;(t) = ¢;(t)v;(t) , and v;(t) and i;(t) denote
the terminal voltage and the terminal current of the j-th generic memristor, respectively (j = 1, 2, 3).
Observe that the loci except for Figure @a) are pinched at the origin, and their loci lie in the first and the
third quadrants. These memristors switch between passive and active modes of operation, depending on its
terminal voltage v;(t). However, the v1 —p; locus in Figure|54{(a) does not satisfy this behavior. Parameters:
(a)-(c) r=10.12, w=1. (d)-(f) r =0.001, w = 1. Initial conditions: i;(0) = 0.1, z1(0) = 0.2, i2(0) =
0.3, z2(0) = 0.4, i5(0) = 0.5, 235(0) = 0.6.
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3.2 N-dimensional Lotka-Volterra equations

Consider the Hamiltonian defined by [25]

|
N (Pﬁ 3 > ajk Qk)
Moy e\ s (122)

j=1
where ajj, is skew-symmetric (a;r = —ax;). Let us define the Hamiltonian form
aQ; OH
a 0P’
123
ap; OH (123)
. 0Q;
Remark the reversed sign of the Hamiltonian form of Eq. (123) [25].
From Eq. , we obtain
1
Pi+ = air Qk
Qi _6H—e( 2; )
) ’
N (124)
1
N Pt 5 Y ajkQk
dPl _ 6%__2@6 2k:1
dt  0Q; 4~ 2 ’
j=1
It can be recast into the form [25]
N
G =3 GG, (125)
k=1
where Ql = dgi and Ql = %. If we set X; = Qi, we obtain
N
dX;
= ik X X 126
o I;a kX X (126)

As a special case of Eq. (126)), we can define the following N-dimensional Lotka-Volterra equations [20].
The dynamics of the N-dimensional Lotka-Volterra equations is given by

N-dimensional Lotka-Volterra equations

dX,
Tl (Xn-1— Xnt1)Xn, (127)
t
where n =1, 2,---, N and we consider the case of
a periodic lattice of the length N: X, = X,,.n.

For example, if n = 3, Eq. (127) is written as
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3-dimensional Lotka-Volterra equations

dX,

— = (X5—X9)X

dt ( 3 2) 1,

dX

72 = (X1 — X3)Xa, (128)
t

dXs

— = (X3 —X1)Xs.

2= (- X)X

Equation (128)) has the two integrals [26], since the solution satisfies

Integrals

d
- (X1 + Xo 4 X5) =0,

(129)

d
7 (X1X0X5) =0,

3.2.1 Three-element memristor circuit realization

Consider first the three-element memristor circuit in Figure [I] The dynamics of this circuit given by Eq.
. Assume that Eq. satisfies

E =0, L=1

.é(l'l,l’Q, Z) :7(1'2*1'1)7
_ (130)
fi(wy, wo,0) = (1 — w2)71,

fo(@1, 22, 1) = (z1 — i)

Then, we obtain the following 3-dimensional memristor Lotka-Volterra equations

3-dimensional memristor Lotka-Volterra equations

di
dt
dx 1
dt

= (IQ —171)2'7

= (i —z2)71, (131)

drz
dt

= (Il — Z)IQ

Equations (128)) and (131)) are equivalent if we change the variables
X1 = i, X2 =T, X3 = X3. (132)

In this case, the extended memristor in Figure |1] is replaced by the generic memristor (see Appendix A).
Thus,

R(Jil, Zo, ’L) = R(Z‘1, .IQ) = —(332 — Z‘1). (133)

The terminal voltage vy, and the terminal current ip; of the current-controlled generic memristor are given
by
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V-1 characteristics of the generic memristor

vy = R(xh x2) iy = —(x2 — 1) i,

dml ( )

— = (iyg — x2)x1,

ar M 2)T1

daig ( . )

— = (x1 —im)xe,

ar 1= 1M )T2

5 (134)

where R(x1, x2) = —(x2 — 21).

It follows that the 3-dimensional memristor Lotka-Volterra equations can be realized by the three-
element memristor circuit in Figure This circuit can exhibit periodic behavior. If an external source is
added as shown in Figure [2] then the forced memristor circuit can exhibit a non-periodic response. The
dynamics of this circuit is given by

Forced 3-dimensional memristor Lotka-Volterra equations

di . .

i (zo — 1)1 + rsin(wt),

dx .

= (i—z2a, (135)
dx .

T = e

where r and w are constants.

The solution of Eq. (135]) satisfies
i(t) + o1 (t) + za(t) + 5 cos(wt) = K, (136)

where K is a constant. Thus, by eliminating x2 from Eq. (135]), we obtain the second-order non-autonomous
differential equations:

di T . . .

5 = {_w cos(wt)—I—K—Z—Qxl}z—l—rsm(wt),

) (137)
T o

ditl = {214— acos(wt) —K+SL”1)}CI?1~

Equations and can exhibit non-periodic behavior. We show the non-periodic and quasi-periodic
responses, Poincaré maps, and i), — vy loci of Eq. in Figures and respectively. The iy —vps
loci in Figure |57|lie in the first and the fourth quadrants. Thus, the generic memristor defined by Eq.
is an active element. We show the vy — pps locus in Figure where pps(t) is an instantaneous power
defined by pas(t) = ips(t)var(t). Observe that the vy — pas locus is pinched at the origin, and the locus
lies in the first and the third quadrants. Thus, the memristor switches between passive and active modes of
operation, depending on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic or quasi-periodic oscil-
lation. Then the generic memristor defined by Eq. can switch
between “passive” and “active” modes of operation, depending on its
terminal voltage.
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The following parameters are used in our computer simulations:
r=0.5, w=11 (138)

We also show Poincaré maps of Eq. in Figure Compare the Poincaré maps in Figure a) and
Figure|p9(a). The rightmost part in these figures is not identical, since the small differences due to rounding
errors in numerical computation result in differences in a later state.

In order to view the Poincaré maps in Figure [56|from a different perspective, let us project the trajectory
into the (&, 0, ¢)-space via the transformation

&(r) = (i(r) +5)cos (wT),
n(r) = (i(7)+5)sin (w7), (139)
¢(r) = ().

Then the trajectory on the (i, )-plane is transformed into the trajectory in the three-dimensional (£, 1, {)-
space, as shown in Figure Observe that the trajectory in Figure (b) is less dense than Figure (a).

Note that in order to generate a non-periodic response, we have to choose the initial conditions and
the maximum step size h carefully. In our computer simulations, we choose h = 0.002. It is important
for numerical stability, otherwise an overflow (outside the range of data) is likely to occur. That is, the
numerical instability in long-time simulations is likely to occur. We show its example in Figure Suppose
that Eq. has the following parameters and initial conditions:

Parameters: r = 0.5, w=1.1,

(140)
Initial conditions: i(0) = 1.12, z1(0) = 1.21.
If we choose h = 0.005, then i(¢) rapidly decreases for ¢t > 6848, and an overflow (outside the range of data)
occurs as shown in Figure a). However, if we choose h = 0.002, then the trajectory stays in the first-
quadrant of the (i, 1)-plane as shown in Figure b). The maximum step size of the numerical integration
greatly affects the behavior of Eq. . Thus, noise may considerably affect the behavior in the physical
memristor circuits.
Similarly, the 4-dimensional Lotka-Volterra equations are given by

4-dimensional Lotka-Volterra equations
dX1
— = (X} —X9)X
It (X4 2) X1,
dX
d7t2 = (X1 — X3)Xo,
e (141)
3
— = (X — X)X
ar (X2 1) X3,
dXy
— = (X3—-X)X,.
ar (X3 1)X4

Equation (141)) can be realized by the circuit in Figure[l]] The dynamics of this circuit is given by
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4-dimensional memristor Lotka-Volterra equations
di
dijf = (x3 —z1)i,
dx )
ditl = (i —mz9)xy,
(142)
oy _ (1 — z3)x
dt - 1 342,
dz
% = (:172 — Z).Ig

The terminal voltage vy, and the terminal current i; of the generic memristor are given by

V-1 characteristics of the generic memristor

vy = R(xi, x3)in = — (23 — 1) i,

dx .

dTl = (im — 22)21,

dx

d72 = (z1—23)20,

d

2 = (w3 —inr)xs,

dt

) (143)
where R(z1, x3) = —(v5 — x1).

The memristor circuit equations (142]) exhibit periodic behavior. If an external source is added as shown
in Figure [2] then the forced memristor Lotka-Volterra equations can exhibit a non-periodic response. The
dynamics of this circuit is given by

Forced 4-dimensional memristor Lotka-Volterra equations
di
d—z = (3 — 1)1+ rsin(wt),
dx .
7; = (i —xg)w1,
(144)
dry (r1 — x3)x
dt - 1 3)42,
d
% = (.132 — i)$3,
where r and w are constants.

The solution of Eq. (144]) satisfies
i(t) + 21 (t) + 2(t) + 23(t) + 5 cos(wt) = K, (145)

where K is a constant. Thus, by eliminating z3 from Eq. (144)), Eq. (144) can be recast into the third-order
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non-autonomous differential equations

% = {K—i—2x1—x2—£cos(wt)}i
+ rsin(wt),
da , (146)
o = (i — x2)x1,
drs {2901 —K—i—i—i—xg—i—zcos(wt))}xg.
dt w

We show the non-periodic response, quasi-periodic response, Poincaré maps, and iy, — vy loci of Eq.
in Figures 64 and respectively. The iy — vas loci in Figure [66] lie in the first and the fourth
quadrants. Thus, the extended memristor defined by Eq. is an active element. We show next the
v —pur locus in Figure[67, where pas(t) is an instantaneous power defined by par(t) = ias(t)vas(t). Observe
that the vy; — pas locus is pinched at the origin, and the locus lies in the first and the third quadrants. Thus,
the memristor switches between passive and active modes of operation, depending on its terminal voltage.
We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic or quasi-periodic oscil-
lation. Then the generic memristor defined by Eq. can switch
between “passive” and “active” modes of operation, depending on its
terminal voltage.

We also show Poincaré maps of Eq. (146) in Figure In order to view the Poincaré maps from a different
perspective, let us project the trajectory of Eq. (144)) into the (£, n, ¢)-space via the transformation

&(r) = (i(r) +5)cos (wr),
n(r) = (i(7)+5)sin (w7), (147)
((r) = a(r).

Observe that the trajectory in Figure a) is less dense than Figure b). The following parameters are
used in our computer simulations:
r=0.1, w=2. (148)

Note that in order to generate a non-periodic response in Figure a), we have to choose the initial
conditions and the maximum step size h, carefully. In our computer simulations, we choose h = 0.0015.
Furthermore, an overflow (outside the range of data) is likely to occur due to the numerical instability
in long-time simulations. We show its example in Figure Suppose that Eq. has the following
parameters and initial conditions:

Parameters: r=0.107, w=2,
Initial conditions:  ¢(0) = 0.608, z1(0) = 1.2, (149)
x9(0) = 1.3, 23(0) = 1.3.
If we choose h = 0.0015, then the trajectory rapidly grows for ¢ > 1443, and an overflow (outside the range
of data) occurs as shown in Figure a). However, if we choose h = 0.001, then the trajectory stays in
a finite region of the (r1, r2)-plane as shown in Figure b). The maximum step size of the numerical

integration greatly affects the behavior of Eq. (L44]). Therefore, noise may considerably affect the behavior
of the physical memristor circuits.
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3.2.2 2N-element memristor circuit realization

In order to realize Eq. (127) by the 2N-element memristor circuit in Figure let us group with odd or
even indexes in Eq. (127)) separately, namely,

2N -dimensional Lotka-Volterra equations
dXon_
;t L= (Xan—z — Xon) Xon—1,
IX (150)
2n
= X n—1— X n X ny
ar (Xon—1 2n+1) X2
wheren=1, 2,---, N.

We assume a periodic lattice of the length 2N: X,, = X, o, that is,
Xont1 = X1, Xong2 = Xo. (151)

Consider next the 2N-element memristor circuit in Figure The dynamics of this circuit, which is given

by Eq. (87). Assume that Eq. satisfies

Ln = 17
R(m» Zn) = Rn(m) = Rn(xn—la mn) = 7(17" - I"-H) (152)
fn,(ﬂfﬁ,’i) = fn(xna Z"I'H in-‘rl) - (Z.n - 7:n+1)xn-

Then we obtain

2N -dimensional memristor Lotka-Volterra equations
di, :
é = (Zn—l - xn)lnv
(153)
n G e
dt - n n+1 ny

Equations (150)) and (153) are equivalent if we change the variables
Iy = X2n—1; Ty = Xop. (154)

In this case, the extended memristors in Figure are replaced by the generic memristors, though the
current ¢ of Eq. (240) is modified into the vector form ¢ = (41, i2, - - - , %5). Their terminal voltage v, and
the terminal current ¢,, of the current-controlled generic memristor are described by

V-1 characteristics of the generic memristors

Un = -én(xnfla xn) Zn = _(xnfl - xn)lru
dzx,
dt

= fn(xna ina Z.n-l—l) = ('Ln - 7:n+1)xn~

(155)

For N =2, Eq. (153]) can be written as
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4-dimensional memristor Lotka-Volterra equations
di
% = (z2 —21)i1,
dx . )
ditl = (11 - 22) L1,
| (156)
diz - _ (x1 —x2)1
@ 1 2) 12,
dx
% = (ZQ — Zl) ZT9.

Here i; and iy denote the currents of two generic memristors. The terminal voltage v, and the terminal
current i,, of these memristors are given by

V-1 characteristics of the 2 generic memristors

v = Ri(z1, 22) i1 = — (22 — 21) i1,
% = f1(961, i1, i2) = (i1 —i2)z1
va = Rylan, w2)ia = — (21 — 32) i,
% = falwa, i1, iz) = (ia — i1)2a.

(157)

Since (141 is equivalent to Eq. (156), Eq. (141]) can be realized by the 4-element memristor circuit in Figure
40l

3.3 Ecological predator-prey model
Consider the ecological predator-prey model [22] defined by

FEcological predator-prey model equations

dM,
dt

= (]\/jn_l - ]\/[n—‘,—l)M'ﬂzv (158)

wheren =1, 2,---, N and we consider the case of
a periodic lattice of the length N: M, = M, N.

Assume that n = 3. Then Eq. (158) is written as

3-dimensional ecological predator-prey model equations
dM, 9
—— = (M3 — My)M
dt ( 3 2) 1
dM-
W? = (M — Ms)M,?, (159)
dM-
Wi" = (M, — My)Ms2.

Equation (159)) has the two integrals, since the solution satisfies
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~ Integrals ~

d
%(MlMgMg) =0,

(160)
4 (My My + MyM;z + M3My) = 0.

dt
- J

Thus, Eq. (159) can not exhibit chaotic oscillation nor a quasi-periodic oscillation. Furthermore, it can be
recast into Eq. (127) [22] if we set

Ly=M, 1M, . (161)

n—sz-
Consider first the three-element memristor circuit in Figure [l The dynamics of this circuit given by Eq.
. Assume that Eq. satisfies

E=0, L=1,
R(x17 x2, 7’) = —($2—x1)i,
; , : ) (162)
fi(zy, 2o, 1) = (i —32)z17,
folwr, x2,9) = (21— i)z22
Then we obtain
3-dimensional memristor ecological predator-prey model equations
di
d% = (w2 —21)7%,
d
% = (i—xz2)x1?, (163)
d
% = (CE‘l — i)x22.
Equations (159)) and (163) are equivalent if we change the variables
M1 = i, M2 =T, Z\/[3 = T9. (164)
In this case, the small-signal memristance of the extended memristor in Figure [I] is defined by
R(ZC, Z) = R(l‘l, T2, Z) = —(.1‘2 — Jfl)i. (165)

where & = (21, z2). The terminal voltage vy, and the terminal current iy, of the extended memristor are
described by

V-1 characteristics of the ertended memristor

o = Rz, 2o, in)ing = — (22 — 1) ing,
d
% = (im — x2)71%,
d »
% = (z1—im)x2?,
) (166)
where R(l‘l, To ’LM) = —(1‘2 — 1'1) i]p[ and i]w =1.
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Figure 55: Non-periodic and quasi-periodic responses of the forced 3-dimensional memristor Lotka-Volterra
equations (135)). Parameters: r = 0.5, w = 1.1. Initial conditions: (a) i(0) = 1.121, z1(0) = 1.2, 22(0) = 1.3.
(b) i(0) = 1.09, 21(0) = 1.2, 22(0) = 1.3
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Figure 56: Poincaré maps of the forced 3-dimensional memristor Lotka-Volterra equations (135). Observe the
islands of tori in Figure [56(b). Parameters: r = 0.5, w = 1.1. Initial conditions: (a) i(0) = 1.121, 21(0) =
1.2, 22(0) = 1.3.  (b) i(0) = 1.09, 1(0) = 1.2, 25(0) = 1.3.
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(a) non-periodic

(b) quasi-periodic

Figure 57: The iy —vys loci of the forced 3-dimensional memristor Lotka-Volterra equations (135]). Here, vy
and ij; denote the terminal voltage and the terminal current of the current-controlled generic memristor.
Parameters: r = 0.5, w = 1.1. Initial conditions: (a) 4(0) = 1.121, 21(0) = 1.2, 22(0) = 1.3.

i(0) = 1.09, 21(0) = 1.2, 22(0) = 1.3.
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Figure 58: The vy — pas locus of the forced 3-dimensional memristor Lotka-Volterra equations .
Here, pps(t) is an instantaneous power defined by pas(t) = iar(t)var(t), and vpr(t) and ip(t) denote the
terminal voltage and the terminal current of the current-controlled generic memristor. Observe that the
vy — py locus is pinched at the origin, and the locus lies in the first and the third quadrants. The
memristor switches between passive and active modes of operation, depending on its terminal voltage v ().

Parameters: r = 0.5, w = 1.1. Initial conditions:
i(0) = 1.09, 1 (0) = 1.2, 22(0) = 1.3.

(a) i(0) = 1.121, 21(0) = 1.2, 25(0) = 1.3.  (b)
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Figure 59: Poincaré maps of the non-autonomous equations (137). Observe the islands of tori in Figure
B9(b). Parameters: r = 0.5, w = 1.1. Initial conditions: (a) i(0) = 1.121, 21(0) = 1.2, 22(0) = 1.3, k =
( =

i(0)+21(0)+x2(0)+r/w ~ 4.0756. (b) i(0) = 1.09, 21(0) = 1.2, 22(0

4.0446.
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(a) non-periodic (b) quasi-periodic

Figure 60: The two trajectories of the forced 3-dimensional memristor Lotka-Volterra equations , which
are projected into the (&, 1, ¢)-space via the coordinate transformation . Observe that the trajectory
in Figure b) is less dense than that in Figure a). The trajectories are colored with the DarkBands
color code in Mathematica. Parameters: r = 0.5, w = 1.1. Initial conditions: (a) ¢(0) = 1.121, z1(0) =
1.2, 22(0) = 1.3.  (b) 4(0) = 1.09, 1(0) = 1.2, 22(0) = 1.3.
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(a) h = 0.005 (b) h = 0.002

Figure 61: Behavior of the second-order non-autonomous differential equations . If we choose h = 0.005,
then i(t) rapidly decreases for ¢ > 6848, and an overflow occurs as shown in Figure [69(a). However, if we
choose h = 0.002, then the trajectory stays in the first-quadrant of the (i, z1)-plane as shown in Figure
b). Here, h denotes the maximum step size of the numerical integration. Parameters: r = 0.5, w = 1.1.
Initial conditions: #(0) = 1.2, z1(0) = 1.121.
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Figure 62: Non-periodic responses of the forced 4-dimensional memristor Lotka-Volterra equations ([144]),
where 11 = Vi%2 + 212 and 1o = Va9? + 232 Parameters: r = 0.1, w = 2. Initial conditions: i(0) =
0.6072, 21(0) = 1.2, 22(0) = 1.3, x3(0) = 1.3.
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Figure 63: Quasi-periodic responses of the forced 4-dimensional memristor Lotka-Volterra equations ((144)),
where r1 = v/12 + 212 and 79 = V292 + 132 Parameters: r = 0.1, w = 2.
Initial conditions: i(0) = 0.585, z1(0) = 1.2, 22(0) = 1.3, z3(0) = 1.3.
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- r, r,

(a) non-periodic (b) quasi-periodic
Figure 64: Poincaré maps of the forced 4-dimensional memristor Lotka-Volterra equations (144)), where

r1 = ViZ+ 21?2 and ro = Va2 + 32, Parameters: r = 0.1, w = 2. Initial conditions: (a) i(0) =
0.6072, 21(0) = 1.2, 25(0) = 1.3, 23(0) = 1.3. (b) i(0) = 0.585, z,(0) = 1.2, 2(0) = 1.3, 23(0) = L.3.

r,

20 25

inf
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(a) non-periodic (b) quasi-periodic

Figure 65: Poincaré maps of the non-autonomous equations , where 71 = V12 + 212, 70 = V22 + 132,
and 3 = K —i —x1 — x2(t) — = cos(wt). Parameters: r = 0.5, w = 2. Initial conditions: (a) i(0) =
0.6072, 21(0) = 1.2, 23(0) = 1.3, 25(0) = 1.3, k = i(0) + 21(0) + 22(0) + 25(0) + r/w ~ 4.0756.  (b)
i(0) = 0.585, 21(0) = 1.2, 25(0) = 1.3, 25(0) = 1.3, k = i(0) + 1 (0) + 22(0) + 23(0) + r/w ~ 4.0446.
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(a) non-periodic (b) quasi-periodic

Figure 66: The ip; — vas loci of the forced 4-dimensional memristor Lotka-Volterra equations . Here,
vy and i3 denote the terminal voltage and the terminal current of the current-controlled generic memristor.
Parameters: r = 0.1, w = 2. Initial conditions: (a) (0) = 0.6072, 21(0) = 1.2, 22(0) = 1.3, 23(0) = 1.3.
(b) i(0) = 0.585, 21(0) = 1.2, 22(0) = 1.3, 23(0) = 1.3.

22 21 o 1 2 2 21 o0 1 2

(a) non-periodic (b) quasi-periodic

Figure 67: The vj; — pas locus of the forced 4-dimensional memristor Lotka-Volterra equations . Here,
pum(t) is an instantaneous power defined by pps(t) = ias(t)var(t), and var(t) and ip(t) denote the terminal
voltage and the terminal current of the current-controlled generic memristor. Observe that the vy, — pys
locus is pinched at the origin, and the locus lies in the first and the third quadrants. The memristor switches
between passive and active modes of operation, depending on its terminal voltage vp;(t). Parameters:
r = 0.1, w = 2. Initial conditions: (a) #(0) = 0.6072, z1(0) = 1.2, 22(0) = 1.3, 23(0) = 1.3. (b)
i(0) = 0.585, 21(0) = 1.2, 22(0) = 1.3, z3(0) = 1.3.
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(a) non-periodic (b) quasi-periodic

Figure 68: The two trajectories of the forced 4-dimensional memristor Lotka-Volterra equations , which
are projected into the (&, 7, {)-space via the coordinate transformation . Observe that the trajectory in
Figure a) is less dense than Figure b). The trajectories are colored with the DarkRainbow color code
in Mathematica. Parameters: r = 0.1, w = 2. Initial conditions: (a) ¢(0) = 0.6072, z1(0) = 1.2, 22(0) =
1.3, 23(0) = 1.3.  (b) 4(0) = 0.585, x1(0) = 1.2, 22(0) = 1.3, 3(0) = 1.3.

05 1.0 15 2.0 25 3.0 35 4.0 05 1.0 15 20 25 30 35 '

(a) h = 0.002 (b) h = 0.001

inl

Figure 69: Behavior of the forced memristor Lotka-Volterra equations (144)). If A = 0.002, then the trajectory
rapidly grows for ¢ > 1443, and an overflow occurs as shown in Figure ). However, if h = 0.001, then the
trajectory stays in a finite region of the (r1, 72)-plane as shown in Figure[29(b). Here, h denotes the maximum
step size of the numerical integration, and r; = v/i2 + x12, r9 = v/x22 + x32 Parameters: r = 0.107, w = 2.
Initial conditions: #(0) = 0.608, z1(0) = 1.2, 22(0) = 1.3, 25(0) = 1.3.
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3.3.1 4-dimensional ecological predator-prey model

The 4-dimensional ecological predator-prey model is given by [22]

4-dimensional ecological predator-prey model equations
dM1 2
= (My— My)M
dt ( 4 2) 1>
dM.
dt2 = (M — M3)M,?,
IM (167)
—= = (Mz— My)M5®,
dt
dM.
dt‘* = (M3 — MM,

If we change the variables

My =iy, My =1, M3 =iz, My =, (168)
Eq. (167) can be recast into the form
4-dimensional memristor ecological predator-prey model equations
di
% = (z2— 1) 1%,
dx . .
dTl = (ix — i) 217,
: (169)
dia - _ (x1 — 29) ip>
@ 1 2) 127,
d
% = (ig — ’il) .%‘22.

Here, 41 and i denote the currents of two current-controlled extended memristors in Figure In this case,
the small-signal memristances of the extended memristors is defined by

Ry(ay, m2,11) = —(2—m1)iy } (170)

Ro(x1, @2, 12) = —(x1 — x2)12.

The terminal voltages v,, and the terminal current 4, of these extended memristors are given by (n =1, 2)

V-I characteristics of the 2 extended memristors

v = Rz, 22, i1) i1 = —(22 — 21) 012,
% = fi(@y, i1, d2) = (i1 —i2) 212
vy = Ro(x1, 22, i2)ia = —(21 — 22) in?,
% = fo(wa, i1, i) = (ig — i1) 222

(171)

Thus, Eq. (169) can be realized by the 4-element memristor circuit in Figure The forced 4-dimensional
memristor ecological predator-prey model is given by
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Forced 4-dimensional memristor ecological predator-prey model equations
di . .
ditl = (2o —x1)i1? + rsin(wt),
dxl . .
W = (11 - 22) =T127
dis (172)
- — — i 2
dt (931 332) L2,
d.’tg . . 9
— = (12 —11)x2".
i (2 — 1) w2
where r and w are constants.

The memristor circuit equations and exhibit periodic behavior. If an external source is added
as shown in Figure then the forced 4-dimensional memristor ecological predator-prey model can
exhibit quasi-periodic and non-periodic responses. We show the non-periodic response, quasi-periodic re-
sponse, Poincaré maps, and i; — v; loci of Eq. in Figures and respectively (j = 1, 2).
The i; — v; loci in Figure lie in the first and the fourth quadrants. Thus, the corresponding extended
memristor is an active element. We show the v; — p; locus in Figure where p;(t) is an instantaneous
power defined by p;(t) = i;(¢)v;(t) (j = 1, 2). Observe that the v; — p; locus is pinched at the origin, and
the locus lies in the first and the third quadrants. Thus, the memristor switches between passive and active
modes of operation, depending on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic or quasi-periodic oscilla-
tion. Then the extended memristor defined by Eq. can switch
between “passive” and “active” modes of operation, depending on its
terminal voltage.

In order to view the Poincaré maps in Figure [72] from a different perspective, let us project the trajectories
into the (&, n, ¢)-space via the transformation

£€r) = (
n(r) = (
(r) = ra7),

where 71 = /i3 + 212 and 73 = \/is? + 132, Observe that the irregular trajectory exists in Figure (a).
The following parameters are used in our computer simulations:

r=0.5, w=2. (174)

r1(7) 4+ 5) cos (wT),
r1(T) + 5) sin (w7), (173)

Note that in order to generate a non-periodic response, we have to choose the initial conditions carefully.
We show its example in Figure Suppose that Eq. (172) has the following parameters and initial conditions:

Parameters: r=05 w=2,
Initial conditions:  ¢(0) = 0.098, z1(0) = 0.5, (175)
22(0) = 1.1, 253(0) = 1.3.

If we choose h = 0.01, then the trajectory rapidly grows for ¢ > 5327, and an overflow occurs as shown in
Figure (a). However, if we choose h = 0.005, then the trajectory stays in a finite region as shown in Figure
b). The maximum step size of the numerical integration greatly affects the behavior of Eq. . In this
case, noise may considerably affect the behavior of the physical memristor circuit.
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Figure 70: Non-periodic response of the forced 4-dimensional memristor ecological predator-prey equations
1-

172)), where r; = Vi12 + 212 and ro = Vis2 + 202. Parameters: r = 0.5, w = 2. Initial conditions:
i(0) = 0.1, 1(0) = 0.5, 22(0) = 1.1, 23(0) = 1.3.

1.0
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2.0 S 1.0 1.5 2.0 2.5
(a) (i1, =1, i2)-space (b) (r1, r2)-plane

Figure 71: Quasi-periodic response of the forced 4-dimensional memristor ecological predator-prey equations

i

72), where r; = Vi1? + 212 and ro = Vi2? + 202. Parameters: r = 0.5, w = 2. Initial conditions:
i1(0) = 0.2, £1(0) = 0.5, i2(0) = 1.1, 25(0) = 1.3.
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Figure 72: Poincaré maps of the forced 4-dimensional memristor ecological predator-prey equations (172)),

where r1 = Vi12 + 212 and 7o = Vi2® + 292. Parameters: r = 0.5, w = 2. Initial conditions: (a)
i1(0) = 0.1, 21(0) = 0.5, i2(0) = 1.1, 22(0) = 1.3.  (b) 41(0) = 0.2, 21(0) = 0.5, i2(0) = 1.1, 22(0) = 1.3.
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Figure 73:  The ¢; — v; loci of the forced 4-dimensional memristor ecological predator-prey equations
(172). Here, i; and v; denote the terminal current and the voltage of the extended memristor, respectively
(j =1, 2). Parameters: r = 0.5, w=2. (a), (b) i1(0) = 0.1, 21(0) = 0.5, i2(0) = 1.1, z2(0) = 1.3. (c), (d)
Zl(O) = 0.2, xl(O) = 05, 22(0) = 1.1, ZIJQ(O) =1.3.
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Figure 74: The v; — p; loci of the forced 4-dimensional memristor ecological predator-prey equations .
Here, p;(t) is an instantaneous power defined by p;(t) = 4;(t)v;(t), and v;(t) and i;(t) denote the terminal
voltage and the terminal current of the j-th generic memristor, respectively (j = 1, 2). Observe that the
v; — p; loci are pinched at the origin, and the locus lies in the first and the third quadrants. The memristor
switches between passive and active modes of operation, depending on its terminal voltage v;(t). Parameters:
r = 0.1, w = 2. Initial conditions: (a), (b) i1(0) = 0.1, z1(0) = 0.5, i2(0) = 1.1, 22(0) = 1.3.  (c¢), (d)
i1(0) = 0.2, z1(0) = 0.5, i2(0) = 1.1, x2(0) = 1.3.
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(a) non-periodic (b) quasi-periodic

Figure 75: The two trajectories of the forced 4-dimensional memristor ecological predator-prey equations
, which are projected into the (&, n, {)-space via the coordinate transformation . We can observe
a gap in Figure b). Compare the trajectories in Figure with the Poincaré maps in Figure The
trajectories are colored with the Rainbow color code in Mathematica. Parameters: r = 0.1, w = 2. Initial
conditions: (a) i1(0) = 0.1, z1(0) = 0.5, i2(0) = 1.1, 22(0) = 1.3.  (b) ¢1(0) = 0.2, 21(0) = 0.5, i2(0) =
1.1, z2(0) = 1.3.
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250 ——Fp—— ————— ———
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200F ]
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0 0 r, 0 Iy
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(a) h = 0.005 (b) h =0.002

Figure 76: Behavior of the forced 4-dimensional memristor ecological predator-prey model equations .
If we choose h = 0.01, then the trajectory rapidly grows for ¢t > 5327, and an overflow occurs as shown in
Figure a). However, if we choose h = 0.005, then the trajectory stays in a finite region as shown in Figure
b). Here, h denotes the maximum step size of the numerical integration. Parameters: r = 0.5, w = 2.
Initial conditions: 41(0) = 0.098, x1(0) = 0.5, i2(0) = 1.1, 22(0) = 1.3.
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4 Exponential Coordinate Transformation

In this section, we show that the dynamics of an n-dimensional autonomous system can be transformed into
the dynamics of a three-element memristor circuit by using the exponential coordinate transformation [3, 4.

4.1 Tennis racket equations

The components of the angular momentum of a tennis racket about its center of mass are governed by the

following equations [23]

Tennis racket equations

dwor

dt - 2 W3,

dw

7; = W3wi, (176)
dws

dt - 1 w2,

where wq, ws, ws are the angular velocities about
the object’s three principal axes.

Equation (176 has the three integrals, since the solution satisfies

Substituting

into Eq. (176)), we obtain

Since |41 | = e*t, Eq. (178) indicates an exponential coordinate transformation [4].

~ Integrals ~
d 2
it (wl + wo ) =0,
% ((UQQ + (,U32) =0, (177)
d 2 2
% (wl + ws ) =0.
\ J

w1 =1Inli|, wa =21, wy = a2,

Memristor tennis racket equations

ﬂ = —x1X217

dt - 1420,

d

% = a2 ln|il, (179)
o il

da ! '

(178)

Consider the three-element memristor circuit in Figure (I The dynamics of this circuit given by Eq. .
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Assume that Eq. satisfies

L=1, E =0,
1:2(1‘17 T, in) = x1 T2,
; . . (180)
fi(xy, o, i) = wmoInlipn|,
JE2(1?17 Xo, i) = —xp In|ip].

Then Eq. can be recast into Eq. (179). In this case, the extended memristor in Figure [I| can be replaced
by the generic memristor. That is,

R(zx1, 2, iyp) = R(z1, 22) = 21 22. (181)

The terminal voltage vy; and the terminal current iy, of the current-controlled generic memristor are de-
scribed by

V-1 characteristics of the generic memristor

vy = Rz, z2)iy =21 2200,

dxy o .

o - ® In i |, (182)
drs In i |

22 = gy Inlin |,

7 1 M

where R(x1, x2) = x1 22 and iy = i.

Equation (179) has the three integrals, since the solution satisfies

~ Integrals ~
d 12 2\ _
pn (ln [4]” 4+ 24 ) = 0,
d
o (21 + 22%) = 0, (183)
i(ln|i|2+x2) =0
dt ? '

- J

It can exhibit periodic behavior. When an external source is added as shown in Figure[2] the forced memristor
tennis racket equations can exhibit a non-periodic response. The dynamics of this circuit is given by

Forced memristor tennis racket equations
di |+ sin(wt)
— = —x1x210+ rsin(wt),
ar 122
dml
— = x5 In|i]|, 184
T 2 In|i (184)
drs In |
— = —z1In]i|,
dt !
where r and w are constants.
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The solution of Eq. (184)) satisfies
21 (t)” + 22(t)? = K, (185)

where K is a constant. We show the non-periodic response, quasi-periodic response, Poincaré maps, and
iym — vy loci of Eq. in Figures and (80 respectively. The trajectories projected into the
(21, z2)-plane are shown in Figure [77[b) and Figure [78(b), which moves on the circle defined by Eq. (I85).
Compare the two Poincaré maps in Figure The ips — vps loci in Figure [80] lie in the first and the fourth
quadrants. Thus, the generic memristor defined by Eq. is an active element. We show the vy — pas
locus in Figure where pps(t) is an instantaneous power defined by pas(t) = ipr(t)vas(t). Observe that
the vy; — pas locus is pinched at the origin, and the locus lies in the first and the third quadrants. Thus, the
memristor switches between passive and active modes of operation, depending on its terminal voltage. We
conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic or quasi-periodic oscil-
lation. Then the generic memristor defined by Eq. can switch
between “passive” and “active” modes of operation, depending on its
terminal voltage.

In order to view the above Poincaré maps from a different perspective, let us project the trajectory into
the (&, , ¢)-space via the transformation

)
5) sin (wT), (186)

We show the projected trajectories in Figure Observe that the trajectory in Figure [82(a) is less dense
than Figure [82[b).

X,
0.2F°
0.1
0.0 0 X,
—-0.1f
—-0.2¢

—(I).Z —(I).l 0.0 0.1 0.2
(a) (i, 1, x2)-space (b) Projected into the (1, x2)-plane

Figure 77: Non-periodic response of the forced memristor tennis racket equations (184)). (a) A non-periodic

trajectory in the (i, x1, x2)-space. (b) A trajectory projected into the (z1, xa)-plane. It satisfies a circle

equation: x1(t)” +a(t)* = 0.0425. Parameters: r = 0.087, w = 0.5. Initial conditions: i(0) = e*11, z,(0) =
0.2, x5(0) = 0.05.
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Figure 78: Quasi-periodic response of the forced memristor tennis racket equations . (a) A quasi-
periodic trajectory in the (i, x1, x2)-space. (b) A trajectory projected into the (x1, xs2)-plane. It satisfies
a circle equation: z(t)* + zo(t)> = 0.0425. Parameters: r = 0.087, w = 0.5. Initial conditions: i(0) =
e 15 21(0) = 0.2, 22(0) = 0.05.
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(a) non-periodic (b) quasi-periodic

Figure 79: Poincaré maps of the forced memristor tennis racket equations ((184]). Parameters: » = 0.087, w =
0.5. Initial conditions: (a) i(0) = €%, 21(0) = 0.2, 22(0) = 0.05. (b) i(0) = €*®, 21(0) = 0.2, 22(0) =
0.05.
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Figure 80: The i5; — vas loci of the forced memristor tennis racket equations . Here, vps and ips denote
the terminal voltage and the terminal current of the current-controlled generic memristor. Parameters:
r = 0.087, w = 0.5. Initial conditions: (a) i(0) = €%, z1(0) = 0.2, 22(0) = 0.05. (b) i(0) = %, 2,(0) =
0.2, x2(0) = 0.05.
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Figure 81: The vy — pas loci of the forced memristor tennis racket equations . Here, pp(t) is an
instantaneous power defined by pas(t) = inr(t)var(t), and vas(¢t) and ipr(¢) denote the terminal voltage and
the terminal current of the current-controlled generic memristor. Observe that the vy; — pas locus is pinched
at the origin, and the locus lies in the first and the third quadrants. The memristor switches between passive
and active modes of operation, depending on its terminal voltage vy (t). Parameters: r = 0.087, w = 0.5.
Initial conditions: (a) i(0) = %!, z1(0) = 0.2, x2(0) = 0.05. (b) i(0) = €15, z1(0) = 0.2, z2(0) = 0.05.
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(a) non-periodic (b) quasi-periodic

Figure 82: The two trajectories of the forced memristor tennis racket equations which are projected
into the (&, n, ¢)-space via the coordinate transformation . Observe that the trajectory in Figure |82 a)
is less dense than Figure [82fb). Compare the trajectories in Figure [82| with the Poincaré maps in Figure
The trajectories are colored with the Rainbow color code in Mathematica. Parameters: r = 0.087, w = 0.5.
Initial conditions: (a) i(0) = €%, z1(0) = 0.2, 22(0) = 0.05. (b) i(0) = %15, 21(0) = 0.2, 22(0) = 0.05.

4.2 Pendulum equations
The equation for a pendulum can be written as [10]
d2
ﬁg +sinu =0, (187)

where u is the angle from the downward vertical. It is equivalent to the sine-Gordon equation in the absence
of the diffusion term. Equation (187]) can be recast into the form

Pendulum equations

du
dt
dv
dt

(188)

Substituting v = In |4 | and uv = x into Eq. (187)), we obtain

Memristor pendulum equations
di .
— = —isingz,
dt (189)
LAY
dt )

Consider the three-element memristor circuit in Figure The dynamics of this circuit given by Eq. .
Assume that Eq. satisfies

R(z,iy) = sinz, (190)
fl(x, Z) = ln|z|
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Then, Eq. can be recast into Eq. (189)). In this case, the extended memristor in Figure can be replaced
by by the generic memristor. Thus,

R(x, ip) = R(x) = sin . (191)

The terminal voltage vy; and the terminal current iy, of the memristor are described by

V-1 characteristics of the generic memristor

VYm = R(,T) i]p[ = (sin 1‘) iM,
de inr| (192)
ac b

where R(z) = sinx and iy = i.

Equation (189)) has the integral, since the solution satisfies

Integral

dt f (n]i]
dt 2

+ cos :1:} =0. (193)

The memristor pendulum equations ([189) exhibit periodic behavior. If an external source is added as
shown in Figure[2] then the forced memristor pendulum equations can exhibit non-periodic and quasi-periodic
responses. The dynamics of this circuit is given by

Forced memristor pendulum equations

di .. .
5 = Tising + rsin(wt),
(194)
g
a ’

where r and w are constants.

Equation is invariant under the transformation x — x + 2m. We show their trajectories, Poincaré
maps, and ip; — vpr loci in Figures and respectively. The following parameters are used in our
computer simulations:

r =0.04452, w = 1. (195)

The ipr — vas loci in Figure lie in the first and the fourth quadrant. Thus, the generic memristor
defined by Eq. is an active element. We next show the vy; — pas locus in Figure where pps(t) is
an instantaneous power defined by pas(t) = ias(t)var(t). Observe that the vy — pas locus is pinched at the
origin, and the locus lies in the first and the third quadrants. Thus, the memristor switches between passive
and active modes of operation, depending on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. exhibits non-periodic or quasi-periodic oscilla~
tion oscillation. Then the generic memristor defined by Eq. can
switch between “passive” and “active” modes of operation, depending
on its terminal voltage.
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Figure 83: Non-periodic and quasi-periodic responses of the forced memristor pendulum equations (194)).
Parameters: r = 0.04452, w = 1. Initial conditions: (a) ¢(0) = 0.187, z(0) = 0.21. (b) i(0) = 0.187, x(0) =
0.2.

In order to view the above Poincaré maps in Figure [84] from a different perspective, let us project the
trajectory into the (&, n, ¢)-space via the transformation

£(r) = (i(1) +5)cos (wT),
n(r) = (i(r) +5)sin (w7), (196)
(r) = x(r).

Compare the trajectories in Figure [87 with the Poincaré maps in Figure We can observe a wide gap in
Figure [87|(b).

Note that in order to obtain the Poincaré map in Figure a), we have to choose the parameters
and initial conditions carefully. Furthermore, the maximum step size h of the numerical integration must
be sufficiently small (h = 0.003) because of the numerical instability in long-time simulations. We show an
interesting example in Figure Suppose that Eq. has the following parameters and initial conditions:

Parameters: » = 0.0445, w =1,

(197)
Initial conditions: ¢(0) = 0.187, x(0) = 0.187.

If we choose h = 0.0005, then x(t) decreases gradually as time ¢ increases as shown in Figure[388|(a). However,
if we choose h = 0.0003, then the trajectory stays in a finite region of the (¢, x)-plane as shown in Figure
[B8[(b). The maximum step size of the numerical integration greatly affects the behavior of Eq. (194).
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Figure 84: Poincaré maps of the forced memristor pendulum equations (194)). Parameters: r = 0.04452, w =
1. Initial conditions: (a) 4(0) = 0.187, z(0) = 0.21. (b) 4(0) = 0.187, z(0) = 0.2.
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Figure 85: The iy — vas loci of the forced memristor pendulum equations (194)). Here, vy; and ip; denote
the terminal voltage and the terminal current of the current-controlled generic memristor. Parameters:
r = 0.04452, w = 1. Initial conditions: (a) #(0) = 0.187, x(0) = 0.21. (b) ¢(0) = 0.187, x(0) = 0.2.
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Figure 86: The vy; — pas locus of the forced memristor pendulum equations . Here, pps(t) is an
instantaneous power defined by pas(t) = inr(t)var(t), and vas(¢t) and ipr(¢) denote the terminal voltage and
the terminal current of the current-controlled generic memristor. Observe that the vp; — pas locus is pinched
at the origin, and the locus lies in the first and the third quadrants. The memristor switches between passive
and active modes of operation, depending on its terminal voltage vps(t). Parameters: r = 0.04452, w = 1.
Initial conditions: (a) #(0) = 0.187, 2(0) =0.21. (b) ¢(0) = 0.187, x(0) = 0.2.
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(a) non-periodic (b) quasi-periodic

Figure 87: The two trajectories of the forced memristor pendulum equations , which are projected into
the (&, n, ¢)-space via the coordinate transformation (196). We can observe a wide gap in Figure 87|(b).
Compare the trajectories in Figure [87 with the Poincaré maps in Figure 84l The trajectories are colored
with the Rainbow color code in Mathematica. Parameters: r = 0.04452, w = 1. Initial conditions: (a)
i(0) = 0.187, z(0) = 0.21. (b) 4(0) = 0.187, z(0) = 0.2.
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Figure 88: Behavior of the forced memristor pendulum equations for 0 < ¢t < 2000. Observe the
difference between the two trajectories. If we choose h = 0.0005, then z(t) decreases gradually as time ¢
increases as shown in Figure [88(a), where 2(2000) ~ —122.7. However, if we choose h = 0.0003, then the
trajectory stays in a finite region of the (i, z)-plane as shown in Figure B§(b), where z(2000) ~ —1.815.
Here, h denotes the maximum step size of the numerical integration. Parameters: r = 0.0445, w = 1. Initial
conditions: #(0) = 0.187, z(0) = 0.187.
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4.3 Lorenz system

The dynamics of the Lorenz system [16] is defined by a system of three ordinary differential equations:

Lorenz system

dx

E - O'(y_]“)7

dy

2y ) = 198
L= -2y (198)
dz

% - $y_ﬁ25,

where 0 = 10, 8 = %, and p = 28.

and p = 28, Eq. (198) has chaotic solutions, which resemble a butterfly or figure eight.

The Lorenz system 1} is a simplified model of convection rolls in the atmosphere. When o = 10, § = %,
Substituting z =1n|i|, y = x1, and z = x5 into Eq. (198)), we obtain

Memristor Lorenz equations for Eq.

di N

p7 A o(ze —In|i])4,

g _ (p—x) In|i| —x (199)
dt p 2 15

dx

7; = xl_ﬁx27

where o = 10, 5 = %, and p = 28.

Consider the three-element memristor circuit in Figure The dynamics of this circuit given by Eq. .
Assume that Eq. satisfies

L:]_, _E‘:O7
R(mh Zo, i]y[) = —0 (332 — 1n|i1\4 |)
= ) ) (200)
filwy, 22, 1) = (p—w2) In|iy | — w1,
foz1, T2, 1) = 1 — B .

Then Eq. can be recast into Eq. (199)). Thus, the terminal voltage va; and the terminal current ip; of
the current-controlled extended memristor in Figure [I| are described by

V-1 characteristics of the extended memristor

vy = R(xy, x2, in)in

= —U(.]Zg—hl‘iMUi]w,

dx .
EL = (p—w2) nfing| oy, (201)
t
dx
ditz = 1 7/8*%27
where R(xl, Xa, ipr) = —0o (w2 —In|ip|).
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Note that i = 0 and iy = 0 are not well-defined in Eq. (199) and Eq. (201)), respectively. Furthermore, the
condition for the extended memristor, that is, R(z1, 22, 0) # oo is not satisfied, since

lim |[R(z1, 2, iy)| = lim —U(xg—ln|iM|)‘—>oo. (202)
iam—0 ia—0
However, if i — 0, then vy, satisfies
var = R(xy, @9, ing) ing = —0 (29 — In|ips | ) ipr — 0. (203)

Therefore, without loss of generality, we can regard this kind of memristor as the extended memristor. For
more details, see [I].

For 0 =10, 8 = % and p = 28, the memristor Lorenz equations also exhibit chaotic oscillation.
Thus, an external periodic forcing is unnecessary to generate chaotic oscillation. We show the chaotic
attractor, Poincaré map, and ip; — vy locus in Figures and respectively. We can easily observe
the folding action of the chaotic attractor as shown in Figure @[ The ips — vpr locus in Figure @ lies
in the first and the fourth quadrants. Thus, the extended memristor defined by Eq. is an active
element. Let us show the vy — pas locus in Figure where pps(t) is an instantaneous power defined by
pam(t) = inr(t)var(t). Observe that the vy — pas locus is pinched at the origin, and the locus lies in the first
and the third quadrants. Thus, when vy; > 0, the instantaneous power pj; delivered from the forced signal
and the inductor is dissipated in the memristor. However, when vy, < 0, the instantaneous power p,s is not
dissipated in the memristor. Hence, the memristor switches between passive and active modes of operation,
depending on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. (199)) exhibits chaotic oscillation. Then the extended
memristor defined by Eq. (201) can switch between “passive” and “ac-
tive” modes of operation, depending on its terminal voltage.

1x10%

Figure 89: Chaotic attractor of the memristor Lorenz equations ((199). Parameters: a = 0.2, b = 0.2, ¢ = 5.7.
Initial conditions: ¢(0) = 0.1, x1(0) = 0.1, z2(0) = 0.1.

4.4 Two-variable Oregonator model

Two-variable Oregonator model [27] is defined by
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Figure 90: Poincaré map of the memristor Lorenz equations ((199)). The Poincaré cross-section is defined by
{(i, 1, z2) € R® | i = 500}. The chaotic trajectory of Eq. (199) crosses the above Poincaré cross-section
(plane) many times. Observe the folding action of the chaotic attractor. Parameters: a = 0.2, b =0.2, ¢ =
5.7. Initial conditions: ¢(0) = 0.1, x1(0) = 0.1, z2(0) = 0.1.

Uy

1x108}

5x107 [

-5x107 |

-1x10%}

0 1x107 2x107 3x107 4x10’

Figure 91: The i3 — vps locus of the memristor Lorenz equations (199). Here, vy and ip; denote the
terminal voltage and the terminal current of the current-controlled extended memristor. Parameters: a =
0.2, b=0.2, ¢=5.7. Initial conditions: ¢(0) = 0.1, x1(0) = 0.1, x2(0) = 0.1.
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Figure 92: The vp; — pas locus of the memristor Lorenz equations (199). Here, py(t) is an instantaneous
power defined by pas(t) = ias(¢)var(t), and vas(t) and ips(t) denote the terminal voltage and the terminal
current of the current-controlled extended memristor. Observe that the vy, — pys locus is pinched at the
origin, and the locus lies in the first and the third quadrants. The memristor switches between passive and
active modes of operation, depending on its terminal voltage vas(t). Parameters: a = 0.2, b=10.2, ¢ = 5.7.
Initial conditions: #(0) = 0.1, x1(0) = 0.1, x2(0) = 0.1.
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Two-variable Oregonator model equations

du 1 (u o fo(u— q)) 7

dt € u+q (204)
@ = Uu-—-v
dt ’

where f =1, ¢ =0.001, and € = 0.7.

Substituting v =1In|i| and v = z, into Eq. (204)), we obtain

Memristor two-variable Oregonator model equations

di . . fa(nli]—q)
I, =~ 1 — (1 2_JoVitl 4
7 {n|z| (In]i]) mli+q 2

dx
dt

In|i|—z,

(205)

where f =1, ¢ =0.001, and L = 0.7.

Consider the three-element memristor circuit in Figure|ll The dynamics of this circuit given by Eq. .

Assume that Eq. satisfies
E = 0,
B : . . x(In|ip | —
R, i) = = {mline| - (n]iyy ]2 - LRI =0 (206)
fi(z, i) = In|iy]|—=.

Then Eq. can be recast into Eq. (205). The terminal voltage vy and the terminal current iy of the
current-controlled extended memristor in Figure |1 are described by

V-1 characteristics of the extended memristor

vy = R(x, i) i

= = {mlin |- (nliag2 = LERIBAZ D5, o)

In|ip|+q
dzx ) .
E:fl(a:,z)zln\mﬂ—a:,
where
N ) . ffE(lnH]\w”_Q)}
R(x,i =—JInliy| = (In|iy|)? -2 DL
(wving) = = {ml g | = (i |2 = LB

Note that .limo |R(z, inr)| — oo. Hence, the above memristor does not satisfy the condition of the extended
TM—

memristor, that is, R(x, 0) # oo. Furthermore, i = 0 and ip; = 0 are not well-defined in Eq. (205)) and
Eq. . However, if ip; — 0, then vy — 0. Thus, without loss of generality, we can regard this kind of
memristor as the extended memristor. For more details, see [I].

The memristor two-variable Oregonator model equations exhibit periodic oscillation. When an
external source is added as shown in Figure [2 the forced two-variable Oregonator model equations can
exhibit chaotic oscillation. The dynamics of this circuit is given by
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Forced memristor two-variable Oregonator model equations

di : , fa(nlil—q)
L— = 1 — (1 2 _
G = {wii-oupipe - RSO,
+r sin(wt), (208)
(fl—f = Inl|i|—x,

where r and w are constants.

We show their chaotic attractor, Poincaré map, and iy — vas locus in Figures [03] [04] and [05] respectively.
The following parameters are used in our computer simulations:

—1, —0.001, L=0.7.
f 1 } (209)

r=0.01, w=0.79.

The iy — var locus in Figure [05] lies in the first and the fourth quadrants. Thus, the extended memristor
defined by Eq. is an active element. Let us show the vy; — pas locus in Figure where pps(t) is
an instantaneous power defined by pas(¢) = ips(t)var(t). Observe that the vy — pas locus is pinched at the
origin, and the locus lies in the first and the third quadrants. Thus, the memristor switches between passive
and active modes of operation, depending on its terminal voltage. We conclude as follow:

Switching behavior of the memristor

Assume that Eq. (208]) exhibits chaotic oscillation. Then the extended
memristor defined by Eq. (207) can switch between “passive” and “ac-
tive” modes of operation, depending on its terminal voltage.

In order to obtain the above results, we have to choose the initial conditions carefully. It is due to the fact
that a periodic response (drawn in magenta) coexists with a chaotic attractor (drawn in blue) as shown in

Figure 07]
X
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0.00FE . . .
1.00 1.05 1.10 1.15

Figure 93: Chaotic attractor of the forced two-variable Oregonator model equations (208]). Parameters:
f=1,¢=0.001, L=0.7, »r=0.01, w=0.79. Initial conditions: i(0) = %!, z(0) = 0.1.

5 Ideal Memristor Circuit

In this section, we realize the dynamics of the systems by using ideal memristors.
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Figure 94: Poincaré map of the forced two-variable Oregonator model equations (208]). Parameters: f =
1, ¢=0.001, L =0.7, r = 0.01, w = 0.79. Initial conditions: i(0) = %!, x(0) = 0.1.
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Figure 95:

The iy — vy locus of the forced two-variable Oregonator model equations (208)). Here, vps
and 7); denote the terminal voltage and the terminal current of the current-controlled extended memristor.
Parameters: f =1, ¢ =0.001, L =0.7, r = 0.01, w = 0.79. Initial conditions: i(0) = %!, z(0) = 0.1.
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Figure 96: The vy — pas locus of the forced two-variable Oregonator model equations . Here, pas(t)
is an instantaneous power defined by pas(t) = ias(t)var(t), and vas(t) and ips(¢) denote the terminal voltage
and the terminal current of the current-controlled extended memristor. Observe that the vy; — pas locus
is pinched at the origin, and the locus lies in the first and the third quadrants. The memristor switches

between passive and active modes of operation, depending on its terminal voltage wvps(t).

Parameters:

f=1,¢=0.001, L=0.7, r=0.01, w=0.79. Initial conditions: i(0) = €%, 2(0) = 0.1.
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Figure 97: A periodic response (purple) coexists with a chaotic attractor (blue). Parameters: f =1, ¢ =
0.001, L = 0.7, » = 0.01, w = 0.79. Initial conditions for a periodic response: i(0) = e~%!, z(0) = 0.1.
Initial conditions for a chaotic attractor: i(0) = %1, z(0) = 0.1.
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5.1 Van der Pol oscillator

The Van der Pol oscillator is defined by the second-order differential equations

Van der Pol equations

dzx

di (210)
dy
— = -z
dt ’
where f(z) is a scalar function of a single variable
x defined by
23
f(z) = 5 (211)

Memristor Van der Pol equations

dq
dt (212)

dy
Car

Here, L = C' =1, q and ¢ denote the charge of the inductor L and the flux of the capacitors C, respectively,
that is,

o~
—~
~
~—
1>
\N
~
—~
~
~—
U
S

—o0 (213)

S
—~
N
1>
=1
=
~—
QU
a@‘-

Differentiating Eq. (212)) with respect to time ¢, we obtain a set of differential equations

~ Derivative of Eq. (212)) ~
di
dv
C—= = —i 215
n -~ 215
dgq .
— = i
dt
. J

Here, L = C' =1, ¢ and v denote the current of the inductor L and the voltage of the capacitor C, respectively,
and M(q) is the small-signal memristance defined by

édfi(Q):(f—l,

M(q) aq

(216)
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The terminal voltage vy, and the terminal current i,; of the ideal memristor in Figure [98] are given by

V-1 characteristics of the ideal memristor

op = M(q)in = (¢* — 1) in. (217)

Equations (212)) and (215) exhibit periodic oscillation (limit cycle). If an external source is added as shown
in Figure then the forced memristor Van der Pol equations can exhibit quasi-periodic oscillation [28§].
The dynamics of this circuit is given by

Forced memristor Van der Pol equations

di
Ld—; = v — M(q)i+ rsin(wt),

= —i (218)

O
dgq
dt

We show the quasi-periodic attractor, Poincaré map, and ip; — vas locus of Eq. in Figures
and respectively. The ip; — vps locus in Figure lies in the all quadrants. Thus, the ideal memristor
defined by Eq. or Eq. is an active element.

Let us next show the vy; — pas locus in Figure m where pys(t) is an instantaneous power defined by
pum(t) = iar(t)var(t). Observe that the vy, — pas locus is pinched at the origin, and the locus lies in all
quadrants, which is similar to the locus in Figure [p4(a). The memristor switches between four modes of
operation:

(UMa pM) - (+7 +)v (+7 *)7 (*7 +)v (77 *)' (219)

Here, (var, par) = (4, +) is read as vy > 0 and pps > 0, (var, par) = (+, —) is read as vy > 0 and pys < 0,
and we excluded the special case where (vpr, pasr) = (0, 0). Thus, the operation of the memristor has the
high complexity. The operation modes (219) can be coded by two bits:

(07 0)7 (0> 1)7 (17 0)7 (1> 1)7

where + is coded to a binary number 0 and — to 1.
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Figure 98: Memristor Van der Pol oscillator. The ¢ — ¢ curve of the charge-controlled memristor is given by
3
v=[f(qg) = % — q. Parameters: L =C = 1.
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Figure 99: Memristor circuit driven by a periodic voltage source vs(f) = rsin(wt), where r and w are

constants.

3 2 -1 0 1 2 3

Figure 100: Quasi-periodic attractor of the forced memristor Van der Pol equations (218]).

Parameters:
r =0.59, w = 1.1. Initial conditions: #(0) = 0.5, xz(0) = 0.
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Figure 101: Poincaré map of the forced memristor Van der Pol equations (218]). Parameters: r = 0.59, w =
1.1. Initial conditions: #(0) = 0.5, z(0) = 0.
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Figure 102: The ip; — vps locus of the forced memristor Van der Pol equations . Here, vy and ipg
denote the terminal voltage and the terminal current of the charge-controlled memristor. Observe that the
ideal memristor defined by Eq. or Eq. is an active element. Parameters: r = 0.59, w = 1.1.
Initial conditions: ¢(0) = 0.5, z(0) = 0.

Figure 103: The vy — par locus of the forced memristor Van der Pol equations . Here, pp(t) is
an instantaneous power defined by pas(t) = ias(t)var(t). and var(t) and ipr(t) denote the terminal voltage
and the terminal current of the charge-controlled memristor. Observe that the vy — pps locus is pinched
at the origin, and the locus lies in all quadrants. Parameters: r = 0.59, w = 1.1. Initial conditions:
i(0) = 0.5, z(0) = 0.
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5.2 Chua Circuit
The dynamics of the Chua circuit [14] [29)] is defined by

Chua circuit equations
d
% = 04(332 ! —9(3?1)),
d
% = ¥ — T2+ T3, (220)
dxg
o o P

Here, a and 8 are parameters, and g(z1) is a scalar function of a single variable 1 defined by

1, 7

= Tle - 61’1, (221)

g(x1)
which is a generalization from a continuous piecewise-linear function to a smooth function [I4]. The original
Chua circuit equations possess a piecewise-linear nonlinearity [29]. That is, g(x1) is a piecewise-linear
function with discontinuous derivatives at the breakpoints. Equation (220) has a chaotic attractor similar to
a double scroll attractor for certain values of the parameters o and 3 [14} [29]. This equation can also have

a stable closed orbit outside of a chaotic attractor.
Equation ([220) can be realized by the circuit in Figure [104] [2].

Memristor Chua circuit equations

Cldsﬁl P2 — P —f

dt R (4101)5

dps Y2 — Y1
— _re 222
02 dt q3 R ) ( )

L— = —p,.
dt ©2

Here, ¢1, 2, and g3 denote the flux of the capacitor Cy, the flux of the capacitor Cs, and the charge of the
inductor L, respectively, and the ¢ — g curve of the flux-controlled memristor is given by

© — q curve of the ideal memristor

q=g(p) =7 — —. (223)

Differentiating Eq. (220]) with respect to time ¢, we obtain

-~ Derivative of Eq. (220)) ~
dUl o Vo — U1
CIE = R W(@l)vla

dvay . vy —
274 . — 224

2 i3 7 (224)
dis

L— = —u,.
dt v2
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Here, v1, v, and i3 denote the voltage across the capacitor C7, the voltage across the capacitor Cs, and the
current through the inductor L, respectively, and W (1) is the small-signal memductance defined by

d 3 7
o dg(pr) 3,27 (225)

The terminal voltage vy and the terminal current iy, of the ideal memristor in Figure [104] are given by

V-I characteristics of the ideal memristor

. 3 7
I = W((pl)’UM = ( 2

We show the chaotic attractor, Poincaré map, and vas—i s locus in Figures and [107] respectively.
The following parameters are used in our computer simulations:

1
Ci==, Cy=1, L=->, R=1.

a B (227)
a=10, §=14.

Observe the folding action of the chaotic attractor in Figure The vy; — ips locus in Figure lies in
the second and the fourth quadrants. Thus, the ideal memristor defined by Eq. or Eq. is an
active element.

Let us next show the ip; — pps locus in Figure m where pys(t) is an instantaneous power defined by
pum(t) = i (t)var(t). Observe that the ipr — pas locus is pinched at the origin, and the locus lies in the third
and the fourth quadrants. The memristor switches between two operation modes:

(iar; par) = (+, =), (= =) (228)

Here, (ins, par) = (+, —) is read as ipr > 0 and ppr < 0, (ing, par) = (—, —) is read as ipr < 0 and py < 0,
and we excluded the special case where (ips, pas) = (0, 0). These memristor’s operation modes are quite
different from those of the other systems. The operation modes (228)) can be coded by two bits:

(0, 1), (1, 1),

where + is coded to a binary number 0 and — to 1E|

8Similarly, the forced memristor Brusselator equations @ have the different operation modes, which are given by
(var, o) = (+, +). It can be coded by (0, 0). It is due to the reason that the extended memristor is passive. See the
vrr — pa locus shown in Figure @ and Appendix B for more details.
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Flux-controlled
memristor

Figure 104: Memristor Chua circuit. It contains five circuit elements: two passive capacitors, one passive
inductor, one passive resistor, and one flux-controlled memristor.

(a) (¥1, 1, g3)-space (b) (v1, va, i3)-space

Figure 105: Chaotic attractors of the memristor Chua circuit equations. (a) Chaotic attractor of Eq. (222]).
1

(b) Chaotic attractor of Eq. 1i Parameters: C; = 0’ Co=1,L = o R = 1. Initial conditions:

(1)1(0), U2(0)7 i3(0)a 901(0)) = (017 0'1a 0']-’ 0)
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Figure 106: Poincaré map of the chaotic attractor for the memristor Chua circuit equations (224]). The
Poincaré cross-section is defined by {(v1, ve, i3) € R | v2 = 0.8}. The chaotic trajectory of Eq. (224)

crosses the above Poincaré cross-section (plane) many times. Observe the folding action of the chaotic
1
attractor. Parameters: Cy = Co=1,L= I7e R = 1. Initial conditions: (v1(0), v2(0), i5(0), ¢1(0)) =

(0.1, 0.1, 0.1, 0).

Ev

Figure 107: The vp; —ips locus of the memristor Chua circuit equations (224)). Here, vy, and i, denote the
terminal voltage and the terminal current of the flux-controlled memristor. Observe that the ideal memristor

defined by Eq. (223)) or Eq. (226]) is an active element, since the locus lies in the second and the fourth
quadrants. Parameters: C; = 10’ Co=1 L= R = 1. Initial conditions: (v1(0), v2(0), i5(0), ¢1(0)) =

(0.1, 0.1, 0.1, 0).

ﬁ?
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Figure 108: The iy — pas locus of the memristor Chua circuit equations (224]). Here, pys(t) is an instan-
taneous power defined by pas(t) = ias(t)var(t), and vpr(t) and ips(t) denote the terminal voltage and the
terminal current of the flux-controlled memristor. Observe that the ip; — pys locus is pinched at the origin,

1
L Cy=1,L=— R=1.

and the locus lies in the third and the fourh quadrants. Parameters: C; = 10 11

Initial conditions: (v1(0), v2(0), 3(0), ¥1(0)) = (0.1, 0.1, 0.1, 0).

6 Conclusion

We have shown that the dynamics of a wide variety of nonlinear systems such as engineering, physical,
chemical, biological, and ecological systems, can be simulated or modeled by the dynamics of memristor
circuits. The resulting memristor circuits can exhibit quasi-periodic, non-periodic, or chaotic behavior by
supplying the external source. If they have an integral invariant, their behavior greatly depends on the initial
conditions, the circuit parameters, and the maximum step size of the numerical integration. Furthermore, an
overflow (outside the range of data) is likely to occur due to the numerical instability in long-time simulations.
We have also shown that we can reconstruct chaotic attractors by using the terminal voltage and current
of the memristor. Furthermore, in many circuits, the active memristor switches between passive and active
modes of operation, depending on its terminal voltage. However, we found that the memristor’s operation
modes exhibit the higher complexity in the forced memristor Toda lattice equations. We note that almost
all results in this paper were obtained by using “NDSolve” in Mathematica (32 bit version). If we use other
softwares to solve differential equations, we might obtain slightly different results.
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Appendix A Classification of Memristors

Mempristor is a 2-terminal electronic device, which was postulated in [12] [30, BI]. An ideal memristor can
be described by a constitutive relation between the charge ¢ and the flux ¢,

q=g(p) or v = f(q), (229)

where ¢g(-) and f(-) are differentiable scalar-valued functions. Its terminal voltage v and terminal current ¢
are described by

i=G(p)v or v= R(q)i, (230)
where p J
_ "
v= and ¢ g (231)

which represent Faraday’s induction law and its dual law, respectively. The nonlinear functions G(y) and
R(yp), called the small-signal memductance and small-signal memristance, respectively, are defined by, is
defined by

Glp) £ dfi(f)7 (232)
and J
rig) 2 12, (239)

representing the slope of the scalar function ¢ = g(p), and ¢ = f(q), respectively, called the memristor
constitutive relation.
All voltage-controlled memristors can be classified into four classes [32]:

e voltage-controlled ideal memristor

e voltage-controlled generic memristor
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e voltage-controlled extended memristor

Here, G(-), G(-), G(), and §(-) are continuous scalar-valued functions, = (1, z, -+ , &,) € R,
and g = (gla gQa R} gn) :R™ — R™.

Similarly, all current-controlled memristors can be classified into four classes [32]:

e current-controlled ideal memristor

e current-controlled generic memristor

e current-controlled extended memristor

Here, R(-), ﬁ(), R(-),fmd f(-) are continuous scalar-valued functions, @ = (z1, 2, - -- , &,) € R",
and f = (f17 f27 R fn) :R” — R™.
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Appendix B vy — pas locus of the forced memristor Brusselator equations

Consider the forced memristor Brusselator equations defined by Eq. @, that is,

i
LS = A+ {iz— (B+1)}i+rsin(wt),
dt (242)
@ iy
dt ’
where
A=04, B=12, r=0.05 w=081. (243)

Assume that the terminal voltage vy, and the terminal current i, of the extended memristor are given by

Eq. 7 that is,

vy = R(z, im)ium,

d (244)
d—f = Biy —in’z,

where R(z, iy) = —{imz — (B+1)} and ipy = i. Then the forced Brusselator equations can be
realized by the circuit in Figure 2] where L =1 and F = A =04.

As stated in Sec. the ip; — var locus moves in the first quadrant only, that is, it moves in the passive
region (see Figure[5|(a)). Consider next the instantaneous power of the extended memristor, which is defined

by

o (t) = ing(B)oar(t). (245)
Then the vy — py locus of Eq. (242) is not pinched at the origin, and the locus lies in the first quadrant
only as shown in Figure a). Thus, the memristor’s operation mode is given by

(UMa pM) = (+v +)7 (246)
where (var, pv) = (+, +) is read as vy > 0 and pps > 0. The operation mode (246) can be coded by
(0, 0), (247)

where + is coded to a binary number 0 and — to 1. The binary mode is equivalent to the one-bit
coding defined by (0).
Define next the instantaneous power of the two elements, that is, the instantaneous power of the extended
memristor and the battery by
pue(t) =in(t) vae(t), (248)

where E denotes the voltage of the battery and vyg(t) = var(t) — E. That is, varg(t) denotes the voltage
across the extended memristor and the battery. We show the va;g — paprp locus in Figure b). Observe
that the locus is pinched at the origin, and it lies in the first and the third quadrants. Thus, the instantaneous
power ppg delivered from the forced signal and the inductor is dissipated when vy (t) — E > 0. However,
the instantaneous power pysg is not dissipated when vy (t) — E < 0. Thus, the operation modes of the two
elements is given by

(’UMEv pME) = (+a +)a (_7 _)' (249)

They are coded by
(0,0), (1, 1), (250)

which are equivalent to the one bit coding defined by

(0), (1). (251)
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Figure 109: The vy — pay and vy g — parg loci of the forced memristor Brusselator equations @ Here,
pu(t) and ppre(t) are the instantaneous powers defined by pas(t) = i () var(t) and parp(t) = iy (t) vare(t),
respectively, vy; and iy, denote the terminal voltage and the terminal current of the current-controlled
extended memristor, vy g (t) = vy (t) — E, and E denotes the voltage of the battery. Observe that the
vy — iy locus is not pinched at the origin, and the locus lies in the first quadrant only. However, the
vpE — pumEe locus is pinched at the origin, and it lies in the first and the third quadrants. Parameters:
A=04, B=12, r=0.05, w=0.81. Initial conditions: #(0) = 1.1, z(0) = 1.1.
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