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Abstract

The interested reader is invited to solve these exercises.

Ezercise 1. With a, b, ¢ & N | where N means {1, 2, 3,...}, you con-
jecture that there are infinitely many solutions to the Diophantine equation
a® 4+ b® + ¢ = 3abe. Write a clojure code to get some (feel for) solutions to
the equation . Then, persuade yourself to try to prove your conjecture.

of. (1.

FEzercise 2. Verify the following identity [2].

(a* + b+ + d*)(A%* + B* + C? + D?)
— (@A —bB — cC — dD)? + (aB + bA + cD — dC)?
+(aC —bD + cA+ dB)*+ (aD + bC — ¢B + dA)2.

Hint. Use some [quaternionic tricks’ .

Ezercise 3. Find all the roots of the equation 162® — 2023 + 5z — 1 = 0.
Next, explain why they contain sin(f;).

Hint. First, factor the lett-hand side of this equation by = — 1.
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Ezercise 4. For a® + b* = ¢?, ¢ # 0, show that (z, y) = (%, %) satisfies

the equation 2* — 2% + y* = 0 (Gerono) .

o

5
o, € C, |a]* +]B]* =1 . Next, replace all the entries of this matrix by

Ezercise 5. Let the special unitary group SU(2) be represented by [

2 X 2 real matrices . Show that such replacement yields an element of
special orthogonal group SO(4) .

Hint. Use the following substitutions [3]:

A -B C -D
o (4F) s[5 P) amcpew

FExercise 6. Let A be a 2 x 2 complex matrix satisfying the following

conditions:
1. &1 (A) = 0;
2. AT = —A;
3. AAT = I3

Explain why A is related to 5% .

Exercise 7. Suppose the following real matrix

0 a b c
—a 0 —c b
A= b ¢ 0 -—a
—c —b a 0

is an element of SO(4) . Explain how it is related to purg umt quaternions

by computing defi (A).
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Exercise 8. Discover for yourself a formula of the solutions to the cubic
equation containing cosh(z) and sinh(z) . Then, evaluate sin 3¢ to three dec-

imal places using the formula you found, which is henceforth referred to as
formula, and your favorite software.

of. [4].

Ezercise 9. Evaluate cos 5 to four decimal places using formula and your
favorite software.

FEzercise 10.  Likewise, compute all the roots of the equation % — 22—

x—1 =0 [5] to nine decimal places using formula and your favorite software.

Ezercise 11. Discover for yourself a formula of the solutions to the
quartic equation , which is henceforth referred to as formula. Then, com-
pute all the roots of the equation z* — 2% — 22 — 2 — 1 = 0 to ten decimal
places using formula and your favorite software.

Exercise 12. Show that a 2 x 2 skew-Hermifian matrix can be represented
by the linear-combination of either

X+ — 0 v 0 1 P 0

0 0 ) -0 ) 0 —u
B 0 —u B 0 —1 B -2 0
X:[—iO]’ Y_[l‘)]’ Z_[o;]'

N.B. X*,Y™*, Z* correspond to =z v; , whereas X, Y™, Z~ correspond
to u; / v, where i = 1, 2, 3, respectively.

or
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