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Abstract

In this paper, not only did we disprove the Riemann Hypothesis (RH) but we also showed
that zeros of the Riemann zeta function ((s) can be found arbitrary close to the line #(s) = 1.
Our method to reach this conclusion is based on analyzing the fine behavior of the partial sum
of the Dirichlet series with the Mobius function M(s) = >, u(n)/n® defined over p, rough
numbers (i.e. numbers that have only prime factors greater than or equal to p,). Two methods
to analyze the partial sum fine behavior are presented and compared. The first one is based
on establishing a connection between the Dirichlet series with the Mobius function M (s)
and a functional representation of the zeta function ((s) in terms of its partial Euler product.
Complex analysis methods (specifically, Fourier and Laplace transforms) were then used to
analyze the fine behavior of partial sum of the Dirichlet series. The second method to estimate
the fine behavior of partial sum was based on integration methods to add the different co-
prime partial sum terms with prime numbers greater than or equal to p,. Comparing the
results of these two methods leads to a contradiction when we assume that ((s) has no zeros
for R(s) > cand ¢ < 1.
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1 Introduction and Paper Outline
The Riemann zeta function ((s) satisfies the following functional equation over the complex

plain [2]
C(1 —s) = 2(2m)? cos(0.5sm)T(s)((s), (1)

where, s = o + it is a complex variable and s # 1.

For o > 1 (or R(s) > 1), ((s) can be expressed by the following series

()= — (2)
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where, p1 = 2, [[;2,(1 — 1/p;®) is the Euler product and [];_;(1 — 1/p;®) is the partial Euler
product. The above series and product representations of ((s) are absolutely convergent for
o>1.

The region of the convergence for the sum in Equation (2) can be extended to R(s) > 0 by
using the alternating series 7(s) where

n(s) = i

n=1

(-1

ns

(4)

and
1

((s) = mﬁ(s)- ®)

One may notice that the term 1 — 217 is zero at s = 1. This zero cancels the simple pole that
((s) has at s = 1 enabling the extension (or analog continuation) of the zeta function series
representation over the critical strip where 0 < R(s) < 1.

It is well known that all of the non-trivial zeros of ((s) are located in the critical strip. Rie-
mann stated that all non-trivial zeros were very probably located on the critical line (s) = 0.5
[14]. There are many equivalent statements for the Riemann Hypothesis (RH) and one of them
involves the Dirichlet series with the Mobius function.

The Mobius function y(n) is defined as follows
u(n)=1,ifn = 1.

p(n) = (=1)F,if n = [I%_, p;, pi’s are distinct primes.
u(n) = 0, if p?|n for some prime number p.

The Dirichlet series M (s) with the Mobius function is defined as

M(s) = f: “(Z). 6)
n=1

n

This series is absolutely convergent to 1/((s) for R(s) > 1 and conditionally convergent to
1/¢(s) for N(s) = 1. The Riemann hypothesis is equivalent to the statement that M(s) is
conditionally convergent to 1/{(s) for R(s) > 0.5. It should be pointed out that our definition
of M (s) is different from Mertens function (defined in the literature as M () = Y"1 ,,<, p#(n)).
If we denote M (s; 1, N) as partial sum of the series M (s) o

M(s;1,N) = i n) 7)
s Ly — ns 5

then the Mertens function is given by M (0; 1, N'). On RH, we then have [18]
M(0;1,N) = O(N'/?*),
where € is an arbitrary small number. By partial summation, on RH, we also have

M(1;1,N) = O(N~Y2+e),



The irregular behavior of the Mobius function p(n) has so far hindered the attempts to esti-
mate the asymptotic behavior of any of the above two sums as IV approaches infinity.

The Riemann hypothesis is also equivalent to another statement that involves the prime
number function 7(z) (defined by the the number of primes less than z). The prime counting
function can be computed using Riemann Explicit Formula

|log z/log 2] 1/n -
@) i) - L) [ —
m(z) + T; = Li(x) ;h(az ) —log(2) + W@ Dest
and on RH,
c(1)2
m(x) = Li(x) — Ll(a; ) _ Z Li(z”) + Lesser terms

p

where Li(z) is the Logarithmic Integral of z and the sum 3°, Li(2) is performed over the
non-trivial zeros p; = «; + i7; . This sum is conditionally convergent and it should be per-
formed over the non-trivial zeros with |v;|< T" as T approaches infinity.

The prime counting function 7(x) has a jump discontinuity at each prime number. In the
literature, this function is a right continuous function given by m,.(z) = > opi<a L where the
suffix rc was added to indicate that the function is right continuous. Since the analysis of this
paper employs integration methods (and specifically Lebesgue-Stieltjes integration), there-
fore it is more appropriate to assign the left-right average to the function value at discontinu-
ities. In the literature, this function is referred to as mo(x) = limy,o(7w(x + h) + 7w(z — h))/2.
In this paper, we define 7(z) as mo(z). In fact, for the above equation, w(x) does converge to
the right-left average when z is a prime number (or at the discontinuities of the function 7(z)).

The distribution of the prime numbers can be also analyzed by defining the function 1 (z)
as

P(x) = po(x) = % ( > logpi+ Y logpz‘) ;
pim<x pim <z

and using Von Mangoldt formula given by

w(x)—:r—zp:a;)—g((g))—;log(l—x_z).

It is well known that as x approaches infinity, the prime counting function is asymptotic to
the function Li(x). Therefore, if we consider that 7(z) is comprised of two components, the
regulator component given by Li(z) and the irregular component J(z) given by

J(x) = m(x) — Li(z),

then on RH, we have .
J(z) < S—ﬁlog:v for = > 2657.
0

On RH, the irregular component .J(z) is also given by [16] (refer to lemmas 5 and 6)

J(a:):w(x>_’”+o<ﬁ>

log log




or

@)= - — ‘”""Eo(“‘";) ®)

_logﬂc > P log x

Our method to examine the validity of the Riemann Hypothesis (and in general, to ex-
amine the region within the critical strip where ((s) is void of non-trivial zeros) is based on
representing variants of the Dirichlet series M (o) (defined by Equation (6)) in terms of vari-
ants of the integral [ dJ(z)/x. However, the partial sum of the series M (o) exhibits irregular
behavior due to the irregular behavior of the Mobius function /(n). Therefore, we need to in-
troduce a method to smooth out the partial sum of the series M (o) by introducing a method
to represent the series M(s) in terms of the partial Euler product. This task is achieved in
section 2 by first eliminating the numbers that have the prime factor 2 to generate the series
M(s,3) (i.e, the series M (s, 3) is void of any number with prime factors less than 3). For the
series M (s, 3), we then eliminate the numbers with the prime factor 3 to generate the series
M (s, 5), and so on, up to the prime number p,. In other words, we have applied sieving meth-
ods to modify the series M (s) to include only the numbers with prime factors greater than or
equal to p,. In the literature [10], numbers with prime factors less than y are called y-smooth
while numbers with prime factors greater than y are called y-rough. In essence, our approach
is to compute the Dirichlet series over p,-rough numbers. In section 3, we have shown that
the series M (s) and the new series M (s, p,) have the same region of convergence (Theorem 1).

After defining the series M (s, p,) and its partial sum, we note that both the series and its
partial sum has two components. The two components corresponds to the two components
of the prime function 7(z). These two components are Li(z) an J(z). For > 1, the function
Li(z) is differentiable and its contribution to M (s, p,) and its partial sum is well behaved and
can be computed using both complex analysis and integration methods. Therefore, we call
the component of the series M (s, p;) (or its partial sum) due to Li(x) as the regular component
of series M (s, p,) (or the regular component of its partial sum). We then call the remaining
component of the series M (s, p,) (and the remaining component of its partial sum) as the ir-
regular component of the series M (s, p,) (and the irregular component of its partial sum).

We will then present two methods to represent the irregular component of the series
M(s,p,) and the irregular component of its partial sum in terms of the integral [ d.J(z)/z.
The first method is based on complex analysis (sections 4 and 6). With this method, we have
provided a functional equation for ((s) using its partial Euler product. The second method is
described in section 5 and it is based on integration methods.

It is worth noting the research done by Gonek, Hughes and Keating [5] into establishing a
relationship between ((s) and its partial Euler product for #(s) < 1. Gonek stated ”Analytic
number theorists believe that an eventual proof of the Riemann Hypothesis must use both
the Euler product and functional equation of the zeta-function. For there are functions with
similar functional equations but no Euler product, and functions with an Euler product but
no functional equation”. In section 4, we will present a functional equation for ¢(s) using its
partial Euler product. The method is based on writing the Euler product formula as follows
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The above equation is valid for (s) > 1. To be able to represent ((s) in term of its partial
Euler product for R(s) < 1, we need to replace the term [[;° (1 — 1/pf) with an equivalent
one that allows the analytic continuation for the representation of ¢(s) for R(s) < 1. Thus, the
new term (that we need to introduce to replace [[.° (1 — 1/pj)) must have a zero that corre-
sponds to the pole ((s) has at s = 1. In section 4, we will use the complex analysis to compute
this new term and then represent ((s) in terms of its partial Euler product. This functional
representation is given by Theorem 2. We will then use this theorem to represent the series
M(s,p;) in terms of the integral [* d.J(z)/z (Theorem 3).

Our effort will then be centered at computing the partial sum of the series M (1, p,). Two
methods will be presented to compute the irregular component of the partial sum for the
series M (1, p,) (in the abstract, we referred to it as the partial sum fine behavior). In section
5, we have achieved this task using integration methods (Theorem 4). In section 6, we have
used Theorem 3 and the complex analysis (Fourier and Laplace transforms) to derive a sec-
ond representation for the irregular component of the series M/ (1, p,) partial sum. The two
representations of the irregular component of the partial sum of the series M (1, p,) are then
compared. We will then show that this comparative analysis leads to a contradiction when
we assume that ((s) has no non-trivial zeros for %(s) > ¢ where ¢ < 1. This leads to the con-
clusion that the Riemann Hypothesis is invalid and non-trivial zeros can be found arbitrary
close to the line R(s) = 1.

To some extent, our analysis has similarities with linear time-invariant system analysis.
Linear time-invariant systems can be represented either in frequency domain by its transfer
function (in our case, the transfer function is represent by a functional representation of the
Riemann zeta function in terms of its partial Euler product) or in time domain by its im-
pulse response (in our case, the effect of each prime number is to flip the sign of the Mobius
function for any number that is divisible by this prime number). The input for the linear time-
invariant system can be represented either in frequency domain by its frequency spectrum (in
our case, the absence of the non-trivial zeros for sections of the critical strip) or in time do-
main as a function of time (in our case, the prime numbers that generates the series M (1, p;.)).
The system output function is then determined in frequency domain by multiplying the in-
put signal spectrum by the system transfer function and then taking the inverse Fourier or
Laplace transform. The system output function can be also determined in time domain by
convolving the input signal with the system impulse response. Both methods should provide
the same results.

2 Notation and Preliminaries.
The Dirichlet series M (s) with the Mobius function is defined as

M =30 M

n=1

where 1(n) is the Mobius function. Thus,

1 1 0 1 1

Next, we introduce the series M (s, 3) by eliminating all the numbers that have a prime
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factor 2 (or keeping only the numbers with prime factors greater than or equal to 3). Thus,
M (s,3) can be written as

1 1 1 o0 1 1 1
M(s.3)=1— — — — — I A L T
(5,3) 35 5 7s Tos  11° 13° 150

Our analysis to test the conditional convergence of these series (M(s) and M(s,3) for
o < 1) is based on comparing correspondent terms of these two series. Therefore, rearrange-
ment and permutation of the terms may have a significant impact on analyzing the region of
convergence of both series. Thus, it essential to have the same index for both series M (s) and
M (s, 3) refer to the same term. Hence, we will represent M (s, 3) as follows

or

M(S>3) = ) (9)

where
w(n,3) = u(n), if n is an odd number,
p(n,3) =0, if n is an even number.

The above series M (s, 3) can be further modified by eliminating all the numbers that have
a prime factor 3 (or keeping only the numbers with prime factors greater than or equal to 5)
to get the series M (s, 5) where

or more conveniently

0 0 0 1 0 1 0
M(5,5):1+¥—§+E—§+§—%—§....,

and so on.

Let I(p,) represent, in ascending order, the integers with distinct prime factors that belong
to the set {p; : p; > p,}. Let {1,1(p,)} be the set of 1 and I(p,) (for example, {1,1(3)} is the
set of square-free odd numbers), then we define the series M (s, p,) as

ns

M(S,pr) — Z /L(’I’L,pr)’ (10)
n=1

where

w(n,pr) = p(n),if n € {1,1(p;)},
otherwise, u(n, p,) = 0.

It can be easily shown that, for every prime number p,, the series M(s,p,) converges
absolutely for R(s) > 1. Furthermore, it can be shown that, for R(s) > 1, M (s, p,) satisfies
the following equation



-1
M(s) = M(s,p,) H (1 - 1) : (11)

Since

therefore we conclude that, for R(s) > 1, M(s,p,) approaches 1 as p, approaches infinity. It
should be pointed out here that with this definition of M (s, p,), M (s, 2) is equal to M (s).

The first ingredient of our analysis is the Dirichlet series M (s, p,) partial sum defined as

Ky
uin, p
M(s,pr; K1, K3) = Y (nsr), (12)
n=Kj
where K1 > 1 and K> > p,. If we replace the integer K, with the real number = (where
x > pr), then we have the general definition for M (s, p,; K1, x)

Definition 1. M (s, p,; K1, x) is a function of x defined as
M(s,py; K1, ) = M(s,pr; K1, [2]).

where | x| refers to the integer value of x and K is an integer greater or equal to 1.

The partial sums of the two series M (s,p,—1) and M (s, p,) are related by the following
lemma,

Lemma 1. 1
M(saprfl; la Nprl) = M(sapr; 1a Nprl) - TM(Sva; 17 N) (13)
r—1
where N is an integer greater or equal to 1.

Proof. The proof of this lemma follows directly from the definition of the partial sum for the
two series M (s, pr—1) and M (s,p,). Alternatively, one can show that each term on the right
side of Equation (13) is a term on the left side of the equation and vise versa. Furthermore,
there is no duplicity for each term on both side of the equation. Each term on the left side of
Equation (13) corresponds to a number in the interval [1, Np,_;] that has distinct prime factors
greater than or equal to p,—;. Each term on the first term of the right side of Equation (13)
corresponds to a number in the interval [1, Np,_1] that has distinct prime factors greater than
or equal to p,. Each term on the second term of the right side of Equation (13) corresponds
to a number in the interval [1, Np,_] that has distinct prime factors greater than or equal to
pr—1 With p,_1 being one of its prime factors. O

For Equation (13), if we replace the integer Np,_; by the real number x > p,_1, we then
have

1
M(S,pT; 171:) - M(Sva—l; 17 .T) + pTM(‘%pT; 17x/p7‘—1>- (14)

r—1

Note that regardless of the value of p,, the partial sum M (s, p,;p,,p? — 1) comprised of
terms that correspond to only prime numbers. Similarly, the partial sum M (s, p.; p2,p? — 1)
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comprised of terms that correspond to only prime numbers or products of two prime num-
bers, and so on. Therefore, one might expect that regardless of the value of p,, the partial
sum M (s, pr; 1,p%) exhibits certain characteristics with respect to the variable a that can be
exploited. These characteristics will be discussed in details in section 5.

The second ingredient of our analysis is the partial Euler product defined as []}2,, (1 — p%s) .

Our analysis for this product will be restricted to the region #(s) > 0.5. Taking the logarith
of the partial Euler product, we then have for o > 0.5

T2 r2
1 1
log H (1 — p5> = Z log (1 — ps> + 2miNN,

i=rl v i=rl 4

where N is zero, positive or negative integer to account for the ambiguity in the phase of the
logarithm of complex numbers. Since 1/|pj|< 1, hence,

r2 1 r2 1 1 1 .
i=rl i i=rl ¢ E t

We split the sum on the right side of Equation (15) into two sums. The first sum comprises of
the terms of the form 1/p; while the second sum comprises of the rest of the sum. This leads
us to introduce the terms 6(s; p,1, pr2) and d(s; pr1)

Definition 2. Let §(s; pr1,pr2) be defined as the sum

(85 pr1,r2) ﬁ: ( ! ! ! ) (16)
yPr1,Pr2) = - s 35 4s o
S\ 2p 3ps o Apyt

and let 0(s; pr1) be defined as

. > 1 1 1
0(s;pr1) = lim 0(s;pr1,pr2) = > <2pi28 T E ) . (17)
i=rl

Using Definition 2, we can write Equation (15) as

r2 1 r2 1
log H <1 - p5> =— Z — +8(8;pr1, pr2) + 2miN. (18)
i=rl 4 i=rl 7

The following lemma deals with the term (or the sum) J(s; py1, pr2)) followed by analysis
of the Y12 | 1/p;®.

i=rl

Lemma 2. For o > 0.5,

pll—QU
o(s; rl, Pr =0 e
6(s3 Pr1, pro) (20_1>



Proof. For o > 0.5, we have

_ = 1 1 1
O(s;pr1,pr2) = Y “o " " pE )

2
i=rl P~
hence
2 1 1 1
d(s3pr1, pro)| < (‘ +‘ +‘ +“>,
or )
" 1 1 1
d(s;pr1,pr2)| < < + + +“>,
’ ( T T )| i;l 2pi2(r 3pi3a 4pi40'
or )
" 1 1 1 1
8(s;pr1,pr2)| < <+ + +“).
However,
ﬁé <14— LI ) < ﬁi (1—+ LI ) <1yl +l/“)dx
= 2 3pio 4]01'20 = 2 pia' pi2o' 2 pio 1 p?w'
For p; > 2 and o > 0.5, we then have
S (e ) <
22 T p Tape T
or
r2 4
|5(S;pr1apr2)| < Z 20"
i=r1 £
Since )
r 1 00 1 <p120' )
Soh<y moo(e).
S 5 n 20 — 1
or

p1—20'
|5(S;prlapr2)|: O T .
20 —1

O

Note that for any o > 0.5, |0(s; pr1, pr2)| is uniformly convergent (regardless of the value
of the imaginary part ¢, where s = o + it). We also note that the term 6(s; p,1, pr2) has no
impact on which part (of the critical strip) is void of non-trivial zeros.

Next, we turn our attention to the term Y72 | 1/p;*. This term has a direct impact on
which part (of the critical strip) is void of non-trivial zeros. We will first analyze this sum on
the real axis (i.e. s = o). We will then extend this analysis to complex plain (i.e. s = o + it).
Before, we do so, we have the following definitions.

Definition 3. We define the prime counting function w(x) as

m(x) = }lliir[l)(mc(:zi + h) + mre(x —h))/2



where

Tre(T) = Z 1

pisw

In other words; we define w(x) as the right-left average of the conventional prime counting function.

As mentioned in the previous section, as « approaches infinity, the prime counting func-
tion 7 (x) is asymptotic to the function Li(z). Therefore, we can split 7(z) into two compo-
nents, the regulator component given by Li(x) and the irregular component J(x).

Definition 4. The irreqular component J(x) of the prime counting function w(x) is defined as

J(x) = m(x) — Li(x) (19)

Definition 5. Let ¢(s;pr1, pr2) be defined as the integral

Pr2
(i) = [ dI@)/a” (20)
Pr1
and let £(s; py1) be defined as
e(s;pr1) = / dJ(z)/x®. (21)
Pri
With these definitions, we can compute the sum Y72, 1/p; using the following lemma

Lemma 3. For o > 0.5, the sum 72, # is unconditionally given by
r2 1
e Ey((0 —1)logpr1) — Er((0 — 1) log pra) + (05 pr1, Pr2) (22)
i=rl £

where, e(0; pr1,pr2) = [272 dJ(x) /27 and J(z) = m(z) — Li(),

Proof. Using Lebesgue-Stieltjes integral [8], we can write the sum Y72 p%, as the following
integral
i I / Pr2 dm(x)
i=rl pf— Pr1 7
or
i 1 /m dLi(z) | /m dJ(z)
i=rl pg Pr1 z? Pr1 x? .
Hence
2 1 Pr2 1
P — :/ 1 dx + e(0, pr1, pr2)-
i=rl pz pr1 L ogx
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For o > 1, the integral [["* 5 1ngdar: can be computed directly from the definition of the

Exponential Integral E; (r) = [7° ¢ - €~ du (where r > 0) to obtain

Pr2 1
dr =FE —1)logpn) — E —1)logp,
[ g = Bulle — Dlogpn) — Bi((o ~ 1)logpra)

It should be pointed out that although the functions E((c — 1) logp,1) and E1((o — 1) log py2)
have a singularity at o = 1, the difference has a removable singularity at o = 1. This follows
from the fact that as o approaches 1, the difference can be written as

Ei((c —1)logpr1) — Er((0 — 1)logpre) = —log ((1 — o) logpr1) — v +log ((1 — o) log pr2) +

or,
Pr2 ]_

lim

i | e 1Ogmdaz = lim{E1((0 —1)logp1) = Er((0 —1)log pr2)} = — loglog p,1 +loglog pr2

rio compute the integral [ 5 gxdx for o < 1, we first use the substantiation y = logx
to obtain

pr2 ] logpra o(1—0)y logpr2 o(1—0)y logpr1 o(1—0)y
/ dx :/ dy :/ dy —/ dy
pr1 27 10g T logpr1 Y e y e y

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log pr2 , we then obtain

Dro 1 1 o(1=0)(log pr2)zo 1 e(1=0)(log pr1)z1
/ ————dz = ———dzn - / ——dz.
pr1 L log T €/log pra 22 e/log pr1 ?1

With the variable substantiations w; = (1 — o)(log pr1)21 and we = (1 — o)(log pr2)z1 and by
adding and subtracting the terms — f(l o) log pr2 oz 4 - U ) logpr w1, we then have

(1—o)e
Pr2 1 (1—0)logpra w2 _ 1 (1-0o)logpr1 pw1 _ 1
/ dzx :/ € dwo —/ ¢ dwi+
pr1 L7 log z (1—o0)e w2 (1—0)e w1

1—0o)e w2

/(10) logpra dapq /(10) logpr1 dayy
( (1-0)e w1

Using the following identity [1] (refer to page 230)

ael —1
/ ; dt = —E1(—a) — log(a) — v
0

where a > 0, we then obtain for o < 1,

Pr2 ]_
de =F —1)logpr) — FE — 1) logp,
[ gt = Balle = Dlopn) ~ Ei((e —1)loxpy2)

Hence, for o > 0.5, we have

Y. — = Ei((o = 1)logpn) — Ei((o — 1) logps2) + (05 pr1, pr2)

11



r2

The results of Lemma 3 can be extended to compute the sum > ;= ; p s=o+it
using the following lemma
Lemma 4. For R(s) > 0.5, the sum 372, p
Z — (s —1)logpr1) — E1((s — 1) log pr2) + &(8; pr1, pra) (23)

= rlpz

where, £(s; pr1, pr2) = [Pr2 dJ(x)/x® and J(z) = 7(z) — Li(x),

Pr1
Proof. The proof of this lemma is given in Appendix 1. Note that the Exponential Integral
with the complex variable z is given by E;(z) = [;° e_tz dt (where R(z) > 0) O

To compute the integrals [*"2 d.J(z)/x7 and [} d.J(x)/2®, we need to write J(z) in terms
of the function v (z)

Definition 6. We define the function 1)(x) as

(Z log p; + Z logpz)

pi"<w P <w

The function ¢(x) can be expressed using Von Mangoldt formula given by

Von Mangoldt formula [2].

w<x>—x=—;f)p—§§oj—ilog<1—x )

where the sum Y, a* / p is performed over the non-trivial zeros p; = c;+i~; . This sum is conditionally
convergent and it should be performed over the non-trivial zeros with |;|< T as T approaches infinity.

The function J(z) can be written in term of the function ¢(x) using Lemma 6 of [16]
Lemma 5 ([16]). The function J(x) defined by w(x) — Li(x)) is given by

[log z/log 2] ﬂ(&?l/n) () —

J(z) = — P
@=- X TN P,
where, @) -
S 2 .
P = [ B Y — Li(2),
(z) = 2 ulog?u “ log 2 i2)

Lemma 6. On RH, J(x) is given by

J(z) = Y(x) —x [ P(u) — Uy — Li(z'/2) + O (x1/3) 7

log 2 ulog?u

and

P _ 1/2 1/3
logarz / <ulog U )du Lia )—l—O(x )

12



Proof. The first equation of the lemma can be driven from Lemma 5 where we have

|log z/log 2] 1/n [log z/log 2] 1/n
Z 7T(.'Z’ ) Ll(.’IJl/Q) +J($1/2) + Z 7T($ )
n=2 n n=3 "

Since S210g7/082) 7)1 (£1/3)) and on RH J(21/2) = O(x'/*log z), thus

n

[log z/log 2] ﬂ_(xl/n)

>

n=2

Li(z'/?) + 0 (2'/?).

n

Referring to Lemma 5, we then have

Y(z) — = T(u) —u 12 1/3
— ————du—L
log x - 2 ulogu " (@) +0 (m ) ’

J(z) =

and by the virtue of Von Mangoldt formula, we then have

z’ u? 712 1/3
logfvz /(ulogu p>du Li(z )—l—O(:c )

O
The following lemma deals with the size of J(z)
Lemma 7 (Size of J(z)). The size of J(x) is given by
i Unconditionally,
J(x)=0 <xe_a\/@> , (24)
where a > 0.
ii If the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c(where1/2 < ¢ < 1),
then
J(x) = O(z“logx).
iii On RH

J(z) = O(z'?log z).
Proof. For i, refer to page 43 of [17].

For ii, refer to Theorem 5.8 of [13] which states that If the not-trivial zeros of ((s) are
restricted to the strip 1 — ¢ < R(s) < ¢, then

Yx) —=

log = = O(z“logz).

We then substitute O(z¢log z) for l(oém in the expression for J(z) in Lemma 5 to get the
desired result.

For iii, we refer to [15], where on RH, J(x) is given by

1
J(x) < ;ﬁlogm for x > 2657
T

13



Lemma 8. If the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 <
¢ < 1), then J(z) is given by

@)z ) e, max(1/3,c/2)
) = log x * 2 wulog?u du - Li(z )+O(:c >’

and

xf u” Taa1)2 max(1/3,c/2)
1ngz / (ulog ” p)du Li(z )—i—O(w )

Proof. The first equation of the lemma can be driven from Lemma 5 where we have

[log z/log 2] 1/n [log z/log 2] 1/n
Z m(z ") Li(z'/?) + J(z'/?) + Z m(@ )
n n
n=2 n=3
Since yoLoge/los 2] ”(ITI/H) = O(n(2'/3)) and by the virtue of Lemma 7 J(z'/2) = O(2%/?), thus

[log z/log 2] (/™)

D

n=2

= Li(xl/Q) +0 (xmax(1/3,c/2)) ‘

n

Referring to Lemma 5, we then have

J(z) = Y(z) —x N T ap(u) — U Li(z/2) + 0 (xmaxu/s,c/z)) 7

log x 2 wulog?u

and by the virtue of Von Mangoldt formula, we then have

xf 1/2 max(1/3,¢/2)
10“2 / (ulog » )du Li(x )+O($ )

O
We now use Lemma 7 to estimate the size of £(o; p;1, pr2) (or size of integral ["* d.J (z)/x7)

Lemma 9 (Size of [ dJ(x)/x%).
e(0; pr1, pra) is given by

i If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1),

then for o > c we have
pr1° 7 logpri
e(ospr1,pr2) = O <(U_C)2T>

it On RH, we have for o > 0.5

0.5—0
. _ Pr1 log pr1
6(0-7])7“17])7‘2) — O ( (O' — 05)2 )

14



Proof.

Dr2 1
8(0;pr1,pr2)=/ —dJ ()

g
pr1 L

By the method of integration by parts, we then have

/pr2 idj(a?) _ Jr2) ) /pT2 J(z)d (1)

o Z (pr2)  (pr1)° - x

The function 277 is a monotone decreasing strictly positive function. Thus, for ¢ and referring
to Lemma 5 to substitute O (z¢log x) for J(x), we then have

Pr c c Pr
/ 2 idj(x) _ O(pr2®logpra) O (pr1°logpri) _/ 2O(x610ga;)d<1)
p

pr1 X7 Dr2? pr1? 1 x?

Pr c c D
/ 2 idj(x) _ O(pr2®logpra) O (pri®logpn) (/ chlogazd( 1 ))
p

pr1 L7 Dr2? Pr1° r1 x?

With the substitution of variables y = log x, we then obtain

Dr2 1 log pra
/ z¢logzd (U) = — / aye(cfo)ydy.
Pri T log pr1
1
/me‘wdzn = <:1: — 2) e,
a a
therefore

Pr2 1 1 1 1 1
/ xlogxd () =—0 ( o8 Pra _ 2) P2 7 +o ( o8Pl _ 2) P 7.
P x° c—o (c—o0) c—o (c—o)

Hence, for ¢ > ¢, we then have

Since

. brz 1 Pr1“" 7 log pr1
e(o;pr1,pr2) = /:zm xjdj(ﬂﬁ) =0 <(U_C)2 (25)
For ii, we set ¢ = 0.5 in the above equation to obtain
Prz ] pr10'5_0 Ingrl
; = —dJ(z) =0 | —F————F5— 26
E(Uaprlapr2) /]77—1 70 (1‘) ( (O’ _ 05)2 ( )
U

The following lemma deal with the size of (s; pr1, pr2) (or size of integral [7'* d.J(z)/xz®)
when s is a complex variable.

Lemma 10 (Size of [ dJ(z)/x®).
e(s;pr1, pra) Where s = o + it is given by

15



i If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1),
then for o > c we have

“%lo
65 prt, pra)l= O (M w) |

ii On RH, we have for o > 0.5

0.5—0
Dr1 log pr1
le(s;pr1,0r2)|= O <|8| Dri98Pr ) .

(0 —0.5)2
Proof.
Pr2 1
(siprpm) = [ —di(a)
Pri1 z
By the method of integration by parts, we then have
Dr2 1 J(pr2) J(p?‘l) /pT‘Q < 1 >
—dJ(x) = — — J(x)d | — 27
L st = G = e~ L, @ 7
or,
pr2 ] J(pr2) J(prl) Pr2 1
de‘S‘ -l—‘ + de()‘
f @ < [ * el UL @

Thus, for ¢ and referring to Lemma 5 to substitute O (zlog x) for J(z), we then have

‘J (Pr2) | _ O (pr2“logpra)
(pr2)s pr?g
‘J(prl) O (pr°logp1)
(prl)s prla
and
Pr2 1 Pr2 1

[ () =0 vaee (1))

Pr1 Y Pri1 i
or

Pr2 1 Pr2

/ J(x)d (8)‘ =0 ( / 2¢logz sz —* " tdx >

Pr1 €z Pri

Hence
pr2 ] O (py2€log p, O (py1€log p, Pr2 e
/ deJ(x) _ (p2 ng2)+ (pl ogp 1)—|—O(’8’ xclog:v\x s 1|d1‘>
Pr1 € pTQU prlU Pri
Hence, for o > ¢, we have
o) = [ —dd() = 0 JsfP B @9
0;Pr1,Pr2) = — XT) = —_—
e e o=y

For ii, we follow the same steps with O (2% log ) is substituted for J(x) to obtain on RH
and for o > 0.5

prz2 ] pr10'5_g log pr1
O Prl, Pr2) = —dJ(z) =0 _ 2
5( yPr1, P 2) ~/pr1 20 ( ) (S‘ ( 05)2 ( 9)

O]

16



Lemmas 9 and 10 provide strict upper boards for the integrals [ dJ(z)/z° and [ dJ(z)/x
The following lemma provides a more relaxed upper bound for the integral [|dJ(z)/x|. This
lemma will be useful in our analysis in later sections.

Lemma 11. Unconditionally and for any prime number p,, the integral [\ (|dJ(p¥)| /p}) is given by

/ M < 2log(a) + O(1/log py)
1 pr

or

/la |dJ (p7)| = O(log(a))

pr
Proof. We first note that

dJ(py) = dn(p.*) — dLi(p,"),

or
dJ(p,") _ dr(p,®) 1 dp°
dx dx logp,® dx °
Hence (0:")
dJ(p:* = Dy
= d rx* 4 *la
e ; (" = pi) =~
or
‘dj(pr p
R S(pr® — ps). 30
o +Z pi) (30)
Hence
[l eSS ),
1 p¥ - ’
or

a|dJ(pF 1
JRECAIETPH !
1

Pr pr<pi<pa Pi

By the virtue of Mertens’ theorem [12] (which states 3, _, 1/p; = loglogz + b + O(1/log x)
where b is a constant), we then have

a d vy
/ 'Jp@)' < 2log(a) + O(1/log p,)
1 g

or

/la M = O(log(a))

Dy
O

For the remaining of this section, we will present some of the well-known results in num-
ber theory and complex analysis that we will use in our analysis.

Weiestrass theorem [4]. If the function sequence fy, is analytic over the region 2 and f,, is uniformly
convergent to a function f, then f is also analytic on Q and f, converges uniformly to f on

17



Cramer ’s theorem on the gap between primes [3]. On RH, the gap between the prime numbers
pr—1 and p;. is less than k./p; log p,. for some constant k

Average difference between consecutive prime numbers. There are infinitely many primes p,
such that p, — p,_1 is less than or equal to log p, (this result follows directly from the Prime Number
Theorem).

It should be pointed out that in Lemma 11, we used the Dirac delta function to represent
the function dJ(x)/dz. The discontinuities in the function J(z) are step functions at each
prime number. In this paper, we will consider the Dirac delta function (that corresponds
to these discontinuities at the prime numbers) as the limit of a Gaussian distribution (i.e.
d(x) = lime 49 e’/ he /(2/me) ). All of the discontinuities encountered in this paper can
be traced back to step functions at integers and the derivative at these discontinuities can be
represented by a Dirac delta function as the limit of a Gaussian distribution.

3 The region of convergence for the series M (s) and M (s, p,).

In this section, we will deal with the question of the relationship between the conditional
convergence of the two series M (s, p,) and M (s) over the strip 0.5 < $(s) < 1. Theorem 1
establishes this relationship.

Theorem 1. For s = o + it, where 0.5 < o < 1 and for every prime number p,, the series M (s)
converges conditionally if and only if the series M (s, p, ) converges conditionally. Furthermore, within
the region of convergence, M (s) and M (s, p,) are related as follows

M(s) = M(s.p) [ <1 _ 1) . 31)

i=1 i

Proof. The proof of this theorem can be achieved either by applying the Cauchy convergence
criteria or more conveniently by applying the complex analysis where we take advantage of
the fact that both functions ¢(s) and ¢(s) [/ (1 — 1/p$) have the same zeros (and a simple
pole at s = 1) to the right of the line R(s) = 0.

In the following, we will use the complex analysis to prove Theorem 1 by using a method
similar to the one outlined by Littlewood theorem that shows that the Riemann Hypothesis
is valid if and only if the sum Y ;> ; u(n)/n® is convergent to 1/{(s) for every s with o > 0.5.
The proof of this theorem can be found in [18] (refer to Theorem 14.12) and it depends mainly
on Lemma 3.12 of the same reference [18]. This Lemma states: Let f(s) = > 2, a,,/n®, where
o > 1, a, = O(¢(n)) being non-decreasing and >, |a,|/n” = O(1/(c —1)*) as 0 — 1.
Then, if ¢ > 0, 0 + ¢ > 1, x is not an integer and N is the integer nearest to x, we have

> o _ 2 /CHT f(s+w)%dw+0 (xc )+O (w(zx)$l_g 10gx> +0 (WN)CCI_U)

ns 2w Je_ir T(o+c—1) T T|z — N|

n<x

To prove the first part of Theorem 1 (i.e. for s = o + it and 0.5 < ¢ < 1, the series M (s, p;)
converges conditionally if M (s) converges conditionally), we note that for o > 1,

18



1

¢(s)’

n

Mz =Y u(z)
n=1

and

M(s,p) = S H02r) ! .
o) = 2 = T (- )

If we assume that M (s) is convergent for ¢ > h > 0.5, then ((s) has no zeros in the
complex plane to the right of the line $(s) = h [18] (refer to Theorem 14.12). Consequently, the
function ¢(s) [T/—{ (1 — 1/p¢) has no zeros in the complex plane to the right of the line R(s) =
h. Thus, we may apply Lemma 3.12 [18] with a,, = u(n,p;), f(s) = 1/(C(3) [=ia - 1/pf)>,
¢ = 2 and z half an odd integer to obtain [18] (refer to Theorem 14.12)

plngpy) 12T 1 2 22
Z ns 2mi /27iT r—1 1 ;dw o T
n<x C(s 4+ w) L= (11— P

i

However, by the calculus of residues we have

1 2T 1 v 1
/ —dw = +
2

ST (s 4+ w) [T (1—,,;10) W (I (1 )

1 h—o+4+y—iT h—o+~vy+iT 2+1T 1 W
% /2—iT * h—o+~vy—iT + h—o iT r—1 1 w
i ) (s +w) T4 (1 -

pf+w

2mi

where, 0 < 7 < o — h. Since, along the line of integration and for an arbitrary small ¢, we
have 1/{(c+1iT) = O(T*) [18], therefore the first and third integrals on right side of the above
equation are given by O(T~'*¢z?) while the second integral is given by O(2z"~7*7T¢). Hence

,U(n7pr)_ 1
7; n ()T (1- )

3

+ O(T_1+€SU2) + O(Tel,h—a—&—’y)

Taking T' = 23, the O—terms tend to zero as = approaches infinity. Consequently, the partial
sum y, . p(n,p,)/n®is convergent as x approaches infinity and it is given by

— (n,p,)
M(s.p) = Yo 12
n=1

T (1- %)
or

M(s):M(s,pr)ﬁ<1—1>.

i=1 pi®

Similarly, we can prove the second part of Theorem 1 (i.e. for s = o +itand 0.5 < 0 < 1,
the series M (s) converges conditionally if M (s, p,) converges conditionally). Alternatively,
the second part of the theorem can be also proved by refereeing to Lemma 1 where

M(‘Sapr—l; 17 Npr—l) == M(sapT; 17 Np’r‘—l) - M(Sva; 17 N)

B
r—1
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Since the series M(s,p,) is conditionally convergent, then the partial sums M (s, p,; 1, Np;)
and M(s,py; 1, N) are both convergent to M (s,p,) as N approaches infinity. Furthermore,
the partial sum M (s, p,; Npr—1, Np,—1 + k) (for any integer k in the range 1 < k < p,_1)

approaches zero as N approaches infinity (note that |M (s, p,; Np,—1, Np,—1 + k)|< Nplr_l +
1

Npr—l+1

+ ...+ m < 1/N). Hence, as N approaches infinity, we obtain

; 1
M(s,pr—1) = lim M(s,pr-1;1,2) = M(s,pr) (1 T ) .
r—1

By repeating this process r — 1 times, we then obtain

r—1 1
M(s)zM(s,pﬁH(l >

s
i=1 p;

4 Functional representation of ((s) using its partial Euler product.

In this section, we will use the prime counting function to derive a functional representation
for ((s) using its partial Euler product. We will then use it to find a functional representation
for the Dirichlet series M (s, p).

We will start this task by first writing ((s) in terms of its Euler product for ¢ > 1 as follows

wo-fif-d)-He-DC2) e
TR T AU )M T

Taking the logarithm of both side,

r—1

—log((z) =) _log (1 _pl-"‘> "

i=1 v i=r

> 1
log (1 — S) + 2miN,
D;

(2

where N is zero, positive or negative integer to account for the ambiguity in the phase of the
logarithm of complex numbers. Referring to Lemmas 2 and 4, we then have

1
i

r—1
—log((z) = _log (1 - 5) — Er((s — 1) logpr) — e(s;pr) + 6(s; py) + 2milN.
=1

Rearranging the terms of the above equation and then taking the exponential of both sides,
we then have for o > 1

r—1
<) 1 (1 - pl ) exp (—E1((s — 1) log p,)) = eSspr)=0(sipn), (33)

i=1 7

Our task in this section is to show that Equation 33 is also valid not only for ¢ > 1 but
also it is valid for the region of convergence of the Dirichlet series M (s, p,). This task will be
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achieved by first proving that, for the region of convergence of the Dirichlet series M (s, p,),
we have

r—1
lim {<<s> I1 (1 - ;) exp (—Ex((s — 1) logpr»} -1 (34)

i=1 ?

Toward this task, we first define the functions G(s, p,) and G(s)

Definition 7. For any prime number p,, let the function G(s, p,) be defined as

r—1
G(s,pr) = ¢(s) [ (1 - pl.b,) exp (=E1((s — 1) logpr)) (35)

i=1 g
also for any integer n, let G(s,n), be defined as
G(s,n) = G(s,pr)

where, p, is the largest prime number that is less than or equal to n. Furthermore, let the function
G(s) be defined as
G(s) = lim G(s,p,) (36)

T—00

Note that, for every p,, the function exp (—E1((s — 1)logp,)) is an entire function with
a zero at s = 1, the function ((s) is analytic everywhere except at s = 1 and the function
[TI7=1(1 — 1/pg) is analytic for R(s) > 0. Thus, for any ¢ > 1, the function G(s,p,) can be
considered as a sequence of analytic functions. We will show that this sequence of analytic
functions is convergent to the analytic function one. Furthermore, we will show that G (s, p,)
has a removable singularity at s = 1 and for the region of convergence of the Dirichlet series
M (s, pr), the sequence of analytic functions G(s, p,) is convergent to the analytic function one
(i.e G(s) =1).

Lemma 12. Foro > 1, G(s) =1

Proof. For o > 1, we have (refer to Equation 33)

r—1
1 ) 5(s:
() 1 <1 - ﬁ) oxp (=Ei((s — 1) logp,)) = ") =00,
i=1 i
For o > 1, by the virtue of Lemma 2, we have
: . _ 1 1-20\ _
Jim [0(s; pr)|= lim O(p;~7) =0
Furthermore, referring to Equation ( 27) of Lemma 10, we also have for (s) > 1

h — pfo J(x)d (5618)

Pr

i) = [ i@ =12

\ T

where J(x) is unconditionally given by (refer to Equation (24))

J(x) =0 (xea\/@> )
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Hence

O (pre~®Viospr 00
( ) +0 (\s|/ e WViogr ‘$_8_1’d$>
pTJ Pr

le(s:pr)|=

/ L s =
Ppr xs

Thus, for o > 1, we then have

lim |e(s; pr)|= 0

Therefore for R(s) > 1, we then have

G(s) = rliggo{ l:[ <1 - ) exp (—=E1((s — 1) 10gpr))} =1

Alternatively, we may prove this lemma by noting that for o > 1 we have

E&H(“-)

Furthermore, for o > 1, the asymptotic expansion for £ (s) is given by [1]

R=" (1+0(Y))

,,1320 lexp (—E1((s — 1)1logp,))| =1

Hence, for R(s) > 1

Consequently,

G(s) = rlgglo{ l:[ (1 - ) exp (—=E1((s — 1) 10gpr))} =1

Our next task is to extend the results of Lemma 12 to the line s = 1 + it.
Lemma 13. For line s = 1+ it, G(s) =

Proof. We will first show that although both ((s) and E;((s — 1) logp,) have a singularity at
s = 1, the product G(s,p,) has a removable singularity at s = 1 for every p,. This can be
shown by first expanding ((s) as a Laurent series about its singularity at s = 1

_1)2 _1\3
(s=1)° 2!1) PG 3!1) ¥ 37)

((s) = —== +7—mls— 1)+

where v is the Euler-Mascheroni constant and ~;’s are the Stieltjes constants. For s = 1 + ¢
(where € = €1 + i€, €1 and e; are arbitrary small numbers), the above equation can be written

as 9 3
€ €
5—’)/3*4‘... (38)

1
C(S)—;‘F’Y—’Ylﬁ-i—’b 30
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Furthermore, using the definition of the Exponential Integral, we may write F (s) as

2 83 84

s
El(s)——v—logs+s—ﬁ+g—m+.... (39)

Thus, for s = 1 + ¢, we have

(elogpy)?  (elogp,)?
551 TRt B

exp (—E1((s — 1) logp;)) = e7e log p, exp (—elogpr + -

By taking the product ((s)exp (—E;((s — 1)logp,)) and allowing |e| to approach zero, we
then have

lim {(s) exp (~Bi (s — 1) logp,)} = ¢ log ;. (41)
However, it is well known that the partial Euler product at s = 1 can be written as [11]
r—1 _
1 v 1
(- 1)= " vo( L) @
o pi/ logpr_1 (log pr—1)

Multiplying Equations (41) and (42), we then conclude that at s = 1, G(s, p,) approaches 1 as
pr approaches infinity.

Furthermore, for s = 1 + it and ¢ # 0, the value of exp(—E; (it log p;)) approaches 1 as p,

approaches infinity and since
r—1 1
lim s (1 — ) =1,
r—00 {C( )1:1_{ i }

therefore, for s = 1 + it, we have the following

r—1
G(s) = lim {C(s) H (1 — p15> exp (—E1((s—1) logpr))} =1.

r—00 -
=1 ?

O

So far, we have shown that the function G(s, p,) is uniformly convergent to 1 when R(s) >
149 > 1 (where ¢ is an arbitrary small number). We have also shown that G(s, p,) is conver-
gent to 1 for R(s) = 1. In the following theorem, we will show that, assuming the validity of
the Riemann Hypothesis, the function G(s, p,) is uniformly convergent to 1 for every value
of s with R(s) > 0.5 + ¢, where ¢ is an arbitrary small number.

Theorem 2. On RH and for o > 0.5, we have

r—1
G(s) = lim {C(S) 11 (1 - pls> exp (—E1((s — 1) 1ngr))} =1, (43)
=1 ?
and
Jim {M(s, pr)exp (E1((s — 1)logpy))} = 1. (44)
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Proof. We first write the expression for G(s,p,1) and G(s, py2) where r2 is an arbitrary large
number greater than r1

rl—1

G(Saprl) = C(S) exp (_El((s - 1) logprl)) H (1 - ;) ’ (45)
=1 ?
r2—1 1

G(s,pr2) = ((s) exp (—E1((s — 1) log py2)) [] <1 - p5> : (46)
i=1 ?

Since the function G(s, p,) is analytic and it is not equal to 0 for o > 0.5, hence we can divide
Equation (46) by Equation (45) and then take the logarithm to obtain

r2—1 1
G(&pm)) = E1((s — 1)logpr1) — By ((s — 1) logpr2) + log ( 11 (1 - )) + 2in N,

i=rl pi®
(47)
where NV is zero, positive or negative integer.

Referring to Equation (15), we then have

G(Sa pTQ)

lo
& G(s,pm)

= —&(8;pr1, Pra—1)+0(5; r1, Pra—1)+E1((s—1) log pro—1)—E1((s—1) log pro)+2imNy.

Taking the exponential of both sides, we then have

G(s,pr
Cm = exp (—e(s;pr1, pra—1) + 6(s;pr1, Pro—1) + E1((s — 1) log pra—1) — E1((s — 1) log pr2)) .

or

G(S’pr2) — G(S7pr1) 6*5(5§pr1,Pr2—1)+5(8;pr1,pq~2—1) eEl((S*l) logpr2_1)7E1((sfl) 1ngr2). (48)

However on RH, the absolute value of difference E;((s — 1)log pra—1) — E1((s — 1) log py2) is
bounded and it approaches zero as p,2 approaches infinity. This can be proved by recalling
Cramer’s theorem on the gap between consecutive primes [3]. By the virtue of Cramer’s

theorem, we have on RH
1
Pr = Pr—1 +pr—10< >a

Dr—1

1
log(pr) = log <pr—1 +pr—10 ( T 1)) .

log(p,) = log(pr—1) + log (1 +0 (

or

Hence

7))

Since log(1 4+ ) = O(z) for x << 1, thus

1
log(py) = log(pr—1) + O < ]T_l) :
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Furthermore, since the function E(z) is analytic, therefore

_ dE1 (Z)

Ei(z+ Az) — Ei(z) P

Az = Ep(2)Az  as |Az|—0

Hence

Ex((s = 1)logpra1) = Ea((s = 1)log pp2) = —Eo((s — 1) ogpra-1) (s = 1) O <ﬂ%) |

where Ey(z) = e #/z. Thus,

—(s—1)logpra—1
1By ((s — 1) log pra—1) — Ex((s — 1) log pya)| < |~

|s1|o< ! )
N

(5 - 1) 10gpr271

Hence

1
Eq1((s —1)logpra—1) — E1((s — 1) logpro—1)|= O { — | .
[Er((s — D) logpra1) — Ea((s — 1) logpra-1)] O<1ogprg_1)

Consequently on RH and for R(s) > 0.5, |E1((s—1) logpra—1) — E1((s—1) log pr2)| is bounded.
Moreover, as p,2 approaches infinity, |E1((s — 1) logpra—1) — E1((s — 1) log py2)| approaches
zero and the term |eZ1((s=1)logpra—1)=Fr((s—1)logpr2)| approaches 1.

For a fixed p,1 and arbitrary p,2(> py1), the term G(s,p,1) is fixed and bounded. Fur-
thermore, on RH and by the virtue of Lemma 10, the term e e(sipr1,pra—1)+8(sipr1,pr2-1) ig also
bounded for R(s) > 0.5 (note that as p,» approaches infinity, the term 6(s; py1, pro—1) is un-
conditionally convergent for R(s) > 0.5 by the virtue of Lemma 2). Hence, by the virtue of
Equation (48), G(s, py2) is also bound for R(s) > 0.5.

In the following, using Cauchy convergence criteria, we will show that G(s,p,) conver-
gences as p, approaches infinity. First we recall that on RH and for ¢ > 0.5 + ¢, the term
le(s; pr1)|+]0(s; pr1)| can be made arbitrary small by choosing p,; sufficiently large (refer to
Lemmas 2 and 10). Let p,1, and p,1; be any two prime numbers greater than p,;. Choose p,2
such that p,14 < pr2 and p,1p < pro. Thus

G(5,pr1a) = G(s, pra) e(e(siPr1a,pr2—1)=0(sipria,pr2—1)+A(sipr2))
G(s,pr1p) = G(s,pr2) e(&(s:Pr1b:Pra—1)=6(8;pr1b:Pra—1)+A(spr2))

where,
A(s;pra) = —E1((s — 1) log pra—1) + E1((s — 1) log py2).

Thus,

|G(3, pria)—G(s, prip)|= |G(S,pr2)”€A(S;pr2)| ‘6(5(5§p7‘1a7p7‘271)_d(s;pv‘la7p7‘271)) — ee(siprivpra—1)=0(sipriv:pra—1))

Since for |z|< 1, e = 1+0(z) and for sufficiently large p,1, |€(s; Pria; Pra—1)|, [0(8; Pria, Pra—1)|, [€(S; Priv, Pra—1)]
and |4(s; pr1p, pro—1)| are less than 1, therefore

‘6(5(3§prla7p7‘2—1)_6(3§pr1a7pr2—1)) _ e(s(s;prla7pr2—1)_6(5§prla7pr2—1))

O (le(s; pr1as pra—1)|) + O (|6(8; rias pra—1)|) + O (le(s; privs Pra—1)|) + O (16(8; Priv, Pra—1)|) -
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Since pria, Pr1v > pr1, hence on RH and for R(s) > 0.5 (refer to lemma 10 )

_0 pr1°°77 log pr1
=0\ =5 =05

e(e(8:pria,pra—1)=6(sipria.pr2—1)) _ (e(spria,pr2—1)=0(sipria,pr2—1))

Moreover, since |G(s, py2)| is bounded and |e2(*?r2)| approaches 1 as p,o approaches infinity,
hence |G(s, pria) — G(s, pr1p)| can be made arbitrarily small by selecting p,; sufficiently large.
Consequently by the virtue of Cauchy convergence criteria, G(s, p,) (or G(s, n)) is convergent,
G(s) = lim G(s,p,) (49)
It should be noted that, while the function sequence G(s, p,) (or G(s,n)) is not uniformly
convergent when the region of convergence is extended all the way to the line o = 0.5, it is
however uniformly convergent for any rectangle extending from —i7" to i7" (for any arbitrary
large T') and with o > 0.5+¢ (for any arbitrary small €). This follows from Lemma 10 where on
RH, |e(s; pr)| is convergent and bounded (uniformly convergent) for any rectangle extending
from —iT to iT (for any arbitrary large 7') and with o > 0.5 + € (for any arbitrary small ).
Since G(s, py) is analytic for (s) > 0 and it is uniformly convergent for R(s) > 0.5 + ¢, thus
G(s) is analytic for the half right complex plain with $(s) > 0.5 + ¢ (Weiestrass theorem [4]).
Since we have shown that G(s) = 1 for R(s) > 1, therefore on RH and for R(s) > 0.5, we then
have the desired result, i.e
G(s)=1.

Note that for a fixed p,1 and as p,» approaches infinity, Equation (48) can be then written

as
G(s,pr1) = e (sipr1)+6(sipr1)

In Theorem 3, we will extend the above equation to the region where the series M (s, p,) con-
verges without the assumption of RH.

O
Corollary 1. For the region of convergence of the series M (s, p,), we have
r—1 1
G(s) = Tlggo {C(s) H (1 — p5> exp (—E1((s—1) logpr))} =1, (50)
i=1 @
and
Tim {M(s,p,) exp (Ea((s — 1) logp,))} = 1. (51)

Proof. 1f the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then our task is to show that Equation (50) holds for ®(s) > ¢. This task can
be achieved by following the same steps we used to prove Theorem 2 and writing the ratio
G(s,pr2)/G(s,pr1) as

G(S>p7’2)
G($>p7’1)

where p,1 < pro. In the proof of Theorem 2, we let p,2 approaches infinity to show that
G(s, pr2) is bounded for every p,2. This was achieved using Cramer’s Theorem to compute
A(s; pr) for every p,o. We then showed that |A(s; p,2)| approached zero as p,2 approached
infinity. In fact, since the selection of p,2 is independent of the selection of p,;, therefore,

= exp (—e(s;pr1, pra—1) + 6(s;pr1, pro—1) + E1((s — 1) log pra—1) — E1((s — 1) log pr2)) .
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we only need to compute A(s;py2) for infinitely many p,2’s (and not necessarily for every
pr2) and then show that |A(s; p,2)| (for the selected infinitely many p,2’s) approaches zero as
pr2 approaches infinity. For the proof of this corollary, we only select p,2’s that satisfy the
following

Dr2 — Pro—1 < log pra

The prime number theorem asserts the presence of infinity many primes that satisfy the above
inequality. With this selection of p,2, we then have

IOg pr2)

log(pr2) = log(pra—1) + O (
Dr2

or

E1((s — 1)logpra-1) — Ei((s — 1) logpra) = Eo((s — 1) logpra—1) (s — 1) O (lip) ,

Hence

|Ey((s — 1) 1og pra_1) — Ea((s — 1) log pya)|= O <plg> ,

Thus, |A(s; pr2)| approaches zero as p,2 approaches infinity. Consequently, |G(s, py2)|isbounded
for infinitely many p,2’s.

For the next step (as it was the case with the proof of Theorem?2), we select p,1, and p,1
any two prime numbers greater than p,; and choose p,2 such that p,1, < py2 and pr1p < pro
(where p,2 — pro—1 < log p;2). Thus

G(s,pr1a) = G(s,pr2) e(&(s:Pr1a,pr2—1)=0(sipria,pr2—1)+A(sipr2))
G(s,pr1p) = G(s,pp2) e(e(s:Pr1b:Pr2—1)=6(8;pr1b,Pr2—1)+A(spr2))
Hence,

‘6(5(5§pr1a7p'r271)—6(s§prla)pr27l)) _ 6(5(5§pr1b7pr271)_5(S§pr1b7p'r271))’

O (le(s; prias pra—1)]) + O (16(s; Prias pra—1)|) + O (le(s; priv, Pra—1)|) + O (10(8; Priv, Pra—1)|) -

or,

’6(5(3§prla7pr271)_5(5§p7'1a7p7‘271)) _ e(e(siprivpra—1)=6(s;privpra—1))

pr1“ 7 log pr1
-o(m2

Since |G(s,py2)| is bounded and |e*(*Pr2)| approaches 1 as p,2 approaches infinity, hence
|G(s,pr1a) — G(S, pr1p)| can be made arbitrarily small by selecting p,; sufficiently large. Con-
sequently by the virtue of Cauchy convergence criteria, G(s, p;) (or G(s,n)) is convergent,
G(s) = lim Gs.p,) 62
As it was the case with Theorem 2, the function sequence G(s, p,) (or G(s, n)) is uniformly
convergent for any rectangle extending from —i7" to i1’ (for any arbitrary large 7) and with
o > c+ € (for any arbitrary small €). This follows from Lemma 10 where |£(s; p,)| is uniformly
convergent for any rectangle extending from —i7" to 71" (for any arbitrary large 7') and with
o > ¢+ € (for any arbitrary small €). Since G(s, p,) is analytic for $(s) > 0 and it is uniformly
convergent for R(s) > ¢+ ¢, thus G(s) is analytic for the half right complex plain with R(s) >
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¢ + € (Weiestrass theorem [4]). Since we have shown that G(s) = 1 for R(s) > 1, therefore we
have the desired outcome for (s) > ¢, i.e

G(s) = 1.
O

In the following, we use Theorem 2 and Corollary 1 to compute M (s, p,) for any prime
number p,

Theorem 3. For the region of convergence of the series M (s, p,) = >_7° pu(n, pr)/n®, we have
M (s, py) = e~ Frlls=D)logpr)=elsipr)+o(sipr) (53)

wheree(s;py) = [ dJ(x) /2, J(x) = m(v)—Li(z) and 6(s; pr) = 3272, (—2?3125 — 3p135 — 4p14s...).
Proof. Equation (50) of Corollary 1 can be written as follows

r2—1
log ((s) + log H <1 — > — FE1((s—1)logpra) +2miNy =0 asry — 00
D;

()

where N, is zero, positive or negative integer. Notice that the equality of both sides of the
above equation is attained as 72 (or p,2) approaches infinity (or more appropriately, the right
side can be made arbitrary close to zero by choosing p,» sufficiently large). For r < 72, the
above equation can be then written as

r2—1
1
log((s) = E1((s —1)logpre) — E log (1 - ) E log <1 — ) +2miN3  as ro — 00
p;

i=r 1

where N3 is zero, positive or negative integer and

r2—1 r2—1
- Z log (1 - ) Z — 3 5 Dry Pr2— 1) + 27Ny

where N, is zero, positive or negative integer. For the region of convergence of the series
M (s, p,), we also have (refer to lemma 4)

r2—1
Z . 3 - 1) long) - E ((5 - 1) 10gpr2—1) + 5(3§pmpr2—1)

Therefore, ((s) can be written as

r—1 -1
— H (1 — 1) lim eF1((s—=1)logpr)+Ei((s—1)logpr2)—Ei((s—1)log pra—1)+e(sipr,pr2)—=(s;pr.pra)
o H Pr2—00

As it is the case with Corollary 1, the above equation is valid for every p, and p; (where
pr < pra—1). If we strict our selection for p,o to the prime numbers such that p,2 — pyo_1 is
less than or equal to than log p,9, then |E; ((s — 1) log pr2) — E ((s — 1) log pra—1) | approaches
zero as pr2 approaches infinity. Thus, for every p,, we have

r—1 -1
C(s) = H <1 — 1) lim eE1((s=1)logpr)+e(s;pr.pr2)—0(siprpre)
S

i1 D; Pr2—00
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or
M(s, py) = e~ Fr((s=)logpr)—<(sipr)+5(sipr)

O]

So far, we have used the complex analysis to compute M (s, p,). For the remaining of the
paper, our efforts will be dedicated toward the computation of the partial sum M (1, p,; 1, p%)
(i.e. the partial sum of the series M (s,p,) at s = 1). In the following two section, we
will use integration methods and complex analysis methods to compute the partial sum
M(1,pr;1,p%). In section 7, we will compare the results of these methods and then show
that this comparative analysis will lead to a contradiction every time we assume that ((s) has
no trivial zeros for R(s) > ¢ where ¢ < 1.

5 The series M (s,p,) ats = 1.

In this section, we will compute the partial sum M(1, p,; 1, p,*) using integration methods.
Before we present the details of our method, it is important to mention that the partial sum
M(1,p,;1,p,*) can be also generated using y-smooth numbers. The y-smooth numbers are
the numbers that have only prime factors less than or equal to y. These numbers have been
extensively analyzed in the literature [6] [9]. In [6], a method was presented to generate the
partial sum M (1, p,; 1, p.*). With this method and using the inclusion-exclusion principle [6]
(refer to page 284), one can then provide an estimate for the partial sum M (1,p,;1,p,%). In
this section, we will provide a more general approach to compute M (1, p,; 1, p,*). The main
advantage of our approach is the ability to extend it to compute the partial sum for values of
s other than 1. We will present our method in the following four steps.

e In the first step of our approach, we will show that, for every a and as p, approaches
infinity, the partial sum M (1, p,; 1, p,*) approaches a function that is dependent on only
a (independent of p,). We will then show that this function is the Dickman function
p(a). It should be noted that the results of this step are well known in the literature. In
this step, we are only rephrasing these results in terms of the integral [ dJ(p¥)/p.

Toward this end, we define the function f(a, p,) as
oy _ RS pln,py
fla,pr) = M(1,pr; 1,p") = Z M

n=1 n

We will then show that, for every a and as p, approaches infinity, the function f(a, p,)
approaches a deterministic function p(a). In other words; if we plot M(1,p,;1, N) (where
N = p,*) as a function of a = log N/logp,, then for each value of ¢ and as p, approaches
infinity, f(a, p,) approaches a unique value p(a). This is equivalent to the statement

pla) = lim fla,pr) = lim M(1,pr;1p").

Lemma14. For1 <a < 2

M(]-?pT;l?p'r‘a) =1 _Ml(lapr;]-ap?“a)7 (54)
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where .
Mi(1,pr; L,ps") = Y, — =log(a) + g1(pya),
pr<pi<pye Vi

and the terms of sum M, (1, p,; 1, p,*) are placed in descending order. Furthermore

a e dJ(pY
91(pr, a) =6(1;pr,pr)=/ 7(3, ) (55)
1 Dbr
and
lim M(1,p.;1,p.*) =1—loga.

Pr—00

Proof. This result can be achieved by first noting that the partial sum M(1, p,; 1, p,*) for 1 <
a < 2is given by

1
M1,psl,p®)=1— > —.
pr<pi<pre Pi
Since )
Ml(lva; 17p7“a) = Z ;a
a Pi

pr sz <pr

therefore, using Stieltjes integral, we obtain

pr? dT(' X a d7T Yy
M@mmmﬂzrdm@mﬂmﬁzl—/ ;):1‘/ (pr?)
T=Pr y

Since

dﬁ(pry) = dLi(pry) + dJ(p%),

therefore
dm (pr Y )

pY
= dp,Y +dJ(pY) = —Zdy + dJ(pY),
log(p,¥) (pr?) y #:)

Hence, for 1 < a < 2, we have

. ady  odJ(pY
M(17p7‘;17p7‘ ):1_ 7y_/1 le_log(a)_gl(p’lwa)?

1y prY
where
Mi(1,pr;1,p,") = log(a) + g1(py, ),
and
gl(p“a)zﬁ(l;pr,p?)z/ac”(}f),
1 Pr

Referring to Lemma 9, on RH or if {(s) has no zeros for R(s) < ¢ < 1, then as p, approaches
infinity, g1(p,,a) approaches zero. In fact, we can show the same results unconditionally

using PNT where J(z) = O(ze °V1°8%) and b > 0. For this case

a1(pra) = /pff dO (l'e*b loga:)

X

r
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Using the method of integration by parts, we then have
28

Py
+/ 0] (me‘b logx> d <1) .
. or x

Since, for « > p,, the function 1/z is a positive monotone decreasing function, thus

g1(pr,a) = O (e_b 10“”) +0 </p;‘f we~tVlogzg <;)>

T

p¢ ,—by/logz
91(pr,a) = O (e_b 10%”*) +0 ( SE— dm)
Pr T

Substituting y for log x, we then have

log py:
g1(pr,a) = O (e‘b logp*> +0 (/ e‘b‘/gdy>

log pr

O (xeib 10gm)

gl(p’l‘7a) - =

or

Substituting z for /y, we finally have
V/logpi:
g1(pr,a) =0 (e_b long) +0 </ ze_bzdz>
v/ log pr

or (note that [ ze“dz = (cx — 1)e®/c?)

n(pr.0) = O (Viogp, e Vioer ) (56)
Let the function ¢(p,) be defined as

9(pr) = Vlogp, e PVIoerr

then
g1(pr,a) = O(g(pr)) (57)

Note that g(p,) is a function of p, only. As p, approaches infinity, g;(p,, a) approaches zero.
Consequently, Equation (54) can be written as

lim M(1,p.;1,p.*) =1 —loga.

Pr—00

In the following Lemma, we will extend the same results for 1 < a < 3

Lemma 15. For 1 < a < 3, we have

M(1,pr;1,p%) =1— Mi(1,pr;1,p,%) + Ma(1,pr; 1, pp?)

where
Ml(lapﬁ lapra) = log(a) + gl(pra a)u
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and

1 1 re=1log(a — loga
M(1pri 1 py) = 3 -2 g(yy)dy+g2<pr,a>+0( 8 )

M. 2
Pr<pi1<pi2<pi1Pi2<pr® Pi1Pi2 Pr

where the terms of the sum Ms(1, p,; 1, p,*) are placed in descending order. Furthermore

p?”7 - dJ(pTy)
d 1 Ty *
2(pr, a 2/ +2/ og(a— y o7 2/ 1(pr,a—y) !

(58)

and 1 .
a— J—

lim M(l pT717pT )_ 1 —loga—i- 5/ Mdy
1

Pr—o0 Yy

Proof. The terms of the partial sum M (1,p,;1,p,*) for a in the range 1 < a < 3 are either a
reciprocal of a prime number or a reciprocal of the product of two prime numbers. Therefore,
for1 < a < 3, we have

1 1
M(Lpslp®)=1- >  —+ > —,
Dr<p; <pr® pi Pr<pi1<pi2<pi1Ppi2<pr® Pi1pi2
where (by the virtue of Lemma 14)
a 1
Mi(1L,ps1,p:%) = Y. = =log(a) + gi(pr,a),
pr<p;<pr®
and )
MQ(lapT;lapTa) = Z

)
Pr<pi1<pi2<pi1Pi2<pr® Pi1pi2

where p;1 and p;» are two distinct prime numbers that are greater than or equal to p, and the
terms of sum are placed in a descending order.

Thus, My(1, p,; 1, p%) can be written as

1 1
My(1,pri 1,p") = 5 > =Mi(1,py 1,08 pi) + 2

pr<p;i<pro~1

Note that for thesum -, -, <, a1 p%_M 1(1,pr; 1, p%/p;), we added the factor of half since each
term of the form 1/(p;1pi2) is generated twice. Furthermore, this sum includes non square-free
terms (notice that, there is no repetition in any of the non square-free terms). The term 3 was
added to offset the contribution by these non square-free terms. We will show later in Lemma
18 that r, is given by O(alogp,/p,) and hence it approaches zero as p, approaches infinity.
Using Stieltjes integral, the above equation can be then written as the following integral

1 o1 dn(p,Y
My(1,p,;1,p%) = 5/1 (p?)

(log(a —y) + g1(pr,a — y)) + ra.

Recalling, for 1 < a < 3, that
M(]-ap?“7 ]-7p7“a) =1- Ml(lapr; 17p7"a) + M2(17p7’; 17p7’a)
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hence (note that dr(p,¥)/p¥ = dy/y + d.J (p,*)/p)

1 ro1log(a —
M(1,pr;1,pr*) = 1 —log(a) — g1(pr,a) + 5/1 g(yy)dy + 92(pr, a) + 72,

where

a— 1 _ Yy
1(pr.a —y) / / dJ (p,Y)
ra log(a — . .
2(p 2/ —dy+g og(a py +5 1(pr,a—y) .

s s

Since, for a > 1, the function 1/y is a positive monotone decreasing function, thus the first
integral on the right side of Equation (58) is given unconditionally by (refer to Equation (57))

a-= s G d
/ Lgr (p ‘ / O(9(m)) dy
1

/1“ 91<py—y>dy‘ = log(a — 1)O(g(pr)) 9

or

By the method of integration by parts, we can write the second integral on the right side
of Equation (58) as

— . a—1 a— a—
/1 llog(a—y)dj(pry):J(pg)logm ) —/1 110g(a—y)J(pry)d(1y>—/1 1J(p;’y)dlog(a—y)

pr ¥ . pr 7
where, .
J(p¥) log(a —y)|*~ J(pr
(P}) 0%(@ y| log(a — 1)0 ( (p )>
pr 1 Dr
and

a—1 1 a—1 J pry
/1 log(a —y)J (pr¥)d <py) = logpr/1 log(a —y) (py )dy

Since, for a > 1, log(a — y)/pY is a positive monotone decreasing function, hence

/ " log(a - ) (.Y ()] = e~ 2)10g(a~ 1) 10gp, 0 ;pr)) .

T T

Furthermore, since log(a — y) is a positive monotone decreasing function, thus

/f ! )dlog( )‘:0(‘”’”) /y:ldlog(a—y)zlog(a—1)o<‘](p’"))

pr Dbr

Since, unconditionally and by the virtue of PNT, we have

O(J(pr)/pr) = O(pye Vo2 Ip,.

or
_ Olg(pr))
O (pr)/pr) = 5=
hence oy LT (oo
[ tosta— 82| = (- 2)0ga - 1ylo(er) Olg(r.) (60
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The third integral (/" g1(pr, a — y)dJ (p,¥)/pY) on the right side of Equation (58) has two
discontinuous functions, the function J(p¥) (that has discontinuities at values of y where p is
a prime) and the function ¢ (p,, a — y)/pY (this function may have discontinuities when p, ¥
is an integer). Therefore, we will use Lebesgue-Stieltjes integral to compute this integral !.
The absolute value of this integral can then be written as

a-1 dj(pry)
ry & —
/1 g1(p Y) .

T

a1 |d<](p7“y)|
< ry b — )
< /1 l91(p y)| .

T

or (note that the function J(z) is given by the superposition of two monotone increasing
functions i.e the functions Li(x) and 7 (x)),

dJ (p,¥)

a-1 ‘d'](pry”
P

P

a—1
A gl(prva - y)

< 0(91(237«,@))/1

Since O(g1(pr,a)) = O(g(pr)) and by the virtue of Lemma 11, we then have

/Ial 91(pr,a — y)djz(,g""y> ’ = 2log(a — 1) O(g(pr)). (61)

T

Combining Equations (59), (60) and (61), we can write Equation (58) as

|92(pr, a)|= 2(a — 2)log(a — 1)y/log p, O(g(pr)). (62)

As p, approaches infinity, g2(p;, a) approaches zero (recall that g(p,) = v/Tog p, e >V1ePr),
Thus, for 1 < a < 3, we have

1 a—ll .
lim M (1, pr; 1, p,") :1—10ga+§/ log(a—y) .
1

Pr—00 y

Therefore, as p, approaches infinity, M (1, p,; 1, p,*) approaches a function that is dependent
on only a.
OJ

Repeating the previous process |a| times (where |z ] is the integer value of z) and by
using the induction method, we can show that, as p, approaches infinity, the partial sum
M(1,p,r; 1, p,*) approaches a function that is dependent on only a. Specifically, we first write
the partial sum M (1, p,; 1, p,*) as follows

M(l,pr; 1apra) =1- Ml(lapr; 1apra) + M2(1apr§ 1apra) — ...+ (_1)ij(1apr§ 17pra) + ...+

(=D, (1 pe L, pe®) + (=DM (L, s 1,p,), (63)

'The integral fffl g1(pr,a — y)
rational numbers. For rational values of a (say a = n/m), if we assume that J(p¥) and J(p,*"¥) have common
discontinuity, then pY is a prime number given by P and p,”(®~%) is an integer given by p,”/P™. This result
contradicts the definition of prime numbers. Hence, J(p¥) and J(p,*~¥) don’t have common discontinuity when a

aJ(p-¥
Py

is a rational number.
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where
1

Mj(lapr;lapra) = Z ma
o« PilDi2---Dij

Pr<pi1<pi2<..<pij <Pi1Pi2--Pij <Pr

Pi1, Di2, ---» Dij are j distinct prime numbers greater than or equal to p, and the terms of the sum
M;(1,p,;1,p,*) are placed in descending order. Therefore, M;(1, p,;1,p,*) can be written as

follows
1

M;(1L,psLp®) == Y iMj—l(l,pr;pr,p?/pi) + 7,
pr<pi<pyo-t "
where the factor of 1/j was added since each term of the form 1/(p;ipi2...pij) is generated
j times. It should be also noted that the sum of the above equation includes non square-
free terms. The term r; was added to offset the contribution by these non square-free terms.
Notice that, there is no repetition in any of the non square-free terms (this follows from the
fact that each of the M;_; terms is a reciprocal of a product of distinct prime factors). We will
show in Lemma 18 that r; approaches zero as p, approaches infinity. In the following Lemma,
we will provide some properties of the term M;(1, p; 1, p,%)

Lemma 16. For 1 < j < a, M;(1, p;; 1,p,*) can be written as follows
M;(1,pr; 1,p:%) = hja) + gj(pr,a) + 15,

where, .
hj(a) = 1/ hj—1(a —y) dy
1 Y
with hy(a) = log(a),

1/a1 gj—l(prva_y) 1 a-1 dJ(pTy)

j(pria) =~ —dy+f/ gj-1(pr,a—y +

gj(p ) il y ik i 1( ) pg{
1/@—1 dJ (pr¥)
- hi—1(a—y , (64)
JJ1 ! 1( ) p%

with g1 (py,a) = [{ 422 and

1 fo-l dm(pyY)
/ / T
o= / i )
’ ! JJ1 ’ prY

Proof. Referring to Lemmas 14, we have
Mi(1,pr; 1,p:") = ha(a) + g1(pr, a)
where
hi(a) = log(a)

and
“ dJ(pry)

7a:
91(pr; a) /1 P

Referring to Lemmas 15, we have

M2(17p7‘; 17p7‘a) - hQ(a) + g?(p’l‘a CL) + T2
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where . ! log( )
_1 [¢ logla—y)
m(@) =g [y,
1

1 o=t gi1(pr,a — 1 o= dJ(p,Y) 1 [o-1
92(1%«,@):*/1 ”ql(y7°°/)clz/+/1 log(a —y) (y )+/1 g1(pr,a—y)

2 2 pr 2

and r, represents the contribution by the non square-free terms.

Using the method of induction, we write M;_1(1,p,; 1,p,*) as
M;—1(1,pr; 1, pr") = hj—1(a) + gj—1(pr,a) + 751

then 1 1
Mi(LpsLpe®) =~ Y. —Ma(Lpespr,pf/pi) + 75

pr<p;<ppa—1t "

Using Stieltjes integral, we then have

1 a—1 dﬂ' P Y
M](17p7’7 17pra’) = j/l\ ZE yr ) (h]—l(a - y) —|— gj—l(p'/"a _ y> + ,r,/j_1> + T’j_
T
Hence
M;(1,pri 1,pp) = hj(a) + gj(pr,a) +1';,
where

1 (= vhiq(a—y
hj(a)Z*/1 e 1(y ay

with hj(a) = log(a),

1 o=t giq1(pr,a—y) 1 ot dJ(p.Y)
9i(pr,a zf/ —dy+f/ gi—1(pr,a—y
i(Pra) il y ih 7 1 ) pr

1/“1 dJ(p.Y)
- h‘_ a — s
JJ1 J 1( y) p%y
with 0 ()
a Dr
r, @) = -
gl(p ) /1 prY
Finally,

1 a—1 dr Yy
T’,j =7+ 71/ T,j—l (pr )
JJ1 pry

Lemma17. For2 < j <a,

1 (o hi_i(a—y)
lim M;(1,p.;1,p.%) == L 2 dy=h,;
prgnoo J( yPry L, D ) ]/1 Y J(a)
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pY

)
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Proof. For j > 2, M;(1,pr; 1,p,*) is given by
M;(1,pr; 1, pp") = hy(a) + g;(pr, a) + 15,
Our task is to show by induction that limy, o g;(pr, @) = 0 and lim,, o 7' = 0.

To show by induction that lim, .+ gj(pr, a) = 0, we will have the following two assump-
tions about g;_1(py,a) and hj_1(a)

1. For j > 3, we assume that
|9j-1(pr, a)|= (a —2)2'"*(log(a — 1))’ 2 /log(p,) O(g(p,))- (66)
where g2(pr, a) is given by Equation (62)
|92(pr, a)|= 2(a — 2) log(a — 1)v/log p, O(g(pr))

2. For j > 3and a > 1, hj_1(a) is a monotone increasing (or non-decreasing) function that
satisfies the following inequality

0 < hj_1(a) < (log(a — 1)) 1. (67)

where for a > 1, ho(a) = % ;:_11 Wdy is a monotone increasing function of a that

satisfies the following inequality (note that log(a — y) < log(a — 1), where 1 <y < a)
0 < ha(a) < (log(a — 1))
Using Equations (66) and (67) of the above two assumptions, we will then show that

19;(pr,a)|= (a —2)2 " (log(a — 1))’ ~1y/log(pr) O(g(py))-

and we will also show that, for a > 1, h;(a) is a monotone increasing function satisfying the
following inequality ‘
0 < hj(a) < (log(a — 1))

Referring to Lemma 16, we have

1 [ 1g 1(pra—y 1 ra—1 dJ(p,?
gj(Pr,a):f/l jl(g/)dy+j/1 hj—i(a —y) (y )+

J r
1 /“—1 dJ(p.Y)
- j— ry A — . 68
i) gipra—y) /5 (68)
Using Equations 66, the first integral on the right side of the above equation can be written
as
a—1 a—1
gi—1(pr,a —y) ’ 2 / O(y(pr))
T dy| = 2)2/"%(log(a — 1)) log(pr
/1 y y| =(a—=2) 8 ~\/log(p
or ) ( )
a— . - . .
[ ety — (022 log(a - 1) floep )0l (69
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For the second integral, we can use the method of integration by parts to obtain

[ hata) P8 oy T

T p’r

T T

1

where (refer to Equation 67 and note that 2;_;(1) = 0),

o2 s 70| < ogga 11 Cla®)
h]*l( y) pay ) hj*l( 1) - S(l g( 1))j \/@7 (70)
" e a( ) < [ emin a4
[ aemhasa—nd ()| < [T M- -l ()]
or

s amonotone increasing functionand 0 < h;_;(z) <

Since we assumed thatforx > 1, h;_; )
< hj_1(a) < (log(a — 1))’~1. We then have

(log(x —1))7~!, hence 0 < hj_1(a —

/1a1 J(pr¥)hj-1(a —y)d <pl ) ‘ log p, O (Jép,)) /1a1|hj1(a —y)ldy.
(z
y)

/1a—1 J(pr?)hj—1(a —y)d (é)‘ =logp, O (‘];p’”)> (log(a — 1)) (a — 2)

p r
or
a—1 . 0] r
[ 50 h-aa = ()] = (@ 20080 - DY Togn JEED
Furthermore,
I R
J A T A K [

Since h;_1(a — y) is a monotone decreasing function of y, thus

pr
or
[ a0 )| = (osta — 1y D2 @

Combining Equations (70), (71) and (72), we then have

/1a_1 hj-1(a — y)w

T

= 2(a — 2)(log(a — 1))’ ~1y/log(pr) O(g(py)) (73)

The third integral fla_l gi—1(pr,a —y)dJ(p,Y)/pY is given by

a—1 dJ(pY a—1 dJ(p,?
[ a8 < [0 )| 0

Dr
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or
dj(pry>

pr

a—1 d 7(pry)
) — ry @
‘/1 gj 1(p Y) 0]

r

=0 1)) [

and by the virtue of lemma 11 and Equation (66), we then have

dJ(pry)
Py

[ oratoma =028 = (0 2197 tonta ~ 1)~ fewtr) Ot 9

Combining Equations (68), (69), (73) and (74), we then have

19;(pr,a)|= (a — 2)27 " (log(a — 1))’ ~1y/log(pr) O(g(py))-

Thus for any value of a, g;(p,, a) approaches zero as p, approaches infinity (note that g(p,) =

VIogp, ¢ Ve,

Next, we need to prove that for a > 1, if h;_1(a) is a monotone increasing function sat-
isfying the inequality 0 < h;_;(a) < (log(a — 1))}, then h;(a) is also monotone increasing
function for a > 1 satisfying the inequality 0 < h;(a) < (log(a — 1))?. To achieve this task we

recall that L et )
h'a:f/ j_la_ydy
j(a) i, "
Since, for a > 1, we assumed that n;_;(a) is non-negative, therefore (by the virtue of the

above integral) h;j(a) is a monotone increasing function for a > 1. Moreover, since we have
assumed that 0 < hj_1(a) < (log(a — 1))’~!, therefore,

hyla) < (ogla~ )y~ [

1 Y

or '
hj(a) < (log(a — 1))’

Finally, we need to show that, for a > 1, ha(a) is a monotone increasing function satisfying

the inequality 0 < ha(a) < (log(a — 1))? and |g2(pr, a)|= 2(a — 2) log(a — 1)y/log(p,-) O(g(pr))-
Referring to Lemma 15, we have

a—1 _
(@) =5 | 1Og(‘;y)dy (75)

Since for 1 <y < a — 1, log(a — y) > 0, therefore hy(a) is a monotone increasing function.
Also, since 1 <y <a-—1,0<log(a —y) < log(a — 1), thus

hala) < togla—1) [ % = (ogfa— 1))

We have also shown in Lemma 15 that |g2(p,, a)| has the desired value or

|92(pr, a)|= 2(a — 2) log(a — 1)y/log p, O(g(pr))-
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In the next lemma, for any fixed a, we will show lim,, . r'; = 0. Since we have also
shown that g;(p;, a) approaches zero as p, approaches infinity, therefore

1
lim M;(1,pr;1,pr%) = f/
1

Pr—00 ¥

a—1 . —
Pactle =9 gy — 1)
Yy

where hy(a) = log(a).

Lemma 17 infers that for every a and as p, approaches infinity, we have

lim M(1,pr;1,p,%) = 1= hi(a) + ha(a) = ha(a) + ... + (=1) 9 g (a) = p(a).  (76)

Pr—+00

It should be pointed out that the above equation implies that the partial sums M (1, p,; 1, p,*)
and M (1,p¥;1,p,"Y) (where, p¥ is a prime number) have the same limit as p, approaches
infinity. Hence,

lim M(1,pr;1,p,%) = lim M(1,p751,0,%) = p(a). (77)

Pr—00

Equation (77) will be used in the second step of this section to estimate the asymptotic be-
havior of the function p(a) as a approaches infinity.

In Lemmas 15 and 17, we stated that the contribution by the non square-free terms (i.e
r;i’s) approaches zero as p, approaches infinity. In the following lemma, we will show that,
for every a and as p, approaches infinity, the sum of the absolute contributions by these non
square-free terms approaches zero.

Lemma 18.

la]
prlgnoo Z|Tj|: 07

Jj=2

and
lim r/j =0,
pr*)OO

where2 < j<a,ry =71y =0and

1 fo-l drm(p,Y
7‘/]' =7+ 7./ T/j—l (pr )
JJ1 pry

Furthermore,

§|T'|— 1) (alog(p»)
J1 3
i=2 p

r

and

la)
Z|r§-|: a2%(log(a — 1))*O (alog(pﬁ) .

j:2 pT‘
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Proof. Let Sy be the sum of the absolute value of all the non square-free terms (within all
the r;’s) that have the factor 1/p2. Therefore, Sy can be expressed as Ko/p?. Let S be the
sum of the remaining non square-free terms with the factor 1/(p,+1)?. Therefore, S; can be
expressed as K/ (pr11)?. Let Sy be the sum of the remaining non square-free terms with the
factor 1/(p,+2)? where Sz can be expressed as K2/ (pr+2)?, and so on. Let S be sum of all the
terms associated with non square-free terms. Thus, S is given by

1 1 1

[ral+|rs|+... + |rq)[< 5= —5 Ko+ sKi+..+ 5—Kp,
pr Pr+1 p,r._,’_L

where p,, 1, is the largest prime that satisfies the condition pf L < pe Furthermore, since
there is no repetition in any of the non square-free terms and there are less than p{ terms of
the form p(n)/n in the partial sum M (1, p,; 1, p,*), therefore

1 1
|Kol, [K1|, -, | KL|< 14+ =4+ =+ ...+

23 pr?’
and
|Kol, |K1l, ..., | Kr|= O(alogpr).

Thus,

- 1 1 1

ZVJ"SS: — + 5t t+ = O(alogp,),

j=2 br Pr+1 )
or

S = O(a logpr/pr)'

Hence, the absolute value of contribution by the non square-free terms is given by,

la]
> Irjl= O(alog p:/pr).
j=2

Consequently, for every a and as p, approaches infinity, the contribution by the non square-
free terms (3 ]@2 r;j) approaches zero.

To show that lim,, , r’'; = 0 by induction, we first note that r} = 0 (refer to Lemmas 14).
For j > 3, we assume that

. . log p,
¥y =2 (log(a — 1)) 10 (“‘"‘”) .
Dr

where 'y = 12 = O (alog p, /p;) (< 2*(log(a — 1))O (alog p:/pr)).

Referring to the definition of r’;, we then have

1 fo-l dm(p,Y
it [l T,

Py

Since [ dr(p,Y)/p,Y = Yope<pi<pe 1/pi = loga+ O(1/p;) (refer to Lemma 11), therefore

1< 0 (HEE ) 4 22 log(a ~ 1) 10 (B2 (log(a — 1)+ O(1/p).
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or

.  ralogp,
1 |= 2 (log(a — 1))0 (“ ;’jp )

Since j < a, thus for a fixed value of a, we then have
. /
lim r'; =0

Pr—00

and

o
S = a2%(log(a — 1))°0 (‘“ng?"> .

]:2 pT’
0

Since r; is given by O (alog p,/p;) and 7} is given by 2¢(log(a — 1))*O (alogp;/p:), there-
fore for values of a less than or equal to a fixed number, both r; and r’; are uniformly conver-
gent to zero. Furthermore, referring to Lemma 17, |g;(p,, a)| is given by (a — 2)2/~!(log(a —
1))7=1\/log(p,) O(g(p;)). Therefor, for values of a less than or equal to a fixed number,
gj(pr, a) is also uniformly convergent to zero. Consequently for values of a less than or equal
to a fixed number and by the virtue of Lemma 16, both M;(1, p,;1,p,*) (for 1 < j < a ) and
M(1,pr; 1, p,*) are uniformly convergent to i;(a) and p(a), respectively.

e In the second step, we will provide the first representation of the partial sum M (1, p,; 1, p, ).
We will then show that the partial sum M (1,p,;1,p,*) can be written as the sum of
two components. The first one is the deterministic or regular component and it is
given by p(a) (= limy, oo M (1,p,;1,p,%)). The second one is the irregular component
R(1,pr;1,p,*) given by M (1,p,; 1,p.*) — p(a). We will then show that the function p(a)
is the Dickman function that has been extensively used to analyze the properties of y-
smooth numbers.

In this step, we will present the first method to compute the partial sum M(1, p,; 1, p,%)
by summing the contributions of each prime number to the partial sum M (1, p,; 1, p,%)
(in system analysis, this corresponds to computing the system output using its impulse
response).

In the next step (step three) of this section, we will present the second method to com-
pute the partial sum M;(1,p,;1,p,*) using the results of the first step of this section.
With this method, we will compute the partial sum M (1, p,; 1, p,*) by adding the con-
tributions by the terms M; (1, p,; 1, p,*) (terms with one prime factor), M>(1, p,; 1, p,%)
(terms with two prime factors) and so on (in system analysis, this corresponds to com-
puting the system output by adding its orthogonal components).

In the next section (section 6), we will present the third method to compute the par-
tial sum M (1, p,; 1, p,*) using complex analysis methods (in system analysis, this corre-
sponds to computing the system output using its frequency response).

Comparing these three representations reveals that zeros of ((s) can be found arbitrary
close to the line R(s) = 1.

The following lemma is the key to our first method to compute the partial sum M (1, p,; 1, p,*).
With this lemma, we write the partial sum M (1, p,; 1, p,*) in terms of the partial sums M (1, p;; 1, p,*/p;)
for p, <p; <pft.
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Lemma 19.

1 1
MQ,pslLp®) =1— > =MQ,pii;L,ppi) — >, —. (78)
pr<pi<pre/2 pro/2<pi<pra

Proof. To prove this lemma, we will show that every term of the sum M (1, p,;1,p,*) is also a
term of the sum on right side of Equation (78) and vice versa. We will also show that none of
the terms on the right side of Equation (78) is duplicated.

To show that non of the terms on the right side of Equation (78) is duplicated, we first note
that the middlesum (3°, -, <, a2 M1, piy1; 1, pr*/pi) /pi) and the last sum (X prarzep;<pya 1/p:)
are void of 1. Furthermore, the middle sum and the last sum have no common terms.

In the second step, we will show that none of the terms that comprise the middle sum
D py <pi<pnal? p%_M (1, pi+1;1, pr%/p;) is duplicated. This can be verified by noting that there is
no common term between the terms that comprise the middle sum. More specifically, there
is no common term between the partial sum p%M (1, pr41; 1, pr%/pr) and the remaining terms

of the sum D pri1<pi<pro/2 p%_M (1, pit1; 1, p%/p;) (this follows from the fact that none of the
remaining terms is a reciprocal of a number with a prime factor p,. Furthermore, none of
the terms that comprise the sum p%M (1, pry1;1, pr®/pr) is duplicated). Similarly, there is no
common term between the partial sum M (1, p,42; 1, p-*/pr4+1)/Pr+1 and any of the remain-
ing terms that comprise the sum Zpr+2§m <prar2 M (1, pit1; 1, p%/pi)/p; (this follows from the
fact that none of the remaining terms is a reciprocal of a number with a prime factor p,.
Furthermore, none of the terms that comprise the sum M (1, py42; 1, pr*/pr41)/pr+1 is dupli-
cated). Following the same process for all the prime numbers p, 2 < p; < pr"/ 2 we then
conclude that none of the terms that comprise thesum -, ., a2 M (L, pit1; 1, 0:%/pi) /pi is
duplicated.

Next, we will show that every term on the right side of Equation (78) is a term of the partial
sum M (1, p,; 1, p,%). First, we note that the term 1 is also the first term of the the partial sum
M(1,p,; 1, p,*). Furthermore, every term within the sum D pral2<pi<pya ;—3 is also a term of the
partial sum M (1, p,; 1, p,*). Finally, every term of the sum D py<pi<pnal? ;—ilM(L piv1: 1, pr%/pi)
can be written as (—1)*/N, where p, < N < p,* and N has k distinct prime factors that range

between p, and p¥/2 (k > 2).

Finally, we will show that every term of the partial sum M (1, p,;1, p,*) is also a term on
the right side of Equation (78). First, we note that the term 1 and the terms of the form —1/p;,
where p, < p; < p,?, are also terms on the right side of Equation (78). Furthermore, every
term of the remaining terms of the partial sum M(1,p,;1,p,%) can be written as (—1)¥/N
where £ > 2 and N is the product of k distinct prime numbers in the range p, and p?/ ?. Let
pi be the lowest prime number of these k distinct prime factors, then IV can be written as
(—=1)*/(p;N;) where p; < N; < p%/p;. Hence, (—1)k~1/N; is a term within the partial sum
M(1,pit1;1,p,.%/p;). Consequently, (—1)¥/N is also a term on the right side of Equation (78).

O

In the following lemma, we will apply Stieltjes integral to the sums of Equation (78) in
Lemma 19.
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Lemma 20.

a/2 dg(p,Y @ dm(p,Y
MLptp) =1 [T T a1 - [T Q) 09
1 Dr a/2 Dr
where )
Qlpra)= > M1, pis1;1,p:°/p7).
Pr<pi<pr/2
and Q(py, a) is unconditionally given by
1Q(pr,a)|= O(p; ).
Proof. By the virtue of Lemma 1, we have
1 a 1 a 1 a/, 2
> —MQpiiLpe) = Y, — (MLpiLp/pi) + —M(1,piri; 1,p/p7) ) -
pr<pi<pre/2t" pr<pi<pro/2t" bi
Since we defined Q(py, a) as
1
Qlpr.a)= > M1, pis1;1,p:"/p7),
Pr<pi<pr/2
thus
1 a 1 a
> —MQpiLpp) = Y, —MQ,pi1,p/pi) + Qpr,a).

pr<pi<pr/? " pr<pi<pr/? !
To show that Q(p,, a) is given by O(p, }), we will first show that
M (1, pisa; 1" 7)< 2.

The above inequality will follow if we prove the following inequality for any integer N and
prime number p,

This task can be achieved by first noting that (refer to Theorem 6.5 of [11], page 128)

Zd/n 'u(d>p7‘) =1, ifn= 1,
> d/n #(d; pr) = 1, if all the prime factors of n are less than p;,
>d/n p(d, pr) = 0, if any of the prime factors of n is greater than p,.

Adding all the terms /n w(d, py) for 1 <n < N, we then obtain

N
0<> un,p,) {nJ <N, (80)

n=1
where |z | refers to the integer value of x (note there are | N/n| integers less that or equal to
N that are divisible by n). Define r,, as
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e
™m = ——|—1,
n

where 0 < 7, < 1. Adding the sum %, yu(n, p,)r,, to each side of Equation 80, we then have

N N N N N
> un,pe)ra < > p(n, pr) {nJ + 3, pe)rn < N+ p(n, pr)ra.
n=1 n=1 n=1 n=1

Since0<r, <land —N < Zﬁle w(n, py)rn, < N, therefore

< 3 o (| X]) <2

Thus, for every p, we have

3=

N
—-N < Z w(n, pr)

n=1

< 2N,

or

n=1 n T

For N = |p,%/p?] and p, = p;;1, we then have

|M(17Pz+17 17p1”a/pl2)|§ 2.

Thus
1 a /2 1 -1
Qpr,a)l=| > SMpguLe/p)| <2 Y. =5 =0@/").
pr-SpiSpr“/2 i p,.SpiSp,,.‘l/2 i
Using Stieltjes integral, we can write Equation (78) as follows
a (1/2 dﬂ- p’V’y a @ dﬂ- p?“y
M(LPTSLPT ):1_/ (y )M(lvpryQLPT/pg)_/ (y ) +Q(praa)7
1 Dr a/2  Pr
where dr(p,Y) = dLi(p,Y) + dJ (p,Y). O

It should pointed out that while Equations (78) and (79) of Lemmas 19 and 20 provide the
value of the partial sum M(s,p,;1,p%) at s = 1, they can be easily modified to compute the
partial sum for any value of s to the right of the line R(s) = 1 (and on RH, to the right of the
line R(s) = 0.5).

In the following lemma, we will show that as p, approaches infinity, M(1,p,;1,p¢) ap-

proaches approaches the Dickman function. In other words; we will show that p(a) is the
Dickman function.
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Lemma 21.

lim M(1,p;; 1, ") = p(a)

Pr—00
where, p(a) is the Dickman function.

Proof. As stated in the previous step, for values of a less than or equal to a fixed number,
M(1,p,; 1,p%) is uniformly convergent to p(a) as p, approaches infinity. Therefore for values
of a less than or equal to a fixed number and by the virtue of Equation (77), we have uniformly
as p, approaches infinity

: _ a—y a
Y. 1 p0Y) — P
p}lm M1, p.Y; 1, p* )-p( ; >—p<y 1)

Furthermore, for 1 < a1, a2 < a, we also have uniformly

az Y a2
lim dr(p ):/ —y.

7]
Pr—=20 Jaq Dpr 1 Y

Therefore, for a fixed value of q, as p, approaches infinity, Equation (79) of Lemma 20 can
be written as

p(a)zl/la/2 p<y_1)dy/ & (81)

Yy 2y

In the following, we will show that p(a) satisfies a well known first order differential
equation and p(a) is the Dickman function. This task will be achieved by using Equation (81)
to compute the difference p(a+ Aa) — p(a) (Where, Aa is an arbitrary small number) to obtain

(a+Aa)/2 p atla _ 1 a/2 p a1 (a+Aa) 4 a
pla+Aa)—p(a) = —/ (y)dy—k/ (y)dy—/ £+/ &
1 Yy 1 Yy (a+Aa)/2 Y a/2 Y

Since the third integral of the above equation is equal to the fourth integral, therefore

pla+ Aa) — p(a) = — /(G+Aa)/2 p(‘“ﬁy"—l)dy + /1a/2 p(‘;—l)dy'

1 Y
If we define z = y/(1 + Aa/a), then we have

(latae)/2)/(+aafe) p (2 1) . /a/2 p (g _ 1)
ACII PN P\ly =)
1

plat fa) = pla) == /1/(1+Aa/zz) z Y .
or
pla+ Aa) — pla) = — /a/z Mdz + /a/2 @dz.
1/(1+Aaja) % 1 z
Thus, ) (a 1)
P\; —
pla+ Aa) — pla) = — /1/(1+Aa/a) sz.
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Dividing both sides of the above equation by Aa and letting Aa approach zero, we then

obtain p .
p(a) _ _p(a’ - ), (82)
da a

where p(a) = 1—1log(a) for 1 < a < 2. Equation (82) is a first order delay differential equation
that has been extensively analyzed in the literature [6] [9]. The function p(a) is known as the
Dickman function. O

As a approaches infinity, p(a) can be given by the following estimate [6]

play = (12D (53)

aloga

For sufficiently large values of a, we have p(a) < a™.

Definition 8. The irreqular component R(1,p,;1,p,*) of the partial sum M (1,p,; 1, p,*) is given
by
R(L,pr; 1, pp*) = M (1, pr; 1,p:%) — pla). (84)

Thus, R(1,p,;1,p,%) can be computed by subtracting Equation (81) from Equation (79)
to obtain the first key theorem. This theorem provides the first equation for the value of
R(1,pp;1,p%) in terms of dJ (p,Y)/p,Y with a > 1.

Theorem 4. The partial sum M (1,p,;1,p%) = lepj{ w(n, pr)/n can be expressed as
M(1,pr; 1, p7) = pla) + R(1,pr; 1, pp?) (85)
where p(a) is Dickman function. The reqular component of M (1, p,; 1, pt) is given by

pla) = lim M(1,p,1,p%). (86)

Pr—00

and the the irregular component R(1,p,; 1, p,*) defined as M (1, p,; 1,p%) — p(a) is given by

dm (p})
pr

aJ (pry)
Py

R(Lpril,p%) = — /1 “plafy—1) - /1 P R(Lp, Y 1,p07Y) + Q) (87)

where Q(p, a) is unconditionally given by O(p, ')

It should be emphasized here that Equation (87) is valid regardless where the zeros of
((s) are located within the critical strip.

e In the third step, we will use Lemmas 14, 15 and 17 to drive the second equation for
the the value of R(1, p,;1,p?) as a function of d.J(p,¥)/p,Y for 1 < a < 4. This equation
will be derived with the assumption that the non-trivial zeros of ((s) are restricted to
the strip 1 — ¢ < R(s) < c(where1/2 < ¢ < 1).
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For 1 < a < 2 and referring to Lemma 14, we have

a @ dJ pry
ML prs 1) = 1~ logla) — [ /2
1 Pr

Hence, we have the following lemma

Lemma 22. For1 < a < 2, R(1,p,; 1, p?) is given by

a a . dJ pTy
R(1,pr; 1,p7) = —g1(pr, @) = —e(L;pr, py) = —/1 ]E J ),

Before we proceed with the estimate of R(1, p,; 1, p¢) for a > 2, we will have the following
three lemmas relating to size estimate of some integrals with the term d.J(p,?)/p,Y.

Lemma 23. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 < ¢ < 1), then for a > 2, we have

a—1 dJ ry I .
[ aitona— P < ogrea-re

T

where, € is an arbitrary small positive number.

Proof. To compute the size of the the integral fl"“_l g1(pr,a — y)dJ(p,Y)/pY. or the integral
fy“;ll( 22V dJ (p,?)/pE)dJ (pyY)/pY, we first note that although the function J(z) is not a non-

decreasing function, J(z) is given by 7 (x)—Li(x) where both 7(z) and Li(z) are non-decreasing
functions. Therefore, we can use theorem 21.67 of [8] for the method of integration by parts
fa*y dJ(prz)

for Lebesgue-Stieljtes integrals to obtain,
a—1 =y d.J(p,* dJ(p,Y =1 = a—1 =Y dJ(p,* 1
y=1 z=1 Dr Pr Pr 1 y=1 z=1 by pr
a—1 Y a—y z
y=1 Dr z=1 Dr

By the virtue of Lemma 7 and 10 where both |J(p,)/p,| and | [}’ dJ(p,¥)/p¥| are given by
—(1—c)+e
O(pr ), we then have

J(prY o=y dJ(p,? —9(1—c) e
(py ) </ (zz )> _0 (pr 2(1—c)+ ) (89)
Dbr z=1 Dr 1
and
a—1 a=y d.J rz 1 a—1 J Ty (o) te
/ J(pr?) </ 7(2 )>d(y)‘§logpr/ (py ) O(pr(l H)dy,
y=1 z=1 pPr br y=1 Dr
or

Jrre ([ 52) o Gl =0 ) 0
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For the third integral [{"~* J(p 5 ( oY d‘];p - )) we have

a—y dJ(pr*? a—(y+Ay) dJ(p,? a—y dJ(pr?
d a—y dJ(pTz) . A ( B Y ;P; )) . fl (y+Ay) ;E)pz ) ‘ Y ;}l )
— / ———= ) = lim r = lim r r

dy 1 Pz Ay—0 Ay Ay—0 Ay

As it was mentioned at the end of section 2, the discontinuities of J(x) are represented by a
Dirac delta function as the limit of a Gaussian distribution. Thus,

a([" d‘];];z)) - d‘];?ayy) 1)

or

/a_1 J(pry) d (/Q_y dJ(prZ)> _ /a_l J(pry) dJ(pra_y)
y=1 P? z=1 pf 1 pg p?_y

We split the integral over the period [1, a — 1] into two integrals. The first integral covers the
period [1, a/2] and The second integral covers the period (a/2,a — 1]

a=1 J(pry) dJ( “Y ) o a/2 J(pry) dJ( oY ) a1 J(pry) dJ(thz—y)
J = =y o2

pr p pr p 2 pr Y

For the second integral on the right side of Equation (92), we have

=t J(pe¥) dJ (p*7Y) I () | | dJ (pr"7Y)
Y a— < “ a—
a/2 Dbr Pr Y a/2 Dbr Dr Y

By the virtue of Lemmas 7 and 11 where |.J (p,®)/p?| is given by O(py "9 %) and [7|d.J (p,¥)/pY]
is given by O(log a), we then have

/ ot J(pr) dJ (prY)
a/2 pg{ p?iy

O( T—a(l c)/2+6> '

The first integral on the right side of Equation (92) can be written as follows

/2 J(p¥) dJ (p,*"Y) 1 /@/2
= — J(pr¥)dJ (pr*7Y).
| e [ )

By the method of integration by parts, we then have

[ _ H05)
oo prY e

a/2 - /a/2 J(prafy) dJ(pry)
1

pr Y pr

Referring to of Lemmas 7 and 11, we then obtain

a/2
T(p:?) I (0, %) |

= _ O( 74—2(1 c)+e )

1

and

/ /2 J(p,""¥) dJ (p,¥)

a—=y

; o -0 (p;a(lfc)/2+€> (93)
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Combining Equations (88), (89), (90) and (93), we then have
/a_l (/a_y dJ(prz)) dJ(p.Y)
y=1 \J:=1 D} ¥

a—1 dJ(pry)
/1 g1(pr,a —y) .

— O(p;a(lfc)/QJre) )

or
_ O(p;a(l—c)/Z-i-e)_

Lemma 24. Fora > 2

a—1 dj(pry)
T - 1 - r, & — .
g2(pr, a) /1 og(a py +3 / 1(p y) .

T s

and If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1),
then

a—1 dJ ry Ca(lc .
92(p1”7a):/1 Iog(ay)§§)+0(pr (1—c)/2+ ).

T

where, € is an arbitrary small positive number.

Proof. For a > 2, by the virtue of Lemma 15, g2(p;, a) is given by

ph — dJ(pry)
ry d 1 - ry Q .
2(pr @) =5 / 3 / og(a pzf 3 / ipra=y) =y
(94)

We will first compute the first term of g2(p,, a) (i.e the integral fla_l 91(prya —y)dy/y ).
Since dy/y = dlogy, thus

a—1 _ a—1 a—y
/ 91(pr; a y)dy:/ (/ dJ(p,* )>d1
1 y y=1 z=1 pr?

By the method of integration by parts, we then have

a—1
a—1 - _ a=y rZ
/ 91(pr, @ y)dyzlogy(/ J(p )) _
1 y z=1 Dr?

1

a—y z
(7222
z=1 Dr

and referring to 91, we also have

T )

a—1 a—y (] r‘Z

[ a (55

1 z=1 pr*
a—1

=0,

where

1

=1 r® preY
Hence . . p ay
/ gl(prya_y)dy _ _/ logy J(pr27Y)
1 Yy 1 preY
and by changing the variable y by a — y, we then have
a—1 -1
91\Pr,a —Y ¢ dJ(p,?
[ty o [ gy P2 )
1 Yy 1 Pr
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Combining Equations (94) and (95), we obtain

W) 1 4)
92(]%@) = /1 log(a—y) p% + 5/1 gl(prva_y) pg .

and by the virtue of Lemmas 11 and 23, we finally have

a—1 dJ ry —all—c .
92(]%(1):/1 log(a — y) Z(?]‘Z >+O(pr (1—c)/2+ ).

T

O]

Lemma 25. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 < ¢ < 1), then for a > 3, we have

Aang(pr’a_y) dJ(};ry) _ 1/ya2 (/Zayl (/ayz dJ(p#”)) dJ(pﬁ)) dj(pry)_‘_O(pT—Q(l—c)-‘re).

pr 2 Jy=1 —1 w=1 ot D5 pr

where, € is an arbitrary small positive number.

Proof. Referring to Lemma 24, we have

a1 dJ(pry)
ry A— =
|, oo™
a—1 a—y—1 dJ(p,? 1 fo—vy-1 dJ(p,?)\ dJ(pY
/ (/ log(a —y — 2) (ZZ )+* g1(pr,a—y —2) (zz )) (5 )
y=1 2=1 Py 2 /)21 24 pr

Since J(py) is set to zero for < 1, therefore the limit of the inner integral z = a —y — 1 should
be also greater or equal to 1. Hence y should not exceed a — 2. Consequently

/a_l 92(pr, a—y) d‘](?y) = /a_z (/:_y_l log(a —y — Z)dJ(PrZ)) dJ(p")

=1 pr =1 =1 Py ¥
1 [o—2 a=y—1 a=y=2 dJ(p,")\ dJ(pr?)\ dJ(prY
7/ (/ (/ (p )) (p )) (JZ ) (96)
2 y=1 z=1 w=1 ort pi Dr

To compute the first integral on the right side of Equation (96), we use the method of
integration by parts to obtain

[ oy - M) S0 S0 ([0, 000)

=1 D7 pr Py =1 D7

a—2

y=1

/la—z oY) (/Z:y—l log(a —y Z)CU;Z?Z)> d <pl£) _/1a—2 J(;?;y) d </Z:y_l log(a —y — z)dJ;;;Tz)>

The first term on the right side of the above equation is given by

J(er¥) (/“y1 log(a —y — Z)dj(m> ‘GQ = (/“2 log(a — 1~ Z)dJ(ZZTZ)> 7
z y=1 &

pr =1 D; Dr =1 z
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By the virtue of Lemmas 7 and 10 where both |J(p,)/p,| and | [{" dJ(p,¥)/pY| are given by

pr_(l_c)Jre, we then have
a—2
J(prY a—y—1 dJ(p.* —2(1—c)+e
(y)(/ log(a—y—z) (Z )) :O(pTZ(l )+)
Dr z=1 by y=1
Furthermore,

/la_2 J(pr?) (/:_ly_l log(a —y — 2) dJ;];rz)> d (pl%) =

a—2J ry a—y—1 dJ Tz
~togp [ (ﬂ,)(/‘ log(a — y — 2) 27 ))dy

Pr =1 by
and by the virtue of Lemmas 7 and 10 we then have

/1a—2 J(pY) (/Z“—ly—l log(a —y — z)‘l‘](i’“z)) d (i)‘ —0 <p;2(lfc)+e) 98)

pr pT

For the integral [¢~2 (&%) ( o=y ogla —y — z)d‘];p - )) we first need to compute the

differential d ( Jemyt log( —y— z)%) with respect to y

Ay (/:_ly_l log(a —y — z)W) =

Dr
a—y—Ay—1 z a—y—1 z
[ ogta—y - ay = 9D [T gl -y - o2
z=1 D5 z=1 D7
or
a—y—1 dJ(p,? a—y—1 dJ(p,?
Ay(/ log(a —y — 2) (1: )>:/ log(a —y — 2) (2 )—I—
z=1 pr z=a—y—Ay—1 pr
syl dJ (p,*
[7" tosta—y - g = 2) ~ ogla —y — =) T2
Thus,

d ([ eyt dJ(p,* dJ(p,av—1 a—y-1 1 dJ(p~?
— (/ log(a —y — Z)i(p )> = log(l)igz, -3 ) —/ (p,7) (99)
dy \J:=1 P; Y =1 a—z—Yy D

r

and

a=2J DY a—y—1 dJ Dr? a=2J prY a—y—l 1 dJ D
[ ([ gy ) L (L e,
br z=1 pr 1 br z=1 a z Yy pr

Since a — z —y > 1, then for a fixed value of a > 3, we have by the virtue of Lemmas 7 and 10

/1(1—2 J(P;y)d (/za—y—1 log(a —y Z)dJ}()gf))' 0 (p;z(kc)ﬁ) (100)

br =1 (s

Combining equations (96), (97), (98) and (100), we then have for a > 3

[ ([ ([ ) ) )

z=1 w=1 prw pi br

r

O]
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In the following two lemmas, we will use Lemmas 15, 24 and 25 to provide an estimate
for R(1,p,;1,p%) for2 <a < 3and 3 <a < 4.

Lemma 26. If the non-trivial zeros of ((s) are restricted to the strip 1 — c¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then for 2 < a < 3, we have

R(l Drs Lpr _ / P a— ) + O<pr—a(1—c)/2+e).

where, € is an arbitrary small positive number.

Proof. Referring to Lemma 15, we have for2 <a < 3
1 e 1log(a — .
M) = 1= tog@+ 5 [ By — gy pr.0) + galprs ) + Ol )

where O(log(a)/p) (the contribution by non square-free terms as determined by Lemma 18)
is replaced by O(p; 7€), g1(p;, a) and g2(pr, a) are given by (refer to Lemmas 22 and 24 )

gl(pr,a>=/1””(p’“y>

prY

ot dJ(p,” —a(l—c €
92(197"@):/1 log(a — y) 1(92 ) | oprat-azre,

Since for2 < a < 3, p(z) = 1 —logz + § [{~ ! log 198(@=2) 7. then referring to Equation (84),
R(1,p,;1,p?) is given by

R(1,pr;1,p:%) = —g1(pr, a) + g2(pr, a) + O(py 1)

or

) W), o
R(l,pr;l,pra) = _/1 ](7];/ )—/ p —|-/ 10g a—y ( )+O<pr a(l c)/2+e).

Since for 2 < a < 3, we have
pla—y) =1—log(a —y),
therefore for 2 < a < 3

a ot dJ(p,Y @ dJ(p? —a(1—c) /24

Since p(a —x) = 1fora — 1 < z < q, thus

R(l i 1, pr _ / P a—vy )+O(p;a(lfc)/2+e).
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Lemma 27. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 < ¢ < 1), then for 3 < a < 4, we have

dJ
R(1,p;1,p7) = /pa Y) )

1/a2 </ay1 (/ayz dJ(p:;w)> dJ(]ZTZ)) dJ(ZT ) +O(p; —a(1— c)/2+e)
6 y=1 z=1 w=1 Dr by pr

where, € is an arbitrary small positive number.

Proof. We first recall that for 3 < a < 4 (refer to [7], Equation (3.15)), we have

1 v1lo —z
p(y) =1 —log(y) + 5/1 g(yz)dz

and . 1
a—y— o —
p(a—y)zl—log(a—yH*/ lgla—y=2),,
2 J1 z
Referring to Equation (63) and (65), we then have for 3 < a < 4

M(1,pr;1,p%) = p(a) — g1(pr, @) + g2(pr, a) — g3(pr,a) + O(p, 1),

where O(p;17¢) is the contribution by non square-free terms as determined by Lemma 18,
91(pr, a) and g2(py, a) are given by (refer to Lemmas 22 and 24 )

91(pr,a) = /1a I’

r¥Y

a—1 dJ pry
eloes) = [ logla ) ;y)

and referring to Equation (64), g3(pr, a) is given by

a— 1 a—1
2(pr,a — J(pry) 1 / dJ(p,Y)
o Porea b,y 2 o L - ,
3(p -3 / 3 / 2(p Y * 31 2(a =) py

where for a > 2 (refer to Equation (75))

1 ro=1log(a —y)
ha(a :f/ = Py
2(a) = 5 . ) y

+ O(p;a(lfc)/QJre)'

a—1 g2(pra—y
o Ly,

For the integral [} we refer to Lemma 24 to obtain

a— a— a*yfll _ _ dJ(pTZ)
/ L go(pr,a —y) dy :/ 1 fl og(a —y — z) Pz dy + O(p: —a(1— c)/2+e)
1 Y y=1 Y

For the integral [~ go(pr,a — y) d‘]; %), we refer to Lemma 25 to obtain

a—1 dJ(pY 1 o2 a—y—1 a=y=2 dJ(p.Y)\ dJ(p,?)\ dJ(pY (1) e
[ a0 =5 (L (L5 ) oo,
1 Dr 2 y=1 z=1 w=1 Dr Dr Dr
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Thus,

J(pry) 1 /a_2 (/a_y_l dJ(prZ)> dy
s G + - logla —y —2))——— | —+
p 3 / p% 3 y=1 z=1 ( g( Y )) prz Yy

1 ra=2/ ra—y=1 /7 ra=y=z 4 J(p, )\ dJ(p,?)\ dJ(p,¥ —a(l—c)/2+e
6/ (/ (/ )} L) LB oz,
y=1 \Jz=1 w=1 pr Pr pr

where J(p7) = 0 for z < 1 and hy(x) = 0 for z < 2. Rearranging the second integral on the
right side of the above equation, we then have

1 ra—2 a—y—1 dJ prz dy 1 [ro—2 a—z—1 log a—z—1y dJ prz
e R e Y A A
3 y=1 z=1 Dr Yy 3 /=1 y=1 ) DPr

I dJ(prz))dy 2 (o2 dJ (p,”)
= log(a —y — 2 — = ha(a — 2
[ ([ oty = opZED Y 2" ey ©E
Thus
a—2 dJ(pY 1 [roa—2 a—y—1 a=y=2 d J(p,* dJ(p,? dJ(pY
= [t ([ ([ ) )
1 Dr 6 y=1 z=1 w=1 Dr Dy Dr

O<p;a(1—c)/2+e).

Consequently, for 3 < a < 4, we then have

d'](pry) _/a d'](pry) +

p% -1 pry

1 ra—2 a—y—1 a=y=z dJ(p,"* dJ(p*? dJ (p,Y —a(l—c €
6/ (/ (/ (pw )> (z: )) (12 )+O(pr (1-0)/2+e)
y=1 z=1 w=1 Dr pr br

Since for 3 < a < 4, we have

M(1,pr;1,p%) = +/ —1+log(a —y) — ha(a —y))

pla —y) =1-log(a —y) — ha(a —y),

therefore for3 <a < 4

R(1,py;1,p%) = — /a_lp(a y)dJ(pry)_/aa dI(pr)

DY -1 prY

amy=l ¢ remu== dJ(p,)\ dJ(p,%)\ dJ (p, ~a(1c)/2+e
6/ (/ (/ (pw )> (zz )) Pr?) | oprati-a/2rey
w=1 Dr by br

Since p(a —x) = 1fora — 1 < z < q, thus

. a dJ(pY
R(lapr; 1apr) = 7/ p(a*y) ( Y )+
1 br
1 ra—2 a—y—1 a=y=2 dJ(p* dJ (p*? dJ(p,Y —a(l—c €
T ) ) 0 g
y=1 z=1 w=1 Pr by br

O]
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Combining Lemmas 22, 26 and 27, we then have the second key theorem. This theorem
provides the second equation for the value of R(1,p,; 1, p%) in terms of dJ(p,¥)/p,¥ with 1 <
a < 4.

Theorem 5. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 <c < 1),thenfor1 < a < 3, we have

R(1,pr; 1,p7) = / pla — ) +O(p, * 792t (101)
and for 3 < a < 4, we have

)

R(1,p;1,p7) = /pa Y) +

1 /ya_g ( /Za—y—l < /a—y—z d.J(p,") ) dJ(prz)> dJ (p,") + O(pra=9/2+e) (102)

6 Jy=1 =1 w=1 P pi pg

where, € is an arbitrary small positive number.

Comparing Equation (102) of theorem 5 with Equation (87) of theorem 4, we notice that
R(1,p,; 1, p%) is represented in terms of [{* p(a—y)dJ (p,Y)/p,¥ in Equation (102) while it is rep-
resented in terms of [{ p(a/y—1)dJ (p,Y)/p,Y in Equation (87). This difference in R(1, p,; 1, p?)
representation will be exploited in our analysis of the zeta function non-trivial zeros. In sec-
tion 6, we will present a third method for computing R(1, p,; 1, p¢) that is based on complex
analysis. With this method, we will drive a replica for Equation (102) with a tighter bound
on the estimation of the triple integral on the right side of Equation (102). In section 7, the
equation derived through complex analysis ( in section 6) will be compared with Equation
(87) to show that non-trivial zeros can be found arbitrary close to the line R(s) = 1. Before
we do so, we need to expand our method to compute M (s, p,;1, N) where s is a complex
number in the region where the series M (s, p,) is convergent. We will achieve this task in the
next step of this section.

e In the fourth step, we will extend the concept of regular and irregular components of
M(1,pr;1,2) to right side of the line R(z) = 0.5 in the complex plain where the series
M (s, py) is convergent.

Toward this task, we first note that the partial sum M(s,p,;1,z) is given by the sum
Zn 1 i(n,pr)/n® and therefore it can be written as follows

Tz
M(s.prilia) = M(s,prili o)) =1+ [ ZdM(LpsiLa),
T=pr

or
M(s,pri1,p%) = M(s,pr; 1, [p%)) = 1 + / DY M (L, prs 1, pY).

Since M (1, p,; 1,pY) = p(y) + R(1,pr; 1, pY), thus

a @ p¥ @ p
Ms.pritpt) =1+ [ Trdpy)+ [ R pestp). (103)
y=1 Pr y lpr
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Therefore, for any s, the partial sum M (s, p,; 1, pg) has two components. The first one is the

deterministic or regular component given by 1+ [/ 1y ys dp( ). The second one is the irregular

component given by fyazl If’j{s dR(1,pr;1,pY). Therefore, if we define « as

o = (s—1)logp,

and the regular component of M (s, p,; 1, p?) as F'(a, a), then

a
O[ CL =1 +/ prsm =1 +A pr(l_s)xp,(ﬁﬂ)d:ﬁ,
or,
a
Flasa) =1+ [ eyl (@),
1

Definition 9. For the region of convergence of the series M (s,p,), the regular component of the
partial sum M (s, py; 1, p?) is defined as

Fla,a)=1 —|—/ e/ (z)dz, (104)
1
while the irreqular component of the partial sum M (s, py; 1,p¢) is defined as
R(s,pr; 1,py) = M(s,pr; 1,p7) — Fo, a). (105)

Notice that for s = 1, we have @ = 0 and F'(0,a) = p(a). We also notice that the regular
component exists for any value of s with $(s) > 0. This is expected since the regular com-
ponents of both the prime counting function and M (s, p,; 1,p¢) are not determined by the
location of the non-trivial zeros within the critical strip.

We now define F(«) as

F(a) = alggoF a,a) =1 +/ e “o/( (106)
Thus, for R(s) > 1, « is a complex variable in the complex plane to the right of the line
R(s) = 1 (which corresponds to the line () = 0). Hence, the integral [ e~ **p(z)dx is
the Laplace transform of the function p'(z) and it is given by F(a) — 1 (where F( ) is the
regular component of the series M (s pr) ie. M(s,pr;1,00)). Since the Laplace transform of
p(z) multiplied by s is given by e~ #1(5) [10] (refer to page 569) [9] and the Laplace transform
of p'(x) is given by sL(p(z)) — p(0), therefore

F(a) = e B,

Definition 10. For the region of convergence of the series M (s, p,), the regular component of the
series M (s, p,) is defined as
F(a) = e F1(@),

where oo = (s — 1) log p,. The irreqular component of the series M (s, p,) is defined as

R(s,p;) = M(s,p,) — F(a)
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In Theorem 3, we have shown that
M(s,py) = e_El(a)_E(pr7'9)+6(pTvS)’ (107)

where ¢(s;p,) = [[°dJ(x)/2® and J(z) = 7(x) — Li(z). Using the definitions presented in
this step, we can rephrase Theorem 3 as follows

Theorem 6. For the region of convergence of the series M (s, py), M (s, py) can be expressed as
M(s,pr) = lim M(s,pr:1,p:") = F(0) + R(s.py) (108)
where o = (s — 1) log p, and F'(«) is the reqular component of M (s, p,) given by
F(a) = e (@), (109)
Furthermore, R(s, p,) is the irreqular component of M (s, p,) and it is given by

R(s,p;) = lim R(s,pr;1,p,") = e P (emslpwolsim) 1), (110)

It should be emphasized here that the regular component F'(«) is the value of M (s, p,) due
to Li(z) component of the prime counting function = (x). The irregular component R(s, p;)
is given by limg o0 R(s,pp; 1, %) = limg—s00 M (s, pp; 1, p,%) — limg—y00 F'(ar, pr®). It should be
also pointed out that for s = 1, the irregular component R(1, p,) = F(0)(e~s()Topr) 1) s
zero for every p, (note that R(1, p,; 1, p,*) may deviate from zero but it ultimately approaches
zero as a approaches o). For s # 1, the irregular component R(s, p,) = F(a) (e 5(siPr)+o(sipr)
1) may have values different from zero although it approaches zero as p, approaches infinity

In the following section, we will use Theorem 6 and the complex analysis to obtain an
alternative representation for R(1, p,;1,pf). This representation will then be compared with
Equation (87) of Theorem 4 to show that non-trivial zeros of the Riemann zeta function can
be found arbitrary close to the line #(s) = 1

6 Computing the irregular component of M (1, p,; 1, p%) using com-
plex analysis.

In the second step of the previous section, we have used integration methods to compute
the irregular component of M (1, p,;1,p?) for values of a > 1. Referring to Equation (87) of
Theorem 4, we have

dJ(pY 3 a—us dm(pY
B0 [ Rup 1) T 4 Qo)

R(LpiLlp®) == [ plafy=1)

It should be noted here that R(1, p,; 1, p,¥) is zero for y < 1, hence for our analysis to compute
R(1,pr;1,pyY), J(pY) is set to O for y < 1. In the third step of the previous section, Theorem 5
provides a second representation of R(1,p,; 1, p,*) in terms of [{" p(a — y)dJ(p,Y)/p,? instead
of the term [ p(a/y — 1)dJ(p,¥)/p,Y. In this section, we will use Equation (110) of Theo-
rem 6 and the complex analysis to find another representation of R(1,p,;1,p,¥) in terms of
Ji pla —y)dJ(p,Y)/prY. The complex analysis will allow us to find a tight bound for the O
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term associated with the term [} p(a — y)dJ(p,¥)/p,Y. Toward this end, we recall Equation
(110) of Theorem 6 for the value of R(s, p,) (or the irregular component of the series M (s, p;))

R(S’pr; 1’ OO) — eiEl(a) (eis(sapT)Jr&(sapT) — 1)’

To compute R(s, pr;1,p¢), we recall Equation (103) that establishes the connection between
R(s,py; 1, pf) and R(1,pr; 1, py')

¢ py
R(s,pr; 1, ) =/ s dR(1, pr; 1,prY).
Yy

=1 Pr
Recall that o = (s — 1) log p,, hence

¢y dR(L,pr; 1Y)

R(s,pr; 1, Ta = / € dy,
(s:0r3 1,0, - ay y
o o0 dR(1 1,pY
R(s,pr) = lim R(s,py;1,p%) :/ e (Lpri 1, pr )dy. (111)
a—00 y=1 dy

Thus, R(s,p,) is the Laplace transform of the derivative of the partial sum R(1,p,;1,p,%).
Consequently, our complex analysis representation of the partial sum R(1,p,; 1, p,*) is given
by the following theorem

Theorem 7. If ((s) is void of non-trivial zeros in the vicinity of the line R(s) = 1, then the partial
sum R(1,p,; 1, p.%) can be written as

R(LpiLp®) = [ €7 (Rlap)w)dy.

or
R(17pr7 17p7’a) — / 571 (e*El(Oé) (efs(a;pv“)‘i’ls(odpr) _ 1)) (y)dy7
1

where o = (s — 1) log p,.
Proof. Referring to Equation (111), R(s, p,) or R(c, p,) is given by

< dR(1,pr;1,pY)
R(a, p, :/ e
(v, pr) - a0

Hence, if M (s, p,) is analytic at s = 1, then

dy.

dR(1,pr;1,p,Y)
dy

= L7 (R(e, ) (y)-
Hence (recall that R(1, p,; 1,p,%) = 0 for a < 1)

R(LpiLlp®) = | " LY (R pe) (w)dy,

or
R(LpysLpy) = [ £71 (7P el — 1)) (y)dy,
1
or .
R(l,pm 17p7“a) — / ﬁ_l (e—E1(Oc) (6—6(04;177')+5(Oé§p7") — 1)) (y)dy7
1
where a = (s — 1) log p;-. O
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For the remaining of this section, our efforts will be centered around computing the inte-
gral [ L7 (emFr(e)(e=slespr)+o(aipr) 1)) (y)dy (this task may be simplified by removing the
term 6(a; p,). This term corresponds to an absolutely convergent series for %(s) > 0.5 and
therefore it has no impact on the region of convergence of the series M (s, p,)). We will start
this task by the following definition and lemma for computing the terms e(a; p,) and 6(«; p;.).

Definition 11. We define the function f.(y) for y > 1 as follows

oty = L 112

where J(p¥) is set to 0 for y < 1 and f.(y) = 0 fory < 1.

Lemma 28. If ((s) is void of non-trivial zeros in the vicinity of the line R(s) = 1, then

(p})/p¥

_ dJ
L7 e(epr))y) = =3 = fe(y): (113)
We also have uncoditionally
e¢]
_ dy—2) dy—3) d(y—4
L8 p))(y) = —Z( (2p.2 )y (3p‘3 )y (4p‘4 )> (114)
where, J(pY) is set to 0 for y < 1.
Proof. Referring to Definition 5
> dJ(py
5(87p1“) _A (pgj)s)a
or
o= [ B
U e oplb
Since a = (s — 1) log p,, thus
< . 1dJ(pY
e(s,pr) = e(a,pr) :/ 16 y}? ;5 )d
y= T

Furthermore, since we have assumed that ((s) is void of non-trivial zeros in the vicinity of
the line R(s) = 1, therefore
AT () /pY

(m)/m) (@) (115)

claipr) = £ (T

and

(p¥)/p}

£ el ) ) = I — ),

Referring to Definition 2

> 1 1 1
5(8;]?7«) = Z (_2 i25 o Z.35 o Z.4s'”> )

i=r P

60



or

> 1 p? 1 p? 1 p?
5(8;197«):2( —~ - .

=\ 2pPp® 3pdpdc Apdpt

However,
Di n en log p;

;" enslogp;

Since a = (s — 1) log p,, thus

Pi _aa
P
Thus ) s A
o0 e 2 e 3 e da
oo pp) = — + + e |-
(@) ; <2Pi2 3p®  Apit )

Since £71(e*)(y) = d(y + a), hence

L b)) = -3 (2 4 =D ) ),

=\ 2p; 3pi 4p;
O
Lemma 29. If {(s) is void of non-trivial zeros in the vicinity of the line R(s) = 1, then
R(L,pr;1p,") = —/ (£te 2w £ (aspy) ) (y)dy+
1
o ey et [m (EDF
/ Lol 70 et | | (y) dy+
! k=2
/ ((ﬁleEl(o‘) x L7 <Z 1,5m(a;pr)>> (y) dy+
1 m=1 m:
’ LleFr@) ot iﬂek(a' Y i i5’“(@' )] | (y)d (116)
) P X 3 Dr P ml 3 Dr y)ay

Proof. Referring to Theorem 7 where R(1, p,; 1,p,?) is given by
R(17pr7 17p7’a) — / ﬁfl (efEl(06)6*8(04§pr)+5(a§pr) _ e*El(a)) (y)dy,
1
and recalling that multiplication in the transform domain corresponds to convolution in the

function domain, therefore

R(1,pr;1,p%) = /1 (E—le—E1(a) x L Le—e(apr) o p—1,0(aspr) _ E_le_El(a)> (y) dy.

where

—e(a;pr) o~ (=" LT
€ =1 + Z k' € (aapr)a
k=1 ’

and -
edlespr) — 1 4 Z i(gm(a. )
] m! 7p7‘ .

m=
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Since L£(d(y)) = 1 and d(y) = f(y) = f(y), therefore

R(l,pr; 1apra) = _/1 (E_le_El(a) * 8(04;177')) (y>dy+

k=2
/1 <£_16_E1(Oé) * £—1 (i 7717/‘(5 (017])7.))) (y) dy+
m=1 :
0 [ 1\k o
/1 (EleEl(a) e <Z ( kzl') Ek(a;pr)) e (Z 1.5m(04;p7~)>) (y) dy
k=1 —

In the following lemmas we will compute the four integrals on the right side of Equation
(116). In the next section (section 7), we will show that for our present work, we only need
to compute Equation (116) for a < 4. This will simplify our effort to compute the second
integral of Equation (116). For a < 4, we only need to compute this integral for £ = 2 and 3.
For k > 4, the second integral is zero (this follows from the fact that for £ > 4, we have the
convolution( fe * fe x fe* fo)(y) where fc(y) = 0fory < 1and (fe* fex fex fe)(y) = 0 fory < 4).
The next lemma deals with the computation of the first integral on the right side of Equation
(116)

Lemma 30.

[ (e e teap)) iy = [ ola— )T (117)

=1 =1 P

Proof. Since L= 'e=F1(®) = p/(y) + 6(y) and L 'e(; p,) = f. , therefore

(£7te @ s L7 e(asp)) (1) = (0 +0) * 1) (v)
Since f.(y) and p/(y) are zero for y < 1, hence

y—1

(0 +0)+ 1)@= [ p=a)fa)dz+ L)

=1
Consequently (note that f.(y) and p'(y) are zero for y < 1 and (p’ * f;) (y) is zero for y < 2),

[ s wa=[" ([ de-orw)as [0 oo

=1 y=2 =1 y=1

Since the limit of integration for the second integral on the right side of the above equation
are fixed numbers, thus it can be written as

[ wronwa= [ ([ su-or@e)as [0 L@@

=1

The next step is to change the order of integration for the double integral. For the double
integral, the limit of the inner integral is given by 1 < x < y — 1 and the limit for the outer
integral is given by 2 < y < a. To change the order of integration of this double integral, we
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need to cover the same region of integration. This can be achieved by setting the limit of the
inner integral as  + 1 <y < a and the limit of the outer integral as 1 < z < a — 1. Therefore,

[ ve-onwi)a= " rw ([0 - o) i

[ mom= [ a1+ [ sy [T s

or

Since f.(x) = %, therefore

/; ((p +6) * f2) (y)dy = /a_1 J(pr) (1 + /ya Py — x)dy) + /: 1 d‘]p(ff). (119)

=1 pF =z+1 =a— e

Since p(z) = 1+ [ p'(x)dz, thus p(a —x) = 1+ [}, p'(y — x)dy. Moreover, since p(a —z) = 1
fora — 1<z < g, thus

/yal ((p" +0) * fe) (y)dy = /yal (gfle*El(a) % gfla(a;pr)) (y) dy = /:1 pla— x)d‘];f%).
0

To analyze the last three integrals on the right side of Equation (116), we first need to
compute the convolution integral [ (f; * f:) (z)dx

Lemma 31.

>0 dJ(pf))?

/_O; (fex fo) (x)dz = /;:2 (fe* fo) (x)dx = (/1 - (120)

Proof. By the virtue of Lemma 28 and recalling that convolution in the function domain cor-
responds to multiplication in the transform domain, hence

L(fo(@) * fo(@))(@) = (a3 py) = ( | ‘”(p))

=1 pE

where J(p) is set to 0 for = < 1. By recalling that if F'(s) is the Laplace transform of f(¢) then
F(s)/s is the Laplace transform of [} f(z)dz, hence

c{[ o)< ([ 42"

Using the final value theorem (which states that lim;_, f(¢) = lims_,0 sF'(s)), we then have
00 ~ dJ(pd)\?
[ e = ([T )
=2 =1 Py

To analyze the second integral on the right side of Equation (116) for a < 4, we need to
compute the integral [V, (f. * f.) (z)dxz. We will start this task by the following definition.

O]
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Definition 12.
haw) = [ (fax fo) (2)do
and in general,
) = [ (fo ¢ ferefon) (@),
where, fo = fe1 = fe2 = ... = fen.

Let g(x) be defined as follows
g(x) = fe(x) for 1<z<a

g(x) =0 otherwise
then

o0

Llgla)(e) = [~ e glayde = [

=1

* —ax 1 dJ(P7)
=1 pr  dx

dx = / e “f.(x)dx
=1

Therefore, be the virtue of Lemma 31, for y > 2a we have

/xy>2a (g*9) (z)dr = /Oo (g*g) (z)dr = </1a dJ(p’:E)>2,

=2 r=2 p%

We also note that

[ Gertr@ie= [ (o) @,

=2 r=2

and
2a

/: (fex fo) (x)dx = /OO (g% g)(x)dx — / (g% g) (z)dz,

=2 r=2 T=a

Lemma 32. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2<c¢< 1), then

ha(a) = [ (fox £) @) = O (p,(-0rminia/2)+) (121)

=2
where, € is an arbitrary small positive number.

Proof. First, we dissect the function f.(x) into two functions g1 () and ¢2(x) where
g g

g1(x) = fe(x)  for 1<z <a/2

g1(x) =0 otherwise
g2(z) = fe(x) for a/2<z<a
g2(z) =0 otherwise

Therefore,

| e @de= [ gua@ides [ (e @des [ (gron(@det [ (grige) (@)ds

=2 r=2
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Since (g1 * g1)(z) = 0 for = > a, therefore

a o o/ o 2
/m (91*91)($)dx:/ (g1 % g1)(x)dx = (/1 2dJ(Pr)> .

=2 z=2 Py

and by the virtue of Lemma 9 we then have

/ ;(g1 «g1)(@)dz = O (p, 209 flog?p,) (122)

Also, since (g2 * g2)(x) = 0 for x < qa, therefore

/x “2(92 « go)(x)dz = 0. (123)

Furthermore, [;" ,(g1 * g2)(z)dz = [;_,(g2 * g1)(z)dz, where

/:_2(91 * go)(z)dx = /a:a_a/2 (/ra_/f 91(7)g2(z — T)d7-> de,

note that for the inter integral g; (7) = 0 outside the interval [1, a/2] and for the outer integral
(91 * g2)(y) = 0 outside the interval [a/2, a]. Changing the order of integration, we then have

Li;m*gﬁ@mm:=lifm@ﬂ(Liwfh@—4%m>df

Since g2(z) = 0 for z < a/2, therefore by the virtue of Lemma 9 we then have

-0 (pr(c—l)a/Z logp?/Q) '

/a g2(x — 7)dx

r=a/2

Furthermore

a/2
< [~ laute) dr,

/xa (91 * g2)(x)dz

=2

/: g2(x — 7)dx

=a/2

thus

[+ g)ade

=2

a/2
=0 (p, "= 10g pt/?) /_1 lg1.(7)] dr.

T=

By the virtue of Lemma 11, we then have

t£“<gl*ggcwdx

=2

= 0 (p. =192 10g pi/?) O(log a) (124)
Combining Equations (122), (124) and (123), we then have

[ (e ) (@) = O (p,(meimintzar2y+<)

=2
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Lemma 33. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2<c¢< 1), then

/ (L7t B s L e (o pr) + L7 pn) ) () dy = O (pp (7 mCGal2re) (125
y:

Proof. Since L= (e=F1()(y) = p/(y) 4 6(y) and L™ e(a; p,)(y) = f-(y) , therefore

/y“ (£71e ) s 700z py) L7 e(0spr) ) () dy = /ya ((p" +6) = fo = fo) (y)dy

=1 =1

We will first compute the integral [, (o + 0) * f= * f.) (y)dy by using the final limit theorem
and recalling that if F'(s) is the Laplace transform of f(¢) then F'(s)/s is the Laplace transform
of [} f(x)dzx. Thus

/O_ol ((p" +0) * fo % fo) (y)dy = lim (e_El(“)E(a;pr)e(Oé;pr)) :

or

/002 (0 +6) * fex f2) (y)dy = (/1‘” dJ(pi?)>2

Py
Note that the integral lower limit of y was set to 2 since f-(y) = 0 for y < 1. If the non-trivial
zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢, then by the virtue of Lemma 9 we
then have

70405 £ex £ )ty = O (520 log? ). (126)

To compute the size of the integral fy“:2 ((p/ 4+ 0) = fe x f2) (y)dy , we will first analyze the size
of [,Z, ((p" + )  fe * f2) (y)dy. The size of [;_, ((p" + ) * fe * f=) (y)dy will then be given by

o0

@t fy@dy= [~ (s L £ @)= [ (0 +0)x Lx 1) ).
Y =2

=2 y=a

Toward this end, we first write

(6 + ) S ) )y = [ D= ) (e £ @) + (e % o) (y)dy
Thus

/y“ (9 +8) % fo 5 £2) (v)dy = / ([ 7= f)@ds+ (G )W) dy.

=2

or

[ o= [" ([ dw=a @) dy+ [* s 0

=2

Changing the the order of integration and noting that p'(z) = 0 for z < 1, we then have

=2 T =x+1

[ o= [" g ([ Fw-aay) et [* (s f@a

or
a

/; ((p" +0) * fe * fe) (y)dy = /

" et (14 [ - 2)dy ) do.

=x+1
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a

Hence u
[ o sy way= [

pla — ) (fe * fo)(x)da.

Similarly, we can also show that

[+ fox )y = [ pla=a)(f = £ (@)
y=2 =2
Thus - -

|0 ) Wy = [ pla—w)(fex f)w)da

Using integration by parts, we can write the above integral as

7 0y ge 1) @y = pOhata) = [ hofa)da ).

=a
Since the function p(z) is a positive monotone decreasing function where p(z) < 1 and since

ho(z) = O (pf(lfc) mi“(la/m*f) for x > a, hence 2

L T () o fe) (y)dy‘ = O (p,~ (-9 mini2a/2+e)

=a

(127)

Finally, we have

/a (0 4 6) = fox fo) (y)dy =

LOO ((P/ —{—5) *fs * fa) (y)dy - /y:oa ((,0’—}—(5) *fa * fa) (y)dy7

=2

and referring to Equations (126) and (127), we then have

/ya ((P/ +0) * fo * fg) (y)dy‘ =0 (pr—(l—C) min(2,a/2)+e>

=2

or
(£ w £70e(aspy) « L7 (0spr) ) () dy = O (p,~ (17 minte/2+e)

/a
y=2

In the following lemma, we will analyze the second integral of Equation (116) for k = 3
Lemma 34. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where

1/2 < ¢ < 1), then fora < 4
0 <prfa(1fc)/3+e) (128)

a
/ (ﬁfle*El(”‘) « L7 (o py) % L7 (s pr) * £*1€(a;pr)) (y) dy
y=1
where, € is an arbitrary small positive number.
ZNote that fyoia ((p) +6) = fox fo) (y)dy = [ =, pla—z)(f- f)(x)dz. Since p(z) = 0 for z < 0, thus p(a —x) = 0
for z > a and the integral f;ia ((p" +96) = fo * fo) (y)dy is equal to zero. However, using this result instead of that

given by Equation (127) will not affect our final estimate of R(1, p,;;1,p,%)
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Proof. Since L= (e=F1()(y) = p/(y) + 6(y) and L™ e(a; p,)(y) = f-(y) , therefore

/ (ﬁ*le*El(“) * L7 e(aspr) * L7e(0; py) Efle(a;pr = / (' +8) % fex fex fo) (9)
y=1
and

/a ((p’+5)*fa*fa*fs)(y)dy=/y

a

(p,*fa*fE fe dy+/y:1 fa fa fa)()

We will first compute the integral f;zl (fe x fo = f2) (y)dy. As it was the case with Lemma
32, we dissect the function f.(x) into three functions g1 (x), g2(x) and g3(x) where

g1(x) = fe(z) for 1<w<a/3

gi(z) =0 otherwise
92(z) = fo(z) for a/3 <z <2a/3
g2(x) =0 otherwise

and
g3(z) = fe(x) for 2a/3<xz<a
g3(x) =0 otherwise

Hence,

3
Z > / (9i * gj * gk) (x)dz (129)

We will first compute [;* (g1 * g1 * g1)(x)dz. Since (g1 * g1)(x) = 0 for z > 2a/3, therefore

’ o a/3 T 2
/x:l(gl * g1)(z)dr = AZl(gl % g1)(x)dz = (/1 de(;ﬁ) |

and by the virtue of Lemma 9, we then have

/_1(91 * g1)(z)dz = O (pf(c’l) log? pr) :

Furthermore, since (g; * g1)(x) = 0 for z > 2a/3 and g1 (x) = 0 for z > a/3, hence

(e o]

| (oo g)@ida = [ (9191 % g0)(a)do
=1 T

As it was the case with Lemma 31, by the virtue of Lemma 28 and recalling that convolution
in the function domain corresponds to multiplication in the transform domain,

af3 _dipr)\’
L(g1*g1xg1)(x) = (/_1 e_wp(fr)> .

68



By recalling that if F'(s) is the Laplace transform of f(t) then F'(s)/s is the Laplace transform
of fo x)dz, we then have

£([ ot o) @ = ([ eaxdﬁf))?’.

Using the final value theorem (which states that lim;_,~ f(t) = lim,_,¢ sF(s)), we then have

a 0 o/ 9\
/x (g1 % (g1 % 1)) (z)dx = / (g1 (g1 % 91)(w)dex = (/x 3 W)

=1 = =1 Py

and by the virtue of Lemma 9, we then have

/ _(greguxg)(@)dr =0 (p*Vlog’ py) (130)

It should be noted that the integral [' ,(g1 * g1 * g1)(x)dx is equal to zero for a < 3. This
follows from the fact that g1 (y) = 0 for y < 1.

To compute the remaining terms of Equation (129), we first need to compute the convolu-
tion (g; * g;)(y) for y < a, where i = 1,2 or 3and j = 1,2 or 3. Let g;;(y) be defined for y < a
as

350 = 0+ 9)®) = [ 0Ty = rir

where i = 1,2 or 3and j = 1,2 or 3. Note that for y < a, both g23(y) and g33(y) are equal to
zero. Our task is then to compute the integral [ (911 * gr)(x)dx for k = 2 and 3 (note that
that we have computed earlier this integral for £ = 1) and the integrals [ (g12*g2)(z)dz and
Jo=1(g22%g2) (x)da (note that [;_, (g12%g1)(x)dz = [;_(g11+g2)(x)dw and [;_; (g12%gs)(x)dx =
0 since g23(y) = 0 for y < a. Furthermore, [ (913 * 91)(x)dz = [;";(g11 * g3)(z)dz, while
Jo1 (13 92)(x )dw = Jom1(g23%91)(2 )dfc =0and [;_(g13%g3)(x )dfﬂ = Jo—1(gss*g1)(z )dx = 0.
Moreover, [ (g2 * g1)(x)dz = [ (912 * g2)(x)dz and [ (g22 * g3)(x)dz = [ (g3 *
g2)(x)dz = 0).

We will first compute g11(y),

a/3

g1 (y) = (g1 x91)(y) = /T q1(T)g1(y — 7)dr

note that since g;(xz) = 0 for x < 1 and = > a/3, hence the product g;(7)gi1(y — 7) = 0 for
y<2andy > 2a/3. For2 <y <a/3+ 1, g11(y) is given by 3

= [ 0@y rdr

3The convolution g11(y) can be depicted as the integral within the overlap of two windows. This overlap falls
within the interval [1, a/3]. The first window is fixed with a starting point at 7 = 1 and ending point at 7 = a/3. The
second window is a sliding window with a leading edge at y — land a lagging edge at y — a/3. Initially, for values
of y less than 2, there is no overlap between the two windows. For values of y between 2 and 1 + a/3, we will have
an overlap between the starting point of the fixed window (i.e 7 = 1) and the leading edge of the sliding window
(i,ey—1). Aty =1+ a/3, the overlap covers the entire fixed window. For values of y between 1+ a/3 and 2a/3, we
will have an overlap between the lagging edge of the sliding window (i.e y — a/3) and the ending point of the fixed

window (i.e 7 = a/3).
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and by the virtue of Equation (30), we then have

mw)=[" (i o ) —i) (i AN T)m

=1 \;=1 Pr i=1 Dr

Fora/3+1 <y <2a/3, g11(y) is given by

a/3 < 5p,"—pi) 1 S(p =T — pi) 1
= e 1 D - dr
gll(y) /7'=ya/3 (izl Dr T i=1 p%{_T y—T7

Hence, for2 <y <a/3+1, g11(y), we have

91(y)l< /1 <§M+ 1) (i o p) | 1 T) P,

and for a/3 + 1 <y < 2a/3, g11(y), we have

i< [* (§<W—m+1> (iaw;r—pﬁu | )dT )

=y—a/3 \;=1 Dr T i=1 Dr y—T

For the above two integrals (Equations (131) and (132)), 1 <7 <a/3and 1 <y —7 < a/3,
hence, fora > 1, 1/7 and 1/(y — 7) are both less than or equal to three. Thus

a/3 5 )
/ lg11(y)|< 9/ / dey+6/ / ————drdy+
y=1 T=1 =1, Dy
a a/3

— i — I(p? " —pi
/ / ( . p))(z (or 7 ))My
2 Pr i=1 br
1<y ‘r<a/3

by changing the order of integration for the third double integral on the right side of the
above equation, we then have

a/3

/ / < _ pi)) <§: 5(%27: pi)) drdy <

= i=1

1<y T<a/3
a/3 a
/ i 6(p1”7— - pZ) / i 6(p7‘y_7— - pl) dy dr
: j : i

r=1 Ni=l y=1 =1
1<y—7<a/3

By the virtue of the Mertens’ theorem where >"2* _1/p; = loga + O(1/log p,.), we then have

Pre=Pr

o ) ) a/3 ,
/ / < - pz)) <Z W) drdy < (log(a/3) + O(1/logp;)) / <Z W:ﬂ)) dr
1<yT | pr =1 pr r=1 \i=1 Dy
or
a/3 00 .
/ / ( ; pz‘)) (z; ‘W) drdy < (log(a/3) + O(1/log p,))*
DT gays
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Consequently,

a/3
a a Pr 1
[ lonwissa+6 [ | Y | dy+ (ogla/3)+ 00 /logp)?. (139
=1 y=1 Pi=Dr bi
or o
/ _lou()l< 9a* (134)

Following the same steps to show that [;"_g11(y)|dy < a?, we can also show that | y—1lg12(y)ldy,

Jy=11922(y)|dy and [;_,|g13(y)|dy are less than or equal to 9a2.

To compute the integral [ (g2 * g1 * g1)(z)dz, we first write it as follows

a

/: (g2 % g1 % g1)(z)dx = / (911 * g2)(x)dx = /;21 /7-11 911(7)g2(z — T7)dTdx

=1 =1
or a a a
/_1(911 * g2)(z)dr = /_1 911(7) (/_1 g2(x — T)dfﬂ) dr
Since g2(y) = W for a/3 <y < 2a/3 and g2(y) = 0 for y < a/3, therefore by the virtue

of Lemma 10 we then have

/ g2(z — T)dx
=1

-0 (prf(lfc)a/3+6>

Since [;;|g11(y)|< a? and

| (onxa@da| < [ ou@l| [ oo = 7)o ar
therefore for a fixed value of a, we then have
| (g g@)ds| =0 (p 179/ (135)
r=1

Similarly, the integral [ (g3 * g1 * g1)(z)dz can be written as

/xa:l(gn * g3)(z)dr = /711 g11(7) </:ci1 g3(x — T)dl“) dr

Since g3(y) = W for 2a/3 < y < a and g3(y) = 0 for y < 2a/3, then by the virtue of
Lemma 10, we then have

/; g93(x — 7)dx

-0 (pT—(l—C)Za/?H-E)

Thus,

dr = O (pT72a(1fc)/3+6> (136)

| (o = g0)(@)do

=1

/ g3(z — 1)dx
=1

< /Tal\gn(T)‘

Following the same steps to derive Equations (135) and (136), we can also show that

/: (912 * g2)()dz

=1

/: (g22 * g2)(x)dx

B -0 (pr—a(l—c)/3+e) (137)

9
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Combining Equations (129), (130), (135), (136), (137) and noting that g23(y) and g33(y) are
both equal to zero, we then have

[ (x fex f) (@) = 0 (p o075 (138)

=1

Furthermore, since f.(x) and p/(x) are zero for z < 1, hence for a < 4 we have

/ U ek for £2) ()da =0 (139)

Combining Equations (138) and (139), we then have

/a ((p’ +0) x fo* fox fa) (y)dz = O (prfa(lfc)/?ﬂre)
=1

or

| (et B s e i) 5 £ i) £ (i) ) () dy = O (pr207)
y:

O

The next lemma deals with the remaining terms of the second integral of Equation (116)
(i.e terms with k& > 4).

Lemma 35. Fora < 4and k > 4,

(et B s £ (Haip)) (v dy = 0

1

Proof. Since £~ (e=F1()(y) = p/(y) + 6(y) and L= (e(a; p,))(y) = f-(y) , therefore

[ (et B s e (M) = [ (6 + 0% e x fea ke ) ()

1 y=1

where f.(z) = fa(z) = fea(z) = ... = fex(z). Furthermore, since f.(z) = 0 for z < 1 and
p'(z) =0forxz < 1, hence fora < 4and k > 4,

[ (7@ e (Haipn) ) () dy = 0

1
0

Combining Lemmas 33, 34 and 35, we can then have the following lemma for the second
integral of Equation (116)

Lemma 36. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 <c<1),thenfora <4

/a £_1€_E1(a) % E_l i (_1)k5k(a‘pr) dy -0 (pr—a(l—c)/?)—l-e)
1 k! ’

k=2

where, € is an arbitrary small positive number.
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The following two lemmas deals with the third and fourth integrals of Equation (116)

Lemma 37. Unconditionally, we have

/1“ <£_16—E1<a) « L7 (i ni!ém(a;pr)» ay =0 (n"")

m=1

Proof. Referring to Equation (114), we have

X 5y — 2 oy —3 oy —4
£715(a;p7)(y) = —z ( (gpiz ) + (gpi?’ ) + (ZPZA )> .
Thus,
(£t P L)) () = -3 (P2 A3 2D
— (0(y—2) d(y—3)  dy—4
2 < 2p;? * 3p3 * 4pit )

where £ (e7F1(®)(y) = p/(y) + d(y) and the convolution of two Dirac delta functions is

also a Dirac delta function. More specifically, the convolution §(x — a) * 6(x — b) is given by
§(x —a —b). Since | [{° p/(z)dz|=1and [*}_d(x)dx = 1, thus

@ -1 _ —Fi(a —1 . - 1 1 1
/y (E e B w r 5(0471%)) (y)dy‘ < 2; (2]%2 + 3t 4

=1 3Pi 4Pi

Since >5°,. # <1/pr_1and 32, —1 < 1/(pr—1)""}, therefore

i=r p;
a ,1€7E1(a)* 15 3
/y:l (£ £716(0ip)) (] <
Letmi(y) = (£ 'e P1(@xL715(a; pr) (). Letma(y) = (£ Le P L7165 (; pr )+ L7150 pr) ) ()

and so on. Thus

2
[ <2
y= Dr

Furthermore,

[ty = [ (s £ 0t0p0) Gy = [ 7 iy )£ 0lospr)) (i dy

thus
/ (m1*ﬁ_15(a;pr)> (y)dy‘é/ ‘E S(a;pr)) H/ mi(y — 7)dy
y=1 =1
or . 5 oo
[ (e ateimn) @i < - [~ e~ @@ ar
y=1 Dr Jr=1
Since
L © [~ (dy—2)  dy—3)  oy—4) 1
L5(c; py d </ ( ) dy < —
/Tzl‘ﬁ (a’p)(ﬂ’ T= y=1 g 2p;? * 3pi3 * 4pit y<pr’



thus

a 2
m *Eiléa; - d ‘<,
/yl(l (aipr)) (y)dy p

T

or
y=1 T

Repeating these steps m — 1 times (i.e. the steps to derive f;:1 ma(y)dy), we then have

a a 2
/ mm(y)dy = / (mm_1 * 5715(04;%)) (y)dy < —.
y=1 y=1 Pr

Consequently

/1a (5_16_&(&) L7 <i Wi!fsm(a;pr))) dy = O (pr‘l) :

m=1

Lemma 38. For a fixed a, we have unconditionally

/a <£16E1(a) ! (i (_1)k€k(a'p )> w1 (
1 Pt k! o

where, € is an arbitrary small positive number.

(¢
|~
=)
3
8
RS
3_/
S~
S~
U
<
I
Q
RS
S
L
£
~

1

m

Proof. The proof of this lemma follows similar steps to those presented in the proof of Lemma
37. Details of this proof are presented in Appendix 2. O

Combining Lemmas 29, 30, 36, 37 and 38, we then have the following third key theorem

Theorem 8. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 <c<1),thenfora <3

@ dJ ? —all—c €
R(1,pr;1,p. %) = — /71 pla — ) (f ) +0 (pr (1=c)/2+ ) , (140)
and for a < 4
@ dJ f —all—c €
R(L,pr;1,p,") = — /_1 pla—a) 2L e (prot=a/3te). (141)

where, € is an arbitrary small positive number.

Equations (140) and (141) (of Theorem 8) and Equation (87) (of Theorem 4) provide two
different representations for the term R(1,p;;1, p,*). Our analysis to examine the validity of
the Riemann Hypothesis (and in general, the location of the non-trivial zeros) will be based
on analyzing the difference between these two representations. Before we proceed with this
task, we will first analyze more properties of the integral [ =, (dJ(p¥)/pY). If the non-trivial
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zeros of ((s) are restricted to the strip 1 —c¢ < R(s) < ¢ (where 1/2 < ¢ < 1), then by the virtue
of Lemma 10 we have

> dJ(p}) —(1—
22— 0 (p, D ogp, ) .
/y:1 pr <p P )

Furthermore, referring to Appendix 3, if one or more of the Riemann zeta function zeros are
located on the line R(s) = ¢, then for any z > 1, there are infinitely many prime numbers p’s
such that

> dJ(pY)
/y:z pY
where € can be made arbitrary small by choosing p sufficiently large. Therefore, for suffi-
ciently large IV and for some constant k, there are infinitely many prime numbers p,’s (that
are greater than V) such that

Yol (p(—(l—c)—e)z> .

—(1—c)—e¢

> kp, > 0.

/O" dJ (py)

-1 Y

Moreover, for any positive number h, we also have

/°° dJ (p)

=0((1+h r*h(lfc) 7’7(170) 1o . -0 r*h(lfc) 7‘7(170) 1o )
e Y ((1+n)p p gpr) =0 (p p ep;)

Thus,

+0 rfh(lfc) Tf(lfc) log p,.) .
B (p p gp )

Therefore, for any arbitrary small h, we can always find infinitely many p,’s so that the inte-
gral [.=,(dJ(p{)/p}) is determined by values of y in the vicinity of one. In other words; we
have

=1+h p%

©dJ(py) _ hdI(p)) [ (P¥)
/y dJ(p _/y dJ(p +/y dJ(p

-1 p -1 pY

where,

> kp,~1797¢ > 0,

/O" dJ (py)

Y
=1 r

and
< klpr_h(l_c)pr_(l_c) log py.,

/O" dJ (p})

=1+h p;‘g

for some constant k;. Therefore, for any h and for sufficiently large p,, there are infinitely
many p, satisfying the following equation

> dJ(py L 4 (p}
/ vt _ (1+o) [ ot), (142)
y=1 Dr y=1 DPr

where §; is given by O(p,~*(17¢)) and it can be made arbitrary close to zero by choosing p,
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sufficiently large.

It should be noted that the above analysis for the integral [,2, (d.J(p})/p}) can be extended
to the integral [, (g(y)dJ(p¥)/pY¥) where g(y) is a d1fferent1able function for y > 1 with the
function g(x) and its derivative ¢'(z) are non-vanishing in the vicinity of y = 1 and both
the function and its derivative don’t grow faster than e% or decay faster than e~ for any
§ > 0 (for example, g(y) or —g(y) is given by 1,4, 4%, ...,y™, 1/y, 1/y%, .., 1/y", (log y)™). For the
integral [ =, (g(y)dJ(p})/p}), we then have

[e%s} dJ Y
/yzlg(y) ;;r)

and if one or more of the Riemann zeta function zeros are located on the line £(s) = ¢, then
for any z > 1, there are infinitely many p’s (refer to Appendix 3),

/yoo g(y)djszy) e (e

where ¢ can be made arbitrary small by choosing p sufficiently large. Therefore, for suffi-
ciently large NV and for some constant k, there are infinitely many prime numbers p,’s (that
are greater than V) such that

/yoo 9(y) dj(fg)

=1 DPr

=0 (pf(lfc)“) :

(I=e)=¢ 5 .

> kpr~

After analyzing the integral [2, (d.J(p})/p{), we now turn our attention in the next section
to the analysis of two representations of the term R(1,p,; 1, p,*) in Theorems 4 and 8.

7 The two representations of R(1,p,;1,p,®) and the location of ¢(s) non-
trivial zeros.

The first representation of R(1, p,; 1, p,*) is based on Equation (87) of Theorem where we have
unconditionally

a dJ(pY 5 dm(p¥ _
R(Lpi 1) = = [“ptory -0 8 - [F R T8 4 0

The second representation of the term R(1,p,;1,p,*) for a < 4 is based on Equation (141) of
Theorem 8

@ dJ (p¥ . .
R(1,p:1,p.%) = — /71 pla —x) ]Ep ) +0 ( a(1—c)/3+ ) .

r

Consequently, we have the following theorem

Theorem 9. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then fora < 4
) N / ;”f)

a dJT
(_/lp(a/y p /Ryraar

where € can be made arbitrary small positive number by choosing p, sufficiently large.

-0 (pT—a(l—c)/?)-l-e) )
(143)
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For the remaining of the paper, we will analyze Equation (143) to examine which part of
the critical strip is void of not-trivial zeros (in other words; use Equation (143) to determine
the value of ¢). The difference [, (p(a—z)dJ (p¥)/pE) — |1 (p(a/y—1)dJ (p,¥)/pY) in Equation
(143) can be written as [, g(x)dJ(p®)/p*) where g(z) a differentiable function for y > 1 and
both g(x) and ¢'(z) are non-vanishing functions in the vicinity of y = 1 that don’t grow faster
than e% or decay faster than e~% for any ¢ > 0 (it should be pointed here that the function
p(y) has the asymptotic representation of y~¥. However for a < 4, both p(a—y) and p(a/y—vy)
are represented by logarithmic functions as shown in Lemma 39). Thus referring to Appendix
3, for any z > 1, there are infinitely many p’s, we have

* a7 (p})
| tola =)~ platy =) =

—Q (p(—(l—c)—e)z) ’

Hence, there are infinitely many prime numbers p,’s such that

¢ dJ(py)  [° dJ (py)
| pta=0 = [P otasy - )=

=1 r T

> kprf(lfc)fe

for some positive constant k. Therefore, If the non-trivial zeros of ((s) are restricted to
the strip 1 — ¢ < R(s) < ¢, then the the integral Ip = a/Q(R(l prYs L, pt~Y)dr(pY)/pY)
has to equal the sum S; = [ | p(a — z)(dJ(p¥)/pF) — [{(pla/y — 1)dJ(pry)/p,3{) within
a margin of O ( —a(l=c)/ 3+€). Our task will then be focused on computing the integral

Ig = [} / 2(R(l prY; 1, p8Y)dr(pY)/pY) at different values of a and comparing the result with
the sum Sy = [i_; (p(a — x)dJ (py)/p}) — [ (p(a/y — 1)dJ (p:¥)/p})

In the following, we will compute the integral I = [" o/ (R(1,py¥; 1, p2=Y)dm(p¥)/p¥) and
thesum S; = [ (p(a—2)dJ (p¥)/p%) — [{(p(a/y —1)dJ (p,Y)/pY) for values of a in the range
3<a<4.

Lemma 39. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 <
c < 1), then for3 < a < 4, thesum S; = fy L(pla—y)dJ(p¥)/p¥) — [{(pla/y —1)dJ (p,Y)/pY) is

given by
a/2 dJ(pY a/3 [ ra—y dv \ dJ(p}
S’J:—/ logy (ET)+/ (/ log(v—l)v> (5r)+
1 Dbr 1 (a—y)/y v Dbr

=2/ ra—y dv\ dJ(py) ot d.J (pY
/ (/ log(v — 1)) (5 ) —/ log(a —y) (5 )
y=a/3 \Jv=2 v /) pl a/2 Y

Proof. For the interval 3 < a < 4, the representation of the functions p(a —y) and p((a —y)/v)
is dependent on the value of y. For values of y in the range 1 < y < a/3, we have [7]

a—y dv
pla—y)=1—log(a—y)+ /2 log(v — 1);,

and
1 (a=y)/ dv
p(y(a— )) =1—log(a — )—Hogy—l—/ log(v—l)v
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Thus, for values of y in the range 1 <y < a/3, we have

a/3 Y a/3 Y
—/1 plajy—1) dJ(ZT )+/1 p(a—y)szg’“)z

a/3 dJ(pY a/3 a—y d dJ
—/ logy (57")—%/ (/ log(v — 1)U> (5
1 Dr y=1 \Jo=(a—y)/y v T

For values of y in the range a/3 < y < a — 2, we have

a—y dv
pla—y)=1—log(a—y)+ /2 log(v — 1)7,

and .
p <y(a - y)) =1+ logy — log(a — y).

Thus, for values of y in the range a/3 < y < a — 2, we have

a2 dJ(pe¥) (o2 dJ (p)
_ 1 + / a— L=
/a/3 plaly ) P a/3 ol ) pr

a—2 dJ (Y a—2 a—y d dJ(pY
—/ log y (5T) +/ (/ log(v — 1)1)) (57")
a/3 br a/3 2 v pr

Similarly, for values of y in the range a — 2 < y < a/2, we have

a/2 d.J(p,V a/2 dJ(p¥ a/2 dJ (p¥
—/_Qp(a/y—l) (1; )+/_20(a—y) (p)z—/ logy#'

D p% —2 Dr
For values of y in the range a/2 < y < a — 1, we have
-l dJ (p}) /“‘1 dJ(py)
a— rr = 1 —log(a—y L,
/a/z pla=y) pr a/2 ( ( ) pr

while for values of y in the range a — 1 < y < a, we have

a dJ(pY) /“ dJ(pY¥)
a— = .
| pa=v) TR R

Thus, for values of y in the range a/2 < y < a, we have

a dJ(p¥) /“‘1 dJ(p¥) /“ dJ(p¥)
_ r)o_ _ 1 . r + T/
/a p pla —y) o " og(a—y) o g v

For values of y in the range a/2 < y < a, we also have

“ dJ(py)  [* dJ(p})
/a/2p<a/y—1> = [ =

P% /2 P?

Combining Equations (144), (145), (146), (147) and (149), we then get desired result.
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The next lemma deals with the term Ir

Lemma 40. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < c < 1), then for 3 < a < 4, the integral Ip = ff/2 R(1,pY;1,ptY)dn(p¥)/pY is given by

a2 ayy AT (Y o2 (a dJ(py) [o! dJ (pY
/ R(1,p%; 1, pf y)# = */ p ( - 2) logy(y)/ log(a—y) (y )+
1 br 1 Yy Dbr a/2 Dr

a/2 z _ _ dJ(n?
[ (s (557 ) St S5
z=1 y=1 Yy Yy by

a—1 a—z _ _ ¥4
/ (/ logy p'(ayz_l)a zzdy) WIWr) | o, —e1-a/5+e). (149)

=a/2 y=1 Yy p?

where p’ (a—;Z — 1) = % p (ﬂ - 1) and e can be made arbitrary small positive number by choosing

y
pr sufficiently large.

Proof. To compute the integral Ir = [{' /2 R(1,pY; 1, p8Y)dn(p¥)/pY, we first note that for
a < 4, the value of a — y is less than 3. Referring to Equation (141) of Theorem 8 or Equation
(101) of Theorem 5, we have for b < 3

b dJ (p® (e 1) /2t
R(Lp;l,pb) = —/1 p(b—:c)p(f)+0(p b(c—1)/2+ ).

Therefore, fora < 4and 1 <y < a/2, we have

a T - Y)T
ROLp L) = R, 0T == [ 7 (2 o) P

where by the virtue of Lemma 22,
H=0 when 1< a4y <2
Y
and by the virtue of Theorem 5 or theorem 8

H=0(py) 5 02 yhen 2< 279 <3
Yy

However, the inequality 2 < % < 3is equivalent to the following inequality

a a
1 <y< 3
o 2a 3a
30TV T
and
%(c—l) < yy(c—l)/2< ie-1)
Consequently,

H = O(p, e~ D/3+ey, when 2 < % <3
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and fora < 4and 1 <y < a/2, we have

B a—y a — dJ % X —a(e— .
R(1,p,%5 1L,p ") = —/jl p (y —x) ((p(f)x)) +O(p, e D/5Fe),

Defining z = yz , we then have

@y a— z\ dJ i —a(c— €
R(]- DPr ,1’pa y) _/ p( Y - > (f ) +O(p7“ (e=1)/3+ )7
z=y Yy Yy Dy

/ R(LpyY: 1" )dw(pr) _ _/;/2 </Za—yp <a -y ;) dJ (p;) _|_O(pT—a(1—c)/3+e)) ﬂfi’)‘

=1 \Jz=y (] pr pr

Since dr(p¥) > 0 and p¥ is a monotone increasing and strictly positive function of y, therefore

/ O a(l- C)/3+e) dﬂ(pr) — O(pr_a(c_l)/3+€) /(1/2 d?T(p}f)
? 1 ¥

and by the virtue of Lemma 11, we then have
/ O(p a(l—c /3+E) dﬂ'(pr) _ O(pr—a(l—c)/iﬂ—i-e)'
pr
Therefore

y a/2 a—y o 2 y
2=y

D5 br

By noting that dn(p¥)/p¥ = dlogy + dJ(pZ)/p; and referring to Appendix 4 (where we
showed that fa/2 (f“:y p (w — 5) M) W) — O(p, 1 79/%) ), we then have

z=y y D7 Dy

a/2 Y a/2 a—y _ -
/1 RQ,pr%; Lpg_y)dﬂ(gr) = _/ </ P <a .- Z) dj(fr)> dlogy + O(p,~*1=9)/3Te).
1 z=y

Dr Yy by

Using the method of integration by parts, we then have

a/2 a—y _ 2
/ R 1 pr 1, r )M = / logy d (/ p ((I Yy _ Z) d‘](pr>>+O(pr—a(1—c)/3+6).
1 z=y Y

pY Y D5

The change in the integral [7_Y p (“—;y — i) 4J®5) due to the change in y by Ay is given by
a—y _ z
A(/ p(a y_Z) dJ(pr)>:
2=y y oy

a—y—Ay _ z a—y _ z
/ p( a—z _1> dJ(pr )_/ p(a z_l) dJ(p,n)7
=y+Ay  \Yy+ Ay P 2=y (1 p;

or
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a—y _ z y+Ay _ Z
A(/ p(a y_Z) dJ(pr)>:_/ p<a z_1> dJ(p7)
z=y Yy Yy Dy 2=y Y Pz

a—y _ a—=z a—y _ _ z
a5 ) bl ) o5 )
z=a—y—Ay Yy Pr z=y y+ Ay Yy Py

where
a—z a—z a—2z a—z
g (y+Ay P\ P\ 2 Y
Consequently
oY fa—y z\ dJ(p? a dJ (p¥ dJ(p.*7Y
(7550 ) <o)
z=y Y Y pr Yy pr Pr
a-y a—=z a—zdJ(pZ
ay [ (2 ) R, (150)
z=y Yy Yy pr
and
a/2 d Y a/2 dJ(pY a/2 dJ(p, %
/ R(l,pry;lvp?‘y)w = —/ p (a - 2) logy (5’”> —/ 1ogZ%+
1 Dr 1 ) T 1 Dr
a/2 a—y _ _ z
/ log y (/ o <a Z 1) a 22 dJ(fr)) dy+0(pr_a<1_c)/3+€),
1 z=y Y Yy Py

or

a/2 ay A (pY a2 (q dJ(p¥ a-1 dJ(p¥

1 T 1 Yy Dr a/2 br

a/2 a—y _ —2d z
/ log y (/ ) (a z 1) a 22 J(pr)) dy_i_O(pr—a(l—c)/?,Jre)'
1 2=y Yy Y D5

For the third integral on the right side of above equation, we rearrange the double integral as
follows

a/2 a—y _ —2d z
/ logy(/ p’<a Z—l)a - J(fr))dyz
y=1 z=y Yy Yy Yz

a/2 ( 1z a—=z a—z dJ(p? a=l a=z a—=z a—z
[ ot 557 ) ([ (521 )
z=1 y=1 Yy Yy Dr z=a/2 y=1 Yy )

Consequently,
a/2 a—us (DY a2 /q dJ(p? a=l dJ(p¥
/ R(17p7‘y; 17p7“ y)# = _/ 1Y ( - 2) lOgy (y )_/ log(a’_y) (y )+
1 DPr 1 Yy Dbr a/2 Dr
a/2 z _ _ d 2
/ logy o/ <H—1) : zzdy) J(fT)JF
z=1 y=1 Y Yy pPr
a—1 a—=z _ _ d z
/ (/ logy ¢/ (a - 1) - 2Zdy> A )
z=a/2 \Jy=1 Yy Y Py
where p/ (u 1) = %p (a;Z 1) O
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Thus, for 3 < a < 4, the difference between S; = [, (p(a — y)dJ (p¥)/p}) — [\ (p(a/y —

1)dJ(p,Y)/pY) and Ip = la/Q(R(l prY; 1, p8Y)dnr(pY)/pY) can be computed by combining
Equations (144), (145), (146), (147) and (149) to get

+/ (/ log(v = 1)‘1“) djzgé’)Jr
[l N
L e (252 ) 2 > -

a—1 a— _ _
/ </ ylogvp’(avy‘1> avzyd”> W@ | oy, -at-asre), s

y=a/2 \Jov=1

a/2
SJ—IR:—/l logy

where p/ (a 4 1) = d%p(“;y - 1).

Since for a/3 < y < a—2, the integral ["_J (log(v — 1)dv/v) is a differentiable function that
grows no faster than pf¥ (for any € > 0), hence

a=2 a—y dv\ dJ(p¥) o
1 —1)— L — O (p, 210 3+€)
/y:a/B (/Uzz og(v = 1) v > pr <p )

Similarly for a/2 < y < a — 1, the integral [ logv p/ ( 1) “SYdv is a differentiable
function that grows no faster than p{¥ (for any € > 0),. Therefore,

a—1 a—y _ N y
/ (/ lOg’U ,0/ (a'y _ 1) a de’U) dj(gr) -0 (pT—a(l—c)/2+e) ]
y=a/2 v=1 v v Dy

Furthermore, the functions — logy and p(a/y — 2) logy are differentiable functions that grow
no faster than pf¥ (for any e > 0), therefore,

a/2 dJ(pY a2 /q dJ(pY /e
—/ log y (5)4-/ p(—2>logy (5):O(pr /6+).
a/3 Dpr a/3 ) p

T

However, by the virtue of Theorem 9, we have S; — I = O (pr_“(l_c)/ 3+6). Thus, Equa-

tion (151) can written as follows,
dJ(p¥
+/ ( 2) logyp(fr)—k

0 (pfa(lf(»‘)/i’rﬁ) — _/1a/ log

a/3 a—y Y
/ ( [ ot} 2201
1 (a—y)/y v br
a/3 1 ry — — Y
/ (/ logv p/ (a J_ 1) a4 dev) dJ(g),,)' (152)
y=1 v=1 v (% Dpr
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For1l <y <a/3, let

Q1Y) = (—1 +p (Z - 2)) log v,

92(y) = /vay log(v — 1)dv

—(a—v)/y v’

and

Yy — _
ga(y)z—/ logw pf <ay—1) 2 dev,
v=1 v v

where p/ (% - 1) = d%p (a;y - 1).

Therefore, Equation (152 ) can be written as

a/3 Y

0 (=05 = [ 1)+ 20) + 9s0) g,

Without loss of generality, we can define g;(y) for y > a/3 as ¢1(y) = ¢1 + d1/y, where

g1(a/3) = c14+3dy /aand g, (a/3) = —9d; /a®. Also, fory > a/3, we set ga(y) = ca+ds/y, where

g2(a/3) = ¢3 + 3da/a and gy(a/3) = —9dy/a?. Similarly, for y > a/3, we let g3(y) = c3 + d3/y,

where g3(a/3) = ¢34 3ds/a and g3(a/3) = —9ds/a?. With these definitions of g1 (), g2(y) and

g3(y) for y > a/3 (where the functions ¢1(y), g2(y) and g3(y) are bounded, differentiable and
monotone increasing or decreasing depending on the sign of di, d2 and d3), we have

—a(1- > dJ(py)
O (p,—o1-0)/3+¢ :/ n n r)
(» ) 50 0) + 20+ 550) =
Combining the above two equations, we then have
—a(1-c)/3+e > dJ(p¥
0 (= 0-95) = [*(0106) + ga(0) + ) 24, (153)

For 1 < y < a/3, the derivative of the functions ¢;(y), g2(y) and g3(y) are given by (note
that for 1 < y < a/3and 1 < v <y, pla/y —2) = 1 —log(a/y —2) and p(*-£ — 1) =
1- log(ay;y - 1))/

dg1(y) ( 1 1) 1
=2 + — ) logy — —log(a — 2y),
dy a—2y y Yy ( )
dga(y) 1 Y y
= logla — 1 —1vy) — log(a — 2y) + log vy,
T — g( Y) @—1) g(a —2y) (a—y) 8"
and
dgs(y) (a —y)?
= — log y.
dy y3(a — 2y)

Therefore at y = 1, g(1) = 0 while ¢/(1) is negative (notice that at y = 1, log(y) = 0 and
¢'(1) is given by —log(a — 2)). Therefore for a > 3, both ¢(y) and ¢(y) are are non-vanishing
in the vicinity of y = 1 and both the function and its derivative don’t grow faster than ¢%
or decay faster than e~% for any § > 0). Thus, referring to appendix 3, if one or more of
the Riemann zeta function zeros are located on the line #(s) = ¢, we then have for infinitely
many p,’s

[ @)+ )+ ) 2| = @ (1)
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Therefore, If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1) and one or more of these zeros are located on the line #(s) = ¢, then for
sufficiently large N, there are infinitely many prime numbers p, (where p, > N) satisfying
the following equation

19 (pr—a(l—c)/?)—i-e) -0 (pT—(l—c)—e) (154)
This result leads to our main theorem

Theorem 10 (Main Theorem). Non-trivial zeros of the Riemann zeta function ((s) can be found
arbitrary close to the line R(s) = 1

Proof. Our previous analysis shows that if the non-trivial zeros of ((s) are restricted to the
strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1) with one or more of these zeros are located on the
line R(s) = ¢, then Equation (154) will follow, i.e.

O (p;a(lfc)/3+e) ol ( ;(1%)76)

However for 3 < a < 4, a(1—c¢)/3 > 1—c. This contradicts Equation (154). This contradiction
infers that non-trivial zeros of the Riemann zeta function ((s) can be found arbitrary close to
the line R(s) = 1.

O

Theorem 10 infers the following important corollary

Corollary 2. Not all of the non-trivial zeros of the Riemann zeta function ((s) are on the critical line
Re(s) =1

Moreover, Equation (154) can be used to estimate where the distribution of the prime
numbers deviates or starts to deviate from what has been predicted by the Riemann hypothe-
ses. As mentioned earlier, we don’t expect to have inconsistent results with RH for values of
a less than 3. Hence, we need to set a greater than 3. In the following, we will set a equal to
4 — § with ¢ = 0.5 (where ¢ is an arbitrary small number). For a = 4 — 6 and ¢ = 0.5, the left
side of Equation (154) is less than ki p, 23+ for some constant k1 while the right side of the
equation is greater than kop,—1/27¢ for some constant ky. Therefore, to contradict Equation

(154), we need to set p, greater than p,; where

/ /3

k2pr_11 2 > klp;f )
or
kapyl > ki (155)

Equation (155) infers that there are infinitely many prime numbers p, > p,; where Ir =

(RO pY5 1, pe¥)dr(pY) /pY) and the sum Sy = [, p(a — 2)(dJ (pF)/pF) = [i=, (pla/a —
1)dJ (p,*)/p¥) are not the same within a margin of O(p, Y 6+6) where a = 4 —§. Consequently,
there are infinitely many prime numbers greater than p;; that do not follow the distribution

predicted by the Riemann hypothesis. In other words; if we set NV such than

kl 24
N —
g <k2> 7
then there are are infinitely many prime numbers greater than IV that don’t follow what has
been predicted by the Riemann Hypothesis.
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Appendix 1

Using Lebesgue-Stieltjes integral, we can write the sum /2

/pr2 d'ﬂ'
1pz pr

zrlp

or
i 1 /m dLi(z) /m dJ(x)
i=rl pzs Pri ¥ Pri1 x®
Hence
2 2 ]
Z 7:/ 51 dx + €(s; pr1, Pr2)-
i=rl p; pr1 L7 108X
For R(s) > 1, the integral If’ Tf xs 1ngdar: can be computed directly from the definition of

the Exponential Integral E(z) =

(z) > 0) to obtain

Pr2 1
/ d = B((s = 1)logpra) = Fi((s = 1) log pr2)
p

. xSlogx

To compute the integral [* dx for R(z) < 1, we first write the integral as follows

s log T
/Prz 1 pro e—0logx COS(t log $) d ) /pm e—ologz Sin(t log x) J
= T —i x.
1 TSlogx P log x o1 log x
—ologx
The first integral on the right side [ © = Ofgoi(t 1°82) 44 can be computed by using the sub-

stitution y = log = to obtain

)

/PTQ e~ 1987 cos(t log ;U)d /logl”r2 e(1=0)y cos(ty)d
=
Pri log z log pr1 Y

or

/pr2 670. log z COS(t log x)d /logpr2 e(lfa)y Cos(ty)d +/10gpr2 e(lfa)yd /1ngr2 e(lfa)y
r = B E— —
Pr1 log z } T )

dy.

og pri og pr1 Yy og pr1 Y

Hence,

/W2 e~71987 cos(t log :r:)d /Ingrl e(l=)y(1 — cos(ty))d /1ngr2 e(l=)y(1 — cos(ty))d
r = y—
p €

r1 10g x B € y

log pr1 e(l_a)y log pr2 e(l_a)y
/ dy + / dy
€ Y € Yy

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log p,2 , we then obtain

/pr2 e~ 198 cos(t log a:)dx /1 e(1=o)(logpr)z1 (] Cos(t(logprl)zl))dz
= -
Pri logx €/log pr1 21
/1 e(1=)(logpra)z2(1 _ COS(t(logprg)Zz))dz _/1 e(1=0)(logpr1)z1 ot 1 e(1—0)(log pr2)22 "
€/log pro 22 ? e/log pri 21 ! €e/log pra 22 ?
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By the virtue of the following identity [1] (refer to page 230)

/1 el _tcos(bt))dt = %log(l +b%/a®) + Li(a) + R[E1 (—a + ib)],
0

where a > 0, we then obtain the following

/p""2 e~7198% cos(t log )
o log 2

dx = R[E1((s — 1) logpr1)] + Li((1 — o) log pr1)—

R[E1((s — 1) log pra)] — Li((1 — o) log pr2)—

1 e(l—cr)(logpﬂ)zl 1 6(1—0)(10gpr2)22
/ ———dx+ — dzp
6/10g Pri <1 E/IOg br2 22

With the variable substantiations w; = (1 — o)(log pr1)21 and we = (1 — o)(log pr2)22 and by

adding and subtracting the terms — | ((11__:))610‘% Predus o f ((f_—:))ebg 1 duL ) we then have

pro ,—0logT
/ e cos(tlogx)dx = R[E1((s — 1)log py1)] + Li((1 — o) log py1)—
p

1 log x

REL((s — 1) log pro)] — Li((1 — o) log pro)+

(1-0)logpr2 pwz _ 1 (1-o)logpr1 ew1 _ 1
/ dwg — / dwi+
(1-0)e w2 (1—0)e w1y

1—0)e w2

/(1—0) log pro dws /(l—a) log pr1 dw
( (1—0)e w1

Using the following identity [1] (refer to page 230)

aet 1
/ dt = Fi(a) — log(a) —
0 t
where a > 0, we then obtain for o < 1,

/Pr? e~71987 cos(t log )
p

) log = dz = R[E1((s — 1) log py1)] — R[E1((s — 1) log pra)]

Similarly, using the identity [1] (refer to page 230)

/1 e sin(bt)
0

; dt = m — arctan(b/a) + S[E1(—a + ib)],

where a > 0, we can show that for o < 1, we have

/1‘”2 e~ 1987 gin(t log )
Pr1 1Og:L‘

dz = S[E (s — 1) log pr1)] — S[E1((s — 1) log py2))-

Therefore, for R(s) > 0.5, we have

r2
1
o = F1((s—1)logpr1) — E1((s — 1) log pro) + €(s; pr1, Dr2)
i=rl £
where, e(s; pr1,pr2) = [} d{z(sx)-
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Appendix 2
To unconditionally show that
/a ﬁ_le_El(a) * £—1 i (_1)k5k(a'pr) " E_l io: ié-m(a_pw) dy -0 (pr_H_e) )
1 = k! ’ = m! ’
we will first unconditionally show that

/a <£16E1(a) x L7 (i Fl)ke’“(a'p ))) (y)dy
! k! o

k=1

< &2 loga+O(1/pr) ]

For k = 1, by referring to Lemma 30, we have

/ya (ﬁ—le‘El(o‘) x E‘ls(a;pr)) (y)dy = /a pla — fﬂ)dj(ff)

=1 =1 b

Since 0 < p(y) < 1 and referring to Lemma 11, we then unconditionally have

(271 P « £efain)) (9) dy| < 2Doga+ O(1 /)
y=1

Let ki (y) = (E_le_El(o‘)*E_le(a;pT))(y). Let ko (y) = (E_le_El(O‘)*E_le(a;pT)*E_le(a;pr))(y)
and so on. Thus

[ mnw)dy| < 210ga +0(1/p)
y=1

Furthermore,

/yil ka(y)dy = /y; <k1 * £—15(oe;pr)> (y)dy = / > ki (y — 7)(£Ye(as pr)) (7)dr dy

y=1J71=1

a

thus, by changing the order of integration, we then have

[e.e]

/:1 (ki +£7 (i) (y)dy‘ < /7:1 (£ (s pp)(7)] ‘/yal ky(y — 7)dy| dr

or
£ (s p)(7) | dr

/y: (k‘l * ﬁ—lé‘(a;pv')) (y)dy‘ < (2loga + O(l/pr))/

=1

and by the virtue of Lemma 11, we then have

/: (1= £7%e(0sn) <y>dy\ < (2loga+0(1/p,))’,

or

/ (E_le_El(a) « L7 (o pr) * L‘la?(a;pr)) (y)dy‘ < (2loga+O(1/py))*.
y=1

Repeating these steps k& — 1 times (i.e. the steps to derive f;zl k2(y)dy), we then have

[ty = | [ (b« £t e(ain) ()| < (21oga +0(1/p)"
y= y=
Consequently,
a © (_1)k
/ <£1€E1(a) x« L1 (Z ( k;ll) ek(a;pr)>> (y)dy < teogaJrO(l/pT)‘ (156)
! =1 "
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Let (km)1(y) = (571 B s (3 SR (aspy) + £70(aspy) () Let (km)a(y) =
(L le Br(@) p-1(yoo0 CU° k, ‘e Flo;py)) * L715(a; pr) * L715(a; pr))(y) and so on. Thus

/y;(km)l(y)dy - /yil (5_16_&(&) L7 (Z o€ (@ pr)) *5_15(0;%)) (y)dy

and by the virtue of Equation(156), we then have

" e s(asp) )| dr

/ (km)l(y)dy‘ < ¢2loga+0(1/pr)
y

=1 T=1
Since
- © (S (0y—2)  dy-3) dy—4 1
Ls Dy d </ < ) d —
(aspr)(r)dr| < - ; wr T aE T y< oo
thus
2loga+0(1/pr)
/ (km)y dy’
y=1
or

e2log a+O0(1/pr)

/yil (L e (i R pr)) * 5_15(04;1%)) (y)dy <

k=1 pr
Similarly, ) )
yzl(k‘m)Q(y)dy = /y:1 ((km)l « L715(a pr)) (y)dy

where

/y; (k) « £ 5 i) (y)dy‘ < /:1 (L7130 pr))(7)] /yil(km) (y — 7)dy| dr
or

/y RELED) <y>dy\ < emg;wp) - leestapon|ar

Thus

2loga+O(1/pr)

/yil (E e~ Frle < (a; pr)> w L1 <21!6(a pr)2)> (y)dy| < €

Repeating these steps m times, we then have

frueremen e (S G ) et (Gystn) <

2!p;

2loga+0(1/py)

m! pim

Consequently, for a fixed a, we then have

/1” (EleEl ( (o pr)> <L (i nlﬂém(a;pr)» dy =0 (pflﬂ) :

m=1
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Appendix 3

On RH, we will show that for infinitely many prime numbers p,’s, we have

-0 (p;1/2—e) )

In other words; there are infinitely many prime numbers p, that satisfy the following

/°° dJ (py)
1

pr

>k —1/2—¢
pg 28

/wcu(pi’)
1

for some constant k. We will also show that, on RH and for infinitely many prime numbers

pr’'s, we have
o dJ (p) —1/2—
Tl —Q /2—€ 7
/1 9(y) . (pT )

where ¢(y) a differentiable function for y > 1 with the function g(x) and its derivative ¢'(x)
are non-vanishing in the vicinity of y = 1 and both the function and its derivative don’t grow
faster than €% or decay faster than e =% for any § > 0 (for example, for y > 1, g(y) = 1,y, >,
oy 1y, /Y2, 1/y™, (logy)™). There are a variety of theorems (that are based on Paley-
Wiener theorems) that establish the relationship between the decay properties of a function
with its Fourier, Laplace or Mellin transform (within its region of convergence). Our analysis
is similar to Landau approach that establishes the relationship between the decay (or growth)
rate of a Riemann integrable function and the region over which its Mellin transform is ana-
lytic [12].

Toward this end, we first write J(x) = m(z) — Li(z) as (refer to Lemma 5)

[log z/log 2] W(l’l/n) () —

pu— —_ L‘ = — P
S =n@) L@ =— X T TR 4 P
where,
TY(u) —u .
P(x) = ——d — Li(2
(@) 2 wulog?u log 2 i(2),
Hence, on RH, we have (refer to Lemma 6)
Y(z) —x T (u) —u 1)2 1/3
J(r) = ——— ————du—L /
(z) log * 2 ulog?u " i@ +0 (ac ) ’
or
1 x’ z 1 uf
() log:czp:p+/2 <u10g2uzp: p) " i )—l—O(x )’
and
1 eyplogpr Yy 1 ezPlog pr
J(p) = +/ dz — Li(p¥/?) + O (pv/3
v?) ylogprgp: p foe2 <Z210gprzp: p > v:) <p )
Let 1
1 eyplogpr
Ji(p)) =

ylogpr < p
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and

” 1 ezplogpr
JZ(pr) - /M <z2 log p, P ) =
p

log pr
then,
J(@Y) = 1i(p¥) + Fa(p¥) — Li(p¥'?) + O (p/?)

In the following, we will show that, on RH, the function f(y) = |[Z, dJ(p)/p}| grows

faster than p( L/2=e)y by showing that the Laplace transform of integral fy dJ(pz)/pz is ana-
lytic function for ¢ > —(1/2) log p, with singularities at (—1/2 + i3;) log p, (that correspond
to the zeros of the zeta function at p; = 1/2 + i3;). Thus, the value of | [Z dJ(p})/p;| grows
faster than p$« /279 que to the presence of these singularities at (—1/2 + zﬁl) log p,. In other
words; if the value of | [Z, d.J(p})/p;| grows at a rate slower than pg_l/ 279 then the Laplace
transform of the integral [, d.J(p)/p; will be analytic at o = —(1/2)log p,. This contradicts
our earlier assertion that the Laplace transform function has singularities at (—1/240;) log p,

(or the Laplace transform integral diverges for o = —(1/2) log p,).

To compute the Laplace transform (and its singularities) of the integral [,* d.J(p})/p; , we

have,
< dJi(p;7) _ (p! o gz
/ l(zp ) - 1(y ) _/ J1(py)dp;,
Y Pr br Y
Therefore,
©dsi(pr) 1 (p / (p})”
r) __ T + T dz
/y Py ypr log p, Z 2pZ zp: P)

As mentioned earlier, the sum 3° (2*/p) is conditionally convergent and it should be per-
formed over the non-trivial zeros with |3;|< T as T approaches infinity. Furthermore, refer-
ring to lemma 2 of reference [16], the sum is ) p(xp_l /p) is uniformly convergent. Hence, the
integral and the sum in the above equation can be interchanged. In other words; the integral
on the right side of the above equation can be performed term by term. Therefore, on RH, we

have
o z 1 ( 1/243;) log pr 0o pz(—1/24p;)logpr
/ hwr) _ D + Z / ‘ dz (157)
Yy Y2 ylog p, o Pi Zp;
Furthermore,
oo (] z o 1 ( z 1 wp; log pr
/ JQ(ZPT) :/ . (/10 , o Z e | dw) iy
Y br y DProaz ﬁ w= 10g pr P Pi
Since

d z 1 ewpilogpr 1 ezpilogpr
= / 2 Z dw | = — Z ;
dz \Jiee2 w?logpr pi ztlogp, <7 pi

thus, on RH, we have

o z (=1/2+8;) logpr
/ dJpr) _ ( / dz) . (158)
y PP logpr > \Jy
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Furthermore,
o .o z)2 00
/ dLi(p’7)) _ / Lo~ /210800 g, (159)
y D5 y #

Moreover, using the method of integration by parts, we then have

z/3
/oo dO (]:r ) _0 (p;2y/3> (160)
Yy pr

Combining Equations (157), (158), (159) and (161) we then have

/°° dJp;) _
y D5

1 ey(—1/2+B;) log pr 00 pz(—1/2+pi)log pr 00 z(—1/2+p;)log pr
Z + long/ dz —|—/ 3 z| -
log pr < ypi y Zpi v Z°pi
/‘OO Ze(&/2)logpr g, 4 O (p;2y/3> ) (161)
y Z

To compute the Laplace transform of the above integral, we note that the Laplace trans-
form of the function e is given 1/(s — a) with a pole (or singularity) at s = a. We also note
the Laplace transform of the function ¢ f(t) is given by F(s — a) where F(s) is the Laplace
transform of f(¢). In other words; multiplication of a function f(t) by e® will shift the poles
or singularities of its Laplace transform F(s) by a. Furthermore, the Laplace transform of the
integral [ f(t)dt is given by F'(0)/s — F(s)/s (note that [ f(t)dt = [* f(t)dt — [} f(t)dt.
The Laplace transform of the integral [ f(t)dt is given by F(s)/s. Furthermore, by the virtue
of the final value theorem, the integral [ f(t)dt is given by F'(0) and its Laplace transform
is then given by F'(0)/s). Consequently, the Laplace transform of the integral [ f(t)dt has
a removable singularities at s = 0 and its singularities are the same as the singularities of
F(s). Using these Laplace transform properties, one may then conclude that, on RH, all the
singularities of the Laplace transform of the integral [ d.J(p;)/p} in Equation (161) are on
the line ¢ = —3 log p,. Thus for some constant k, the function f(y) = | S22, A7)/ ;| grows

faster than ke(=0-10gPr—€)y Hence,

[ arwh;

sup — ke(705lgpr=y »

y>1

In other words; for any y > 1, there are infinitely many prime numbers p’s such that

/00 dJ(p?) :Q(p(_%_e)y)'

pZ

=y
Hence, there are infinitely many prime numbers p,’s such that

/de(P?)

j

€

_1_
> kpr 2 .

where £ is a constant. In other words; for infinitely many prime numbers p,’s, we have

pr
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Similar analysis can be applied to show that if the Laplace transform of a function g(z)
is analytic for ¢ > 0 with singularities on the line #(s) = 0 (this includes functions that are
differentiable where the function and its derivative are non-vanishing in the vicinity of y = 1
and both the function and its derivative don’t grow faster than e’ or decay faster than e =%
for any 6 > 0), then on RH, there are infinitely many prime numbers p, such that

[ a0 —q ().

Py
In general, if the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1) with one or more of the zeros located on the the line R(s) = ¢, then there are
infinitely many prime numbers p,’s such that

/1°° g(z)dJ(ff)

Dy

-0 (p;(l—c)—e) ]

This result can be proven by following the same steps we employed to find the singulari-
ties of the Laplace transform of the integral [° g(2)dJ(p;)/p; (refer to Equation 161). More
specifically, referring to Lemma 8, we have

max(1/3,¢/2)
< odlen) e (anw) ane) | augi) 40 (v )
zZ=y by 2=y pr pr pr by
where
) dJy (p?) 9(y) e~ y(1—pi)logpr / )6*2(1*p¢)logpr
z == + dz | —
/y - pr ylogpr zp: pi Z pi
% ¢ (z) e~ #(1=pi)logpr
Z (/ g1 dz)
logpr P y Pi
00 z 00 —z (1—p;) log pr
/ g(z)djg(pr) = / g dz
y D5 Ingr P Yy Pi
and "
/OO 4(2) dLi(py" ")) _ /OO Me—(z/Q)logprdz'
Y Py y  F
Thus, one or more of the singularities of the Laplace transform of the above three integrals
are on the line R(s) = —(1 — ¢)logp,. Thus for some constant &, |fzoiy(g(z)(dJ1(pf)/pf +

dJo(p2) /7 + dJ3(p?)/p?)| grows faster than ke(~(1=¢)logPr=<)y_ Gince

dO (prrpax(l/3,c/2))

g(z -0 p%—max(1/3,c/2)
= ( )
therefore there are infinitely many prime numbers p,’s such that
o dJ (p;) —(1—c)—
z =0 a7l
JCE~ (py1797)
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Same results are attained if the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ <
R(s) < ¢ (where 1/2 < ¢ < 1) with (some) zeros of ((s) are located to the right of the line
R(s) = ¢ — 0 (Where ¢ is an arbitrary small positive number).

Appendix 4

z= y) pP 2
when the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 <

¢ < 1). First we note that although the function J(z) is not a non-decreasing function, J(x)
is given by 7(z) — Li(x) where both 7(z) and Li(z) are non-decreasing functions. Therefore,
we can use theorem 21.67 of [8] for the method of integration by parts for Lebesgue-Stieljtes
integrals to obtain,

/1a/2 (/Za;yp (a ; y Z) dJégi)) plgdj(pg) _ (/Z‘:yp <a ; y Z) dJé;?i)) J;z;%)
e () (45 -5) ) A Ge)

a/2 Y a—y _ z
_/ J(z;r)d (/ ) (a y Z> dJ(m)) (162)
1 pr z=y ) Y v
where

y aw o TN ([ 1 ey 2\ AN Ji,
(o) ) T = ([ () 5

Since the function p ((a¢ — y)/y — z/y) is positive, bounded and differential over the range
y<z<a-—y(y=>1) hence

In this appendix, we will compute the size of the the integral ;' /2 ( [V p (% - 5) 4J(p )) dJ(p?)

y=1

[ pta— oty - 2 s ] = 0w ),

or

We also have
_ O(p;(l_c)+€),

/:y p((a—y)/y = z/y)dJ(p7)/p;

/la/z ) (/za;yp (a ; y Z) dJ;;i)) d <p1%>‘ — O(p;20=e)tey,

thus




To compute the size of the last term [{"/* J(p?) ( JiZyp (w - y) 4J(p ’)) d (#), we first
refer to Equation (150)

(L () 5 = <:—z> dJ;;%>-p<o>dJ;f;f;y>+

we then have

/2 J(p¥) Yy fa—y z\ dJ(p) o2 J(p¥) (a dJ(pY)
/ y—d / p - - - = —/ 7P| -2 7
1 Dr 2=y Yy Yy br 1 br Y pr

_ﬁwxuﬁyuwﬂﬂ)+zw2ﬂ§0(A“yﬂ<a—z_1>w;““?9)@ﬁ (163)

I p? —y y

a
Y

To compute the first integral [" /2 Jgf) p ( - 2) %ﬁ’g), we use the method of integration

by parts to obtain
2 a/2
o2 J(pY) (a dJ(py) _ (J(p}) a o2 JpY) (a dJ(p})
/ g P2 y Y pl——2 - / y P\~ —2 y
1 br Y br br Y 1 1 br Y

Dr
[ (a2, e

a/2

where by the virtue of Lemma 9,
J(p¥ 2 /a
() o (5-2)
p?” y 1
[ 26 ( plaly ~ >>

Thus by rearranging the terms of Equation (164), we then have

W2 I (a .\ dJ@Y a(1—c)te

p%{ Yy pr

o2 J(p¥) (a dJ (pY)
1 Pr y T

The second integral on the right side of Equation (163) can be written as

a/2 J(p¥) dJ (p,a~Y 1 [/ a—
A (pY) dJ (p >:a1 J(pY)dJ (p,27Y),

p%{ proY Dby
/ J(p dJ(pn) ,

= O(p, 2179%9),

and
_ O(p;2(1_c)+e).

or,

or

) Al 1
/ - <J<pr>

pl proTY pe




hence

pl poY P 4=y Y pl

R AR (J(zo%) T (")
1 pr

o /aﬂ J(paY) dJ(p,«y>)
1 b)

and the virtue of Lemmas 9 and 11, we then have

/ °/2 J(py) dJ (pr*~Y)
1

| = O,

For the third integral on the right side of Equation (163)

a/2 J(pY @y lfa—z a—zdJ(p?
I U e e L
1 br z=y Y Y by

a/2 Y a—y _ _ z
[Py (e ) ey,
1 2=y Y Yy Py

pr
Since the function p’ (u - 1) ay_f is positive, bounded and differentiable over the range

y
fza;f I (“y;z - 1) %%ﬁ’i) = O(p;(l_c)Jre). Therefore, for a < 4

y<z<a-—y(y>1),thus
a/2 J(p¥ a—y a—z a—zdJ(pZ —a(l—c)/2+e€
[ (55 1) ) ] - oo,
1 Dr z=y Yy Yy pr

<

Consequently, for a < 4
/“/2 (/a‘y (a—y B Z> dJ(zﬁ)) dJ (pY)
1 = "\ Ty e p?
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