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Abstract

In this paper, not only did we disprove the Riemann Hypothesis (RH) but we also showed
that zeros of the Riemann zeta function ((s) can be found arbitrary close to the line #(s) = 1.
Our method to reach this conclusion is based on analyzing the fine behavior of the partial sum
of the Dirichlet series with the Mobius function M(s) = >, u(n)/n® defined over p, rough
numbers (i.e. numbers that have only prime factors greater than or equal to p,). Two methods
to analyze the partial sum fine behavior are presented and compared. The first one is based
on establishing a connection between the Dirichlet series with the Mobius function M (s)
and a functional representation of the zeta function ((s) in terms of its partial Euler product.
Complex analysis methods (specifically, Fourier and Laplace transforms) were then used to
analyze the fine behavior of partial sum of the Dirichlet series. The second method to estimate
the fine behavior of partial sum was based on integration methods to add the different co-
prime partial sum terms with prime numbers greater than or equal to p,. Comparing the
results of these two methods leads to a contradiction when we assume that ((s) has no zeros
for R(s) > cand ¢ < 1.
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vergence, Euler product.
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1 Introduction and Paper Outline
The Riemann zeta function ((s) satisfies the following functional equation over the complex

plain [2]
C(1 —s) = 2(2m)? cos(0.5sm)T(s)((s), (1)

where, s = o + it is a complex variable and s # 1.

For o > 1 (or R(s) > 1), ((s) can be expressed by the following series

()= — (2)
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where, p1 = 2, [[;2,(1 — 1/p;®) is the Euler product and [];_;(1 — 1/p;®) is the partial Euler
product. The above series and product representations of ((s) are absolutely convergent for
o>1.

The region of the convergence for the sum in Equation (2) can be extended to R(s) > 0 by
using the alternating series 7(s) where

n(s) = i

n=1

(-1

ns

(4)

and
1

((s) = mﬁ(s)- ®)

One may notice that the term 1 — 217 is zero at s = 1. This zero cancels the simple pole that
((s) has at s = 1 enabling the extension (or analog continuation) of the zeta function series
representation over the critical strip where 0 < R(s) < 1.

It is well known that all of the non-trivial zeros of ((s) are located in the critical strip. Rie-
mann stated that all non-trivial zeros were very probably located on the critical line (s) = 0.5
[14]. There are many equivalent statements for the Riemann Hypothesis (RH) and one of them
involves the Dirichlet series with the Mobius function.

The Mobius function y(n) is defined as follows
u(n)=1,ifn = 1.

p(n) = (=1)F,if n = [I%_, p;, pi’s are distinct primes.
u(n) = 0, if p?|n for some prime number p.

The Dirichlet series M (s) with the Mobius function is defined as

M(s) = f: “(Z). 6)
n=1

n

This series is absolutely convergent to 1/((s) for R(s) > 1 and conditionally convergent to
1/¢(s) for N(s) = 1. The Riemann hypothesis is equivalent to the statement that M(s) is
conditionally convergent to 1/{(s) for R(s) > 0.5. It should be pointed out that our definition
of M (s) is different from Mertens function (defined in the literature as M () = Y"1 ,,<, p#(n)).
If we denote M (s; 1, N) as partial sum of the series M (s) o

M(s;1,N) = i n) 7)
s Ly — ns 5

then the Mertens function is given by M (0; 1, N'). On RH, we then have [18]
M(0;1,N) = O(N'/?*),
where € is an arbitrary small number. By partial summation, on RH, we also have

M(1;1,N) = O(N~Y2+e),



The irregular behavior of the Mobius function p(n) has so far hindered the attempts to esti-
mate the asymptotic behavior of any of the above two sums as IV approaches infinity.

The Riemann hypothesis is also equivalent to another statement that involves the prime
number function 7(z) (defined by the the number of primes less than z). The prime counting
function can be computed using Riemann Explicit Formula

|log z/log 2] 1/n -
@) i) - L) [ —
m(z) + T; = Li(x) ;h(az ) —log(2) + W@ Dest
and on RH,
c(1)2
m(x) = Li(x) — Ll(a; ) _ Z Li(z”) + Lesser terms

p

where Li(z) is the Logarithmic Integral of z and the sum 3°, Li(2) is performed over the
nontrivial zeros p; = o; + 77; . This sum is conditionally convergent and it should be per-
formed over the nontrivial zeros with |y;|< T" as T' approaches infinity.

The prime counting function 7(x) has a jump discontinuity at each prime number. In the
literature, this function is a right continuous function given by m,.(x) = > opi<a L where the
suffix rc was added to indicate that the function is right continuous. Since the analysis of this
paper employs integration methods (and specifically Lebesgue-Stieltjes integration), there-
fore it is more appropriate to assign the left-right average to the function value at discontinu-
ities. In the literature, this function is referred to as mo(x) = limy,_o(7m(x + h) + 7w(z — h))/2.
In this paper, we define 7(z) as mo(z). In fact, for the above equation, w(x) does converge to
the right-left average when z is a prime number (or at the discontinuities of the function 7(z)).

The distribution of the prime numbers can be also analyzed by defining the function 1 (z)
as

P(x) = po(x) = % ( > logpi+ Y logpz‘) ;
pim<x pim <z

and using Von Mangoldt formula given by

w(x)—:r—zp:a;)—g((g))—;log(l—x_z).

It is well known that as x approaches infinity, the prime counting function is asymptotic to
the function Li(x). Therefore, if we consider that 7(z) is comprised of two components, the
regulator component given by Li(z) and the irregular component J(z) given by

J(x) = m(x) — Li(z),

then on RH, we have .
J(z) < S—ﬁlog:v for = > 2657.
0

On RH, the irregular component .J(z) is also given by [16] (refer to lemmas 5 and 6)

J(a:):w(x>_’”+o<ﬁ>

log log




or

@)= - — ‘”""Eo(“‘";) ®)

_logﬂc > P log x

Our method to examine the validity of the Riemann Hypothesis (and in general, to ex-
amine the region within the critical strip where ((s) is void of non-trivial zeros) is based on
representing variants of the Dirichlet series M (o) (defined by Equation (6)) in terms of vari-
ants of the integral [ dJ(z)/x. However, the partial sum of the series M (o) exhibits irregular
behavior due to the irregular behavior of the Mobius function /(n). Therefore, we need to in-
troduce a method to smooth out the partial sum of the series M (o) by introducing a method
to represent the series M(s) in terms of the partial Euler product. This task is achieved in
section 2 by first eliminating the numbers that have the prime factor 2 to generate the series
M(s,3) (i.e, the series M (s, 3) is void of any number with prime factors less than 3). For the
series M (s, 3), we then eliminate the numbers with the prime factor 3 to generate the series
M (s, 5), and so on, up to the prime number p,. In other words, we have applied sieving meth-
ods to modify the series M (s) to include only the numbers with prime factors greater than or
equal to p,. In the literature [10], numbers with prime factors less than y are called y-smooth
while numbers with prime factors greater than y are called y-rough. In essence, our approach
is to compute the Dirichlet series over p,-rough numbers. In section 3, we have shown that
the series M (s) and the new series M (s, p,) have the same region of convergence (Theorem 1).

After defining the series M (s, p,) and its partial sum, we note that both the series and its
partial sum has two components. The two components corresponds to the two components
of the prime function 7(z). These two components are Li(z) an J(z). For > 1, the function
Li(z) is differentiable and its contribution to M (s, p,) and its partial sum is well behaved and
can be computed using both complex analysis and integration methods. Therefore, we call
the component of the series M (s, p;) (or its partial sum) due to Li(x) as the regular component
of series M (s, p,) (or the regular component of its partial sum). We then call the remaining
component of the series M (s, p,) (and the remaining component of its partial sum) as the ir-
regular component of the series M (s, p,) (and the irregular component of its partial sum).

We will then present two methods to represent the irregular component of the series
M(s,p,) and the irregular component of its partial sum in terms of the integral [ d.J(z)/z.
The first method is based on complex analysis (sections 4 and 6). With this method, we have
provided a functional equation for ((s) using its partial Euler product. The second method is
described in section 5 and it is based on integration methods.

It is worth noting the research done by Gonek, Hughes and Keating [5] into establishing a
relationship between ((s) and its partial Euler product for #(s) < 1. Gonek stated ”Analytic
number theorists believe that an eventual proof of the Riemann Hypothesis must use both
the Euler product and functional equation of the zeta-function. For there are functions with
similar functional equations but no Euler product, and functions with an Euler product but
no functional equation”. In section 4, we will present a functional equation for ¢(s) using its
partial Euler product. The method is based on writing the Euler product formula as follows
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The above equation is valid for (s) > 1. To be able to represent ((s) in term of its partial
Euler product for R(s) < 1, we need to replace the term [[;° (1 — 1/pf) with an equivalent
one that allows the analytic continuation for the representation of ¢(s) for R(s) < 1. Thus, the
new term (that we need to introduce to replace [[.° (1 — 1/pj)) must have a zero that corre-
sponds to the pole ((s) has at s = 1. In section 4, we will use the complex analysis to compute
this new term and then represent ((s) in terms of its partial Euler product. This functional
representation is given by Theorem 2. We will then use this theorem to represent the series
M(s,p;) in terms of the integral [* d.J(z)/z (Theorem 3).

Our effort will then be centered at computing the partial sum of the series M (1, p,). Two
methods will be presented to compute the irregular component of the partial sum for the
series M (1, p,) (in the abstract, we referred to it as the partial sum fine behavior). In section
5, we have achieved this task using integration methods (Theorem 4). In section 6, we have
used Theorem 3 and the complex analysis (Fourier and Laplace transforms) to derive a sec-
ond representation for the irregular component of the series M/ (1, p,) partial sum. The two
representations of the irregular component of the partial sum of the series M (1, p,) are then
compared. We will then show that this comparative analysis leads to a contradiction when
we assume that ((s) has no non-trivial zeros for %(s) > ¢ where ¢ < 1. This leads to the con-
clusion that the Riemann Hypothesis is invalid and non-trivial zeros can be found arbitrary
close to the line R(s) = 1.

To some extent, our analysis has similarities with linear time-invariant system analysis.
Linear time-invariant systems can be represented either in frequency domain by its transfer
function (in our case, the transfer function is represent by a functional representation of the
Riemann zeta function in terms of its partial Euler product) or in time domain by its im-
pulse response (in our case, the effect of each prime number is to flip the sign of the Mobius
function for any number that is divisible by this prime number). The input for the linear time-
invariant system can be represented either in frequency domain by its frequency spectrum (in
our case, the absence of the non-trivial zeros for sections of the critical strip) or in time do-
main as a function of time (in our case, the prime numbers that generates the series M (1, p;.)).
The system output function is then determined in frequency domain by multiplying the in-
put signal spectrum by the system transfer function and then taking the inverse Fourier or
Laplace transform. The system output function can be also determined in time domain by
convolving the input signal with the system impulse response. Both methods should provide
the same results.

2 Notation and Preliminaries.
The Dirichlet series M (s) with the Mobius function is defined as

M =30 M

n=1

where 1(n) is the Mobius function. Thus,

1 1 0 1 1

Next, we introduce the series M (s, 3) by eliminating all the numbers that have a prime
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factor 2 (or keeping only the numbers with prime factors greater than or equal to 3). Thus,
M (s,3) can be written as

1 1 1 o0 1 1 1
M(s.3)=1— — — — — I A L T
(5,3) 35 5 7s Tos  11° 13° 150

Our analysis to test the conditional convergence of these series (M(s) and M(s,3) for
o < 1) is based on comparing correspondent terms of these two series. Therefore, rearrange-
ment and permutation of the terms may have a significant impact on analyzing the region of
convergence of both series. Thus, it essential to have the same index for both series M (s) and
M (s, 3) refer to the same term. Hence, we will represent M (s, 3) as follows

or

M(S>3) = ) (9)

where
w(n,3) = u(n), if n is an odd number,
p(n,3) =0, if n is an even number.

The above series M (s, 3) can be further modified by eliminating all the numbers that have
a prime factor 3 (or keeping only the numbers with prime factors greater than or equal to 5)
to get the series M (s, 5) where

or more conveniently

0 0 0 1 0 1 0
M(5,5):1+¥—§+E—§+§—%—§....,

and so on.

Let I(p,) represent, in ascending order, the integers with distinct prime factors that belong
to the set {p; : p; > p,}. Let {1,1(p,)} be the set of 1 and I(p,) (for example, {1,1(3)} is the
set of square-free odd numbers), then we define the series M (s, p,) as

ns

M(S,pr) — Z /L(’I’L,pr)’ (10)
n=1

where

w(n,pr) = p(n),if n € {1,1(p;)},
otherwise, u(n, p,) = 0.

It can be easily shown that, for every prime number p,, the series M(s,p,) converges
absolutely for R(s) > 1. Furthermore, it can be shown that, for R(s) > 1, M (s, p,) satisfies
the following equation



r—1
M(s) = M(s,pr) || (1 - pl> : (11)
=1 ?

Since

1 = 1
Ms)=—=T[(1-=],
W= -1l < pf)
therefore we conclude that, for R(s) > 1, M (s, p,) approaches 1 as p, approaches infinity. It
should be pointed out here that with this definition of M (s, p,), M (s, 2) is equal to M (s).

The first ingredient of our analysis is the Dirichlet series M (s, p,) partial sum defined as

K>
p(n, p
M(s,pr; K1, K2) = Y (nsr)a (12)
n=K;
where K1 > 1 and Ky > p,. If we replace the integer K, with the real number x (where
x > pr), then we have the general definition for M (s, p,; K1, )

Definition 1. M (s, p,; 1, z) is a function of x defined as
M(sapT; 1>$) = M(Sva;Kb \_'TJ)

where | x| refers to the integer value of x

The partial sums of the series M (s, p,—1) and the series M (s, p,) are related by the follow-
ing lemma,

Lemma 1.

1
M(Saprfl; L, Nprfl) = M(S,pr; 1, Nprfl) - TM(Sapr; 1, N) (13)
r—1

Proof. The proof of this lemma follows directly from the definition of the partial sum for the
two series M(s,p,—1) and M(s,p,). Alternatively, one can show that each term on the right
side of Equation (13) is a term on the left side of the equation and vise versa. Furthermore,
there is no duplicity for each term on both side of the equation. Each term on the left side of
Equation (13) corresponds to a number in the interval [1, Np,_1] that has distinct prime factors
greater than or equal to p,—;. Each term on the first term of the right side of Equation (13)
corresponds to a number in the interval [1, Np,_1] that has distinct prime factors greater than
or equal to p,. Each term on the second term of the right side of Equation (13) corresponds
to a number in the interval [1, Np,_;] that has distinct prime factors greater than or equal to
pr—1 With p,_1 being one of its prime factors. O

For Equation (13), if we replace Np,_; by the real number x > p,_;, we then have

1
M(s,pr;1,2) = M(s,pr—1;1,7) + pTM(S,pr; 1,x/pr_1). (14)

r—1

Note that regardless of the value of p,, the partial sum M (s, p,;p,, p? — 1) comprised of
terms that correspond to only prime numbers. Similarly, the partial sum M (s, p.; p2,p? — 1)
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comprised of terms that correspond to only prime numbers or products of two prime num-
bers, and so on. Therefore, one might expect that regardless of the value of p,, the partial
sum M (s, pr; 1,p%) exhibits certain characteristics with respect to the variable a that can be
exploited. These characteristics will be discussed in details in section 5.

The second ingredient of our analysis is the partial Euler product defined as []}2,, (1 — p%s) .

Our analysis for this product will be restricted to the region #(s) > 0.5. Taking the logarith
of the partial Euler product, we then have for o > 0.5

T2 r2
1 1
log H (1 — p5> = Z log (1 — ps> + 2miNN,

i=rl v i=rl 4

where N is zero, positive or negative integer to account for the ambiguity in the phase of the
logarithm of complex numbers. Since 1/|pj|< 1, hence,

r2 1 r2 1 1 1 .
i=rl i i=rl ¢ E t

We split the sum on the right side of Equation (15) into two sums. The first sum comprises of
the terms of the form 1/p; while the second sum comprises of the rest of the sum. This leads
us to introduce the terms §(s; p,1, pr2) and 0(s; pr1, pra2)

Definition 2. Let §(s; pr1,pr2) be defined as the sum

(85 pr1,Pr2) ﬁ: ( ! ! ! ) (16)
yPr1,Pr2) = - s 35 4s o
S\ 2p 3ps o Apyt

and let 0(s; pr1) be defined as

. > 1 1 1
0(s;pr1) = lim 0(s;pr1,pr2) = > <2p‘28 e T ) . (17)
i=rl v v

Using Definition 2, we can write Equation (15) as

r2 1 r2 1
log H <1 - p5> =— Z — +8(8;pr1, pr2) + 2miN. (18)
i=rl 4 i=rl 7

In the following, we will analyze both sums (i.e 12 1 1/p® and 6(s; pr1, pr2)).

Lemma 2. For o > 0.5,
O(py*%)

5(s; = O )
’ (Sypr17pr2)| 20 — 1



Proof. For o > 0.5, we have

_ = 1 1 1
(5(5,p7"17pr2) = Z _2pi25 — 3pi35 — 4pi45 + ...,

i=rl
hence
(s >\<§(\ L+ ]+ [+
) prl bl p’I‘Q —= = 2pZ 2s 3])138 4pl45 cee 9
or )
" 1 1 1
o(s; <
’ (87p7‘17p7’2)| = Z; (2]71'20 + 3pi3" + 4pi40 + ) ’
or )
" 1 1 1 1
S(s: < — R I
| (S7p7“17pr2)| = l:Zrl pi2g <2 + 3]910 + 4p’i20 + )
However,
i(l—i- Ly Ly )<§:(1+1+ Ly )<1+1+/
—~ \2  3p° Api* —~\2 p° p 2 p° N
i=rl i=rl
For p; > 2 and o > 0.5, we then have
(Lo hn ) <
S \20 3p ApT
or
r2 4
10(s;pr1sPr2)| < ) 220
i=rl1 £?
Since )
1—20
TZ Lo i L0
L p;2o n?s 20 —1
1=rl n=pri
O(p,1~7)
5(s:py — 2\l
’ (S7p 17p7‘2>‘ 2% — 1

*dz

o
p;

O

Note that for any o > 0.5, |6(s; pr1, pr2)| is uniformly convergent (regardless of the value
of the imaginary part ¢, where s = o + it). We also note that the term 6(s; p,1, pr2) has no

impact on which part (of the critical strip) is void of non-trivial zeros.

Next, we turn our attention to the term Y272 | 1/p;®. This term has a direct impact on
which part (of the critical strip) is void of non-trivial zeros. We will first analyze this sum on
the real axis (i.e. s = o). We will then extend this analysis to complex plain (i.e. s = o + it).

Before, we do so, we have the following definitions.

Definition 3. We define the prime counting function 7(x) as
m(x) = lim (mpe(x + h) + mpe(x — h))/2
h—0

where

Tre(x) = > 1

pi<w

In other words; we define w(x) as the right-left average of the conventional prime counting function.
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As mentioned in the previous section, as « approaches infinity, the prime counting func-
tion 7(x) is asymptotic to the function Li(z). Therefore, we can split 7(z) into two compo-
nents, the regulator component given by Li(x) and the irregular component J(x).

Definition 4. The irregular component J(x) of the prime counting function w(x) is defined as

J(z) = w(x) — Li(x) (19)

Definition 5. Let £(s;pr1, pr2) be defined as the integral
Pr2

e(s;pr1,pr2) = /p dJ(x)/x®, (20)

and let £(s; py1) be defined as
e(s;pr1) = / dJ(z)/x®. (21)
P

With these definitions, we can compute the sum Y72, 1/p; using the following lemma

Lemma 3. For o > 0.5, the sum Y12 p1 is unconditionally given by
Z — (0 = 1)logpr1) = Er((0 — 1) logpro) + (03 pr1, pra) (22)

i=rl pi?
where, e(0; pr1,pr2) = [272 dJ(x) /27 and J(z) = m(z) — Li(),

Proof. Using Lebesgue-Stieltjes integral [8], we can write the sum "2 as the following

i=rl p
integral
i 1_/pr2 dr(z)
i=rl b7 pra L7
or
i 1 /m dLi(z) N /m d.J(z)
i:rlpg 27 p T
Hence
"2 q 2
Z o :/ = dx+5(07pr17pr2)-
i=rl pZ Pr1 € logx
Pr2

For ¢ > 1, the integral

o 710 gwda: can be computed directly from the definition of the

Exponential Integral E; (r) = [7° ¢ - €~ du (where r > 0) to obtain

Pr2 1
dr =F —1)logpn) — E —1)logp,
[ g = Bulle — Dlogpn) — Bi((o ~ 1)logpa)

It should be pointed out that although the functions E;((o — 1) log py1) and E;((o — 1) log pr2)

10



have a singularity at o = 1, the difference has a removable singularity at o = 1. This follows
from the fact that as o approaches 1, the difference can be written as

E1((o —1)logpr1) — Er((0 — 1)logpra) = —log ((1 — o) logpr1) — v +log ((1 — o) log pr2) +

or,

Pr2 1

lim

I | rlega ™ = MmiEi((o—Dlogpn) = Er((o—1)log pro)} = —loglog pri +loglog pya

To compute the integral [}"* - 1ngdx for o < 1, we first use the substantiation y = log x
to obtain
Pr2 1 log pr2 e(l U)y log pr2 6(1 o) logpr1 o(1—0)y
Pri1 z7 log T log pr1 e y

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log pr2 , we then obtain

pr2 1 e(1—0)(log pr2)2z2 1 e(1—0)(logpr1)z1
/ p dr = ———dzy — / —dz.
p 27 logw €e/logpr2 z2 ¢/logpr1 <1

With the variable substantiations w; = (1 — o)(logp,1)2z1 and wy = (1 — o)(log pr2)2z1 and by

adding and subtracting the terms — f((ll ;))élogp "2 de + Ja- (1 i logp " %’f, we then have

Pr2 1 (1-0)logpra gw2 _ 1 (1-0)logpr1 gw1 _ q
/ dx = / de _ / dw1+
Pri x? IOgIIJ (1—o0)e w2 (1—0)e wq

1—0)e w2

1—0)e w1

/(1_‘7) log pro dw2 /(1_0) log pr1 dwl
( (

Using the following identity [1] (refer to page 230)

ael 1
/ . dt = —FEq1(—a) —log(a) — v
0

where a > 0, we then obtain for o < 1,

Pr2 1
de =F —1)logpr) — FE — 1) logp,
[ gt = Eal(o ~ Do) ~ Ei((e —1)logpya)

Hence, for o > 0.5, we have

Y. — = Ei((o = 1)logpn) — Ei((o — 1) logps2) + (05 pr1, pr2)

O]

The results of Lemma 3 can be extended to compute the sum > 2 where s = o + it

using the following lemma

zrlp
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Lemma 4. For R(s) > 0.5, the sum 372 | L

i=rl p

Z pf (s —1)logpr1) — E1((s — 1) log pr2) + &(s; pr1, pra) (23)
rl 1

where, e(s; pr1,pr2) = [p72 dJ(x)/2® and J(z) = m(z) — Li(),

Proof. The proof of this lemma is given in Appendix 1. Note that the Exponential Integral
(2) > 0) 0

with the complex variable z is given by E1(z) = [;

To compute the integrals [7> dJ(z)/x7 and [}z d.J ( )/z*, we need to write J(x) in terms
of the function v (z)

Definition 6. We define the function 1)(x) as

(Z log p; + Z logpz)

p;m<z piMm<z

The function ¢(x) can be expressed using Von Mangoldt formula given by

Von Mangoldt formula [2].

¢<x>x:;§j’§}§;;mg<m—2>

where the sum - , x” / p is performed over the nontrivial zeros p; = cv;+ivy; . This sum is conditionally
convergent and it should be performed over the nontrivial zeros with |;|< T as T approaches infinity.

The function J(z) can be written in term of the function ¢ (x) using Lemma 6 of [16]
Lemma 5 ([16]). The function J(x) defined by w(x) — Li(z)) is given by

[log z/log 2] 7_(_(l,l/n) w(m) —

J@ == 2 T g HPE)
where,
T (u) — .
Pz)= [ B Y ~Li(2
(@) 2 wulog?u log 2 i2),

Lemma 6. On RH, J(x) is given by

J(x) — M + ’ Wdu — Li($1/2) + 0 <$1/3) ,

log = 2 U log2 U

and

Z = / < “p> du —Li(z'?) + 0 (/%)

log T U log U p
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Proof. The first equation of the lemma can be driven from Lemma 5 where we have

|log z/log 2] 1/n [log z/log 2] 1/n
Z 7T(.'Z’ ) Ll(.’IJl/Q) +J($1/2) + Z 7T($ )
n=2 n n=3 "

Since S210g7/082) 7)1 (£1/3)) and on RH J(21/2) = O(x'/*log z), thus

n

[log z/log 2] ﬂ_(xl/n)

>

n=2

Li(z'/?) + 0 (2'/?).

n

Referring to Lemma 5, we then have

Y(z) — = T(u) —u 12 1/3
— ————du—L
log x - 2 ulogu " (@) +0 (m ) ’

J(z) =

and by the virtue of Von Mangoldt formula, we then have

z’ u? 712 1/3
logfvz /(ulogu p>du Li(z )—l—O(:c )

O
The following lemma deals with the size of J(z)
Lemma 7 (Size of J(z)). The size of J(x) is given by
i Unconditionally,
J(x)=0 <xe_a\/@> , (24)
where a > 0.
ii If the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c(where1/2 < ¢ < 1),
then
J(x) = O(z“logx).
iii On RH

J(z) = O(z'?log z).
Proof. For i, refer to page 43 of [17].

For ii, refer to Theorem 5.8 of [13] which states that If the not-trivial zeros of ((s) are
restricted to the strip 1 — ¢ < R(s) < ¢, then

Yx) —=

log = = O(z“logz).

We then substitute O(z¢log z) for l(oém in the expression for J(z) in Lemma 5 to get the
desired result.

For iii, we refer to [15], where on RH, J(x) is given by

1
J(x) < ;ﬁlogm for x > 2657
T

13



Lemma 8. If the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 <
¢ < 1), then J(z) is given by

@)z ) e, max(1/3,c/2)
) = log x * 2 wulog?u du - Li(z )+O(:c >’

and

xf u” Taa1)2 max(1/3,c/2)
1ngz / (ulog ” p)du Li(z )—i—O(w )

Proof. The first equation of the lemma can be driven from Lemma 5 where we have

[log z/log 2] 1/n [log z/log 2] 1/n
Z m(z ") Li(z'/?) + J(z'/?) + Z m(@ )
n n
n=2 n=3
Since yoLoge/los 2] ”(ITI/H) = O(n(2'/3)) and by the virtue of Lemma 7 J(z'/2) = O(2%/?), thus

[log z/log 2] (/™)

D

n=2

= Li(xl/Q) +0 (xmax(1/3,c/2)) ‘

n

Referring to Lemma 5, we then have

J(z) = Y(z) —x N T ap(u) — U Li(z/2) + 0 (xmaxu/s,c/z)) 7

log x 2 wulog?u

and by the virtue of Von Mangoldt formula, we then have

xf 1/2 max(1/3,¢/2)
10“2 / (ulog » )du Li(x )+O($ )

O
We now use Lemma 7 to estimate the size of £(o; p;1, pr2) (or size of integral ["* d.J (z)/x7)

Lemma 9 (Size of [ dJ(x)/x%).
e(0; pr1, pra) is given by

i If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1),

then for o > c we have
pr1° 7 logpri
e(ospr1,pr2) = O <(U_C)2T>

it On RH, we have for o > 0.5

0.5—0
. _ Pr1 log pr1
6(0-7])7“17])7‘2) — O ( (O' — 05)2 )

14



Proof.

Dr2 1
8(0;pr1,pr2)=/ —dJ ()

g
pr1 L

Using integration by part, we then have

/pr2 idj(a?) _ Jr2) ) /pT2 J(z)d (1)

o Z (pr2)  (pr1)° - x

The function 277 is a monotone decreasing strictly positive function. Thus, for ¢ and referring
to Lemma 5 to substitute O (z¢log x) for J(x), we then have

Pr c c Pr
/ 2 idj(x) _ O(pr2®logpra) O (pr1°logpri) _/ 2O(x610ga;)d<1)
p

pr1 X7 Dr2? pr1? 1 x?

Pr c c D
/ 2 idj(x) _ O(pr2®logpra) O (pri®logpn) (/ chlogazd( 1 ))
p

pr1 L7 Dr2? Pr1° r1 x?

With the substitution of variables y = log x, we then obtain

Dr2 1 log pra
/ z¢logzd (U) = — / aye(cfo)ydy.
Pri T log pr1
1
/me‘wdzn = <:1: — 2) e,
a a
therefore

Pr2 1 1 1 1 1
/ xlogxd () =—0 ( o8 Pra _ 2) P2 7 +o ( o8Pl _ 2) P 7.
P x° c—o (c—o0) c—o (c—o)

Hence, for o > ¢, we have

Since

. brz 1 Pr1“" 7 log pr1
e(o;pr1,pr2) = /:zm xjdj(ﬂﬁ) =0 <(U_C)2 (25)
For ii, we set ¢ = 0.5 in the above equation to obtain
Prz ] pr10'5_0 Ingrl
; = —dJ(z) =0 | —F————F5— 26
E(Uaprlapr2) /]77—1 70 (1‘) ( (O’ _ 05)2 ( )
U

The following lemma deal with the size of (s; pr1, pr2) (or size of integral [7'* d.J(z)/xz®)
when s is a complex variable.

Lemma 10 (Size of [ dJ(z)/x®).
e(s;pr1, pra) Where s = o + it is given by

15



i If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1),
then for o > c we have

“%lo
65 prt, pra)l= O (M w) |

ii On RH, we have for o > 0.5

0.5—0
Dr1 log pr1
le(s;pr1,0r2)|= O <|8| Dri98Pr ) .

(0 —0.5)2
Proof.
Pr2 1
e(s;pr1,Pr2) :/ —dJ(z)
Pri1 z
Using integration by part, we then have
Dr2 1 J(pr2) J(p?‘l) /pT‘Q < 1 >
—dJ(x) = — — J(x)d | — 27
L st = G = e~ L, @ @7
or,
b2 1 J(pr2)| | | (Pr1) Pr2 1
dJﬂU‘S‘ +‘ + de()‘
f @ < [ * el UL @

Thus, for ¢ and referring to Lemma 5 to substitute O (zlog x) for J(z), we then have

V%ﬂZOwﬂ%m)
(pr2)s pr?g
‘J(prl) O (pr°logp1)
(prl)s prla
and
Pr2 1 Pr2 1

[ () =0 vaee (1))

Pr1 Y Pri1 i
or

Pr2 1 Pr2

/ J(x)d (8)‘ =0 ( / 2¢logz sz —* " tdx >

Pr1 €z Pri

Hence
pr2 ] O (py2€log p, O (py1€log p, Pr2 e
/ deJ(x) _ (p2 ng2)+ (pl ogp 1)—|—O(’8’ xclog:v\x s 1|d1‘>
Pr1 € pTQU prlU Pri
Hence, for o > ¢, we have
o) = [ —dd() = 0 JsfP B @9
0;Pr1,Pr2) = — XT) = —_—
e e o=y

For ii, we follow the same steps with O (2% log ) is substituted for J(x) to obtain on RH
and for o > 0.5

prz2 ] pr10'5_g log pr1
O Prl, Pr2) = —dJ(z) =0 _ 2
5( yPr1, P 2) ~/pr1 20 ( ) (S‘ ( 05)2 ( 9)

O]

16



Lemmas 9 and 10 provide strict upper boards for the integrals [ dJ(z)/z° and [ dJ(x)/x®.
The following lemma provides a more relaxed upper bound for the integral [|dJ(z)/x|. This
lemma will be useful in our analysis in later sections.

Lemma 11. Unconditionally and for any prime number p,, the integral [{'(|dJ(p})| /p}) is given by

[N < 9100(a) + 001 108p1)
1 Dy
” 4 (2)|
‘ p% = ogla
|, = Otog(a)

Proof. We first note that

or
dJ(pr ) _ dﬂ'(pr ) _ 1 dp”
dx dx log p,.* dx
Hence
dJ(pr*") & pE
- o 'rx — VMi) — lv
o ; e
or
|dJ(p:")] _ P | —
<= d Tm — Vi)
o S 20T op) (30)
Hence . . . 050 §(p.
/ |dJ (p7)] S/ (133+/ > e 6(pr _pi)daz7
1 Dy 1T 1 jod
o a\dJ(p*® 1
L P pr<pi<pe Pt

By the virtue of Mertens’ theorem [12] which states >°, ., 1/p; = loglogz + b + O(1/log x)
where b is a constant, hence

SN < s10g(a) + 01 tog )
1 :
or

T T O(log(a))

/“ |dJ (p7)]
1

O

For the remaining of this section, we will present some of the well-known results in num-
ber theory and complex analysis that we will use in our analysis.

Weiestrass theorem [4]. If the function sequence fy, is analytic over the region 2 and f,, is uniformly
convergent to a function f, then f is also analytic on Q and f, converges uniformly to f on

17



Cramer ’s theorem on the gap between primes [3]. On RH, the gap between the prime numbers
pr—1 and p;. is less than k./p; log p,. for some constant k

Average difference between consecutive prime numbers. There are infinitely many primes p,
such that p, — pr_1 is less than or equal to log p, (this results follows directly from the Prime Number
Theorem).

3 The region of convergence for the series M (s) and M (s, p,.).

In this section, we will deal with the question of the relationship between the conditional
convergence of the two series M (s, p,) and M (s) over the strip 0.5 < (s) < 1. Theorem 1
establishes this relationship.

Theorem 1. For s = o + it, where 0.5 < o < 1 and for every prime number p,, the series M (s)
converges conditionally if and only if the series M (s, p,) converges conditionally. Furthermore, within
the region of convergence, M (s) and M (s, p,) are related as follows

o) =it 1T (1- ). &

S
i=1 D;

Proof. The proof of this theorem can be achieved either by applying the Cauchy convergence
criteria or more conveniently by applying the complex analysis where we take advantage of
the fact that both functions ¢(s) and ¢(s) [[/—{ (1 — 1/p?) have the same zeros (and a simple
pole at s = 1) to the right of the line R(s) = 0.

In the following, we will use the complex analysis to prove Theorem 1 by using a method
similar to the one outlined by Littlewood theorem that shows that the Riemann Hypothesis
is valid if and only if the sum Y ;> ; u(n)/n® is convergent to 1/((s) for every s with o > 0.5.
The proof of this theorem can be found in [18] (refer to Theorem 14.12) and it depends mainly
on Lemma 3.12 of the same reference [18]. This Lemma states: Let f(s) = > 2, a,,/n®, where
o > 1, a, = O(¢(n)) being non-decreasing and >, |a,|/n” = O(1/(c — 1)*) as 0 — 1.
Then, if ¢ > 0, 0 + ¢ > 1, x is not an integer and N is the integer nearest to x, we have

an 1 et v x¢ Y(2z)z! =7 log P(N)xt=°
Zﬁ_%/c_r[ f(S—i-w)?dw—l-O (T(o+c—1)o‘>+0< T >+O<Ta:—N| )

n<x

To prove the first part of Theorem 1 (i.e. for s = o + it and 0.5 < ¢ < 1, the series M (s, p;)
converges conditionally if M (s) converges conditionally), we note that for o > 1,

= u(n 1
M =3 D =

and

— (1, p;
M(s,pr)zz (ns ):
n=1

18



If we assume that M (s) is convergent for ¢ > h > 0.5, then ((s) has no zeros in the
complex plane to the right of the line (s) = h [18] (refer to Theorem 14.12). Consequently, the
function ¢(s) [T/—{ (1 — 1/p¢) has no zeros in the complex plane to the right of the line R(s) =
h. Thus, we may apply Lemma 3.12 [18] with a,, = u(n,p;), f(s) = 1/(C(3) [=ia - 1/pf)>,
¢ = 2 and z half an odd integer to obtain [18] (refer to Theorem 14.12)

plpr) 1 20T 1 z* v’
D T oy ToT
n<z C(S + U)) Hi:l 1- ps+w

i

However, by the calculus of residues we have

1 24+4T 1 W 1
T/ ; o= r—1 1 T

e G () T @A )

1 h—o+~vy—iT h—o+~v+iT 24T 1 v
- / + + —dw
271 \ Jo—ir heoty=iT =tk T) (g 4 ) T <1 B §1+w> w

where, 0 < v < o — h. Since, along the line of integration and for an arbitrary small ¢, we
have 1/({(c+iT") = O(T*) [18], therefore the first and third integrals on right side of the above
equation are given by O(T~!*<z?) while the second integral is given by O(z"~*7T¢). Hence

Z w(n, pr) _ 1

+O(T ) + O(T2" )
n<x C(S) ::_11 (1 - p%s)

Taking T = 2?, the O—terms tend to zero as z approaches infinity. Consequently, the partial
sum Y, . p(n,p)/n’ is convergent as « approaches infinity and it is given by

or

Similarly, we can prove the second part of Theorem 1 (i.e. for s = o0 +itand 0.5 < o <1,
the series M (s) converges conditionally if M (s, p,) converges conditionally). Alternatively,
the second part of the theorem can be also proved by refereeing to Lemma 1 where

M(s,pr—1;1,Np,—1) = M(s,pr; 1, Np,_1) — M(s,pr;1,N).

S

r—1
Since the series M(s,p,) is conditionally convergent, then the partial sums M (s, p,; 1, Np;)
and M (s,pr; 1, N) are both convergent to M(s,p,) as N approaches infinity. Furthermore,
the partial sum M (s, p;; Np,—1, Np,—1 + k) (for any integer k in the range 1 < k < p,_1)

approaches zero as N approaches infinity (note that |M (s, p,; Np,—1, Np,—1 + k)|< Nplr,l +
1

va‘fl“!‘l

+ .+ m < 1/N). Hence, as N approaches infinity, we obtain

19



; 1
M(s,pr-1) = lim M(s,pr-1;1,2) = M(s,pr) (1‘ ; >

By repeating this process r — 1 times, we then obtain

r—1 1
M(s) = M(s,pr) H <1— S) .

i=1

4 Functional representation of ((s) using its partial Euler product.

In this section, we will use the prime counting function to derive a functional representation
for ((s) using its partial Euler product. We will then use it to find a functional representation
for the Dirichlet series M (s, p;).

We will start this task by first writing {(s) in terms of its Euler product for o > 1 as follows

I/C(s):ﬁ<1—;>:ﬁ<l—;>ﬁ<l—1$>. (32)

=1 1 =1 2 T
Taking the logarithm of both side,

r—1 1 oo 1
—log((z)zZlog(l—)—i— log(1—>+2m'N,
= Di® — Di®
where N is zero, positive or negative integer to account for the ambiguity in the phase of the
logarithm of complex numbers. Referring to Lemmas 2 and 4, we then have

1

p~5> — Ei((s—1)logp,) —e(s;pr) + 0(s;pr) + 2miN.

r—1
—log((z) = Zlog <1 —
i=1
Rearranging the terms of the above equation and then taking the exponential of both sides,
we then have for o > 1

r—1
) I] (1 - i) exp (—E1((s — 1) logp,)) = espr)=0swn), (33)

i=1 i

Our task in this section is to show that Equation 33 is also valid not only for ¢ > 1 but
also it is valid for the region of convergent of the Dirichlet series M (s, p,). This task will be
achieved by first proving that, for the region of convergent of the Dirichlet series M (s, p,), we
have

r—1
lim {<<s> 11 (1 - pl) exp (~ By ((s — 1) logpr»} = 1. (34)

r—00 ]
=1 ?

Toward this task, we first define the functions G(s, p,) and G(s) as follows

20



Definition 7. For any prime number p,, let the function G(s, p,) be defined as

r—1
G(s,pr) =¢(s) [ (1 - pt) exp (—En((s = 1) logpr)) (35)

i=1 g
also for any integer n, let G(s,n), be defined as
G(s,n) = G(s,pr)

where, p, is the largest prime number that is less than or equal to n. Furthermore, let the function
G(s) be defined as
G(s) = lim G(s,py) (36)

r—00

Note that, for every p,, the function exp (—E1((s — 1)logp,)) is an entire function with
a zero at s = 1, the function ((s) is analytic everywhere except at s = 1 and the function
"—1(1 — 1/p3) is analytic for R(s) > 0. Thus, for any o > 1, the function G(s,p,) can be
considered as a sequence of analytic functions. We will show that this sequence of analytic
functions is convergent to the analytic function one. Furthermore, we will show that G(s, p;)
has a removable singularity at s = 1 and for the region of convergent of the Dirichlet series
M (s, pr), the sequence of analytic functions G (s, p) is convergent to the analytic function one
(i.e G(s) =1).

Lemma 12. Foro > 1, G(s) =1

Proof. For o > 1, we have (refer to Equation 33)

r—1
¢(s) H <1 - 1s> exp (—FE1((s — 1) logp,)) = e (sipr)—d(s;pr)

i=1 (
For o > 1, by the virtue of Lemma 2, we have
: . S E 1-20\ __
TE{EOM(S?])T”_ ,,‘lig)loo(p?“ ) =0

Furthermore, referring to Equation ( 27) of Lemma 10, we also have for (s) > 1

00 . 1
pr P .

where J(x) is unconditionally given by (refer to Equation (24))

J(x)=0 (xe_“\/@) .

csip) = [ sy = 7

- xT

Hence

O (preaVioerr o0
= ( ) +0 <|S|/ ze tVios® |x_5_1|d:c)
pTU pr

le(s;0r)|=

/ - %dJ(x)

T

Thus, for ¢ > 1, we then have
lim |e(s; py)|= 0.
T—>00
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Therefore for R(s) > 1, we then have

r—1
G(s) = lim {C(S) II <1 - pls> exp (—E1((s — 1) logpr))} =1
=1

i

Alternatively, we may prove this lemma by noting that for o > 1 we have

=i 1T (“)

Z

Furthermore, for o > 1, the asymptotic expansion for £ (s) is given by [1]

Ey(s) = e: (1 +0 (i))

Jim [exp (—B1((s — 1) logpr))| = 1

Hence, for R(s) > 1

Consequently,

G(s) = lim { 1:[ (1 — > exp (—E1((s—1) long))} =1

r—00 ’L

Our next task is to extend the results of Lemma 12 to the line s = 1 + it.
Lemma 13. For line s = 1 +it, G(s) =

Proof. We will first show that although both ((s) and E;((s — 1) logp,) have a singularity at
s = 1, the product G(s,p,) has a removable singularity at s = 1 for every p,. This can be
shown by first expanding ((s) as a Laurent series about its singularity at s = 1

s — 2 s — 3
(s—1) 7( 1)

2l 3731

((8) = —— 4y —mls— 1)+ o (37)

s—1
where v is the Euler-Mascheroni constant and ~;’s are the Stieltjes constants. For s = 1 + ¢

(Where € = €1 +i€2, €1 and € are arbitrary small numbers), the above equation can be written

as

€2 e

1
C(s) = —+v—metreg — g+ (38)

Furthermore, using the definition of the Exponential Integral, we may write F (s) as

2 83 84

S
El(S): 10g8+8_ﬁ+ﬁ M+ (39)

Thus, for s = 1 + ¢, we have

log p;.)? log p,.)?
exp (—F1((s — 1) logp,)) = €€ log p, exp (—elogpr + (e (;g;'? G c;)g;') ) + ) . (40)
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By taking the product ((s)exp (—E;((s — 1)logp,)) and allowing |e| to approach zero, we
then have

lim {¢(s) exp (= By (s — 1)logp,))} = ¢ logpy. (41)
However, it is well known that the partial Euler product at s = 1 can be written as [11]
r—1 —
1 i 1
M- ot ) @)
i=1 p’L long’—]. (long—l)

Multiplying Equations (41) and (42), we then conclude that at s = 1, G(s, p,) approaches 1 as
pr approaches infinity.

Furthermore, for s = 1 + it and t # 0, the value of exp(—FE(itlog p,)) approaches 1 as p,

approaches infinity and since
r—1 1
lim ] (1 — ) =1,
s e T (1 1)

therefore, for s = 1 + it, we have the following

r—1
G(s) = lim {c( I (1 - ;) exp (— B (s — 1>logpr>>} -1

r—00
=1 ?

O]

So far, we have shown that the function G(s, p,) is uniformly convergent to 1 when R(s) >
149 > 1 (where ¢ is an arbitrary small number). We have also shown that G(s, p,) is conver-
gent to 1 for R(s) = 1. In the following theorem, we will show that, assuming the validity of
the Riemann Hypothesis, the function G(s, p,) is uniformly convergent to 1 for every value
of s with R(s) > 0.5 + ¢, where € is an arbitrary small number.

Theorem 2. On RH and for o > 0.5, we have

r—1
G(s) = lim {C( ) 1 (1 - ;) exp (—E1((s — 1)10gpr))} =1, (43)
i=1 1
and
Tim {M (s, p,) exp (B ((s — 1) logp,))} = L. (44)

Proof. We first write the expression for G(s,p,1) and G(s, py2) where r2 is an arbitrary large
number greater than r1

rl—
G(s,pr1) = ((s) exp (—E1((s — 1) log pr1)) H ( > (45)
ro—
G(s,pr2) = ((s) exp (—E1((s — 1) log pr2)) H ( ) (46)
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Since the function G(s, p,) is analytic and it is not equal to 0 for o > 0.5, hence we can divide
Equation (46) by Equation (45) and then take the logarithm to obtain

r2—1 1
1T <1 - s)) + 2im Ny

i=rl pi
(47)

G(S’prl)) = E1((s = 1)logpr1) — Ex ((s — 1) log pra) + log (

where N is zero, positive or negative integer.

Referring to Equation (15), we then have

G(Svpr2>
G(Svprl)

log = —&(8;0r1, Dr2—1)+6(8; Dr1, Pro—1)+E1((s—1) log pra—1)—E1((s—1) log pro)+2im Ny.

Taking the exponential of both sides, we then have

G(s,pr
GES% = exp (—e(s;pr1, Pra—1) + (85071, Dr2—1) + E1((s — 1) logpro—1) — E1((s — 1) logpro)) -
or

G(S,pr2) — G(S,prl) e €(sPr1pra—1)+6(sipr1pra—1) oE1((s—1)logpra—1)—E1((s—1)logpr2) (48)

However on RH, the absolute value of difference E;((s — 1) log pra—1) — E1((s — 1) log py2) is
bounded and it approaches zero as p,2 approaches infinity. This can be proved by recalling
Cramer’s theorem on the gap between consecutive primes [3]. By the virtue of Cramer’s

p? _p7 _1 pj—li )
\/p7 -1

1
log(pr) = log <p7”—1 + Pr—1 0] ( 7 1)) .

log(p,) = log(pr—1) + log (1 + O (

or

Hence

)

Since log(1 + =) = O(z) for x << 1, thus

1
log(py) = log(pr—1) + O ( ,7]71”1) :

Furthermore, since the function £ (z) is analytic, therefore

_ dE1 (Z)

Ei(z+ Az) — Ei(z2) P

Az = Eyg(2)Az  as |Az|— 0

Hence

Ey((s —1)logpra—1) — E1((s — 1) log pr2) = —Eo((s — 1) logpra—1) (s = 1) O <\/}%> 7
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where Fy(z) = e #/z. Thus,

67(571) log pra—1

E — 1)1 ro—1) — F —-1)1 r2) | <
|E1((s )log pra—1) 1((s ) log pr2)| (s — 1)1og pra_1

1
|s— 1|0 .
VPr2—1
Hence

1
Ei((s —1)logpra—1) — E1((s — 1) logpro—1)|= O { — | .
|E1((s — 1) log pra—1) 1((s — 1) log pra—1)| O(logpr2—1)

Consequently on RH and for R(s) > 0.5, |E1((s—1) logpra—1) — E1((s—1) log pr2)| is bounded.
Moreover, as p,2 approaches infinity, |E1((s — 1) logpra—1) — E1((s — 1) log py2)| approaches
zero and the term |eZ1((s=1)logpra—1)=Er((s=1)logpr2)| approaches 1.

For a fixed p,1 and arbitrary p,2(> p1), the term G(s,p,1) is fixed and bounded. Fur-
thermore, on RH and by the virtue of Lemma 10, the term e~e(sPripra—1)+0(spr1,pr2-1) ig also
bounded for R(s) > 0.5 (note that the term J(s; py1, pro—1) is unconditionally convergent for
R(s) > 0.5 by the virtue of Lemma 2). Hence, by the virtue of Equation (48), G(s, p;2) is also
bound for R(s) > 0.5.

In the following, using Cauchy convergence criteria, we will show that G(s, p,) conver-
gences as p, approaches infinity. First we recall that on RH and for o > 0.5 + ¢, the term
le(s; pr1)|+]6(s; pr1)| can be made arbitrary small by choosing p,; sufficiently large (refer to
Lemmas 2 and 10). Let p,1, and p,1, be any two prime numbers greater than p,;. Choose p,2
such that p,1, < pre and p1p < pro. Thus

G(5,pr1a) = G(s, pr2) e(&(sipr1a,pr2—1)=0(sipria,pr2—1)+A(sipr2))
G(s,pr1p) = G(s,pr2) e(&(s:Pr1b:Pra—1)=6(8;pr1bPra—1)+A(spr2))

where,
A(s;pr2) = —E1((s — 1) logpra—1) + E1((s — 1) log py2).

Thus,

|G(3, pr1a)—G(s, prip)|= |G(8,pr2)]|6A(S;p’”2)\ ‘€(€(S§pr1a’pr271)76(3;177'10,71)7'271)) _ ele(sipriaspra—1)=6(s;pria,pra—1))

Since for |z|< 1, e* = 1+0(z) and for sufficiently large p,, |£(s; Pria; Pra—1)l [0(S; Pria, Pra—1)|, |€(8; Driv, Pra—1)|
and |0(s; pr1p, Pro—1)| are less than 1, therefore

‘6(5(5§p7‘1a7pr2—1)*6(5§pr1aap'r2—1)) _ e(E(S;pma,prz—1)*5(S§pr1a7pr2—1))‘

O (’5(3§pr1aapr2—1)‘) +0 (‘(5(35177'1(17177"2—1)’) +0 (’5(33prlbapr2—1)|) +0 (|6(8;p7‘167p7"2—1)’) .
Since priq, Pr1p > pr1, hence on RH and for R(s) > 0.5 (refer to lemma 10 )

0.5—
’6(5(3;p7'1a7p7'271)76(S§p7'1a7p7'271)) _ e(E(S;Prla,Pr2—1)*5(S§p7-1a7p7-271))’ — O |S| pT‘l 7 logprl
(0 —0.5)2

Moreover, since |G (s, py2)| is bounded and |e2(5?r2)| approaches 1 as p,2 approaches infinity,
hence |G(s, pria) — G(s, pr1p)| can be made arbitrarily small by selecting p,; sufficiently large.
Consequently by the virtue of Cauchy convergence criteria, G(s, p,) (or G(s, n)) is convergent,

G(s) = lim G(s,pr) (49)

700
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It should be noted that, while the function sequence G(s, p,) (or G(s,n)) is not uniformly
convergent when the region of convergence is extended all the way to the line o = 0.5, it is
however uniformly convergent for any rectangle extending from —i7" to i7" (for any arbitrary
large T') and with o > 0.5+¢ (for any arbitrary small €). This follows from Lemma 10 where on
RH, |e(s; pr)| is convergent and bounded (uniformly convergent) for any rectangle extending
from —iT to iT (for any arbitrary large 7') and with o > 0.5 + € (for any arbitrary small ).
Since G(s, py) is analytic for (s) > 0 and it is uniformly convergent for R(s) > 0.5 + ¢, thus
G(s) is analytic for the half right complex plain with R(s) > 0.5 + € (Weiestrass theorem [4]).
Since we have shown that G(s) = 1 for R(s) > 1, therefore on RH and for R(s) > 0.5, we then
have the desired result, i.e

G(s) =1.

Note that for a fixed p,1 and as p,2 approaches infinity, Equation (48) can be then written

as
G(s,pr1) = e (sipr1)+o(sipr1)

In Theorem 3, we will extend the above equation to the region where the series M (s, p,) con-
verges without the assumption of RH.

O
Corollary 1. For the region of convergence of the series M (s, p,), we have
r—1 1
Gls) = Jim, {C(s) 11 (1 - p> exp (—En((s - 1)logpr>>} =1, (50)
i=1 i
and
Tim {M(s,p,) exp (E1((s — 1) logp,)} = 1. (51)

Proof. 1f the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then our task is to show that Equation (50) holds for £(s) > ¢. This task can
be achieved by following the same steps we used to prove Theorem 2 and writing the ratio
G(s,pr2)/G(s,pr1) as

G(S7p7”2)
G(S7p’r‘1)

where p,1 < pro. In the proof of Theorem 2, we let p,o approaches infinity to show that
G(s, pr2) is bounded for every p,2. This was achieved using Cramer’s Theorem to compute
A(s; pr2) for every pro. We then showed that |A(s; pr2)| approached zero as p,2 approached
infinity. In fact, since the selection of p,» is independent of the selection of p,, therefore,
we only need to compute A(s;pr2) for infinitely many p,2’s (and not necessarily for every
pr2) and then show that |A(s; p,2)| (for the selected infinitely many p,2’s) approaches zero as
pr2 approaches infinity. For the proof of this corollary, we only select p,2’s that satisfy the
following

= exp (—e(s;pr1, pra—1) + 0(s;pr1, pro—1) + E1((s — 1) log pra—1) — E1((s — 1) log py2)) .

Dr2 — Pro—1 < log pra

The prime number theorem asserts the presence of infinity many primes that satisfy the above
inequality. With this selection of p,2, we then have

log pr2>

log(pr2) = log(pra—1) + O (
Dr2
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or

Ei((s — 1)logpra-1) — E1((s — 1) log pr2) = Eo((s — 1) log pra—1) (s = 1) O (loiir2> )

Hence

log p,-
|Ey((s — 1) log pra_1) — E1((s — 1) log pya)|= O ( %E’f) .
r2

Thus, |A(s; pr2)| approaches zero as p,2 approaches infinity. Consequently, |G(s, pr2)|isbounded
for infinitely many p,2’s.

For the next step (as it was the case with the proof of Theorem?2), we select p,1, and p,15
any two prime numbers greater than p,; and choose p,2 such that p,1, < pr2 and pr1p < pro
(where p,o — pro—1 < log pr2). Thus

G(s,pr1a) = G(s,pr2) e(&(s:Pr1a,pr2—1)—0(sipria,pr2—1)+A(sipr2))
G(s,pr1p) = G(s,pr2) e(E(siPr1b,Pra—1)=0(sipriv,pra—1)+A(sipr2))
Hence,

‘6(5(5§pr1a7p7’2—1)76(3§pr1a»pr2—1)) _ 6(5(5§Pr1b:pr2—1)*5(S§pr1b7pr2—1))

@ (lg(s;prla7pr2—1)‘) +0 (‘6(S;pr1aapr2—1)’) +0 (’5(3;Pr1b;pr2—1)’) +0 (’6<3§pr167pr2—1)’) .

or,
pr1“ 7 log pr1
:O _—
(e

Since |G(s,p,2)| is bounded and |e2(*r2)| approaches 1 as p,2 approaches infinity, hence
|G(s,pr1a) — G(8, pr1p)| can be made arbitrarily small by selecting p,; sufficiently large. Con-
sequently by the virtue of Cauchy convergence criteria, G(s, p;) (or G(s,n)) is convergent,

‘e(a(s;prlaapTQ—l)_6(5§prla7pr2—1)) — e(spr1bpra—1)=0(siprivpra—1))

G(S) = Tlgrolo G(37p7“) (52)
As it was the case with Theorem 2, the function sequence G(s, p,) (or G(s,n)) is uniformly
convergent for any rectangle extending from —:7" to T (for any arbitrary large 7') and with
o > c+ ¢ (for any arbitrary small €). This follows from Lemma 10 where |£(s; p,)| is uniformly
convergent for any rectangle extending from —i7" to i1’ (for any arbitrary large 7) and with
o > ¢+ € (for any arbitrary small €). Since G(s, p,) is analytic for $(s) > 0 and it is uniformly
convergent for R(s) > ¢+ ¢, thus G(s) is analytic for the half right complex plain with R(s) >
¢ + € (Weiestrass theorem [4]). Since we have shown that G(s) = 1 for R(s) > 1, therefore we
have the desired outcome for (s) > ¢, i.e

G(s) = 1.

O

In the following, we use Theorem 2 and Corollary 1 to compute M (s, p,) for any prime
number p,
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Theorem 3. For the region of convergence of the series M (s, p,) = >_7° pu(n, pr)/n®, we have
M (s, py) = e~ Frlls=1)logpr)=elsipr)+o(sipr) (53)

wheres(s;py) = [7° dJ () /2%, J(x) = 7(z)~Li(z) and 6(s; p,) = 22, (= gk = 5l — i)

Proof. Equation (50) of Corollary 1 can be written as follows

r2—1

log ¢(s) + log H <1 — > —FE1((s—1)logpr2) +2miNa =0 asre — 00
[

where N is zero, positive or negative integer. Notice that the equality of both sides of the

above equation is attained as 73 (or p,2) approaches infinity (or more appropriately, the right

side can be made arbitrary close to zero by choosing p;,» sufficiently large). For r < 72, the

above equation can be then written as

1 r2—1 1
log((s) = E1((s—1)logpre) — Zlog (1 — ) Z log (1 — p) +27wiN3  as rg — o0

i=r g

where N3 is zero, positive or negative integer and

r2—1 r2—1 1
— Z log (1—) Z — — 0(8;pry pro— 1) + 2miNy
i=r i
where N, is zero, positive or negative integer. For the region of convergence of the series
M (s, p,), we also have (refer to lemma 4)
r2—1
Z — (s —1)logp,) — E1 ((s — 1) log pra—1) + €(8; pr, pra—1)

Therefore, ¢ (s) can be written as

r—1 -1
¢(s) = H 1-— 1 lim eB1((s=1)logpr)+E1((s—1)logpr2)—E1((s—1) log pra—1)+e(s;prpr2) =0(sipr.pr2)
bl o Pr2a—>00

As it is the case with Corollary 1, the above equation is valid for every p, and p; (where
pr < pro—1). If we strict our selection for p,, to the prime numbers such that p,o — pro—1 is
less than or equal to than log po, then |E; ((s — 1) log pr2) — E1 ((s — 1) log pra—1) | approaches

zero as pr2 approaches infinity. Thus, for every p,, we have

r—1 -1
((s) = H (1 — 1) lim eE1((s=1)logpr)+e(s;pr.pr2)—0(siprpre)

-1 D; Pr2—00

or
M (s, py) = e~ Frlls=1)logpr)=e(sipr)+0(sipr)

O

So far, we have used the complex analysis to compute M (s, p,). For the remaining of the
paper, our efforts will be dedicated toward the computation of the partial sum M (1, p,; 1, p%)
(i.e. the partial sum of the series M(s,p,) at s = 1). In the following two section, we
will use integration methods and complex analysis methods to compute the partial sum
M(1,pr;1,p%). In section 7, we will compare the results of these methods and then show
that this comparative analysis will lead to a contradiction every time we assume that ((s) has
no trivial zeros for R(s) > ¢ where ¢ < 1.
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5 The series M (s,p,) ats = 1.

In this section, we will compute the partial sum M(1, p,; 1, p,*) using integration methods.
Before we present the details of our method, it is important to mention that the partial sum
M(1,pr;1,p,*) can be also generated using y-smooth numbers. The y-smooth numbers are
the numbers that have only prime factors less than or equal to y. These numbers have been
extensively analyzed in the literature [6] [9]. In [6], a method was presented to generate the
partial sum M (1, p,; 1, p,*). With this method and using the inclusion-exclusion principle [6]
(refer to page 284), one can then provide an estimate for the partial sum M(1,p,;1,p,%). In
this section, we will provide a more general approach to compute M(1, p,; 1, p,*). The main
advantage of our approach is the ability to extend it to compute the partial sum for values of
s other than 1. We will present our method in the following four steps.

e In the first step of our approach, we will show that, for every a and as p, approaches
infinity, the partial sum M (1, p,; 1, p,*) approaches a function that is dependent on only
a (independent of p,). We will then show that this function is the Dickman function
p(a). It should be noted that the results of this step are well known in the literature. In
this step, we are only rephrasing these results in terms of the integral [ d.J(p¥)/p¥.

Toward this end, we define the function f(a, p,) as

pr¢

f(aapr) = M(Lpr; 17pra) — Z M(Tl?;pr)
n=1

We will then show that, for every a and as p, approaches infinity, the function f(a,p;)
approaches a deterministic function p(a). In other words; if we plot M(1,p,;1, N) (where
N = p,*) as a function of a = log N/log p,, then for each value of a and as p, approaches
infinity, f(a, p,) approaches a unique value p(a). This is equivalent to the statement

p(a) = lim f(aapr) = p}i_rgo M(LPM 1ap7"a)'

Pr—00

Lemma14. For1 <a < 2
M(Lpr;l?pra) - 1_M1(17p7“;17p7“a)7 (54)

where

1
Ml(LpT; 17p7’a) = Z o = 10g((1) + gl(pra CL),
pr<pi<pre Vi

and the terms of sum M (1, p,; 1, p,*) are placed in descending order. Furthermore

a @ d‘] p?'y
91(pr, a) 26(1;pr,pr)=/ 7(2, ) (55)
1 Pr

and
lim M(1,p.;1,p.*) =1—loga.

Pr—00
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Proof. This result can be achieved by first noting that the partial sum M (1, p,; 1,p,?) for 1 <
a < 2is given by

1
M1,psl,p®)=1— > —.
pr<pi<pra Pi
Since )
Ml(]-upT;]-upTa) = Z }77
a Pi

pr<p;i<pr

therefore, using Stieltjes integral, we obtain

Pt d'f( X a d’ﬂ' Yy
M(lﬁpﬂljpra)21—M1(1,pr;1,pra):1_/ ag ) :1_/ (pr?)
T=pr y

Since
dﬂ(pry) = dLi(pTy) + dJ(pgf),

therefore

Yy
dp,Y + dJ(p,Y) = Pody + dJ(p,Y),

dr(p¥) = —
#r") = s or) y

Hence, for 1 < a < 2, we have

. ady (% dJ(pY
M(17p7";17p’r‘ ):1_ 7y_/ #:1_10g(a)_gl(p7‘7a))
1Y 1 Dbr
where
Ml(l’ph Lpra) = log(a) + gl(pra a)a
and
dj(pry>

a
gl(pr,a) =6(1;pr,p?) :/1 pT

Referring to Lemma 9, on RH or if the ((c¢) has no zeros for %(s) < ¢ < 1, then as p, approaches
infinity, g1(pr,a) approaches zero. In fact, we can show the same results unconditionally

using PNT where J(z) = O(ze~*V1°2%) and b > 0. For this case

a —b+y/log x
sr(oera) = /ppr dO (mex g )

r

Using the method integration by parts, we then have
Py

2
+/ O (a:eb logx> d <1> .
Pr " .

Since, for x > p,, the function 1/z is a positive monotone decreasing function, thus

g1(pr,a) = O (e_b bgpr) +0 </p? wetVlogzg (;))

r

O (:ce_b log:c)

gl(pT)a) = T
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or

p e—b log x
g1(pr,ya) =0 (e_b bgpr) +0 / Tda:
Pr

Substituting y for log x, we then have

log pt
g1(pr,a) = O (e‘b 1°ng> +0 </ e‘b‘/gdy>
log pr

Substituting z for /y, we finally have
+/log p:
g1(pr,a) = O (e_b long) +0 </ ze_bzdz>
\/log pr

or (note that [ ze“*dx = (cx — 1)e™ /c?)

1 (pr,a) = O (Viogp, = Vierr) (56)
Let the function g(p,) defined as

9(pr) = Vlogp, e PVicerr

then
gl(pm CL) = O(g(pr)) (57)

Note that g(p,) is a function of p, only. As p, approaches infinity, g;(p,, a) approaches zero.
Consequently, Equation (54) can be written as

lim M(1,p.;1,p.*) =1 —loga.

Pr—00

In the following Lemma, we will extend the same results for 1 < a < 3
Lemma 15. For 1 < a < 3, we have
M(]-ap?“7 ]-7p7“a) =1- Ml(lapr; 17p7"a) + MQ(]-va; 17p7’a)

where
Ml(lap'r; 17p7‘a) = log(a) + gl(pra a)a

1 1 a—1 log(a — lor a
MQ(lapT;lapra) = Z 7 :5/ g(y)dy+92(p7_7a’)+0< g ) ’
pr<pi1<pi2<pi1pi2 <pr® bi1pi2 1 y o

where the terms of the sum M (1, p,; 1, p,®) are placed in descending order. Furthermore

p,n7 — dJ(pry)
s O d 1 s 5
2(p ] / *3 / og(a— y pY *3 / 1P a=y) P

(58)

and . |
. ) a=1log(a —y
Jim M(1pr1,pe?) =1—loga + 2/ Tdy.
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Proof. The terms of the partial sum M (1,p,;1,p,®) for a in the range 1 < a < 3 are either a
reciprocal of a prime number or a reciprocal of the product of two prime numbers. Therefore,
for1 < a < 3, we have

1
M(1,pslp®)=1— > —+ >

Pr<pi<pr¢ pi Pr<pi1<pi2<pi1Pi2<pr

1
o Pi1Di2 ’

where (by the virtue of Lemma 14)

1
Mi(L,ps1,p%) = Y. = =log(a) + gi(pr,a),

pr<p;<pr®

and
1

)
o Pi1Di2

My (1,pr; 1, ") = >
Pr<pi1<pi2<pi1pi2<pr
where p;; and p;» are two distinct prime numbers that are greater than or equal to p, and the
terms of sum are placed in a descending order.

Thus, My(1, p,; 1, p%) can be written as

1 1
My(LpsiLp®) =5 3. —Mi(LpsLpi/pi) + 72
pr<p;<pr®~1

Note that for thesum -, ., ., a1 p%,M 1(1,pr; 1,p%/pi), we added the factor of half since each
term of the form 1/(p;1pi2) is generated twice. Furthermore, this sum includes non square-free
terms (notice that, there is no repetition in any of the non square-free terms). The term r, was
added to offset the contribution by these non square-free terms. We will show later in Lemma
18 that ry is given by O(alogp,/p,) and hence it approaches zero as p, approaches infinity.
Using Stieltjes integral, the above equation can be then written as the following integral

~dr(pr?

1 a—1
M>(1,pr;1,p,%) = 5/1 ) (log(a —y) + g1(pr,a —y)) + 2.

Recalling, for 1 < a < 3, that
M(lapT7 17p7’a) =1- M1(17p7”; 17p7"a) + M2(17p7’; 17p7’a)
hence (note that dr(p,V)/pY = dy/y + dJ (p,¥)/pY)

1 ro1log(a —
M(1,pr;1,p*) =1 —log(a) — g1(pr,a) + 5/1 g(yy)dy + 92(pr, a) + 72,

where

pTa - ) / / dJ(pTy)
ry, @ d 1 - ry @ .
2(p =3 / +3 og(a py +3 1(prya—y) .

T T

Since, for a > 1, the function 1/y is a positive monotone decreasing function, thus the first
integral on the right side of Equation (58) is given unconditionally by (refer to Equation (57))

/ g(pr, ’/ O(g(p) dy
1
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or
/“1 g1(pr,a—y)
1 y

dy\ — log(a — 1)0(g(py)) (59)

By the method of integration by parts, we can write the second integral on the right side
of Equation (58) as

7 —

a—1 y Noel(a — o) | pa-t a=1 J(p,¥

Dpr p% 1 Dpr Dr
where, )
J(p¥) log(a —y)|*™ J(pr
(p¥) ogy(a y| o _ log(a — 1)0 ( (p ))
Dr 1 Dr
and

a—1 1 a—1 J ry
/1 log(a —y)J(p:¥)d (py) = 10gpr/1 log(a —y) (]I;y )dy

s T

Since, for a > 1, log(a — y)/p¥ is a positive monotone decreasing function, hence

J(pr)> ‘

r

/1a1 log(a — y)J (p,¥)d <p1y> ‘ — (a—2)log(a— 1) logp. O (

r

Furthermore, since log(a — y) is a positive monotone decreasing function, thus

/1a_1 J(;:;y)d]og(a _ y)‘ _0 (J(pr)> /ya—l Lloga— 1) — loga - )0 <J(pr))

r Pr =1

Since, unconditionally and by the virtue of PNT, we have

O(J(py)/pr) = Olpre V15 ) Jp,

or

_ O(yg(pr))
O(J(py)/pr) = VT
hence - 0T
/1 log(a —y) == 57| = (a — 2)log(a — 1)y/loa(p:) O(9(p1)) (60)

The third integral ( fla_l g1(pr, a —y)dJ (p,Y)/p¥) on the right side of Equation (58) has two
discontinuous functions, the function J(p¥) (that has discontinuities at values of y where p is
a prime) and the function ¢ (p,, a — y)/p¥ (this function may have discontinuities when p,.*~¥
is an integer). Therefore, we will use Lebesgue-Stieltjes integral to compute this integral .
The absolute value of this integral can then be written as

dj(pry) ‘
pr

a—1 dJ pry
</ |gl<p7~,a—y>|';y)',

T

a—1
A gl(prva’_y)

IThe integral [ g1(pr,a — y)%

rational numbers. For rational values of a, if we assume that J(p¥) and J(p,*~¥) have common discontinuity, then
pY is a prime number given by P and p,™(@~¥) is an integer given by p," /P™. This result contradicts the definition
of prime numbers. Hence, J(p¥) and J(p,*~¥) don’t have common discontinuity when a is a rational number.

is also a valid Riemann-Stieltjes integral if we restrict the value of a to
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or (note that the function J(x) is given by the superposition of two monotone increasing
functions i.e the functions Li(x) and 7 (x)),

a=1 dJ(pry)
ry 4 —
/1 g1(p Y) .

a-l ‘dj(pry”
Py

< 0(91(2%«&))/1

Since O(g1(pr,a)) = O(g(pr)) and by the virtue of Lemma 11, we then have

[ 00— 28 = 21050 — 1) 0l4(01)) (61)

T

Combining Equations (59), (60) and (61), we can write Equation (58) as
|92(pr, a)|= 2(a — 2) log(a — 1)v/log pr O(g(pr))- (62)

As p, approaches infinity, g2(p;, a) approaches zero (recall that g(p,) = /log p, e 0Vlogpr),
Thus, for 1 < a < 3, we have

1 ro1log(a —
lim M(1,pr;1,p.7) =1—10ga+§/ Mdy
1

Pr—>00 y

Therefore, as p, approaches infinity, M (1, p,; 1, p,*) approaches a function that is dependent
on only a.
O

Repeating the previous process |a| times (where [z is the integer value of z) and by
using the induction method, we can show that, as p, approaches infinity, the partial sum
M(1,p,; 1, p,*) approaches a function that is dependent on only a. Specifically, we first write
the partial sum M (1, p,; 1,p,*) as follows

M(lapTv 17p7"a) =1- Ml(lvp’r’; 17p7“a) + MZ(lapT; 17p7’a) — ..t (_1)]M](1ap7’7 17pTa) + ...+

(_1)Laj_1MLaJ—l(17pr§ Lp:") + (_1)|'aJMLaj (1, pr; 1, pr%), (63)
where
1

Mj(lapr;lapra) = Z ma
o PilDi2---Dij

Pr<pi1<pi2<..<pij <pi1Pi2--Pij <Pr

Di1, Pi2, ---, Pij are j distinct prime numbers greater than or equal to p, and the terms of the sum
M;(1,p,; 1, p,*) are placed in descending order. Therefore, M;(1, p,; 1, p,*) can be written as
follows 1 1
M;(1,pril,pe®) == > =M 1(1L,prpr P/ Pi) + 75

pr<pi<prot "
where the factor of 1/j was added since each term of the form 1/(pj1pi2...pij) is generated
j times. It should be also noted that the sum of the above equation includes non square-
free terms. The term r; was added to offset the contribution by these non square-free terms.
Notice that, there is no repetition in any of the non square-free terms (this follows from the
fact that each of the M;_; terms is a reciprocal of a product of distinct prime factors). We will
show in Lemma 18 that r; approaches zero as p, approaches infinity. In the following Lemma,
we will provide some properties of the term M, (1, p,; 1, p,¢)
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Lemma 16. For 1 < j < a, M;(1,p,;1,p.%) can be written as follows
M;(1,pr; 1, pr%) = hj(a) + gj(pr, @) + 175,

where,

1 a—1 h:_1(a —
O

with hi(a) = log(a),

1 re=tgia(pra—y L et dJ (pr?
itpra) =+ [ OO gy LT ey P
J )1 Y JJ1 pr

1 /a—l dJ(pTy)
- hj—1(a—1y , (64)
JJ1 i1 ) pr

with g1(pr,a) = 1adjz§r 9 and

1 ol dr(pY
T/j =7+ 7-/ T'/j—l (pr )
JJ1 prY

Proof. Referring to Lemmas 14, we have

Mi(1,pr;1,p.%) = hi(a) + g1(pr, a)

where

hi(a) = log(a)

0 (pm a) _ /la dJ(pry)

prY

and

Referring to Lemmas 15, we have
M2(17p7‘; 17p7‘a) - hQ(CL) + 92(p7‘7 CL) + T2

where

1 ro~1log(a —y)
ho(a) = f/ =Dy,
2(a) = 5 ”

a— 1 _ a—1 Yy
pm ) / / dJ(pr )
ry A 1 - ry A )
2(p 2/ — dy+g og(a py +5 1(prya—y) .

T T

and rp represents the contnbutlon by these non square-free terms.

Using the method of induction, we write M;_;(1,p,; 1, p,*) as
M;1(1,pr;1,p%) = hj—1(a) + gj—1(pr,a) + 751

then 1 1
M;(1,pr;1,p%) = = Z —M; 1 (1, prs pr, py /0i) + 15

pr<p;<pra—1+°

Using Stieltjes integral, we then have
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1 a—=1 dr Y
Myhpri L) = j/1 ;p; ) (hj—1(a—y)+ gj-1(pra—y) +7"j-1) + 7. (65)
T
Hence
M;(1,pr; 1, pr%) = hj(a) + g5 (pro @) + 175,
where

1 a—1 h:_1(a —
R

with hq(a) = log(a),

1 a—1 g‘—l p’r‘7a _ y 1 a—1 dJ pry
gj(pw,a):f/l J()dy+j/1 gj—1(pr,a —y) (y )+

J ) pr
ISR
. " ()
g1(pr,a) = /1 Y
Finally,
=71+ ;/la_l r/j_1d7;§f;y).

Lemma 17. For2 < j < a,
lim M;(1,pr;1,p,) = L /
Pr—00 j )1
Proof. For j > 2, M;(1,p,;1,p,?) is given by
M;(1,pr; 1,p%) = hj(a) + gj(pr, @) + 175,
Our task is to show by induction that lim,, . gj(pr, a) = 0 and lim,, o r’; = 0.

To show by induction that lim,, o gj(pr, @) = 0, we will have the following two assump-
tions about g;_1(pr, a) and h;_1(a)

1. For ¢ > 3, we assume that

|9i—1(pr, a)|= (a — 2)2"*(log(a — 1))"* \/log(p,) O(g(pr)). (66)

where g2(pr, a) is given by Equation (62)

|92(pr, a)|= 2(a — 2)log(a — 1)v/log pr O(g(pr))-
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2. Fori >3 and a > 1, h;—;(a) is a monotone increasing (or non-decreasing) function that
satisfies the following inequality

0 < hi_1(a) < (log(a — 1)L (67)

where for a > 1, ho(a) = 3 1“71 Mdy is a monotone increasing function of a that

satisfies the following inequality (note that log(a — y) < log(a — 1))
0 < hy(a) < (log(a —1))%
Using Equations (66) and (67) of the above two assumptions, we will then show that

|9i(pr> a)|= (a — 2)2 " (log(a — 1))~y /log(pr) O(g(p;))-

and we will also show that, for a > 1, h;(a) is a monotone increasing function satisfying the
following inequality ‘
0 < hi(a) < (log(a — 1))’

Referring to Lemma 16, we have

I gj—1\Pr, @ —Y) l(pry - dj(pry>
i\Dr,a) = — d + = / +
ora) = [ -7
1 / ol dJ (pr")
N gj—1\Pr, @ — Y )
il 1 ) p?
Using Equations 66, the first integral on the right side of the above equation can be written
as
a—1 a—1
gj*l(pﬁa_y) ‘ 2 / O
S ———Cdy| = 2)27"2(log(a — 1)) log(pr
/1 ” y| = (a—2) 8 ~2y/log(p,)
or

/1“_1 !Jﬂ'l(Pzay)dy‘ = (a —2)22(log(a — 1)) ~14/log(p,)O(g(p,))

For the second integral, we can use the method of integration by parts to obtain

_/1“_1 (J(pry)hj—l(a —y)d <p1y> + J(ﬁgy) dhj-1(a = y)>

r

a—1

/ R L L R
1 r Dbr

1

where (refer to Equation 67 and note that h;_1(1) = 0),

J(pr)

r

i-190g(pr))

[ et ()] < [T e - ()
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< (log(a — 1)) (68)

= |hj-1(a—1)

hj-1(a—y
o=

and
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or

[ et ()] = 10en 0 (Z22) [y sta - lan

T Dr

Since we assumed that for > 1, hj_1(x) is a monotone increasing functionand 0 < h;_;(z) <
(log(x —1))7=!, hence 0 < hj_1(a —y) < hj_1(a) < (log(a — 1))’~L. We then have

/1a1 J(prY)hj—1(a —y)d (pi)‘ =logp, O (‘W) (log(a — 1))~ (a — 2)

T r

or
a—1 . 0] -
[ somnisa—a ()| = - Dttogta - vy ogn ZAD (e
Furthermore,
a—1 J ry a—1 J Ty
/ 2% )dhj]‘““y>‘§ / %; ) dhjl““'yﬂ

Since hj_1(a — y) is a monotone decreasing function of y, thus

[ 10 0| =0 (121

br %3

a—1
[ ity

or
j—1 O(g(pr))

Vlogpy

/1a_1 TO) gpy 1(a - y)’ = (log(a — 1)) v

T

Combining Equations (68), (69) and (70), we then have

/;H hj-1(a — y)%

r

— 2(a - 2)(1og(a — 1))\ log(pr) Olg(p))

The third integral [~ g;_1(pr, a — y)dJ (p,¥)/pY is given by

a—1 dJ pry a—1 dJ pry
‘/1 gj—l(p’f‘7a_y) ]()y )‘ S/1 ‘gj—l(praa_y)" (y )

Pr
7 -1 07(p,") 114 (p,Y)
‘/1 gj—1(pra—y) pZZf = O(gj-1(prs a))/1 pir

and by the virtue of lemma 11 and Equation (66), we then have

d'](pry)
Py

‘/1“—1 gj—1(prya—y) ‘ = (a —2)2" ! (log(a — 1))3‘—1\/@ Olg(pr)).

Consequently,

195 (prs @)|= (a = 2)27 " (log(a — 1)) ~!y/log(p;) O(g(pr)).
Thus for any value of a, g;(pr, a) approaches zero as p, approaches infinity (note that g(p,) =

Viogp, e Veer),
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Next, we need to prove that for a > 1, if 2;_1(a) is a monotone increasing function sat-
isfying the inequality 0 < h;_;(a) < (log(a — 1))}, then h;(a) is also monotone increasing
function for a > 1 satisfying the inequality 0 < h;(a) < (log(a — 1))7. To achieve this task we

recall that oy
hj(a) = 1/ hila=y),,
JJ1 Y
Since, for a > 1, we assumed that h;_1 (a) is non-negative, therefore (by the virtue of the above
integral) h;(a) is a monotone increasing function for a > 1. Moreover, since 0 < h;_1(a) <
(log(a — 1))7~1, therefore,

or ‘
hj(a) < (log(a — 1))’

Finally, we need to show that, for a > 1, hy(a) is a monotone increasing function satisfying

the inequality 0 < hs(a) < (log(a —1))? and |g2(p;, a)|= 2(a — 2) log(a — 1)v/log(p,) O(g(p:))-
Referring to Lemma 15, we have

a—1 a —
o) = 5 [ PEE =, 71)

Since for 1 < y < a — 1, log(a — y) > 0, therefore hy(a) is a monotone increasing function.
Also, since 1 <y <a—1,0<log(a —y) <log(a — 1), thus

ol dy 2
ha(a) <logla—1) [ % = (log(a — 1))
1 Y
We have also shown in Lemma 15 that |g2(p;, a)| has the desired value or

|92(pr, a)|= 2(a — 2)log(a — 1)y/logp, O(g(pr)).

In the next lemma, for any fixed a, we will show lim,, _,7’; = 0. Since we have also
shown that g;(p., a) approaches zero as p, approaches infinity, therefore

1

a—1 hi_ (a_ )
. ' . ay _ + j—1 Yy
p}%Mj(lapralapr )_]»/1

dy = h;(a
» i(a)

where h(a) = log(a).

Lemma 17 infers that for every a and as p, approaches infinity, we have
im M(Lpyi 1) = 1= hu(a) + ha(a) = ha(a) + .. + (=11 hyg (@) = pla).  (72)

It should be pointed out that the above equation implies that the partial sums M (1, p,; 1, p,%)
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and M (1,p¥;1,p.*Y) (where, p¥ is a prime number) have the same limit as p, approaches
infinity. Hence,

Pl ML pr 1, pr") = i M(Lpps 1) = pla). (73)
Equation (73) will be used in the second step of this section to estimate the asymptotic be-
havior of the function p(a) as a approaches infinity.

In Lemmas 15 and 17, we stated that the contribution by the non square-free terms (i.e
r;’s) approaches zero as p, approaches infinity. In the following lemma, we will show that,
for every a and as p, approaches infinity, the sum of the absolute contributions by these non
square-free terms approaches zero.

Lemma 18.
la]
Phl}loo Z|T]|: 07
r ]:2
and
lim r'; =0,
pT*)OO
where ) . dr(p,?)
a—
7',':7"‘4—*_/ T,'_l T\Pr )
! ! JJ1 ! prY
Furthermore,
o (o)
j:2 ! pT ’
and

la)
>_Irl= a2 (og(a — 10 (1ELL )

]:2 pT’

Proof. Let Sy be the sum of the absolute value of all the non square-free terms (within all
the r;’s) that have the factor 1/p2. Therefore, Sy can be expressed as Ko/p?. Let S be the
sum of the remaining non square-free terms with the factor 1/ (pr41)%. Therefore, S; can be
expressed as K/ (pr11)?. Let Sy be the sum of the remaining non square-free terms with the
factor 1/(p,42)? where S5 can be expressed as K/ (pr42)?%, and so on. Let S be sum of all the
terms associated with non square-free terms. Thus, S is given by

1 1
2K1—|—...—|— 5 KL,
Pr+1 Pryr

1
|7“1|—|—|7“2|+... =+ |TLaJ |< S = pKO +
r

where p, 1, is the largest prime that satisfies the condition p2, ; < p,*. Furthermore, since
there is no repetition in any of the non square-free terms and there are less than p{' terms of
the form x(n)/n in the partial sum M (1, p,; 1, p,*), therefore

1 1 1
Kol IK1], s KL< 14 =+ = 4o+ —
|Kol, | K1, ..., | KL| totgt +pTa

and
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|Kol, | K1), ..., |Kr|= O(alogp,).

Thus,

La] 1 1 1
D olril< s = <2+2+~--+ 5 >0(alogpr)-
=2 Dr DPr+1 Pryr

Hence, the contribution by the non square-free terms S is given by,

S = O(alogp,/pr),

or
La]

Z|Tj|: O(alogp,/pr).
j=2

Consequently, for every a and as p, approaches infinity, S (or the contribution by the non
square-free terms) approaches zero.

To show that lim,, _,~ 7’; = 0 by induction, we first note that 7} = 0 (refer to Lemmas 14).
For j > 3, we assume that

i = 27" (log(a — 1)) "10O (al(;gpr> .

where 73 = O (alogp, /p,) (< 2%(log(a — 1))?0 (alogp,/p:).

Referring to the definition of 7’ ;, we then have
g J

1 fo-l dm(p,Y
ol st [

r¥

Since fffl dm(pY)/pyY = Zprgpigp;'f 1/pi =loga + O(1/p,) (refer to Lemma 11), therefore

1< 0 (FEE) 4 221 log(a ~ 1)) ~10 (“ELE) (log(a — 1)+ 0(1/p).

or

rl = 2/(log(a — 1))’O <al<§pr>

Since j < a, thus for a fixed value of a, we then have
. /
lim r'; =0

Pr—00

and

la]
317y = a2 (log(a — 1))°0 (52 ).

]:2 pT’
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Since r; is given by O (alog p,/p;) and 77} is given by 2¢(log(a — 1))O (alogp;/p:), there-
fore for a fixed value of a, both r; and 7} are uniformly convergent to zero. Furthermore,
referring to Lemma 17, |g;(pr, a)| is given by (a — 2)27"1(log(a — 1))¥~1\/log(p,) O(g(pr))-
Therefore for a fixed value of a, g;(pr, a) is also uniformly convergent to zero. Consequently
for a fixed value of a and by the virtue of Lemma 16, both M;(1, p,;1,p,*) (for1 < j < a)and
M(1,p,; 1, p,*) are uniformly convergent to h;(a) and p(a), respectively.

e In the second step, we will provide the first representation of the partial sum M (1, p,; 1, p,%).
We will then show that the partial sum M (1,p,;1,p,*) can be written as the sum of
two components. The first one is the deterministic or regular component and it is
given by p(a) (= limp, oo M (1,p,;1,p,%)). The second one is the irregular component
R(1,pr;1,p,%) given by M(1,p,;1,p.*) — p(a). We will then show that the function p(a)
is the Dickman function that has been extensively used to analyze the properties of y-
smooth numbers.

In this step, we will present the first method to compute the partial sum M(1, p,; 1, p,%)
by summing the contributions of each prime number to the partial sum M(1, p,; 1, p,%)
(in system analysis, this corresponds to computing the system output using its impulse
response).

In the next step (step three) of this section, we will present the second method to com-
pute the partial sum M;(1,p,; 1, p,*) using the results of the first step of this section.
With this method, we will compute the partial sum M (1, p,; 1, p,*) by adding the con-
tributions by the terms M; (1, p,; 1, p,*) (terms with one prime factor), M»(1,p,;1,p,%)
(terms with two prime factors) and so on (in system analysis, this corresponds to com-
puting the system output by adding its orthogonal components).

In the next section (section 6), we will present the third method to compute the par-
tial sum M (1, p,; 1, p,*) using complex analysis methods (in system analysis, this corre-
sponds to computing the system output using its frequency response).

Comparing these three representations reveals that zeros of ((s) can be found arbitrary
close to the line (s) = 1.

The following lemma is the key to our first method to compute the partial sum M (1, p,; 1, p.%).
With this lemma, we write the partial sum M (1, p,; 1, p,*) in terms of the partial sums M (1, p;; 1, p,%/p;)
forp, <p; <pf.

Lemma 19.
1 1
M,pi;lp %) =1— > =M(Lpy;Lp" ) — Y, —. (74)

KA
pr<p;<pe/? pr@/2<p;<pr®

Proof. To prove this lemma, we will show that every term of the sum M (1, p,; 1,p,?) is also a
term of the sum on right side of Equation (74) and vice versa. We will also show that none of
the terms on the right side of Equation (74) is duplicated.

To show that non of the terms on the right side of Equation (74) is duplicated, we first note
that the middlesum (3, <, <, a2 M (1, pit1; 1, pr%/pi)/pi) and the last sum (32, a/2 . <pa 1/Pi)
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are void of 1. Furthermore, the middle sum and the last sum have no common terms.

In the second step, we will show that none of the terms that comprise the middle sum
D py <pi<pnal? p%_M (1, pi+1;1,p+%/p;) is duplicated. This can be verified by noting that there is
no common term between the terms that comprise the middle sum. More specifically, there
is no common term between the partial sum p%M (1, pr41; 1, pr%/pr) and the remaining terms

of the sum > pri1<pi<pro/? p%,M (1, pit1; 1, p%/p;) (this follows from the fact that none of the
remaining terms is a reciprocal of a number with a prime factor p,. Furthermore, none of
the terms that comprise the sum p%M (1,pr+1;1,p,%/pr) is duplicated). Similarly, there is no
common term between the partial sum M (1, p,42; 1, p-*/pr4+1)/Pr+1 and any of the remain-
ing terms that comprise the sum Zpr+2§pi <prar2 M (1, pit1; 1, p:%/pi)/pi (this follows from the
fact that none of the remaining terms is a reciprocal of a number with a prime factor p,;.
Furthermore, none of the terms that comprise the sum M (1, py42; 1, pr*/pr41)/pr+1 is dupli-
cated). Following the same process for all the prime numbers p, 2 < p; < pr"/ 2 we then
conclude that none of the terms that comprise the sum >, ., ., a2 M (1, pi+1; 1, p%/pi) /pi is
duplicated.

Next, we will show that every term on the right side of Equation (74) is a term of the partial
sum M (1, p,; 1, p,*). First, we note that the term 1 is also the first term of the the partial sum
M(1,p,; 1, p,*). Furthermore, every term within the sum D pyal2<p;<pra ;:Tl is also a term of the
partial sum M (1, p,; 1, p,*). Finally, every term of the sum D py<pi<pnal? ;—Z_lM(l7 pir1: 1, pr%/pi)
can be written as (—1)¥ /N, where p, < N < p,* and N has k distinct prime factors that range
between p, and p/>.

Finally, we will show that every term of the partial sum M (1, p,;1, p,*) is also a term on
the right side of Equation (74). First, we note that the term 1 and the terms of the form —1/p;,
where p, < p; < p,?, are also terms on the right side of Equation (74). Furthermore, every
term of the remaining terms of the partial sum M(1,p,;1,p,%) can be written as (—1)¥/N
where N is the product of k distinct prime numbers in the range p, and p?/ ?. Let p; be the
lowest prime number of these k distinct prime factors, then N can be written as (—1)%/(p; V;)
where p; < N; < p?/pi. Hence, (—1)*~1/N; is a term within the partial sum M (1, p;11; 1, p-%/p;)-
Consequently, (—1)*/N is also a term on the right side of Equation (74).

O

In the following lemma, we will apply Stieltjes integral to the sums of Equation (74) in
Lemma 19.

Lemma 20.
“ /2 dm(p,Y u @ dr(pY
Mgt =1= [ ) - [ D Qe 09
where )
Qpra)= > M1, pi1;1,p."/p7).
Pr<pi<pr/2 "

and Q(py, a) is unconditionally given by
Qpr.a)l= O, ).
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Proof. By the virtue of Lemma 1, we have

1 1 1
> =MQpiyslpp) = >, — (M(l,pi; Lp"/pi) + —M(1, pisa; l,pr“/p?)> :
pr<pi<pre/2 " pr<pi<pre/2 Pl bi

Since we defined Q(p,,a) as

1
Q(prva’) = Z 72M(17p2+17 ]-7p7’a/p12)7
pr<p;i<py/2
thus
1 u 1 a
> =MQpsLp )= Y, —M(1p;1p pi) + Qpr, a).
pr<pi<pre/2 " pr<pi<pra/2 7'

To show that Q(p,, a) is given by O(p, 1), we will first show that

|M (1, pig1; 1,p%/p2)| < 2.

The above inequality will follow if we prove the following inequality for any integer NV and
prime number p,

<2
n

al w(n, pr)

This task can be achieved by first noting that that (refer to Theorem 6.5 of [11], page 128)

Zd/n /’L(d7p’r’) = 1/ ifn = 1/
>d/n p(d, pr) = 1, if all the prime factors of n are less than p,,
>a/n 1(d,pr) = 0, if any of the prime factors of n is greater than p,.

Adding all the terms >, /n p(d,py) for 1 < n < N, we then obtain

0< 3 ulnpe) s (76)

n=1 n

where |z ] refers to the integer value of x (note there are | N/n| integers less that or equal to
N that are divisible by n). Define r,, as

e
™m = ——|1—/1,
n

where 0 < r,, < 1. Adding the sum Y""_, i(n, p,)7,, to each side of Equation 76, we then have

N

N N N

N
> w(n,pe)rn < Y p(n,pr) {nJ + >, pr)rn < N+ p(n, pe)ra.
n=1 n=1 n=1 n=1

Since0<r, <land —N < 27]:[:1 w(n, py)rn, < N, therefore

—N < i\f:u(n,pT) (rn—i— VZJ) < 2N.

n=1

Thus, for every p, we have
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< 2N,

3=

N
-N < Z lu(napT)
n=1

or

> i p(npr) _
n=1 n .

For N = p,%/p? and p, = p;, we then have

|M(17p1+1, 17p7‘a/pz2)|§ 2.

Thus
1 a2 1 -1
Qpra)l=| Y. SMLpyuLp/p)| <2 Y, =00/
pr<pi<p,e/2 pr<pi<pre/2 i
Using Stieltjes integral, we can write Equation (74) as follows
a (l/2 dﬂ- p’V’y a @ dﬂ- p?“y
M(LPTSLPT ):1_/ (y )M(l,pry;l,pr/pﬂ)—/ (y ) —l—Q(p,«,a),
1 Dr a/2  DPr
where dr(p,Y) = dLi(p,Y) + dJ (p,Y). O

It should pointed out that while Equations (74) and (75) of Lemmas 19 and 20 provide the
value of the partial sum M(s,p,;1,p%) at s = 1, they can be easily modified to compute the
partial sum for any value of s to the right of the line R(s) = 1 (and on RH, to the right of the
line R(s) = 0.5).

In the following lemma, we will show that as p, approaches infinity, M(1,p,;1,p%) ap-
proaches approaches the Dickman function. In other words; we will show that p(a) is the
Dickman function.

Lemma 21.
lim M(LPT? lvpra) = p(a)

Pr—00
where, p(a) is the Dickman function.

Proof. As stated in the previous step, for a fixed value of a, M (1, p,; 1, p¢) is uniformly conver-
gent to p(a). Therefore for any fixed a and by the virtue of Equation (73), we have uniformly
as p, approaches infinity

~ vl ey — (2 Y\ = (& _
p}l_:[)nOOM(lapT 717pr )_p( y =p y 1

For fixed values of a;, as > 1, we also have uniformly

a2 Ty a2
lim dr(p >:/ —y.

Y
Pr—=20 Jaq, br 1 Y
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Therefore, for a fixed value of q, as p, approaches infinity, Equation (75) of Lemma 20 can
be written as

p(a)zl—/la/2 p<(;_1)dy—/aa @ (77)

Y /2 Y

In the following, we will show that p(a) satisfies a well known first order differential
equation and p(a) is the Dickman function. This task will be achieved by using Equation (77)
to compute the difference p(a+ Aa) — p(a) (Where, Aa is an arbitrary small number) to obtain

(a+Aa)/2 p (A2 _q a/2p(2—1 (a+Aa) ¢ a g
p(a+Aa)—p(a):—/ (y)dy_|_/ <y)dy—/ Y. oY
1 Yy 1 ) (a+Aa)/2 Y a/2 Y

Since the third integral of the above equation is equal to the fourth integral, therefore

atla _ a a _
plat da) - pla) = — [ wdy S P51,

1 Y
If we define z = y/(1 + Aa/a), then we have

((a+Aa)/2)/(14+Aa/a) a_1 a/2pl2—1
pla+ Aa) — p(a) = —/ Mdz +/ (y)dy.
1/(1+Aa/a) z 1 Y
or B e
a a_q a a_q
pla+ Aa) — p(a) = _/ Mdz +/ Mdz.
1/(1+Aa/a) z 1 A
Thus,
1 a_1
pla+ Aa) — pla) = —/ Mdz.
(1+hafa) 2

Dividing both sides of the above equation by Aa and letting Aa approach zero, we then
obtain

da a

dp(a) _ pla—1) 78)

where p(a) = 1—1log(a) for 1 < a < 2. Equation (78) is a first order delay differential equation
that has been extensively analyzed in the literature [6] [9]. The function p(a) is known as the
Dickman function. O

As a approaches infinity, p(a) can be given by the following estimate [6]

pla) = (12D (79)

aloga

For sufficiently large values of a, we have p(a) < a™.

Definition 8. The irreqular component R(1,p,;1,p,*) of the partial sum M (1,p,; 1, p,*) is given
by
R(lvp'r;lvp'ra) = M(lapr;lapra) _p(a)' (80)
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Thus, R(1,p,;1,p,%) can be computed by subtracting Equation (77) from Equation (75)
to obtain the first key theorem. This theorem provides the first equation for the value of
R(1,pr;1,p?) in terms of dJ (p,Y)/p,Y with a > 1.

Theorem 4. The partial sum M (1,p,;1,p%) = Zn i p(n, pr)/n can be expressed as
M1, pr; L, py) = pla) + R(1, pr; 1, pr%) (81)
where p(a) is Dickman function. The reqular component of M (1, p,; 1, p¢) is given by

pla) = Tim M(L,prs1,p5). (82)

and the the irregular component R(1,p,; 1, p,*) defined as M (1, p;; 1, p?) — p(a) is given by

a 4T, dr(pY
R(l,pr;l,pra):_/l ,O(Cl/y— p / R 5 Tv ) 'r ) 7;;5 ) +Q(praa) (83)

where Q(p, a) is unconditionally given by O(p, ')

It should be emphasized here that Equation (83) is valid regardless where the zeros of
((s) are located within the critical strip.

e In the third step, we will use Lemmas 14, 15 and 17 to drive the second equation for
the the value of R(1,p,;1,p?) as a function of dJ(p,)/p,¥ for 1 < a < 4. This equation
will be derived with the assumption that the non-trivial zeros of ((s) are restricted to
the strip 1 — ¢ < R(s) < ¢ (where1/2 < ¢ < 1).

For 1 < a < 2 and referring to Lemma 14, we have

adJ(pY
ML pri 1) = 1= log(a) — [ T2
1 prY
Hence, we have the following lemma
Lemma 22. For1 < a < 2, R(1,p,;1,p?) is given by
e dJ(pY
R(Lpri 1) = ~01(prsa) = —<(tipropf) = — [ 220,
T

Before we proceed with the estimate of R(1, p,; 1, p¢) for a > 2, we will have the following
three lemmas relating to size estimate of some integrals with the term d.J(p,) /p,Y.

Lemma 23. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 < ¢ < 1), then for a > 2, we have

a—1 dJ ry I .
[ aitona— B < ogrea-ore

T
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Proof To compute the size of the the integral [~ g1 (p,,a — y)dJ(p,¥)/pY. or the integral
Jymi Y([AZY dJ(pe®) /p2)dI (peY) /pY, we first note that although the function J(x) is not a non-

decreasing function, J(z) is given by 7 (x)—Li(x) where both 7(x) and Li(x) are non-decreasing

functions. Therefore, we can use theorem 21.67 of [8] for the method of integration by parts
for Lebesgue-Stieljtes integrals to obtain,
a—y dJ(p*
a=l ¢ ra=y 4.J(p,*)\ dJ(p,Y) =t % o[V I (p?) 1
A i —ap) == [ e ([T () -
y:l z=1 pr pr pr 1 y:l z=1 pr p’f’

/a_l J(pry)d (/a_y dj(prz))
y=1  Dr =1 D}

By the virtue of Lemma 7 and 10 where both |J(p,)/p-| and |[{" dJ(p,Y)/p¥| are given by
—(1—c)+e
O(pr ), we then have

S L5

ra—1 a—y TZ 1 a—1
/ J(pr?) </ L(Z )> d <y)‘ < Ingr/ !
y=1 z=1 Dr Dr y=1
a—1 a—y dJ(pTZ) 1 v
o ([ 5 2G| -0 ).
/y:l (r) =1 PF jd (p )

For the third integral [{""* J(p 5 ( oY d‘];p - )) we have

[ ([ e e S )

y=1 pg{ z=1 pi 1 p%{ p? 4

We split the integral over the period [1, a — 1] into two integrals. The first integral covers the
period [1, a/2] and The second integral covers the period (a/2,a — 1]

a1 J(pr¥) dJ(pr*7Y) _ a/2 J(pr¥) dJ (p-7Y) a1 J(pr¥) dJ (pr*Y)
/ -] ‘)

24 piY P pr Y 2 pr pr Y

a—1

and

or

(84)

For the second integral on the right side of Equation (84), we have

a1 J(pY) dJ(p-*Y) =L\ J(peY) | |dT (pr*7Y)
Y a— S ) a—
a/2 pr Pr Y a/2 pr Dr Y

By the virtue of Lemmas 7 and 11 where | J(p,*) /p;| is given by O(p;x(lfc)ﬂ) and [{|dJ (p:Y)/pY|
is given by O(log a), we then have

/“‘1 J(pr?) dJ (pr"Y)

2 Pt piY =0 ().

r

The first integral on the right side of Equation (84) can be written as follows

o2 J(p ) dI(pY) 1 2
/1 = /1 T(0,")dJ (p, ).

pY pr Y jzs
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By the method of integration by parts, we then have

a/2

/a/2 J(pry) dJ(pra_y) _ J(pry)J(pra_y)
Lo Y Py

_ /&/2 J(pr27Y) dJ (pr¥)
1

pr Y pr

Referring to of Lemmas 7 and 11, we then obtain

a—un |2/2
J(pr?)J (pr®7Y) -0 (p—2(1—c)+e)
p . '
and
/a/z J(prY) dJ (pr¥) | _ 0 (p—a(l—c)/Q—i—e)
1 pr Y P "
Consequently,
/a—l (/a—y dJ(pﬂ)) de](pry) _ O(pfa(lfc)/ZJre)
z Y T '
y=1 z=1 Dr Dr
or

a1 dJ(pry)
/1 g1 (prv a y) p%

— O(p;a(lfc)/QJre)'

Lemma 24. Fora > 2

ot dJ(pr¥)
s = 1 - rs @ :
slpea) = [ logta = 2 [ i pra— Y

T s

and If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1),
then

a—1 dJ ry Callc .
92(pr,a) = /1 log(a — y)z(jz) + O(p; (1—c)/2+ ).

T

Proof. For a > 2, by the virtue of Lemma 15, g2(p;, a) is given by

p?”7 - ) / / dj(pry)
1 - .

2 (prya 2/ " ’dy —|—2 og(a p% 2 1(pr,a—y) oY
(85)

We will first compute the first term of g2(p,, a) (i.e the integral fffl 91(prya —y)dy/y ).
Since dy/y = dlogy, thus

a—1 _ a—1 a—y
1 Yy y=1 z=1 pr

By integration by parts, we then have
a—1 o a=y 7
/ 91(pr, @ y)dy:bgy</ J(p ))
1 Y z=1 r®
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1 z=1  Dr°
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where

a—1
=y d.J(p,?
z=1 pr

= 07
1
and
a([" dJ(prz)) _ 4T
z=1 pr? B pr®Y '
Hence . . p oy
/ gl(pr,a_y)dy: _/ logy J(pr )
1 Yy 1 prtTY
and by changing the variable y by a — y, we then have
a—1 a—1
g1(pr,a—y dJ (p,?
/ Mdy = / log(a —y) ( y ) (86)
1 Yy 1 Dr

Combining Equations (85) and (86), we obtain

a—1 dery 1 a—1
gz(pr,a)z/1 log(a —y) ]()y )+2/1 g1(pr,a —y)

dj(pry)
pr

r

and by the virtue of Lemmas 11 and 23, we finally have

92(177*70«) :/1 log(a—y)}(jz) +O(pr (1—c)/2+ )

T

O]

Lemma 25. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 < ¢ < 1), then for a > 3, we have

/1a—192(pma_y) dJ(zzry) _ 1/;—2 (/Za—y—l (/a—y—z dJ(pTU’)> dJ(pﬁ)) dJ(pry)+O(p;2(1—c)+E)'

pr 2 Jy=1 =1 w=1 Y pr p?

Proof. Referring to Lemma 24, we have

a—1 dJ(p,Y
/ 92(2%7‘1_3/) <y ):
Y

=1 Dr
a—1 a—y—1 dJ(p* 1 ro—y-1 dJ(p,? dJ(p,Y
/ (/ log(a—y—z)(z)—l-/ g1(pr,a—y —2) (z )> (y )
y=1 z=1 by 2 Je=1 Py pr

Since J(py) is set to zero for z < 1, therefore the limit of the inner integral z = a —y — 1 should
be also greater or equal to 1. Hence y should not exceed a — 2. Consequently

/yal o2(pr amy) dJ](f;ry) _ /ya2 (/Zayl log(a— g — z)dJ(pr'z)> 4 (poY) N

=1 r =1 \Je=1 i pr

;/;12 (/Z;yl (/:Zlyz djp(f;w)) dJéz;ﬁ)) djz(?gry) (87)
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To compute the first integral on the right side of Equation (87), we use the method of
integration by parts to obtain

/la_2 (/:_ly_l log(a —y — 2) dJ(prz)) dj(gry) = J(pgy) (/:_ly_l log(a —y — 2) dJ(prZ))

D7 br Dr D7

The first term on the right side of the above equation is given by

J(pzjy) (/a_y_l log(a —y — Z)dJ(l:rZ)> ‘a_2 == (/“_2 logla =1 - Z>dJ(€rZ)> (#9)
2 y=1 z

Dr =1 Dy DPr =1 "

By the virtue of Lemmas 7 and 10 where both |.J(p,)/p,| and | [{" dJ(p,Y)/p?| are given by
—(1—c)+e

Dr , we then have
a—2
J(prY a-y—1 dJ (pr* _
(y)(/ log(a—y—z) (z )> :O(TQ(I c)+)
Dr z=1 Dr y=1
Furthermore,

[ a0 ([ ) 3) -

a—2J ry a—y—1 dJ Tz
—togpe [ LB ([T ogla -y - P2 ) g

pr Y2
and by the virtue of Lemmas 7 and 10 we then have

/la—2 J(pY) </Z:y—1 log(a -y — Z)dJ;];TZ)> d (;}’)‘ —0 <p;2(1—c)+e> (89)

For the integral [¢~2 (&%) ( =y ogla —y — z)d‘];p - )) we first need to compute the
differential d ( femyt log( - z)%) with respect to y
a—y—1 dJ TZ
Ay (/ log(a—y—z)(p)> =
z=1 o
a—y—Ay—1 d 7 a—y—1 d 7
/ log(a—y—Ay—Z)J(p)—/ log(a —y — z) /o)
z=1 D7 z=1 D7
or
a-y-1 dJ(p,* a=y—1 dJ(p,*
Ay(/ log(a —y — z) (}: )>:/ log(a —y — 2) (}: )+
z=1 Dr z=a—y—Ay—1 Dr
a—y—1 dJ pTZ
/71 (log(a —y — Ay — z) —log(a —y — 2)) ;Z )
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Y=

/la_z T(pe?) (/Za—ly—l log(a — y — Zf“;i;rz)) d (;%) _/la_2 J(ﬁgy)d </Za—1y—1 log(a — 1 — Z)dJZ()?Z)
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Thus,

d [ pa-v-1 4 (p,? dI(p, ey =l 1 dJ(p,
3 (/ log(a — y — )@ )> —1og(1) @) f/ (Pr*) g0
dy \J.=1 Dz pr Y =1 a—z—y Pz

and

=2 J(p,Y a—y=1 dJ(p? =2 J(p,¥ a-y-1 1 dJ(p*
/1 (pg )d(/z=1 log(a —y - =) ](Oz )):/1 (pvg )(/z:1 a—z—y 2(92 )>dy

Since a — z —y > 1, then for a fixed value of a > 3, we have by the virtue of Lemmas 7 and 10

/10,—2 J(p;y)d (/:_y_llog(a . Z)ciJé}:ﬁ))’ O( —2(1- c)+6> (91)

Dr

=1 7

Combining equations (87), (88), (89) and (91), we then have for a > 3

a—1 dJ(pY 1 o2 a—y-1 a=y=2 dJ(p,")\ dJ(p-?)\ dJ(pY (1) te
/ sa(pesa—y) ) = 7/ (/ (/ (w )> (z )) B7)  op2a-0+
1 Dr 2 y=1 z=1 w=1 DPr pr Dbr

O

In the following two lemmas, we will use Lemmas 15, 24 and 25 to provide an estimate
for R(1,p,;1,p%) for2 <a <3and 3 <a < 4.

Lemma 26. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then for 2 < a < 3, we have

R(l i1, pr _ / p a—vy )_‘_O(p;a(lfc)/QJre).

Proof. Referring to Lemma 15, we have for 2 < a < 3

1 fo1log(a —
M(1,pr;1,p,%) =1 —log(a) + 5/ logla — y)
1

; dy — g1(pr, @) + g2(pr, a) + O(p; 1),

where O(log(a)/p,) (the contribution by non square-free terms as determined by Lemma 18)
is replaced by O(p, '), g1(p;, a) and ga(p,, a) are given by (refer to Lemmas 22 and 24 )

gl(prva) = /1a M

prY

dJ(p,Y)

g O,

elpesa) = [ log(a )

Since for 2 < a < 3, p(z) = 1 —logz + & [ bg 18(*=2) 7 then referring to Equation (80),
R(1,py; 1, p?) is given by

R(l,pr; 17pra) = _gl(pma) + 92(297"7 ) + O( H_e)
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or

a—1 dJ ry a dJ , dJ y o
R(1,pp;1,p%) = —/1 ](f;,)—/ p +/ log(a —y ( )+O(pr a(1=0)/2+e),

Since for 2 < a < 3, we have
pla —y) =1-log(a —y),
therefore for2 < a < 3

@ ot dJ pry ¢ dJ —a —c €

Since p(a —x) = 1fora — 1 < z < q, thus

R(l pr,l,pr — / p a_ )_'_O(p;a(lfc)/z"re)

Lemma 27. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 < ¢ < 1), then for 3 < a < 4, we have

dJ)

R(1,pr;1,pyp) = /pa Y)

1 a—2 a—y—1 a—y—z d.J rw dJ Tz dJ ry —a(l—c €
T () )
y=1 z=1 w=1 br pr pr

Proof. We first recall that for 3 < a < 4 (refer to [7], Equation (3.15)), we have

o) =1~ log(y) + 3 [ =,

z

and . 1
a—y— _ _
p(a—y)zl—log(a—y)+§/ Og(azyz)dz
1

Referring to Equation (63) and (65), we then have for 3 < a < 4

M(,pr; 1,02 = p(a) — g1(pr, @) + ga(pr, a) — g3(pr, a) + O(p, 1),

where O(p;17¢) is the contribution by non square-free terms as determined by Lemma 18,
91(pr, a) and g2(py, a) are given by (refer to Lemmas 22 and 24 )

gl(pr,a)=/laW

orY
a—1 dJ pry ol .
g2(pr,a) = /1 log(a — y) ;y ) + O(p; (1—c)/2+ ).
and referring to Equation (64), g3(pr, a) is given by
2(pr, a — dJ(pY) 1/11—1 - dJ(psY)
3(pr, @ 3 / d + = 3 / p’fa -v) pg{ + 3, ]’LQ(CL Y) plr/ 7
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where for a > 2 (refer to Equation (71))

1 o 1log(a —y)
ho(a) = 7/ —27d
2(a) 5 ), " y

a—1 %’“y)dy, we refer to Lemma 24 to obtain

For the integral [}

a—1 a—1 a_y_l . . dJ(pTz)
/ gg(pr,a—y)dy :/ i log(a —y — 2) p dy + O(p-2-0/2+¢)
1 Yy y=1 Yy
For the integral fffl ha(a —y) d‘];p =) we refer to Lemma 25 to obtain

/lalgz(pr,a—y) djgzry) _ ;/ya: (/:yl (/ayz dJ(p#”)) dJ(prZ)) dj(g’/‘y)_'_O(p;2(l—C)+E)'

T =1 w=1 prt p? Pr

Thus,

J(pry) 1 /“‘2 (/“‘y‘l dJ(prZ)> dy
a - log(a —y — ) “ ) &
p 3 / pvy“ + 3 y=1 z=1 ( Og(a Y Z)) Dr” Yy *

1 re—2 a—y—1 a—y=z d.J - dJ o dJ . —a(l—c €
(T ) 8
y=1 z=1 w=1 Dr br Dr

where J(pZ) = 0 for z < 1 and ha(x) = 0 for z < 2. Rearranging the second integral on the
right side of the above equation, we then have

1 po=2/ ro—y-1 dJ(p?)\ d 1 pe=2/ re=2=llog(a — z — dJ(p,*
7/ (/ (log(a — y — 2)) (Z)>y: (/ g( y)dy) (Z)
3 y:l z=1 p'r’ y 3 z=1 y:1 y p?"

% /yH (/:_y_l(log(a oy z))dj(prz)) dy _2 (72, 0 dIe)

=1 =1 Pr® Yy 3 /=1 D5
Thus
a—2 dJ ry 1 a—2 a—y—1 a—y—z d.J rw dJ rZ dJ Ty
= [ v [ ([ ([ ) ) 0,
1 Pr 6 y=1 z=1 w=1 Pr pr Dr
O(pr—a(l—c)/Q—i—e).
Consequently,

M(1,p;1,py) = p(a)+/1a_l (=1 +1log(a —y) — ha(a —y)) dj(gry) /aal djzgf;y)

1 ro—2 a—y—1 a—y=z d.J . dJ - dJ 4 —a(l—c €
(L) ) e
y=1 z=1 w=1 br Py br

Since for 3 < a < 4, we have

+

pla—y)=1-1log(a—y) — h2(a—y),
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therefore for 3 < a < 4

R(L,pri1,p7) = = /a_lp(a y)d*](pry)_/a“ dJ(p:")

prY -1 DY

a—y—1 a=y=2 dJ(p* dJ (p*? dJ(pY —a(l—c €
6/ (/ (/ (pw )) (zz )) B! | o (preti-orz+e
w=1 Dr br br

Since p(a —x) = 1fora — 1 < z < q, thus

dJ(p,
R(1,py;1,p%) = /pa y) ;py )
a—2 a—y—1 a—y—z d.J - dJ Tz dJ T’y —a(l—c €
L ([ ) ) )
=1 Dr pr br

O]

Combining Lemmas 22, 26 and 27, we then have the second key theorem. This theorem
provides the second equation for the value of R(1, p,; 1,p¢) in terms of dJ(p,¥)/p,¥Y with 1 <
a < 4.

Theorem 5. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then for 1 < a < 3, we have

R(1,pr;1,p) = / pla— ) + O(p, (1792t (92)
and for 3 < a < 4, we have

)

R(1,p;1,p7) = /pa Y) +

/ (/a y—1 (/a—y—z dJ(prw)) dJ(prZ)) dJ(];/ry) —i—O(p;a(l_C)/Q‘*‘E) 93)

w=1 ot j br

Comparing Equation (93) of theorem 5 with Equation (83) of theorem 4, we notice that
R(1,p,; 1, p%) is represented in terms of [ p(a—y)dJ (p,¥)/p,¥ in Equation (93) while it is rep-
resented in terms of [} p(a/y—1)dJ (p,Y)/p,Y in Equation (83). This difference in R(1, p,; 1, p?)
representation will be exploited in our analysis of the zeta function non-trivial zeros. In sec-
tion 6, we will present a third method for computing R(1, p,; 1, p¢) that is based on complex
analysis. With this method, we will drive a replica for Equation (93) with a tighter bound on
the estimation of the triple integral on the right side of Equation (93). In section 7, the equa-
tion derived through complex analysis ( in section 6) will be compared with Equation (83) to
show that non-trivial zeros can be found arbitrary close to the line R(s) = 1. Before we do
so, we need to expand our method to compute M (s, p,; 1, N) where s is a complex number in
the region where the series M (s, p,; 1, N) is convergent. We will achieve this task in the next
step of this section.

¢ In the fourth step, we will extend the concept of regular and irregular components of
M(1,pr; 1, 2) to right side of the line R(z) = 0.5 in the complex plain where the series
M (s, py) is convergent.
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Toward this task, we first note that the partial sum M (s, p,; 1, z) is given by the sum
Zn 1 i(n, pr)/n® and therefore it can be written as follows

M@mﬁszﬂﬂ&mﬂdﬂ):l+/ L aM(1,pp3 1, 2),
T=DpPr X

or
a

Y
M(s,prs 1,p) = M(s,ppi 1, [pl]) = 1+ 1§ﬁM@m¢ﬁ)
Jy= s

Since M(1,p,;1,p¥) = p(y) + R(1,p;; 1, p}), thus

a a Y
M(s,pr;1,pp) =1 +/ pr —sdp(y) + / e dR(1,p,i1.p,Y). (94)
1 pr y=1 Pr

Therefore, for any s, the partial sum M (s, p,; 1, p%) has two components. The first one is the
deterministic or regular component given by 1+ fy 15 ys dp( ). The second one is the irregular

component given by fy:1 ;’yﬁg dR(1,py; 1,ppY). Therefore, if we define « as

a=(s—1)logp,

and the regular component of M (s, p,; 1, pf) as F'(a, a), then

aa-l—f—/

Flasa) =1+ [ eyl (@),
1

=1 —i—/ (=s)2 o/ (1) d,

or,

Definition 9. For the region of convergence of the series M(s,p,), the regular component of the
partial sum M (s, pr; 1, p$) is defined as

F(a,a) =1 +/ e o/ (z)dz, (95)
1
while the irreqular component of the partial sum M (s, py; 1, p?) is defined as

R(s,pr; 1,p7) = M(s,pr; 1,py) — F(a,a). (96)

Notice that for s = 1, we have a« = 0 and F'(0,a) = p(a). We also notice that the regular
component exists for any value of s with R(s) > 0. This is expected since the regular com-
ponents of both the prime counting function and M (s, p,; 1,p%) are not determined by the
location of the non-trivial zeros within the critical strip.

We now define F'(«) as

F(a) = lim F(a,a)=1 +/ e p/( (97)

a—o0

Thus, for R(s) > 1, « is a complex variable in the complex plane to the right of the line
R(s) = 1. Hence, the integral [° e~%/(x)dx is the Laplace transform of the function p'(x)
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and it is given by F'(a) — 1 (where F'(«) is the regular component of the series M (s, p,), i.e.
M (s, pr;1,00)). Since the Laplace transform of p(z) multiplied by s is given by e~ E1(s) [10]
(refer to page 569) [9] and the Laplace transform of p' (z) is given by s£(p(z)) — p(0), therefore

F(a) = e 1),

Definition 10. For the region of convergence of the series M (s, p,), the regular component of the
series M (s, p,) is defined as
Fla)= e Br(a),

where oo = (s — 1) log p,. The irregular component of the series M (s, p,) is defined as

R(s,pr) = M(s,p,) — F(a)

In Theorem 3, we have shown that
M(s,py) = e~ =or 400, ©99)

where e(s;p,) = [[°dJ(r)/2® and J(z) = 7(x) — Li(z). Using the definitions presented in
this step, we can rephrase Theorem 3 as follows

Theorem 6. For the region of convergence of the series M (s, p,), M (s, py) can be expressed as
M(s,pr) = Jim M(s,pr;1,p:%) = F(a) + R(s,pr) (99)
where o = (s — 1) log p, and F'(«) is the reqular component of M (s, p,) given by
F(a) = e 1), (100)
Furthermore, R(s, p,) is the irreqular component of M (s, p,) and it is given by

R(s.p;) = lim R(s,pr;1,p,") = e F1(@) (emelp)wolsim) 1), (101)

It should be emphasized here that the regular component F'(«) is the value of M (s, p,) due
to Li(z) component of the prime counting function =(x). The irregular component R(s, p;)
is given by lim,_,o0 R(s,pr; 1, pr®) = limg—so0 M (s, pp; 1, pr®) — limg—so0 F'(a, pr®). It should be
also pointed out that for s = 1, the irregular component R(1, p,) = F(0)(e~s()T0pr) 1) is
zero for every p, (note that R(1, p,; 1, p,*) may deviate from zero but it ultimately approaches
zero as a approaches o). For s # 1, the irregular component R(s, p,) = F(a)(ec(siPr)+o(sipr)
1) may have values different from zero although it approaches zero as p, approaches infinity

In the following section, we will use Theorem 6 and the complex analysis to obtain an
alternative representation for R(1, p,;1,pf). This representation will then be compared with
Equation (83) of Theorem 4 to show that non-trivial zeros of the Riemann zeta function can
be found arbitrary close to the line #(s) = 1

57



6 Computing the irregular component of M (1, p,; 1, p%) using com-
plex analysis.

In the second step of the previous section, we have used integration methods to compute
the irregular component of M (1, p,;1,p?) for values of a > 1. Referring to Equation (83) of
Theorem 4, we have

dm (p%)

,r.

R(L,pri1,p") = / p(a/y— / R(1,p¥;1,p77Y) + Q(pr,a)

It should be noted here that R(1, p,; 1, pry) is zero for y < 1, hence for our analysis to compute
R(1,pr;1,pY), J(pY) is set to O for y < 1. In the third step of the previous section, Theorem 5
provides a second representation of R(1,p,; 1, p,%) in terms of [} p(a — y)dJ (p,Y)/p,¥ instead
of the term [ p(a/y — 1)dJ(p,¥)/p,Y. In this section, we will use Equation (101) of Theo-
rem 6 and the complex analysis to find another representation of R(1,p,;1,p,Y) in terms of
J{ pla — y)dJ(py¥)/pY. The complex analysis will allow us to find a tight bound for the O
term associated with the term [} p(a — y)dJ(p,¥)/p.Y. Toward this end, we recall Equation
(101) of Theorem 6 for the value of R(s, p,) (or the irregular component of the series M (s, p,))

R(S,pr; 1, oo) = e*El(Ol)(e*S(S;pT)JrzS(s;pT) _ 1)’
To compute R(s,pr;1,p%), we recall Equation (94) that establishes the connection between

R(s,pr;1,p}) and R(1,pr; 1,p7)

a

Y
R(Sapr; 1apra) = / %dR(l,pr; 17pry)'

y=1 Pr

Recall that o = (s — 1) log p;, hence

“ dR(1,pr; 1, pr?

R(s,pr; 1,p:%) :/ e Lp P )dy,

y=1 dy

o dR(1 1,p.Y
Ris,p0) = Jim Rls,peip) = [ v LDt g, 102)
a—00 y=1 dy

Thus, R(s,p,) is the Laplace transform of the derivative of the partial sum R(1,p,;1,p,%).
Consequently, our complex analysis representation of the partial sum R(1,p,;1,p,*) is given
by the following theorem

Theorem 7. If ((s) is void of non-trivial zeros in the vicinity of the line R(s) = 1, then the partial
sum R(1,py; 1, p%) can be written as

R(1,p;1,p,%) / LY R(e, pr))(y)dy,

or
R(17pr7 17p7’a) — / ﬁfl (e*El(Oé) (efE(Oé;pT)‘i’(S(Oé;p'r) _ 1)) (y)dy7
1

where a = (s — 1) log py.

Proof. Referring to Equation (102), R(s, p,) or R(«, p,) is given by

o0 dR(1, pr; 1,prY
Rlap) = [~ erotBlbri o),
y=1 Y
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Hence, if M (s, p,) is analytic at s = 1, then

dR(l,pr; 1’pry)

P = £ (R0 ),

Hence (recall that R(1,p,; 1,p,%) = 0 for a < 1)

R(LpriLp®) = [ L7 (Blap)w)dy.

or
R(l,pr; 1apra)

—

/a -1 (e_El(a)(e—a(s;pr)+5(5§pr) _ 1)) (y)dy,
or a

R(Lprilip,®) = [ 71 (B (elemsdlem) — 1)) (y)dy,
1

where a = (s — 1) log p;..

O]

For the remaining of this section, our efforts will be centered around computing the inte-
gral [ L7 (emFr(e)(eslespr)+o(ipr) — 1)) (y)dy (this task may be simplified by removing the
term d(«; p,). This term corresponds to an absolutely convergent series for R(s) > 0.5 and
therefore it has no impact on the region of convergence of the series M (s, p,)). We will start
this task by the following definition and lemma for computing the terms e(«a; p,) and §(«; py ).

Definition 11. We define the function f.(y) for y > 1 as follows

) =

where J(p¥) is set to 0 for y < 1 and f.(y) =0 fory < 1.

Lemma 28. If ((s) is void of non-trivial zeros in the vicinity of the line R(s) = 1, then

(p¥)/p}

£ el ) ) = I — ),

We also have uncoditionally

L7 (o p)) () = — Z: (5(211;22) N 5(3};33) 5(sz44)m>

where, J(pY) is set to 0 for y < 1.

Proof. Referring to Definition 5

or

> pi dJ(p})
€(s,p7«):/ W U
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Since a = (s — 1) log p,, thus

1 dJ(p})
e(s,pr) = e(o, pr =/ e W Y,
(s,pr) = e, pr) - o dy

since we have assumed that ((s) is void of non-trivial zeros in the vicinity of the line R(s) = 1,
therefore LT (o o
claspe) = £ () (o) (106)
dy
and

£ elasp)) = TLEE )

Referring to Definition 5

1 1
S pr Z ( B 3pi38 B .45"'> )

i—r 4p;

or
5(S.p):§: 1l pr 1 p? 1 pit
e 2 3pdpids Apitpte
However,
pin enlogpi

;" enslogp;’

Since a = (s — 1) log p,, thus

bi na
pi"
Thus ) , A
o0 e 2 e 3o e 4o
6(a;pr) = — + + e |-
(i) ; (2]%2 3pi®  dpit

Since £71(e)(y) = 6(y + a), hence

£ e ) = -3 (M2 R L S

i=r

Lemma 29. If ((s) is void of non-trivial zeros in the vicinity of the line R(s) = 1, then

R(L,pr;1p,") = —/1 (£ te i) s E_le(a;pr)) (y)dy-+

/ <£16E1(a) s« L1 ( (c; pr )) ) dy+
1

k=2

/ <(£_16_E1(0‘) w« L1 < —5m (c; pr )) ) dy+
1 m= 1

a o _ 1\k
/1 (ﬁleEl(a) « L7 (Z( kll) €k(a,pr)> * L7 (Z —0" (o pﬂ)) (y)dy  (107)

k=1 m=1
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Proof. Since
R(]-apry ]-7p7‘a) — /a ﬁfl (e*EH(a)efe(a§pr)+5(a§l’r) _ G*El(a)> (y)dy7
1

and recalling that multiplication in the transform domain corresponds to convolution in the
function domain, therefore

R(1,pr;1,p.%) = /‘1 (E_le_El(a) s« L emelopr) y p1e0(apr) _ E_le_El(a)) (y) dy.
1

where

e*(a;py),

: 2 (—1)F
e—s(a,pr) =14+ Z ( ')
Pt k!

and -
edlapr) — 1 4 Z i(;m(a. )
— m! 7p7‘ .

Since L(d(y)) = 1 and §(y) * f(y) = f(y), therefore
R(LpiLp®) == [ (£ P sc(aipy) ()dy+
L R R G DL
/ L %e * L Z c (a;pr) | | () dy+
1 k=2
/1a (E_le_El(o‘) s« L1 (i 771‘5”1(04;]%))) (y) dy+

m=1""

I (c—le—w = (i CU* s )) = (i L gm(asp ))) (v) dy
) k! o m! o

m=1 ’

O]

In the following lemmas we will compute the four integrals on the right side of Equation
(107). In the next section, we will show that for our present work, we only need to compute
Equation (107) for a < 4. This will simplify our effort to compute the second integral of
Equation (107). For a < 4, we only need to compute the second integral for £ = 2 and 3.
For k > 4, the second integral is zero (this follows from the fact that for £ > 4, we have the
convolution(fe  fe * fe* f)(y) where f.(y) = 0fory < 1and (fc fe* fex fo)(y) = 0 fory < 4).
The next lemma deals with the computation of the first integral on the right side of Equation
(107)

Lemma 30.

[ (e s teaip)) iy = [ o) (108

=1 =1 r

Proof. Since L™ e F1(®) = p/(y) + 5(y) and L 'e(; p,) = f- , therefore

(£7te @ s L7 (s p)) () = (0 +0) * 1) (v)
Since f.(y) and p/(y) are zero for y < 1, hence
y—1

(0 +0) 1)@= [ py=a)fla)dz+ L)

=1
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Consequently,

/il (0" +0)* f2) (y dy_/ (/: 11 y — 2)f. (z)dz )dy+/yil £-(y) (y)dy,

note that p'(y — ) is zero for y — x < 1. Since the limit of integration for the second integral
on the right side of the above equation are fixed number, thus it can be written as

[ o wa=[" ([ de- o) [* twwe.

=1 =1

The next step is to change the order of integration for the double integral. For the double
integral, the limit of the inner integral is given by 1 < o < y — 1 and the limit for the outer
integral is given by 2 < y < a. To change the order of integration of this double integral,
we need to cover the same region of integration. This can be achieved by setting limit of the
inner integral as x + 1 <y < a and setting to outer integral as 1 < = < a — 1. Therefore,

/yaQ </:_11 Py — .T)fa(x)dx> dy = /:—11 () (/yaxH oy — a:)dy) dz,

/yal (' +0) * f2) (y)dy = /;v (1 " /y;r-H ) dy) ot /ﬂcaa—l o

Since f:(y) = W, therefore

[ roenwan= [T gy aw) s [ 20

=1 =1 D =a—1 ¥

or

(110)

Since p(z) = 1+ [ p'(x)dz, thus p(a —z) = 1+ [, p'(y — x)dy. Moreover, since p(a — z) = 1
fora—1 <z < a, thus

/ il (¢ +0) = f2) (y)dy = /y il (L7 s« L7 (i) ) (9) dy = / ‘; ola— ) dJ(iI;f)‘
O]

To analyze the last three integrals on the right side of Equation (107), we first need to
compute the convolution integral [ (f: * fz) (z)dz

/_O:O (fe* fo) (x)dx = /:02 (fe* f2) (2)dz = (/loo d‘](ff)y. (111)

Dy

Lemma 31.

Proof. By the virtue of Lemma 28 and recalling that convolution in the function domain cor-
responds to multiplication in the transform domain, hence

LU fo(a))@) = Hasp) = ([~ et i{’”)Q,

=1 s
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where J(p¥) is set to 0 for < 1. By recalling that if F'(s) is the Laplace transform of f(¢) then
F(s)/s is the Laplace transform of [; f(z)dz, hence

([ o) = ([ et

Using the final value theorem (which states that lim;_,. f(t) = lims_,0 sF(s)), we then have
00 o dJ(p*)\ 2
|- s pwar = ([T Y
=2 =1 Py

To analyze the second integral on the right side of Equation (107) for a < 4, we need to
compute the integral [V, (f. * f.) (z)dz. We will start this task by the following definition.

Definition 12.

O

ha() = [ (fa s f22) @),
and in general,
hn(y) = /:2 (fer * fea... fen) (2)da,
where, fo = fo1 = fe2 = .. = fen.

Let g(z) be defined as follows
g(z) = fe(x) for 1<z<a

g(x) =0 otherwise

then

o0

Lg@)e) = [ e g = [

=1

a 1 dJ(p¥
e~ _— (pr)

L e = | e @

Therefore, be the virtue of Lemma 31, for y > 2a we have

/y>2a (g*9) (z)dr = /oo (g*g) (z)dr = </1a d‘]gf)f,

=2 =2
We also note that . "
| ety @da= [ (g+9) @yda,
=2 r=2
and . . .
| sty @in= [~ (gx9)@da— [ (g9 @)da,

Lemma 32. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2<c¢< 1), then

hg(a) — Aaz (fa " fa) (:z:)dg: -0 (prf(lfc) min(2,a/2)+e> (112)
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Proof. First, we dissect the function f.(z) into two functions ¢; (z) and g2(z) where

91(x) = fe(x)  for 1<z <a/2

g1(x) =0 otherwise
g2(x) = fe(x) for a/2<zx<a
g2(x) =0 otherwise

Therefore,

| e @de = [ gua@des [ (gug)@des [ (gro(@det [ (grige) (@)ds

=2 =2

Since (g1 * g1)(z) = 0 for x > a, therefore

a 0o o/ o 2
/m (91*91)($)dx:/ (g1 % g1)(x)dx = (/1 2dJ(Pr)> .

=2 z=2 Py

and by the virtue of Lemma 9 we then have

| o s g)(@)de =0 (572070 log?p,). (113)
r=2

Also, since (g2 * g2)(z) = 0 for z < a, therefore

| (@xg2)w)ds =0, (114)

Furthermore, [ ,(g1 * g2)(z)dx = [;*_5(g2 * g1)(x)dx, where

T

/;2(91 % g2)(z)dw = /;am (/71/12 91(7)ga(z — T)m) dz,

note that for the inter integral g; (7) = 0 outside the interval [1, a/2] and for the outer integral
(91 * g2)(y) = 0 outside the interval [a/2, a]. Changing the order of integration, we then have

/;2(91 * g2)(z)dx = /71/12 91(7) (/;:a/? 92(x — T)dv’C) dr.

Since g2(z) = 0 for z < a/2, therefore by the virtue of Lemma 9 we then have

/a g2(x — 7)dx

r=a/2
a/2
< [ lauo)

-0 <pT—a(1—c)/2 logpf/Q) /a

-0 (pr(c—l)a/Q logp;%/Q) '

Furthermore

dr,

[ (o x gy

=2

/: g2(x — 7)dx

=a/2

thus
/2
ln(mdr.

T=

| gy

=2

64



By the virtue of Lemma 11, we then have

| (o1 g)@)dz| = 0 (p 0= log /%) O(log ) (115)

Combining Equations (113), (115) and (114), we then have

/ (fe* fe) (x)dz = O (pr_(l_c) mm(27a/2)+€)

=2

O]

Lemma 33. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2<c¢< 1), then

/ (L7t B L (o pr) # L7 pn)) () dy = O (pp (7 mCGel2r) - (116)
y:

Proof. Since L~ (e~ P ) (y) = p/(y) + 6(y) and L™ e(a; p,)(y) = f-(y) , therefore

/ya (ﬁ—le—&(“) « L7 e(aspr) * E‘ls(a;pr)) (y) dy = /ya (6" +0) x f= % f2) (y)dy

=1 =1

We will first compute the integral [, (o + 0) * f= * f:) (y)dy by using the final limit theorem
and recalling that if F'(s) is the Laplace transform of f(¢) then F(s)/s is the Laplace transform
of [J f(x)dx. Thus

a—0

[+ 0 £ ) )y =l (P @i p)e(ainn)

or

/: (0 +6) * fox f2) (y)dy = (/1‘” dJ(pif)>2

pr
Note that the integral lower limit of y was set to 2 since f.(z) = 0 for « < 1. If the non-trivial
zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢, then by the virtue of Lemma 9 we
then have

/ 002 (' +0) % f- % f2) (9)dy = O (p, >~ og? p, ). (117)

To compute the size of the integral f;ZQ ((p/ 4+ 0) = fe = f2) (y)dy , we will first analyze the size
of [[Z, (¢ + )  fe * fc) (y)dy. The size of [[_, ((p' + ) * f- * f.) (y)dy will then be given by

[ @+t wdy= [ 0+ foxf) )= [ (0 +0)foxf) @)
=2

=2 y=a

Toward this end, we first write
(048 fox £) Wiy = [0y =) (fo f) @) + (S % L))y
Thus

/ya (0" +0) x fex f2) (y)dy = /ya (/xy Py —a)(fex fo)(@)dw + (fo fs)(y)) dy,

=2 =2
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or

[ o ey wan=[" ([ s - @) dy+ [ (e g0,

=2

Changing the the order of integration and noting that p'(z) = 0 for z < 1, we then have

a

[0 fer ) iy = [ (er ) ( |- ody)dot [ (o Sl

or
a

/iz<(f7’+5)*f£*f8)(y)dy:/

xiz(fe * fo) () <1 + /y p(y— x)ciy) da.

=z+1

Hence a

[ @+ s ) @ay= [ pta—a)sx f) @)

r=

Similarly, we can also show that

[T+ ) Wiy = [ pla= ) f) @)
y=2 r=2
Thus - -

| 0 ser ) iy = [ pta—a)(fes £ )i

Using integration by parts, we can write the above integral as

L7y for 1) Wy = p(Oha(a) — [ ho(e)dpla ).

=a

Since the function p(z) is a positive monotone decreasing function where p(z) < 1 and since
hao(z) = O (pr_(l_c) min(Q’a/2)+e> for z > a, hence 2

/‘OO ((pl v 5) % fe « fa) (y)dy‘ -0 (pT—(l—c) min(?,a/2)+e> (118)

y=a

Finally, we have

/a ((Pl + 5) * feo * fs) (y)dy = /Oo ((pl + 5) * fox fs) (y)dy - /OO ((pl + 6) * fo * fs) (y)d%
=2 y=2 y=a

and referring to Equations (117) and (118), we then have

/y (0 ) fex ) (y)dy’ = 0 (p, (- min(a/2)+)

=2

or

/ ) (ﬁ_le_El(a) % E_ls(a;p,«) % E_le(oa;pr)) (y) dy = O (pr—(l—c) min(?,a/?)—i—e)
y:

O]
Note that fyoia ((p) +6) = fox fo) (y)dy = [°, pla—z)(f-* f)(x)dz. Since p(z) = 0 for z < 0, thus p(a —x) = 0

for z > a and the integral f;ia ((p" +96) = fo * fo) (y)dy is equal to zero. However, using this result instead of that
given by Equation (118) will not affect our final estimate of R(1, p,; 1, p,%).
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In the following lemma, we will analyze the second integral of Equation (107) for k = 3

Lemma 34. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 <c<1),thenfora <4

/ (£te P s £ s py) L7 e (a5 py) + £ e (s py) ) (y) dy = O (pe*(79/34¢) (119)
Yy

=1

Proof. Since L~ (e~ 1) (y) = p/(y) + 6(y) and L™ e(a;p,)(y) = f-(y) , therefore

/a (E_le_El(a) * £_15(O‘§pr) *ﬁ_lg(a;pT) * 5_15(0451% :/ (0" +0) * fox fox f2) (v)
y=1
and
/a ((p,‘i'(s)*fs*fe*fs)(y)dy:/a (p/*fs*fs fs dy“‘/ fs*fz—: fs)()
=1 y:l y:l

We will first compute the integral f;zl (fe * fe % fo) (y)dy. As it was the case with Lemma
32, we dissect the function f.(x) into three functions g;(x), g2(x) and g3(x) where

gi(x) = fe(z) for 1<z <a/3

gi(x) =0 otherwise
g2(x) = fe(x) for a/3 <z <2a/3
g2(z) =0 otherwise
and
g3(x) = fo(x) for 2a/3<z<a
g3(z) =0 otherwise
Hence,
a 3 3 3 a
[ Gerferf) @z =335 [ (g5 90) (@)da (120)
e=l =1 j=1k=1"=1

We will first compute [, (g1 * g1 * g1)(x)dx. Since (g1 * g1)(x) = 0 for z > 2a/3, therefore

a - y o
/mzl(gl*gl)(x)dw:/mzl(gl *gl)($)dx: (/1 3djp(§r)> '

and by the virtue of Lemma 9, we then have

/_1(91 * g1)(z)dz = O (Prw*l) log? Pr) .

Furthermore, since (g1 * g1)(z) = 0 for > 2a/3 and ¢, (z) = 0 for z > a/3, hence

| o+l g)@de = [~ (91914 g1)(a)ds
=1 1

r=
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As it was the case with Lemma 31, by the virtue of Lemma 28 and recalling that convolution
in the function domain corresponds to multiplication in the transform domain,

a/ 21\ 3
L(g1 g1 % g1)(x) = </x 36_“:':6“(%))

-1 p¥

By recalling that if F'(s) is the Laplace transform of f(¢) then F'(s)/s is the Laplace transform
of [J f(x)dz, we then have

([ o+ o e @i ) (@) = ( /" dij“)

Using the final value theorem (which states that lim;_, f(¢) = lims_,0 sF'(s)), we then have

[e.e]

/: (g1 % (g1 % 1)) (x)dx = /

=1 r=1

a3 dJ(pr)\°
=1 Dy .

(g1 % (g1 % 90)) (@) d = ( /

and by the virtue of Lemma 9, we then have

/ (g g g)(@)dr = 0 (p* D log? (121)
It should be noted that the integral [' ,(g1 * g1 * g1)(x)dx is equal to zero for a < 3. This
follows from the fact that g1 (y) = 0 for y < 1.

To compute the remaining terms of Equation (120), we first need to compute the convolu-
tion (g; * g;)(y) for y < a, wherei =1,2 or 3 and j = 1,2 or 3. Let g;;(y) be defined for y < a
as

0() = (9 9)w) = [ ai(T)ayly = m)ir

where i = 1,2 or3and j = 1,2 or 3. Our task is to compute the integral [ ;(g11 * gi)(z)dz
for k = 2 and 3 (note that that we have computed earlier this integral for k£ = 1), the integral
Jo1(g12 * gi)(x)dx for k = 1,2 and 3, the integral [ | (g13 * gi)(z)dz for k = 1,2 and 3 and

the integral [* | (922 * gi)(z)dz for k = 2. Note that go3(y) and g33(y) are both equal to zero.

We will first compute g11(y),

a/3
@) = @) = [ oy —r)dr

T=

note that since g;(z) = 0 for x < 1 and z > a/3, hence the product g;(7)gi1(y — 7) = 0 for
y<2andy > 2a/3. For2 <y <a/3+1,g11(y) is given by 3

3The convolution g11(y) can be depicted as the integral within the overlap of two windows. This overlap falls
within the interval [1, a/3]. The first window is fixed with a starting point at 7 = 1 and ending point at 7 = a/3. The
second window is a sliding window with a leading edge at y — land a lagging edge at y — a/3. Initially, for values
of y less than 2, there is no overlap between the two windows. For values of y between 2 and 1 + a/3, we will have
an overlap between the starting point of the fixed window (i.e 7 = 1) and the leading edge of the sliding window
(i.ey—1). Aty =1+ a/3, the overlap covers the entire fixed window. For values of y between 1+ a/3 and 2a/3, we
will have an overlap between the lagging edge of the sliding window (i.e y — a/3) and the ending point of the fixed

window (i.e 7 = a/3).
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g11(y) = /Ty1 g1(7)g1(y — 7)dr

and by the virtue of Equation (30), we then have

y—1 [ X T _m. S Y=T _ .
911(y)=/T (ZM_i> (Z (5(pr — pz) i 1 )dT

=
=1 \i=  Pr

Fora/3+1 <y <2a/3, g11(y) is given by

a/3 6" —pi) 1\ (&= 8(pYTT — i) 1
= o= - dr
911(y) /sza/:a (; T i ; T y 1

Hence, for2 <y <a/3+1, g11(y), we have

< /Ty: (Z L:pi) . 1) (Z 5(pry;;— pi) | ; ! T) dr (122)

i=1 Pr T

and for a/3 +1 <y < 2a/3, g11(y), we have

i< [ (ST ) (S e

=y—a/3 \;1 Pr T i=1 pbr Yy —

For the above two integrals (Equations (122) and (123)), 1 < 7 < a/3and 1 <y —7 < a/3,
hence 1/7 and 1/(y — 7) are both less than or equal to one. Thus

a/3o°5 )
/ gy \</ / dey+2/ / O™ = Pi) gy
y=1 = T= r
a a/3

Ape™ =pi)\ [~= 0T —pi
L Pr i=1 Dr
1<y ‘r<a/3

by changing the order of integration for the third double integral on the right side of the
above equation, we then have

/a / < ; Pi)) (i 5(%;;: Pi)) drdy <

=1

1<y T<a/d

a/3

006 rT_i i 006 ry_T_i
[Ees) ] o))

r=1 Ni=l y=1 =1
1<y—7<a/3

By the virtue of the Mertens’ theorem where >0 _  1/p;, = loga + O(1/logp,), we then have

Pr=pr

a/3

a a/3 ' 5. YT .
/ / < — Pz)) (Z w> drdy < (log(a/3) + O(1/logp,)) /

Dr i=1 br i=1

=
1<y T<a/d

T=1
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or

a a/3 T oo Yy—T7 .
/ / < M) (z W) drdy < (log(a/3) + O(1/log p,))?

v p77"— i=1 pr
1<y T<a/3
Consequently,
a/3
a CL2 a DPr 1 9
[ i G a2 [ | X | dy+ oglafs) + 00 logp ). (129
= y=1 Pi=pr Di
or .
|l e (125)

Following the same steps to show that [;"_g11(y)|dy < a?, we can also show that Jy=ilg12(y)|dy,
Jy=11922(y)|dy and [;_;|g13(y)|dy are less than or equal to a’.

To compute the integral [ (g2 * g1 * g1)(z)dz, we first write it as follows

[ rgsa@ar= [ (gurg@ds = [* " gn)e - rirds

z=1

/xa:l(gn * g2)(z)dr = /Tazl g11(7) </xil g2(x — T)dﬂf) dr

dJ(p¥)/p¥
d

or

Since ¢g2(y) = for y > a/3 and g2(y) = 0 for y < a/3, therefore by the virtue of
Lemma 10 we then have

/: g2(x — 7)dx

=1

0 (pT—<1—c>a/3+e>

Since [,_[g11(y)|< a? and

a
/71(911 * g2)(x)dz| < / g1 (7 / go(z — 7)dz|dr,
therefore for a fixed value of a, we then have
/ (911 * g2)(x)dx| = O (pr_“(l_c)/?)“) (126)

Similarly, the integral [ (g3 * g1 * g1)(z)dz can be written as

/:1(911 * g3)(v)dx = /Tal g11(7) (/;193@ - T)dx) dr

Since g3(y) = W for y > 2a/3 and g3(y) = 0 for y < 2a/3, then by the virtue of Lemma
10, we then have

/wa g93(x — 7)dx

< /T;|911(T)|

-0 <pT—(1—c)2a/3+6)

Thus,

/zil(gn * g3)(z)dx /xa g3(x — 1)dx

dr = O (p,~20=9/3+)  (127)
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Following the same steps to derive Equations (126) and (127), we can also show that

/: (912 * g2)(w)dx

=1

| (g g2)(@)ds

=1

—0 (pr—a(l—c)/?)-l-e) (128)

i

and

/x " (g1 % 95)(@)da

=1

-0 (pT72a(lfc)/3+e) (129)

Combining Equations (120), (121), (126), (127), (128), (129) and noting that g»3(y) and
g33(y) are both equal to zero, we then have

[ s dex £ @)do = O (p, 179/ (130)

=1

Furthermore, since f.(x) and p/(z) are zero for x < 1, hence for a < 4 we have
| fox fox £ () =0 (13
y:
Combining Equations (130) and (131), we then have

=1

or

/ 1 (ﬁ_le_El(a) % E_lff(()é;pT) % ﬁ_IE(CM;pr) %« 5_15(04;}%)) (y) dy = O (pr—a(l—c)/fi-‘re)
y=

O]

The next lemma deals with the remaining terms of the second integral of Equation (107)
(i.e terms with k£ > 4).

Lemma 35. Fora < 4and k > 4,

[ (e B e £ (Fasp) ) () dy = 0

1

Proof. Since L= (e~ P ) (y) = p'(y) + 6(y) and L~ (e(e; pr))(y) = f-(y) , therefore

/a (Cile*El(a) s« L1 (sk(a;pr))) (y)dy = /il (o +0) * for * fea * ... % far) (y)dy

1

where f.(z) = fa(z) = feo(z) = ... = fex(z). Furthermore, since f.(z) = 0 for z < 1 and
p'(z) =0forxz < 1,hence fora < 4and k > 4,

[ (e B s £ (M asp)) () dy = 0

1
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Combining Lemmas 33, 34 and 35, we can then have the following lemma for the second
integral of Equation (107)

Lemma 36. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 <c<1),thenfora <4

a o k
/ r-1g=Fi(e) , p-1 Z (-1 Flaip) | ) dy =0 (pr—a(l—c)/?)-i-s)
1 k! ’

k=2

The following two lemmas deals with the third and fourth integrals of Equation (107)

Lemma 37. Unconditionally, we have

a 201
/1 (c—le—El(a) w 1 (Z m'ém(a;pr)>> dy =0 (pr_H_E)

m=1 """

Proof. Referring to Equation (105), we have

/6y —2 oy —3 oy — 4
L75(e;p)(y) = —Z( (gpiQ ) + (gpig ) + (Zp# )>

i=r

Thus,

(67t P i) () = =3 (P2 A8 Pl

i=r

=[Oy —2 oy —3 oy —4
Z( (y=2)  dy-3) oy ))
=\ 2p? 3pi® dp;t

where £ (e F1(®)(y) = p/(y) + d(y) and the convolution of two Dirac delta functions is
also a Dirac delta function. More specifically, the convolution §(x — a) * 6(x — b) is given by
§(x —a —b). Since | [{° p/(z)dz|=1and [} 6(x)dx = 1, thus

a > 1 1 1
-1 _—FEi(a) -1 . <92 ( )
/y (e e P LT o) (y)dy‘_ ; 32+ 53 T o

Since >>° L < 1/p,_1and 332, ﬁ < 1/(pr—1)" 1, therefore

=7 p;2

a 2
L le B 4 £715 (s py d ‘ < —
/yl( ( p))(y)y o

Letmi(y) = (E_le_El(o‘)*L_lé(a;pr))(y). Letma(y) = (E_le_El(“)*£_15(a;pr)*ﬁ_lé(a;pr))(y)
and so on. Thus

a 2
[ | <2
Y

Furthermore,

/ya ma(y)dy = /ya (m1 * ﬁ*lé(a;pr)) (y)dy = /ya /Too my(y — 1)L (6(a; p,)) (T)dr dy

=1



thus

/:1 (1 + £76(0s ) (y)dy‘ < /TOO1 £ (0 p)) ()] ‘/yal mi(y — 7)dy| dr
or
/y1 (ma + L70(as ) (y)dy‘ < p2r/71 £ (80 p) () dr
Since
[ e atesom|ar< [ (i:; (M2 i), 5(@4)-")) we<l
thus . ,
/y:1 (m1 * E—ld(a;pr)) (y)dy‘ < p—z,
or

/ (L’_le_El(o‘) * L716(a; py) * E_lé(a;pT)) (y)dy' < %
y=1 by

Repeating these steps m — 1 times (i.e. the steps to derive f;:1 ma(y)dy), we then have

/yil {4 = /yil (1 % £78(0pr)) (w)iy < ;n.

Consequently

[e.9]

/la (E_le_El(o‘) w« L1 (Z nbdm(a;pr))) dy =0 (pT_1+€> .

m=1 '

Lemma 38. For a fixed a, we have unconditionally

a X 1\k 00
/1 <L’_16_E1(°‘) w1 (; ( kll) sk(a;pr)> w1 (Z nilém(a;pr)>> dy =0 (pr—l-‘re).

m=1 :

Proof. The proof of this lemma follows similar steps to those presented in the proof of Lemma
37. Details of this proof are presented in Appendix 2. ]

Combining Lemmas 29, 30, 36, 37 and 38, we then have the following third key theorem

Theorem 8. If the non-trivial zeros of ((s) are restricted to the strip 1 — c < R(s) < ¢ (where
1/2 <c<1),thenfora <3

“ dJ f —a(l—c €
R(1,pr;1,p.%) = — /71 pla — ) p(f ) +0 (pr (1=c)/2+ ) , (132)
and for a < 4
“ dJ 723 —a(l—c €
R(L,p;31,p:%) = — / _ pla—a) e (pro=a/3te). (133)
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Equations (132) and (133) (of Theorem 8) and Equation (83) (of Theorem 4) provide two
different representations for the term R(1, p,; 1, p,*). Our analysis to examine the validity of
the Riemann Hypothesis (and in general, the location of the non-trivial zeros) will be based
on analyzing the difference between these two representations. Before we proceed with this
task, we will first analyze more properties of the integral [ =, (dJ(p¥)/p}). If the non-trivial
zeros of ((s) are restricted to the strip 1 —c¢ < R(s) < ¢ (where 1/2 < ¢ < 1), then by the virtue
of Lemma 10 we have

> dJ(p}) —(1—
=0 (p," " logp,) .
[ S =0 oen)

Furthermore, referring to Appendix 3, if one or more of the Riemann zeta function zeros are
located on the line R(s) = ¢, then there are infinitely many prime numbers such that

> dJ(pY)| _ (—(1—c)—e)
/y Q (pr ! ) .

Y
=z Dr
where e can be made arbitrary small by choosing p, sufficiently large. Therefore, for suffi-
ciently large IV and for some constant k, there are infinitely many prime numbers p,’s (that
are greater than V) such that

> /-cp?«_(“rc)_E > 0.

/°° dJ (py)

Y
=1 r

Moreover, for any positive number h, we also have

/°° dJ (py)

—1+h DY

= 0((1+h)p, "=9p, 0= logp,) = O (p, " =p, "= logp, )

Thus,

/ M dJ (pY)
Yy

. ol +0 (pr_h(l_c)pr_(l_c) logpr) .

=1 P

Therefore, for any arbitrary small h, we can always find infinitely many p,’s so that the inte-
gral f;i 1(dJ(p¥)/pY) is determined by values of y in the vicinity of one. In other words; we
have

/°° dJ (pY) /1+"dJ(p¥)+/°° dJ(p})

-1 pr -1 pf —1+h PP
where,
© dJ(pY
/ (57‘) > kprf(lfc) €S 0,
y=1 Dr
and

< klpr—h(l—c)pr—(l—c) logpr,

/°° dJ(py)

=1+h pr

for some constant k;. Therefore, for any h and for sufficiently large p,, there are infinitely
many p, satisfying the following equation

0 dJ Y 1+h dJ Y
/ W) _ +51)/ wy) (134)
y=1 Pr y=1 pr
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where 0 is given by O(pr_h(l_c)) and it can be made arbitrary close to zero by choosing p,
sufficiently large.

It should be noted that the above analysis for the integral |, yoil (dJ(p¥)/pY) can be extended
to the integral [, (g(y)dJ(p¥)/p}) where g(y) is a differentiable function for y > 1 with the
function g(z) and its derivative ¢’(x) are non-vanishing in the vicinity of y = 1 and both
the function and its derivative don’t grow faster than ¢% or decay faster than e~ for any
§ > 0 (for example, g(y) or —g(y) is given by 1,y,42, ...,y", 1/y,1/y?, .., 1/y", (logy)"). For the
integral [ =, (9(y)dJ(p})/p}), we then have

=0 (pr_(l_c)+6) )

and if one or more of the Riemann zeta function zeros are located on the line £(s) = ¢, then
there are infinitely many p,’s (refer to Appendix 3),

*° djpg - c)—e€)z
A Y (T
y==z T

where € can be made arbitrary small by choosing p, sufficiently large. Therefore, for suffi-
ciently large IV and for some constant k, there are infinitely many prime numbers p,’s (that
are greater than V) such that

> kp,~(H9=¢ 5 0.

/ o dJ(pY)

B 9(y) .

After analyzing the integral |, ;i 1(dJ(p¥)/pY¥), we now turn our attention in the next section
to the analysis of two representations of the term R(1, p,; 1, p,®) in Theorems 4 and 8.

7 The two representations of R(1, p,; 1, p-%) and the location of {(s) non-
trivial zeros.

The first representation of R(1, p,; 1, p,*) is based on Equation (83) of Theorem where we have
unconditionally

a dJ (p.¥ 3 oy dm(pY _
R(1,pri1,pe") = —/1 pla/y—1) ](32) - /12 R(1,pY;1,p77Y) (5 ) +0(p, )

The second representation of the term R(1,p,;1,p,*) for a < 4 is based on Equation (133) of
Theorem 8
a dJ T
R(1,pri1,p,") = */ pla—a) LB | o (p,a-03te)

=1 "

Consequently, we have the following theorem

75



Theorem 9. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1), then fora < 4

(—/;zp(a/y—ld‘]pr / R(1,p,%; 1, py~ )+/ ”%)

where € can be made arbitrary small by choosing p, sufficiently large.

~0 (pr—a(l—c)/3+e> .
(135)

For the remaining of the paper, we will analyze Equation (135) to examine which part of
the critical strip is void of not-trivial zeros (in other words; use Equation (135) to determine
the value of ¢). The difference [, (p(a—xz)dJ(pZ)/p¥)— [\ (p(a/y—1)dJ (p,¥)/p¥) in Equation
(135) can be written as [, g(x)dJ(p?)/p}) where g(z) a differentiable function for y > 1 and
both g(x) and ¢'(z) are non-vanishing functions in the vicinity of y = 1 that don’t grow faster
than ¢% or decay faster than e =% for any 6§ > 0. Thus referring to Appendix 3, for infinitely
many p,’s, we have

_Q <pr<f(1+c>fe>z) ,

Hence, there are infinitely many prime numbers p,’s such that

“ dJ(py) [ dJ(py)
| pta=o = [ ptapy - =

=1 r T

[ 0= ) = platy - 1) )

=z

> k,pr—(l—&-c)—e

for some positive constant k. Therefore, If the non-trivial zeros of ((s) are restricted to
the strip 1 — ¢ < R(s) < ¢, then the the integral Ip = f/z(R(l,pry; 1, p¢Y)dr(p¥)/pY)
has to equal the sum S; = [ p(a — z)(dJ(p})/pE) — [{'(p(a/y — 1)dJ(p:¥)/pY) within
a margin of O (pfa(l_c)/ 3+€). Our task will then be focused on computing the integral
Ir = [{ / 2(R(1,py¥; 1, p¢~Y)dm(p¥)/p¥) at different values of a and comparing the result with
the sum S; = [;, (p(a — 2)dJ(p7)/p7) — J1' (pla/y — 1)dJ (p:¥)/p})

In the following, we will compute the integral Ip = fla/ 2( R(1,pY;1,p%Y)dm(p¥)/pY) and
thesum S; = [ (p(a—z)dJ (p¥)/pE) — [{ (p(a/y —1)dJ (p,¥)/pY) for Values of a in the range
3<a<4

Lemma 39. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 <
c < 1), then for 3 < a <4, thesum Sy = [ (p(a—y)dJ(p})/p¥) — [{ (p(a/y —1)dJ(p,¥)/p}) is

given by
a/2 dJ(pY a/3 [ ra—y dv '\ dJ(p¥
SJ:—/ log y (57")—1—/ (/ log(v—l)v> (5r)—|-
1 Dpr 1 (a—y)/y v Dpr

a=2 ¢ ra-y dv\ dJ(pY) (o d.J (pY
/ (/ 1og(v—1)> (5 ) +/ log(a —y) (5)
y=a/3 \Jv=2 v pr a/2 Dr

Proof. For the interval 3 < a < 4, the representation of the functions p(a —y) and p((a —y)/v)
is dependent on the value of y. For values of y in the range 1 < y < a/3, we have [7]

a=y dv
pla—y) =1—logla—y)+ [ " loglv— 1)
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and ( p
1 a=y)/
p(y(a— )) =1—log(a— )+logy+/ log(v—l) vv

Thus, for values of y in the range 1 <y < a/3, we have

—/la/gp(a/y—l +/ (yy) =

_ /1a/ log +/ (/1, log(v — 1)?) dJ(é)

For values of y in the range a/3 < y < a — 2, we have

a-y dv
pla—y) = 1—log(afy)+/2 Iog(vfl)j,

and .
p (y(a - y)) =1+logy —log(a —y).

Thus, for values of y in the range a/3 < y < a — 2, we have

_/aj;p(a/y—l +//3 (a—y ;ry)_

-2 qj(py) o2 pe- dv dJ(pY
—/ log y (5T) +/ (/ log(v —1) v) (57«)
a/3 Dbr a/3 2 br

Similarly, for values of y in the range a — 2 < y < a/2, we have

a/2 dJ(p,Y a/2 dJ(pY a/2 dJ(p¥
—/ pla/y —1) (2 )+/ pla—y) (p>=—/210gy1§y)-

—2 Dr -2 pr

For values of y in the range a/2 < y < a — 1, we have

/aal pla — y)dj(fg) = /al(l —log(a —y)) dJ(f’y)-

/2 Dr a/2 pr

while for values of y in the range a — 1 < y < a, we have

a dJ(py) _/“ dJ(py)
/a—lp(a v) pl Jaor pl o

Thus, for values of y in the range a/2 < y < a, we have

/a pla—y) dj(fg) = —/aa_llog(a = y)id‘](f%) + /a dj(fg)-

a/2 pr /2 pr a/2 Pr

combining Equations (136), (137), (138) and (139), we then get desired result.

The next lemma deals with the term Iz
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Lemma 40. If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < c (where
1/2 <c < 1), then for 3 < a < 4, the integral Ip = fla/Q R(1,p,Y;1,p87Y)dr(pY)/pY is given by

a/2 a—us AT (DY a/2 /g dJ(p¥ a—l dJ(p¥
/ R(LpTy; 17p7" y) (y ) = _/ P < - 2) logy (y )_/ 10g((l—y) (y )+
1 Dr 1 Yy Dr a/2 Dr

a/2 z _ _ z
(] v (55 ) ) 2
z=1 y=1 Y Yy pr

R - — 2\ dI(pE
/ /o (/ ) 10gy p/ (a’ ; z B 1> ay2zdy) p(fr) + O(pT—tl(l—C)/Zi—l-e)' (140)
zZ=qa y= z

Proof. To compute the integral I = [{ /2 R(1,pY; 1, p0Y)dn(p¥)/pY, we first note that for
a < 4, the value of a — y is less than 3. Referring to Equation (133) of Theorem 8 or Equation
(92) of Theorem 5, we have for b < 3

b dJ(p* e 1) 2
R(l,p;l,p”)z—/1 p(b— =) ]ff)+0(p bleb)/2tey

Therefore, fora < 4and 1 <y < a/2, we have

a—y
a=y E - dJ((p¥)*
R(1,p%;1,p%7%) = R(L,p,% 1, (o) 7 ) = —/ S p <a : —93> ((52) ) in
z=1 Y (pr)
where by the virtue of Lemma 22,
H=0 when 1< a”y <2
)

and by the virtue of Theorem 5 or theorem 8

H=0(p) 502 yhen 2< 279 <3
Yy

However, the inequality 2 < % < 3is equivalent to the following inequality

a a
Z <y< g
or
2£ < a—1y < 701
3 4
and 5
3‘;(0— <’ ; Yie-1)/2 < é(e— 1)
Consequently,

H = O(p,~ e~ D/3+€), when 2 < =Y 3
Y

and fora < 4and 1 <y < a/2, we have

B a—y a — dJ /ly,. X a(e— .
R(1,p % 1,p07Y) = —/i p( . Y —x) ((]ff)x)) + O(p,~ e D/3+ey,
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Defining z = yz , we then have

a— @y a — z\ dJ i —a(e— .
R(1,p:%;1,p07) Z*/ p( Y ) (f ) | O(p,ete-1/3+ey,
z=y Yy Yy Dy

/ R(1,p,Y; 1, p? )dﬂ(pr) . /ya/2 </Za_yp <a -y Z) dJ (p7) +O(pr—a(1—c)/3+e)) ﬂiﬁ/)‘

=1 =y Y j pr

Since dr(p¥) > 0 and p¥ is a monotone increasing and strictly positive function of y, therefore

/ O a(l- C)/3+e) dﬂ(pr) — O(pr_a(c_l)/3+e) /(1/2 d’iT(pg’f)
? 1 ¥

and by the virtue of Lemma 11, we then have
/ O a(l—c /3+E) dﬂ;pr) _ O(pr—a(l—c)/ii—l-e),

therefore

a/2 o dm(pY a/2 ¢ ra=y /g — 2\ dJ(p?)\ drn(p¥ —a(1—c) /3t
[ R S = [T (- 2) S S o, e

y Pz Py

By noting that dn(p¥)/pY = dlogy + dJ(pZ)/p; and referring to Appendix 4 (where we
showed that [{/? (f“_yp (w - ;) dJ(pi)) 4I@r) — O(p,~1+¢) ), we then have

z=y Yy PF 2

dﬂ- a/2 oy a— dJ —a —C €
/ R(1,p.Y;1,p87Y) (y ?) :_/1 </ p< Yy y) (pr)>dlogy+0(pr (1—c)/3+ ).

pr =y Yy D5

Using the method of integration by parts, we then have

dm r a2 oy a— z\ dJ i —a(l—c €
/ R(1,p,¥;1,p%7Y) (‘""):/1 1Ogyd(/ p< ?J_y) (f)>+0(pr (1) 3 +ey

pr =y Yy by

due to the change in y by Ay is given by

i) d«f(py)

The change in the integral [7_ p (L;y —
a—-y — z
S(LE55) 48 -
z=y Y Y D7

a—y—Ay _ z a—y _ z
/ p( a—z _1> dJ(pr )_/ p(a z_l) dJ(p,n)7
=ytAy - \Y + Ay Pr® 2=y (7 P

7"

or

a—y _ 2z y+Ay — z
A(/ p(a y_Z) dJ(pr)>:_/ p(a Z_1> dJ(p7)
=y Yy Yy pﬁ z=y Yy pi
a—y — a—z a—y — — 2
N L
z=a—y—Ay Yy Pr z=y y+ Ay Yy pr
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where

a— z a— z a—z a—z
D
p(y+Ay P\ Py 2 Y

Consequently
oY fa—y z\ dJ(p;) a dJ (p) dJ (pr*7Y)
([ (5050 - () S i
= '\ Ty ) e "\y 7 © praY
a-y — —zdJ(p?
ay [ ("’ : —1> 0~z dpr) (141)
2=y Yy Yy pr
and
a/2 Y a/2 d Y a/2 d 07
/ R(l,pry;l,p?_y)ﬂf’") = —/ p (a —2) logy J(f’") —/ IOgZ%Jr
1 Dr 1 Yy T 1 Dr
a/2 a—y _ _ 2z
/ logy ( / o (a ° - 1) = dJ(pT)) dy+0(p,*1=/3Fe),
1 z=y ) Yy Dy
or
a/2 _ g dm(pY a/2 /g dJ(p¥ a—1 dJ(p¥
/ R(L,p¥; 1, pfr y)% = —/ p<—2> log y (yp )—/ log(a—y) (y i
1 Dr 1 Yy Dr a/2 Dr
a/2 a—y _ _ 2z
/ log y (/ o (a ‘- 1) £ QZdJ(pT)) dy + O(p, 211 =9)/3+e),
1 z=y Yy Y 7

For the third integral on the right side of above equation, we rearrange the double integral as
follows

a/2 a—y _ _ 2z
e[ (55 5 -
y=1 z=y Y Yy by

a/2 z _ _ dJ(n? a—1 a—z _ _ dJ(n?
Jo (L e (557 ) ) S5 L, (L oo (557 1) ) S5
z=1 =1 Yy Yy Dr z=a/2 y=1 Yy ) by

Consequently,

a/2 _dm(pY a2 (q dJ (p¥ a=1 dJ(p¥
/ R(1,p; 1, p} y)# = —/ p( —2) logy (5 )—/ log(a—y) (5 )+
1 1 Yy Dr a/2 Dr

a/2 z _ _ z
/ / logyp'<a z_l)a 2Zdy> dJ(f,,)+
z=1 =1 ) Yy pr

a—1 a—z _ _ Z

=a/2 y=1 Yy pﬁ

where p/ (% - 1) = %p (“;Z - 1) O

80



Thus, for 3 < a < 4, the difference between S; = [, (p(a — y)dJ (p¥)/p}) — [\ (p(a/y —

1)dJ(p,Y)/pY) and Ip = la/Q(R(l prY; 1, p8Y)dnr(pY)/pY) can be computed by combining
Equations (136), (137), (138), (139) and (140) to get

+/ (/ log(v = 1)‘1“) djzgé’)Jr
[l N
L e (252 ) 2 > -

a—1 a— _ _
/ </ ylogvp’(avy‘1> avzyd”> W | o, et )

y=a/2 \Jov=1

a/2
SJ—IR:—/l logy

where p/ (a 4 1) = d%p(“;y - 1).

Since for a/3 < y < a—2, the integral ["_J (log(v — 1)dv/v) is a differentiable function that
grows no faster than pf¥ (for any € > 0), hence

a=2 a—y dv\ dJ(p¥) o
1 —1)— L — O (p, 210 3+€)
/y:a/B (/Uzz og(v = 1) v > pr <p )

Similarly for a/2 < y < a — 1, the integral [ logv p/ ( 1) “SYdv is a differentiable
function that grows no faster than p{¥ (for any € > 0),. Therefore,

a—1 a—y o B y
/ </ logv pl <ay _ 1) a 2ydv> dj(fr) -0 (pT—a(l—c)/Q—f—e)
y=a/2 \Jv=1 v v Ji

Furthermore, the functions — logy and p(a/y — 2) logy are differentiable functions that grow
no faster than pf¥ (for any e > 0), therefore,

a/2 dJ (p¥ “/2 (a dJ (p¥ —a/6e
—/ logy (5)4-/ p<—2>logy (5):0(1% /6+)
a/3 pr a/3 Yy p

T

However, by the virtue of Theorem 9, we have S; — I = O (pr_“(l_c)/ 3+6). Thus, Equa-

tion (142) can written as follows,
dJ(p¥
+/ ( 2) logyp(fr)—k

0 (pfa(lf(»‘)/i’rﬁ) — _/1a/ log

a/3 a—y Y
/ ( [ ot} 2201
1 (a—y)/y v br
a/3 ¢ ry — — Y
/ (/ logv p/ (a J_ 1) a4 2ydv> dj(fr) (143)
y=1 v=1 v v pr
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For1l <y <a/3, let

n(y) = (—1 +p (Z = 2)) logy

w)= " logw-17

v=(a—y)/y

Yy — _
gg(y)z—/ log v p’<a y—1> T
v=1 v

02
where p/ (“—;y - 1) = d%p (“;y - 1).

and

Therefore, Equations (140) and (143 ) can be written as

a/3 Y
0 (0=924) = [ (010) + 0 + () 0.

Without loss of generality, we can define g;(y) for y > a/3 as gi1(y) = ¢1 + di/y, where
g1(a/3) = c14+3dy /aand g, (a/3) = —9d; /a®. Also, fory > a/3, we set g2(y) = ca+ds/y, where
g2(a/3) = ¢3 + 3da/a and gy(a/3) = —9dy/a?. Similarly, for y > a/3, we let g3(y) = c3 + d3/y,
where g3(a/3) = c3 + 3d3/a and gs(a/3) = —9d3/a?. With this definition of g (), g2(y) and
g3(y) for y > a/3 (where the functions ¢1(y), g2(y) and g3(y) are bounded, differentiable and
monotone increasing or decreasing depending on the sign of di, d2 and d3), we have

o (pr—a(l—c)/fi-‘rﬁ) — /{1:(91 (y) + 92(y) + 93(v)) djp(é)g).

Combining the above two equations, we then have

0 (i =-73+) = [* (1(0) + 0200) + () L. (144

For 1 < y < a/3, the derivative of the functions ¢1(y), g2(y) and g3(y) are given by (note
thatfor 1 <y <a/3and 1 <wv <y, pla/y —2) =1—1log(a/y —2) and p((a —y)/v — 1) =
1—log((a—y)/v—1)),

dgi(y) < 1 1) 1
=2 + — ) logy — —log(a — 2y),
dy a—2y 'y Yy ( )
dga(y) 1 y Yy
= logla —1—1y) — log(a — 2y) + logy,
dy a—y B v) (a—y) ( ) (a—y)
and
dgs(y) (a—y)?
= — log y.
dy y3(a — 2y)

Therefore at y = 1, g(1) = 0 while ¢/(1) is negative (notice that at y = 1, log(y) = 0 and
¢'(1) is given by —log(a — 2)). Therefore, both g(y) and ¢'(y) are are non-vanishing in the
vicinity of y = 1 and both the function and its derivative don’t grow faster than e’ or decay
faster than e =% for any § > 0). Thus, referring to appendix 3, if one or more of the Riemann
zeta function zeros are located on the line R(s) = ¢, we then have for infinitely many p,’s

/y h (91(y) + 92(y) + 93(v)) d‘]zfé’g) -0 (p£c—1—e)z)

=z
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Therefore, If the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1) and one or more of these zeros are located on the line #(s) = ¢, then for
sufficiently large N, there are infinitely many prime numbers p, (where p, > N) satisfying
the following equation

19 (pr—a(l—c)/?)—i-e) -0 (pT—(l—c)—e) (145)
This result leads to our main theorem

Theorem 10 (Main Theorem). Non-trivial zeros of the Riemann zeta function ((s) can be found
arbitrary close to the line R(s) = 1

Proof. Our previous analysis shows that if the non-trivial zeros of ((s) are restricted to the
strip 1 — ¢ < R(s) < ¢ (where 1/2 < ¢ < 1) with one or more of these zeros are located on the
line R(s) = ¢, then Equation (145) will follow, i.e.

O (p;a(lfc)/3+e) ol ( ;(1%)76)

However for 3 < a < 4, a(1—c¢)/3 > 1—c. This contradicts Equation (145). This contradiction
infers that non-trivial zeros of the Riemann zeta function ((s) can be found arbitrary close to
the line R(s) = 1.

O

Theorem 10 infers the following important corollary

Corollary 2. Not all of the non-trivial zeros of the Riemann zeta function ((s) are on the critical line
Re(s) =1

Moreover, Equation (145) can be used to estimate where the distribution of the prime
numbers deviates or starts to deviate from what has been predicted by the Riemann hypothe-
ses. As mentioned earlier, we don’t expect to have inconsistent results with RH for values of
a less than 3. Hence, we need to set a greater than 3. In the following, we will set a equal to
4 — § with ¢ = 0.5 (where ¢ is an arbitrary small number). For a = 4 — 6 and ¢ = 0.5, the left
side of Equation (145) is less than ki p, 23+ for some constant k1 while the right side of the
equation is greater than kop,—1/27¢ for some constant ky. Therefore, to contradict Equation

(145), we need to set p, greater than p,; where

/ /3

k2pr_11 2 > klp;f )
or
kapi” > k. (146)

Equation (146) infers that there are infinitely many prime numbers p, > p,; where Ir =

(RO pY5 1, pe¥)dr(pY) /pY) and the sum Sy = [, p(a — 2)(dJ (pF)/pF) = [i=, (pla/a —
1)dJ (p,*)/p¥) are not the same within a margin of O(p, Y 6+6) where a = 4 —§. Consequently,
there are infinitely many prime numbers greater than p;; that do not follow the distribution

predicted by the Riemann hypothesis. In other words; if we set NV such than

kl 24
N —
g <k2> 7
then there are are infinitely many prime numbers greater than IV that don’t follow what has
been predicted by the Riemann Hypothesis.
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Appendix 1

Using Lebesgue-Stieltjes integral, we can write the sum /2

/pr2 d7T
1pz pr

zrlp

or
i 1 /pﬂ dLi(x) +/pTz dJ(z)
i=rl p'f Pri1 ¥ Pri x®
Hence
2 P2 ]
> = =/ 1 dx + €(s; pr1, Pra)-
i=rl pz Pr1 T° 08T
For R(s) > 1, the integral [ — 1ngalx can be computed directly from the definition of

the Exponential Integral E(z) = [/ e_tz dt (where R(z) > 0) to obtain

Pr2 ]_
dr=FE —1)logpr) — E — 1) log py
[ siogate = Fal(s = Dlogpr) = Bi((s — 1) logpra)

Pr2
pr1 xS logx

/pr? 1 dr — /Pr? e~71987 cos(t log ) dr — i/IDT2 e~ 1987 5in(t log ) .
p p p

. xSlogx - log x - log x

To compute the integral

dx for R(z) < 1, we first write the integral as follows

—ologx COS(

log x

The first integral on the right side [ © t10e2) 42 can be computed by using the sub-

stitution y = log x to obtain

/p""2 e~71987 cos(t log a:)d /I‘Dgp?“2 e1=9)y Cos(ty)d
2 o TR
D 1

rl log z og pri Y ’
or
/pr2 e_O—IOg‘T COS(t log x)d /logp'r2 e(l_a)y Cos(ty)d +/10gpr2 e(l_a)yd log pr2 e(l_a)yd
L= - ay Yy— Y.
Pr1 log x log pr1 log pr1 Yy log pr1 Y
Hence,

Pr2 ¢ =718 T cog(t log ) logpr1 ¢(1=9)Y (1 — cos(ty)) logpra ¢(1=9)Y (1 — cos(ty))
/ dx :/ dy—/ d
Pr1 log € Y € Y

logpr1 o(1—0)y logpra o(1=0)y
/ dy —|—/ dy
€ Yy € Yy

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log pr2 , we then obtain

/Pr? e~71987 cos(t log ) dx /1 e(1=o)(logpr)z1 (1 cos(t(logprl)zl))dz
= -
P

" logz ¢/log pr1 21
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/1 e(1=o)logpr2)22 (1 _ cos(t(log pra)22))

/log pro z2

dzo—

1 e(l—a)(logp“)zl 1 e(l—a)(logprg)zz
/ —dz +/ ——d2z

/logpr1 21 /log pra Z2

By the virtue of the following identity [1] (refer to page 230)
/1 e (1 — cos(bt))
0

1
; dt = 5 log(1 4 b%/a?) + Li(a) + R[E1(—a + ib)],

where a > 0, we then obtain the following

/pr2 e~7198% cos(t log )
P

log z dx = R[E1((s — 1) logpr1)] + Li((1 — o) log pr1)—

1

R[E1((s — 1) log pr2)] = Li((1 — o) log pr2) -

1 (1—0)(logpr)a 1 (-o)(logpra)z
[
6/10g Pr1 <1 E/IOg Ppr2 22

With the variable substantiations w; = (1 — o)(log py1)2z1 and wy = (1 — o)(log py2)22 and by

adding and subtracting the terms — [, ((11::))610g rodu y f ((11:;))61% 14w we then have

ro ,—0logx
/p te cos(tloga;)dx =R[E1((s — 1) logpr1)] + Li((1 — o) log pr1)—
- log z

R[E1((s — 1) logpr2)] — Li((1 — o) log pr2)+

(1—0)logpre pw2 _ 1 (1-o)logpr1 ew1 _ 1
/ de - / dw1+
(1—0)e w2 (1—0)e w1

1—0)e w2

/(10) log pra dws /(10) log pr1 dw
( (1—o0)e w1

Using the following identity [1] (refer to page 230)

aet 1 .
/ ; dt = Ei(a) — log(a) — v
0

where a > 0, we then obtain for o < 1,

/prz e~7198% cos(tlog ) dz = R[E1((s — 1)1og py1)] — R[E1((s — 1) 1og pr2)]

r1 log x

Similarly, using the identity [1] (refer to page 230)
/1 e sin(bt)
0

, dt = 7 — arctan(b/a) + S[E1(—a + ib)],

where a > 0, we can show that for 0 < 1, we have

dz = S[E1((s — 1) log pr1)] — S[E1 (s — 1) log pya)].

/pr? e~7198 % 5in(t log )
Pr1 log x
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Therefore, for R(s) > 0.5, we have

Z ? = E1((s — 1)logpy1) — E1((s — 1) log py2) + £(8; pr1, pr2)
i=rl1 £
where, e(s; pr1,pr2) = [17° (@)

Appendix 2

To unconditionally show that

/la <£ tem e (Z € (@ pr)> L7 (i 7,,1”5"1(04;%))) dy =0 (pr_1+€).

m=1

we will first unconditionally show that

/a (ﬁle’ﬁ@ x L1 (i (_1)k€’“(a'p ))) (y)dy
1 k! o

k=1

< o2 log a+O(1/py) )

For k = 1, by referring to Lemma 30, we have

/ya (L—le‘El("‘) * £‘18(a;pr)> (y)dy = /a pla — l“)dJ(f%)

=1 r=1 p'r‘

Since 0 < p(y) < 1 and referring to Lemma 11, we then unconditionally have

/ (e B @ L o)) (0) dy\ <2loga+O(1/p,)
y:

Letki(y) = (Efle*El(a)*ﬁfle(a;pr))(y), ka(y) = (E*Ie*El(a)*Efle(a;pr)*ﬁfle(a;pr))(y)
and so on. Thus

[ k)| < 210ga +0(1/p)
y=1
Furthermore,

/yil Ealy)dy = /yil (kl ’ ﬁ_lé(a;pTD W)dy = /yil -ro:O1 Fa(y — 7)(L™"e(as pr)) (7)dr dy

thus, by changing the order of integration, we then have

oo

/yil (kl *£_16(a;pr)> (y)dy‘ < /Tzl ‘( (s pr)) ’ V k1(y — 7)dy

/ (kr « £7"elaip)) <y>dy\ < (2loga+O(1/p,)) / " e et )| ar

dr

or

and by the virtue of Lemma 11, we then have

/ya (m1 * L—ls(a;Pr)) (y)dy‘ < (2loga + O(1/p,))?,

=1

86



or

/y“ (£71e B 5 L7 (s py) % L7 (s py)) (y)dy‘ < (2loga+O(1/pn)*.

=1

Repeating these steps k — 1 times (i.e. the steps to derive [;_, k2(y)dy), we then have

y)dy‘ = yil (ki1 % £7%e(cs 1) (y)dy‘ < (2loga +0(1/p))".
Consequently,
/ ’ (ﬁleEl(a)*ﬁl (i (]Cl.)ke’“<a;pr>>> (y)dy| < loeetOUrD  (147)
! k=1
Let (km)i(y) = (£7e” Uy et (aipy) « £70(a3pr)) (). Let (km)s(y) =

)

(Lle~Br(@ p-1(yge ED° (a pr))*[, L6 (v pr) * L7168
a a X 1\k

/y (km)1(y)dy = /:1 <£16E1(a) w« L1 (Z ( k;ll) Ek(a;pr)> *Elé(a;pr)> (y)dy

=1 k=1

a;py))(y) and so on. Thus

and by the virtue of Equation(147), we then have

" e st )| dr

T=1 ‘

[ )| < erozeroim
Yy

=1
Since
- © (S (0y—2)  dy-3)  dy—4 1
L5(c; pr d</ ( ...)d -
(3 )r)dr| < y=1 ; 2 e dpd IS
thus
210ga+0(1/pr)
/ (km)1 dy’
y=1
or

e2loga+0(1/pr)

~/yil (ﬁ e e (i e (e pr)) * 515(%1%)) (y)dy <

k=1 r

Similarly,

[ tmatydy = [ (Gmn = £ 5(0501) ()

where

/y: ((km)l * L—lé(a;l)r)) (y)dy‘ < /T: ’(ﬁ_l(S(a;pr))(T)‘

Gty =)y
y=1

of a . teoga—l—O(l/pr) 1) .
[ (s £ 50 (y)dy‘</ e o) )| dr
y= r T=
Thus
a B a1 [ (—1)E /1 o2 log a+0(1/pr)
/[ (ﬁ L@y 1(};( Y s’%a;pr)) w7t ((asp) )) )] < 5
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Repeating these steps m times, we then have

a L 3 o0 _1)k
L 16 Ei(a) « L 1 ( (
I "

Consequently, for a fixed a, we then have

a X 1\k 00
/1 <£_1€_E1(a) s« L1 (; ( kll) 5k(a;p7«)> « L1 (Z rn{blém(a;p,«)>> dy =0 (pr_1+5) .

m=1 """

e2 log a+0O(1/pr)

<

e’“<a;pr>) ! (nilam;pr)m)) (v)dy

m!

Appendix 3

On RH, we will show that for infinitely many prime numbers p,’s, we have

/1°° dJpr)| _ (p;m_e) .

g
In other words; there are infinitely many prime numbers p, that satisfy the following

/°° dJ (pY)
1

pr

for some constant k. We will also show that, on RH and for infinitely many prime numbers

pr’s, we have -
> J(p —1/2—¢

/1 9=y = (p 7).
where ¢(y) a differentiable function for y > 1 with the function ¢g(z) and its derivative ¢'(z)
are non-vanishing in the vicinity of y = 1 and both the function and its derivative don’t grow
faster than €% or decay faster than e =% for any § > 0 (for example, for y > 1, g(y) = 1,y, >,
ey 1y, 1/y2, ., 1/y", (logy)™). There are a variety of theorems (that are based on Paley-
Wiener theorems) that establish the relationship between the decay properties of a function
with its Fourier, Laplace or Mellin transform (within its region of convergence). Our analysis
is similar to Landau approach that establishes the relationship between the decay (or growth)
rate of a Riemann integrable function and the region over which its Mellin transform is ana-
lytic [12].

Toward this end, we first write J(x) = w(z) — Li(z) as (refer to Lemma 5)

log z/lo
L gz/:gQJ (/) . b(z) —

J(z) = 7(x) — Li(z) = — 2 - log = + P(x),
where,
Tah(u) —u )
P(x) = ———d — Li(2
(=) 2 wulog?u vt log 2 i(2),

Hence, on RH, we have (refer to Lemma 6)
U(x) —x T ah(u) —u 12 1/3
=—+ ————du—L +0
J(x) gz ) uloglu du — Li(z/%) (w ) ,
or

J(z) =

1 z” ‘ 1 u” 0 1/2 1/3
logm%:p—i_/g( %:)du—Ll(:v )—1—0(;1:/),

ulog?u P
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and

1 yplogpr Yy 1 zplogpr
J(pY) = P + / ( 3o C ) dz — Li(p¥/?) + O <pg/3)

~ylogp, < p pox2 \ z2logpr 44 p
Let
¢ 1 eyplogpr
B =
ylogp, < p
and
(y) y 1 Zewlogpr J
Ja(p :/ z
" doe2 \ 2?logp, S p
then,

J(pY) = T (Y) + Ta¥) — Li(p¥/?) + O (v?)

In the following, we will show that, on RH, |[2, d.J(p;)/pi|= (pﬁ‘l/ 2_€)y) by showing
that the Laplace transform of integral [* d.J(p})/p;. is analytic function for o > —(1/2) log p;
with singularities at (—1/2 + i3;) log p, (that correspond to the zeros of the zeta function at
pi = 1/2+1ip;). Thus, the value of | f;iy dJ(pz)/p?| grows faster than pg_l/ 29 due to the pres-

ence of these singularities at (—1/2+:/3;) log p,. In other words; if the value of | [° dJ(p7)/pZ|

=y
grows at a rate slower than p&fl/ 279 then the Laplace transform of the integral |, ;o dJ(pz)/p:

will be analytic at 0 = —(1/2)logp,. This contradicts our earlier assertion that the Laplace
transform function has singularities at (—1/2 + if3;) log p, (or the Laplace transform integral
diverges for o = —(1/2) log p,).

To compute the Laplace transform (and its singularities) of the integral [,* dJ(p;)/p; , we

have,
*dJi(p;) _ Ji(p}) *
R A
Yy by Dr Yy
Therefore,
% 4] (p; 1 e e (1 2P
/ 1(2297«): ; Z(pr) +/ jz(pr) o
y Py yprlogpr < p y \#5 P

As mentioned earlier, the sum }° (2”/p) is conditionally convergent and it should be per-
formed over the nontrivial zeros with |3;|< T as T' approaches infinity. Furthermore, refer-
ring to lemma 2 of reference [16], the sum is 3 (2*~!/p) is uniformly convergent. Hence, the
integral and the sum in the above equation can be interchanged. In other words; the integral
on the right side of the above equation can be performed term by term. Therefore, on RH, we
have

o q.J1 (p? 1 y(—1/2+p;) log pr 00 p2(—1/24p;) logpr
/ 1(Zpr) _ o +3 / ¢ dz (148)
y D7 ylogpr < pi > \Jy Zpi

Furthermore,

oo ] 2z o 1 d z 1 wp; log pr
/ JQ(pT) :/ e / 5 Ze dw dZ
y  DF y Ppdz \J@e2 w2logp, < pi

og pr
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Since

d z 1 wp; log pr 1 zp; log pr
=/ 3¢ dw | = S ,
dz \Jpesz w?logp, 5 pi Zlogp 5 pi

thus, on RH, we have

1) z 1 0o ,z2(—1/2+p;)log pr
/ dJQ(Zp'r’) — Z / e - dz ‘ (149)
vy PF logpr < \Jy Z°pi
Furthermore,
z/2
/ dLi(pr7) _ / e~ (2/2)logpr g, (150)
y j2 logpr

Moreover, using the method of integration by parts, we then have

z/3
/ =0 (i) 0 (py2?) (151)
Yy Py

Combining Equations (148), (149), (150) and (152) we then have

/°° dJp;)
Yy D5

1 e¥(—1/2+4p;) log pr 0o z(—1/24pi)logpr 0o oz(—1/24p:)logpr
Z —Hogpr/ dz+/ dz | —
Yy

log p, ypi y 2p; 22p;
1 /OO 1 —(2/2) Ing’"dZ +0 ( —2y/3) (152)
Ingr Yy Z

To compute the Laplace transform of the above integral, we note that the Laplace trans-
form of the function e is given 1/(s — a) with a pole (or singularity) at s = a. We also note
the Laplace transform of the function e f(t) is given by F(s — a) where F(s) is the Laplace
transform of f(t). In other words; multiplication of a function f(t) by e* will shift the poles
or singularities of its Laplace transform F(s) by a. Furthermore, the Laplace transform of the
integral [,* f(t)dt is given by F(0)/s — F(s)/s (note that [[* f(t)dt = [° f(t)dt — [ f(t)dt
The Laplace transform of the integral [ f(t)dt is given by F(s)/s. Furthermore, by the virtue
of the final value theorem, the integral [ f(t)dt is given by F'(0) and its Laplace transform
is then given by F'(0)/s). Consequently, the Laplace transform of the integral [, f(¢)dt has
a removable singularities at s = 0 and its singularities are the same as the singularities of
F(s). Using these Laplace transform properties, one may then conclude that, on RH, all the
singularities of the Laplace transform of the integral fyoo dJ(p;)/pi in Equation (152) are on

the line 0 = —3logp,. Thus, |[2, dJ (pi) /p?| grows faster than e(~0-21°8Pr=9¥ Hence, there
are 1nf1n1tely many prime numbers pr’s such that
/ d'](fr) > kp, 2
1 r

where £ is a constant. In other words; for infinitely many prime numbers p,’s, we have

el ]
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Similar analysis can be applied to show that if the Laplace transform of a function g(z)
is analytic for ¢ > 0 with singularities on the line #(s) = 0 (this includes functions that are
differentiable where the function and its derivative are non-vanishing in the vicinity of y = 1
and both the function and its derivative don’t grow faster than e’ or decay faster than e =%
for any 6 > 0), then on RH, there are infinitely many prime numbers p, such that

/Ioog(Z)dJ(fi) =Q (pﬁé_e) :

Py
In general, if the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where
1/2 < ¢ < 1) with one or more of the zeros located on the the line R(s) = ¢, then there are
infinitely many prime numbers p,’s such that

/1°° g(z)dJ(ff)

Dy

-0 (p;(l—c)—e) ]

This result can be proven by following the same steps we employed to find the singulari-
ties of the Laplace transform of the integral [° g(2)dJ(p;)/p; (refer to Equation 152). More
specifically, referring to Lemma 8, we have

z max(1/3,c/2)
= ddwn) e (aIn) | aien) | duie) | 40 (0 )
g(Z) P = g(z) . + . + . )
2=y Dr Z=y Dr P pr Dz
where
o0 dJl(pZ) g(y) e y(l Pz log pr / )efz(lfpi)]ogpr
o == + dz | —
/y - pr ylogpr zp: pi Z pi
Z /OO gz e—%(1=pi)logpr "
logpr ~\Jy pi
© z S _Z (1—p;) log pr
/ g(z)djg(pr) = / g dz
y j 2 Ingr P Yy Pi
and /2
/OO g(z )dLI( = * 9B /oy,
Y D5 logpr y

Thus, one or more of the singularities of the Laplace transform of the above three integrals
are on the line %(s) = —(1 — ¢)logp. Thus, |[Z, (9(2)(dJ1(p})/p; + dJ2(p7) [P} + dJ3(p7) /p7)|
grows faster than e(~(1=9)18Pr—=9)y_Gince

dO (prrpax(l/3,c/2))

g(z -0 p%—max(1/3,c/2)
= ( )
therefore there are infinitely many prime numbers p,’s such that
o dJ (p;) —(1—c)—
z =0 a7l
JCE~ (py1797)
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Same results are attained if the not-trivial zeros of ((s) are restricted to the strip 1 — ¢ <
R(s) < c(where 1/2 < ¢ < 1) with zeros of ((s) are located to the right of the line R(s) = ¢ — 9
(where ¢ is an arbitrary small number).

Appendix 4

z= y) pP 2
when the non-trivial zeros of ((s) are restricted to the strip 1 — ¢ < R(s) < ¢ (where 1/2 <

¢ < 1). First we note that although the function J(z) is not a non-decreasing function, J(x)
is given by 7(z) — Li(x) where both 7(z) and Li(z) are non-decreasing functions. Therefore,
we can use theorem 21.67 of [8] for the method of integration by parts for Lebesgue-Stieljtes
integrals to obtain,

/1a/2 (/Za;yp (a ; y Z) dJégi)) plgdj(pg) _ (/Z‘:yp <a ; y Z) dJé;?i)) J;z;%)
e () (45 -5) ) A Ge)

a/2 Y a—y _ z
_/ J(z;r)d (/ ) (a y Z> dJ(m)) (153)
1 pr z=y ) Y v
where

y aw o TN ([ 1 ey 2\ AN Ji,
(o) ) T = ([ () 5

Since the function p ((a¢ — y)/y — z/y) is positive, bounded and differential over the range
y<z<a-—y(y=>1) hence

In this appendix, we will compute the size of the the integral [}’ /2 ( [V p (% - 5) 4J(p )) dJ(p?)

y=1

[ pta— oty - 2 s ] = 0w ),

or

We also have
_ O(p;(l_c)+€),

/:y p((a—y)/y = z/y)dJ(p7)/p;

/la/z ) (/za;yp (a ; y Z) dJ;;i)) d <p1%>‘ — O(p;20=e)tey,

thus




To compute the size of the last term fla/ 2 J(p?) ( =) (% — y) d‘]}gp ’)) d (#), we first
refer to Equation (141)

@y (fa— z\ dJ(p: a dJ(p¥ dJ(p,*™Y
z=y Y Yy by Yy Dr Dr
a—z a—zdJ(pz)
dy/ ( 1) 3 —,
Yy pr
we then have

/2 J(p¥) Yy fa—y z\ dJ(p) o2 J(p¥) (a dJ(pY)
[ (7 (Y e, (o)
1 Dr 2=y Yy Yy br 1 br Y pr

AR R ([ (e o) g

Dr Y Dr =y Yy Y pE

a

To compute the first integral [" o/2 oy )p ( - 2) %ﬁ’g), we use the method of integration

»r v
by part to obtain
JeE (2-2) dJ(p%)_(J(pzz))? = v [ 20 (2-a) 200
o\ p? ) P\y . o T\ pr

[ 2o <<a/y 2)) (155

a/2

where by the virtue of Lemma 9,
J(pY 2 /a
() (52)
pr y 1
[ 26 < plafy - 2))

Thus by rearranging the terms of Equation (155), we then have

/2 J(pY) (a dJ (p} —2(1+¢)+e
2/1 (Z)p<_2> (5):O(p2(1+)+)

Dr Yy Dr "

— O(pr—2(1+c)+5)

and

_ O(p—2(1+c)+e)

r

or,

/1a/2 Kot (25 420

-0 p;2(1+c)+e
pr Y pr ( )

The second integral of Equation (154) can be written as

/2 J(pY) dJ(p*Y) _ 1 /“/2
DO o JpY)dT (),
| s = e

/ J(p dJ(pn) ,

or

a/ “
/1 2. J(pY) dJ (p.2Y) _ 1 (J(Pf{)

pl proTY e
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hence

pl poY P 4=y Y pl

R AR (J(zo%) T (")
1 pr

o /aﬂ J(paY) dJ(p,«y>)
1 b)

and the virtue of Lemmas 9 and 11, we then have

/ /2 J(p¥) dJ (p,"7Y)
1

—a(l4c)/2+e¢
e | = O

For the third integral of Equation (154)

a/2 J(pY @y lfa—z a—zdJ(p?
I U e e L
1 br z=y Y Y by

a/2 Y a—y _ _ z
e e
1 z=y Yy Yy Y2

¥
Since the function p’ (u - 1) ay_f is positive, bounded and differentiable over the range

y
fza;f I (“y;z - 1) %%ﬁ’i) = O(p;(l_c)Jre). Therefore, for a < 4

y<z<a-y(y>1),thus
a/2 J ?7{ a—y a—z a—zdJ :’z —a(l+c €
[ ([ (57 1) 2 ) ) - o
1 br z=y Y Yy Pr

<

Consequently, for a < 4
/“/2 </“‘y (a—y B Z> dJ(pi)) dJ(py)| _
1 =y P\ y/) i pr
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