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Abstract. In this paper, asymptotic expansions of the distributions and densities
of powered extremes for Maxwell samples are considered. The results show that the
convergence speeds of normalized partial maxima relies on the powered index. Ad-
ditionally, compared with previous result, the convergence rate of the distribution of
powered extreme from Maxwell samples is faster than that of its extreme.
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1 Introduction

In extreme value theory, researchers recently focus on investigating the quality of convergence
of normalized max{Xy,1 < k < n} := M, of a sample. For the convergence rate of normalized
M,,, general cases were discussed by Smith [1], Leadbetter et al. [2], Galambos [3] and de Haan
and Resnick [4], and specific cases were considered by Hall [5, 6], Nair [7], Liao and Peng [8], Lin
et al. [9, 10], Du and Chen [11, 12|, and Huang et al. [13]. Hall [6] derived the asymptotics
of distribution of normalized |M,|!, the powered extremes for given power index ¢t > 0. Zhou
and Ling [14] improved Hall’ results and proved that the convergence speed of distributions and
densities of extremes depends on the power index. Nair [7] established the asymptotic expansions
of normalized maximum from normal samples. Liao et al. [15] and Jia et al. [16] generalized Nair’s
work to skew-normal distribution and general error distribution, respectively.

Since the Maxwell distribution was proposed by James Clerk Maxwell [17], a variety of applica-
tions of it in physics (in particular in statistical mechanics) have been found; see Shim and Gatignol
[18], Tomer and Panwar [19] and Shim [20] and some statisticians and reliability engineers have
investigated the statistical properties of it as well, see [13, 21-27].

The aim of this paper is to investigate the distributional tail representation of | X | with X follow-
ing Maxwell distribution and the limiting distribution of normalized |M,|*, and obtain asymptotic
expansions of distribution and density of powered maximum from Maxwell distribution.

*Corresponding author. E-mail address: wjj@swu.edu.cn (J. Wang).



Let {X,,n > 1} be a sequence of independent identically distributed (i.i.d.) random variables
with marginal cumulative distribution function (cdf) F' obeying the Maxwell distribution (abbre-
viated as F' ~ M D), and as before let M,, = max{X;,1 < i < n} denote the partial maximum of
{Xn,n > 1}. The probability density function (pdf) of the MD is defined by

f(z) = \/ij’ exp (—(i) , x>0, (1.1)

where o > 0 is the scale parameter. Figure 1 presents the graph of pdf of Maxwell distribution. It
shows that with the scale parameter increasing, the tail of pdf of MD becomes much heavier.
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Figure 1: Probability density function of Maxwell distribution

Liu and Liu [21] showed that F' € D(A), i.e., the max-domain of attraction of Gumbel extreme
value distribution and the normalizing constants a, and b, can be given by

an = b, ! (1.2)
and
o b2
such that
ILm P(M,, < apz + by) = A(z) = exp{—exp(—x)}. (1.4)

The paper is constructed as follows. Section 2 presents auxiliary lemmas with proofs. The main
results are given in Section 3. Section 4 provides the proofs of main results.

2 Auxiliary results

To prove the main results, the following auxiliary lemmas are needed.

Lemma 2.1. Let F(x) and f(x) respectively represent the cdf and the pdf of MD with o > 0,
respectively. For large x, we have

1 — F(x) = oz f(x) 1+ o?r™? — ot + 305270 + O(x_s)} . (2.1)

The proof of Lemma 2.1 is derived by integration by parts.
The following lemma gives the distributional tail representation of X* with X ~ MD.



Lemma 2.2. Suppose that 0 < t # 2. Let Fy(x) denote the cdf of X' with X ~ MD. Then for

large =, we get

xT

1 — Fy(z) = Cy(z) exp {— 9:() du} : (2.2)

1 fil(w)
where
2 /2 1
Ci(x) = =/ —exp | —== | asxz — o0,
oV 202
g(x)=1—02"2" 51 as v — 0,
and

fi(x) = o2zt with fi(z) =0 as z — oc. (2.3)
Proof. Combining with (2.1), we get

1— Fyx) =220 -

[1 to2rTt —olat 43057 + O(:):_%) (2.4)

2
2 /2 T 1
= —y/—exp —ﬂ—kflogx [1+02m_% —olamt + 30527 —|—O(l’_%):|
o 202 ¢

= Cy(x) exp <—/ gt(u)du) {1 + 20— F — olat + 350, % + O(x_%)}
1

Ji(u)

oz

with fy(z) = o2tz 1, gi(x) =1 — 02272/t and Cy(z) — Z\/%exp (—52z) as @ — 0.

Applying the result of Lemma 2.2 and Corollary 1.7 [28], the following result holds.

Proposition 2.1. Under the conditions of Lemma 2.2, we have Fi(x) € D(A), where D(A) is the
domain of A(x) = exp{—exp(—z)}.

Then, our aim is to select the suitable normalizing constants which ensure that the distribution
of maximum tends to its extreme value limit. A combination of (1.3) and (2.4), we obtain that
d, = L. Tt follows from (2.3) that

~ _2
en = fildn) = o2t ) = o2ub2, (2.5)

The following work is to find the special normalizing constants ¢,, and d,, for the case of powered
index ¢ = 2. Similarly, it is necessary to establish the distributional tail representation of X? with
X ~MD.

Lemma 2.3. Assume thatt = 2. Let Fy(x) stand for the cdf of X? with X ~ M D. Then for large
x, we get

1 — Fy(z) = Cy(x) exp {— 1x %EZ; du} , (2.6)



where

2 /2 1
Cy(x) = —1/ —exp <—> as ¥ — 00,

oV r 202
e
gg(:c):1+ﬁ—>1 as r — 00,

and

fo(x) = 20° <1 + Oj) with f5(z) = 0 as z — oo, (2.7)

Proof. Similar to the case of t # 2, we get

2 1
1—Fy(z) = QL(IW) 1+ olr ™t —otr? + 30%2 73 + O(:r_4)]
xr2
o*f(x?)
=2 (14’ 1) [1- otr 21+ o2 4 30023 (14 0% )T+ 0(1:74)]
xr2

(2.8)

2 |2 1 2
= \/>exp — + —logz+log |1+ 7 [1 — otz +40%73 + O(m74)]
oV r 202 2 x

with go(z) = 1+ 0*~2 and fo(z) = 202(1 4+ 02t~"), where the third equality follows from the fact
that (1+2)% =1+ az + (a(a —1)/2)2% + O(2?) for all @ € R, as  — 0.

O
Similar to the case of t # 2, we have the following result:
Proposition 2.2. Under the assumptions of Lemma 2.3, we get F>(x) € D(A), where D(A) is the
domain of A(x) = exp{—exp(—z)}.
Now we discuss how to find the constants ¢,,, d,. Analogous to the case of ¢ # 2, we may make
choice of d,, = b2 and ¢, = fa(d,) = 20%(1 + 0b,,;2). Inspired by ¢,, now change
dy = b2 + 20,2,
Cn = fQ(CZn)
=20°[1 + o?b,? — 205, % + O(b, )]
~20%(1 4 o%b%). (2.9)
Let
Ty (2,t) = F" Y ((ena + dn)"") — (1 = F((caz + dy) V1))
The following lemmas present the expansions of the two terms of densities of (|M,|* — d,)/cx.

Lemma 2.4. For normalizing constants ¢, and d,, determined by (2.5) and 0 <t # 2, we have

To(x,t) = A(x) {1 — Ay (t,x)e %b, % + <;A%(t, x)e ¥ — Ayt a;)) e Tht + O(bnﬁ)} (2.10)
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as n — 0o, where

Al(t, .%') = O’2

and

Ay(t,z) = a4<( 2

Proof. Let 6,(x,t

t—2)2x?

_ 92
<1+x+ @22)> (2.11)
é(t—2)(5—2t)x3—x22—:c—1>- (2.12)

) = (chx + dn)l/t. One can easily see that c,x + d,, > 0 for large n and fixed

r € R. By (1.3), for large n, we have b2 ~ 202logn. Then, by (2.5), we have

2

ac’z  ala —t)otz?
_l’_

a(a —t)(a — 2t)o%23

I (z,t) = by [1 + 02

n

where it follows from the fact that

264

608

(1+2)*=1+az+ (a(a —1)/2)2* + (a(a — 1)(a — 2)/6)x> + O(z?),

for a € R, as x — 0. Then, we get

o2 f(6n(7,1)) (a) 1\/5 o’z
T R EL B

(1—t)o*a?

(1—1t)(1 — 2t)o523

-8
T o +O0(b;, )]

b2 0_2 _ 0_4 2 _ _ 0_6 3
X exp{—%‘n2 [1 + 2 n:U + 2 ;2 : 2 t)(23b22t) i —i—O(b;g)]}
® 7 fi n) - [1+ (Gl i 272404372 +O(b;6)}
(2 —t)o? —t)(1 —t)otz? (2 —t)%02? _

[1 w2 3b bl +O(b”6)]
© -1 _x{ ﬁ t—2 )

k| LY — 95— 20w + | £ O 2.14
A ><—>x+2}+<n>} (2.14)

where (a) follows from (2.13) with a = 1 and 2, (b) is from the fact that e* = 1 +z +2%/2+ O(23),
as x — 0 and (c) is due to (1.3). Furthermore, we get

1+025‘2( z,t) — a6, (2, 1) + 0(5,°(,1))
a 2 4
@) 1+b—2 [1— ‘; L romY - 2 1+ 06,2 + 06;,%)
0'2 0'4 _
=1+ o E(l +2z) + O(b,°), (2.15)

where (a) is from (2.13) with ¢ = —2 and —4. By Lemma 2.1, we get

@ 71 :1:{1+

agf(én(x, t)) [

1
P+x+t—

1+ 0°6, % (,t) — %6, % (z, 1) + O(5, (2, 1))]

(- 2)a?
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ot 1 1 x2
+ o 8(t )ext + 6(t )(5 —2t)x 5~ } + O(b, )}

=:n" e [1+ Ai(t,2)b,? + As(t, )b, + O(b,%)] (2.16)
where (a) is due to (2.14) and (2.15). Accordingly,

F" = (6(2,t)) = exp {(n — 1) log[1 — (1 — F(8n(,1)))]}

@ A(x) exp [~ A (t, 2)e b2 — Ag(t, z)e b7t + O(b7°)]

1
® A(z) {1 — Ay(t,z)e b2 + <2A§(t, z)e " — As(t, a:)> e Tt + O(b;f”)} ,

(2.17)
and
e~ n—1
(- FGule. ) = {1 0w | = o). w6, 2.18)
where (a) is from the fact that log(l — ) = —z + O(2?), as  — 0, and (b) follows from that
Taylor’s expansion of e”. The desired result follows by (2.17) and (2.18).
O

Lemma 2.5. For the normalizing constants ¢, and d,, determined by (2.5) and 0 < t # 2, we have

2

d 1y el 4 T8 sy (o
n@F((cnx%—dn) )=¢e {1+ 72 [B—t—(2—1t)x]

n

+ “:;;”2 B(g OB -2+ (- 2) (” - 5t> (- 2)2932] + O(b;6>},

n 6 6 8
(2.19)
as n — o0o.
Proof. It is not hard to check that
nL B (e + d)'") = Tne(enr + d) V7 (e + ).

Therefore, we get

% exp {_ ;jz? [1 N 22233 L @- ;;La‘*a:? L@ 75)(23 - 2)0%8 O(bnS)] }

© £ (o) Zj - {1 LG —b;)a% (3 - t)(32 z% )0t (59

222 4.3 2 4.4
e e e

2

() _g o°x
= e {1+b%[3—t—(2—t)1‘]



oc*r? [1 11 5

+ e 5(3 —1)(3—2t) + (t —2) (6 - 6t) T+ é(t - 2)2902] + O(bnﬁ)}

where (a) follows from (2.13) with a =3 — ¢, (2.5) and (2.14) for the expansion of f(d,(z,t)) with
Sn(x,t) = (cpx + dp)'t, (b) is from the fact that e® = 14+ 2 + 22/2 + O(z®), as © — 0 and (c) is
due to (1.3). The proof is complete.

O
Lemma 2.6. For the normalizing constants ¢, and d,, determined by (2.9) and t = 2, we have
To(z,t) = A(x) [1 — Bi(t,z)e “b,* — Ba(t,2)e "b, % + O(b,%)] , (2.20)
as n — 0o, where
af, 2 1
Bi(t,x) = —0o <£L' +z+ 2) (2.21)
and
6 (4 3 2 7
By(t,x) =0 3% + 22° — 2z + 3) (2.22)
Proof. The proof of the case of t = 2 is similar to the case of 0 < t # 2. Note that ¢, =
20%(1 + 02b,,2), d, = b2 + 204b;,2 for t = 2. So, we get
O (2,2) = (Cnt + dn)'/? = by[1 4 202, 20 4 20 (z + 1)b; 4]V/? =: B,..
Then, we have
o 1a ao’r  ac? 2—a , a(2 —a)obz 4—a , _g
(2.23)
Further, we get
HNM@JMQX_%/ﬁJI
B, V73 P\ 7202 ) b,
2r ot 1, oz 1, _3
o2 (1+2z) o*(1+2)? o5(1+2)3 8
1_ B _
- 2] 0|
(b) 1 o R 3 0% (423 9 7 8
=n""e [1—1)%—19;41(@ -3 —i-@ = —33:—6 +0(b,°)|, (2.24)

where (a) is from (2.23) with a = 1 and 2 and €® = 1 +x +22/2+ O(2?), as x — 0, and (b) is due
to (1.3). Besides, applying (2.23) with a = —2, —4 and —6, we get

1+028,% = o'B8,1 + 3096, ° + 0(B,®)

202z 20t
S M e oam]

=1+0%b,” [1
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2
— ot [1 _dox O(bn4)] + 3055, 5(1 4+ O(b,%)) + O(b,®)

b2
B o2 ot ob 12 O(b=5
—1+E—E(2x+l)+@(x —2x+4+1)+0(,°). (2.25)

Combining with Lemma 2.1, (2.24) and (2.25), we get

4 1 6 /4
1—F(By)=n"te® [1 - (bf—% <x2 +x+ 2> + ZE <3x3 + 222 — 22 + ;) + O(bng)]
=:n"le " [1+ Bi(t,2)b,* + Ba(t, 2)b,® + O(b,%)] . (2.26)
The remainder proof is the same as the case of 0 < t # 2. We omit it. The proof is complete.
O

Lemma 2.7. For the normalizing constants ¢, and d,, determined by (2.9) and t = 2, we have

d 4 1 6 /4 1
n%F((cn$+dn)1/t) = e_m{l — Z—% (xQ -z — 2) + ng <3x3 — 227 — 22 + 3> + O(b;s)},

as n — o0.

Proof. By (2.24) and after observing that ¢, = 202(1 + o2b;,2), we get

d 733 o2 o2 ot [, 3 o8 (423 2 7 -8

4 6
1 4 1
e 1T (- )+ (a2 204 - +0(b,®) ¢. (2.27)
b6 \ 3 3
The proof is complete.
O
As we mentioned in the introduction, Liu and Liu [21] obtained the pointwise convergence rate

of distribution of partial maximum to its limiting distribution. Their main results are stated as
follows.

Theorem 2.1. Suppose that {X,,n > 1} is a sequence of i.i.d. random variables with cdf MD.
Then,

. _o (log(2log n))?
F™(apx +by) — Alz) ~ A T =2 2.2
(i +2) = M) ~ M) S (228)
for large n, where
) o A olog(2logn) + olog 2
n=-— > and b, = (20° logn)'/? m 2.29
¢ (2logn)1/2 o (207 logn)" = + 2(2logn)t/2 (2.29)

3 Main result

In this section, we establish the higher-order expansions of the cdf and the pdf of powered
maximum from MD sample.



Theorem 3.1.
(i) For 0 <t # 2 and the normalizing constants ¢, and d,, given by (2.5), we have

P(|Mn\t < cpr+d,) = A2) {1 — efgczﬁll(tﬁn)b;2 +e " BeIA%(t,a:) — Ag(t,a:)} b;4 + O(bnﬁ)} ,

(3.1)
where
2 1 2
Ai(t,z) =0 [1+x+2(t—2);1: } (3.2)
and
4|l 2.4, 1 5 °
As(t,z) =0 g(t—Q) x +6(t—2)(5—2t):n —?—x—l . (3.3)
(ii) For t = 2 and the normalizing constants ¢, and d,, given by (2.9), we have
P(|M,|" < cpz +dp) = A(z) [1 — e By (t,2)b,* — e Bs(t,2)b, % + O(b,%)] , (3.4)
where
) 1
Bi(t,z) = —0o (:c +x+ 2) (3.5)
and
6 (4 3 2 7
By(t,z)=0c 3% + 2z —2w+§ . (3.6)

Remark 3.1. From Theorem 3.1, one can easily see that the convergence rates of powered mazximum
of cdf for MD are proportional to 1/logn and 1/(logn)? for power index 0 < t # 2 and t = 2,
respectively, since 1/b% ~ 202logn by (1.3).

Remark 3.2. From Theorems 2.1 and 3.1 (ii), we can observe that the convergence speed of powered
extreme of cdf for MD 1is better than that of extreme of cdf.

In the following we provide the higher-order expansions of the pdf of powered maximum.

Theorem 3.2.
(i) For 0 <t # 2 and the normalizing constants ¢, and d,, given by (2.5), we have

%P(\Mnyt < enz 1 dn) = N(@) [1+ Po(t, )b + Po(t, )b + O(b7°)] (3.7)
where
Pi(t,z) = o* {— {@_22)%2 + 2+ 1] e 4 (t—2)a? — (t - 3):):}
and



5(t —2)xt 5 10\ 4 1\ , _
e () I i — 2t + ~ —1|e™®
3 ( )<6 3>x+ +2 x e

_9)2,3 _ _
+7(t ? (t2)(2t1;)x2+(t 3);% 3):5}.

(ii) For t =2 and the normalizing constants ¢, and dy, given by (2.9), we have

%P(wﬂv < ena+dy) = N(@) [1+ Qu(t,2)bt + Qalt, )" + O(b7%)], (3.8)

’U}h€76
4 2 1 —x 2 1
Qi(t,z) =0 rr+r+- e —xt+tr+ <

and

Qa(t, ) = —0° [(3563 + 227 — 2z + ;) e’ — %x?’ + 22% + 27 — ;] .

Remark 3.3. From Theorem 3.2, it is not difficult to observe that the convergence speeds of powered
extreme of pdf for MD are the same order of 1/logn and 1/(logn)? for power index 0 < t # 2 and
t = 2, respectively, because of 1/b2 ~ 202logn by (1.3).

Remark 3.4. Fort = 2, the normalizing constants ¢, and d,, are not given by (2.9), but we choose
them as follows:

cn = 20%(1 — 0?b,2) and d,, = b2 — 20,2, (3.9)
then we derive

267102 67104 —z 2 2 3 4
:A(SL'){I— 0 (x+1)+ m [26 (x+1)*—=x —m—2} b,
e %084 _, 3
_ = 2z 1 3 2¢~% 1 2 e
o [36 (x+1) e (x+ )(x —|—a:—|—2)
2 14
- gm?’ + 22 + 3z + 3} + O(b;g)} (3.10)

and
—P(|M,|" < chz +dy)
l n — N n

202 4 3
= A/(m){l — b%[e_x(x +1) — ]+ Zj [26_29“@ +1)% - <5x2 + 5z + 2) e "

1 6 2 7
+a?—z+ 2} + 7 [496(33 +1)%e 7 — (4a® + 227 + 22 + 1)e " + —a® —z — ] + O(bng)}'

b6 3 6
(3.11)

Obviously, the convergence rates of the cdf and the pdf of powered extreme given by (3.4) and (3.8),
which are proportional to 1/(logn)?, are faster than that given by (3.10) and (3.11). Consequently,
the normalizing constants ¢, and d,, determined by (2.9) are optimal.
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4 Proof of main result

Proof of Theorem 3.1. By some fundamental calculations, we get
P(|My|' < cpz + dn) = F™((cpz +dp)Yt) — (1 — F((cpz + dy)VH)" (4.1)

First, we consider the case of 0 < ¢t # 2. By (2.16) and similar discussions as for (2.17) and (2.18),
we get

F"(0p(z,t)) = A(x) {1 — Ay (t,x)e "b, % + (;A%(t,x)ex — Ag(t,x)) e Tht + O(bn6)} , (4.2)

where A;(t,z) and As(t,x) are determined by (2.11) and (2.12), and

e—CC

n

1= P ) = {1+ 0w] ) = ot w26 (43)

A combination of (4.2) and (4.3) implies that (3.1) holds.

For the case of t = 2, by similar arguments as for 0 < ¢t # 2, the desired result follows. The
proof is complete.

O
Proof of Theorem 3.2. One can easily check that

%P(\Mnyt < cpx+d,) =n (;;F((cna: + dn)l/t)> (4.4)
x {F”_l((cnx Fd) YY) 41— F((enz + dn)l/t)}”‘l} .

For 0 < t # 2, combining with Lemmas 2.4 and 2.5, we get

1 d o’z
—P(|M,|* < c, L) —1=<31+-"B—-t—(2—
N () dz (|M,|" < cnx +dy,) { + 02 [B—t—(2—1t)x]
ota? [1

b FB=DB-2)+(t-2) (1; — 2t> T + é(t - 2)%2} - O(bnﬁ)}

+

1 1 1 2
X {1 —0o? [1—1-374— 2(t—2)x2} e b2+ <2 [1—1—3:—1— 2(t—2)x2] e

- ng(t —2)%t 4 é(t —2)(5 — 2t)2® — 3”22 —z— 1] >o4e—fﬂb;4 + O(b;ﬁ)} -1

:02{_ [“_22)“"2+x+1] e_x+(t—2)x2—(t—3)x}

t— 2)2 2
|:( )x +$_|_1:| 6—23,’
2

b
- [W—(t—m (Zt—l;>x3+<2t+;>x2—1} e ?

(t—2)?%% (t—2) (575 - 11) z? + (t_?’)é%_?’)x} +0(b,°)

6 6
=Pi(t, 2)b,” + Pa(t, )b, " + O(b,°),
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which deduces (3.7).
The following is for the case of t = 2. By (4.4) and Lemmas 2.6 and 2.7, we gain

1 d . ot [, 1
- = < I _ o
M) dot (Mnl < enttdn) =1 {1 b (”T Y73
o (44 1 g
o (Zad—222— 224 = -
+b2 <3m x £U+3>+O(bn )}
olte [, 1 o%e™® (4 o 2 7 8
x[l—i— o <x +:c+2>— 0 (Bx + 2z —2x+3>+0(bn )]—1
—0—4 91:2—1—:U+1 e_””—x2~|—:zc+1
b 2 2
o [(4 3 2 T\ = 43 2 1 -8
—bg[(Sm + 2z —2x+3>e — 3% + 2z +2m—3]+0(bn)

=Q1(t, 2)b;* + Qa(t, 2)b, % + O(b ),

which proves (3.8). The proof of Theorem 3.2 is finished.
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