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Résumé

The binomial formula, set by Isaa
 Newton, is of utmost importan
e and has

been extensively used in many di�erent �elds. This study aims at 
oming up

with alternative expressions to the Newton's formula.



Chapitre 1

Another way to write

Newton's binomial expansion.

1.1 Purpose of this 
hapter.

Newton's binomial expansion 
an be expressed di�erently. This new formu-

lation allows in turn to perform other 
al
ulations whi
h will highlight 
ertain

properties that the original formula may not be able to provide.

1.2 Another formula.

Let n ∈ N
∗
, and x ∈ R

∗
and y ∈ R

∗
. In all that follows, we assume n ≥ 3.

We 
an write

(x+ y)
n
− xn

(x+ y)− x
=

n−1
∑

j=0

(x+ y)
n−1−j

xj =
(x+ y)

n
− xn

y

and likewise

(x+ y)n − yn

(x+ y)− y
=

n−1
∑

j=0

(x+ y)
n−1−j

yj =
(x+ y)n − yn

x

Let us add these two quantities

(x+ y)
n
− xn

y
+

(x+ y)
n
− yn

x
=

n−1
∑

j=0

(x+ y)n−1−j (

xj + yj
)

and we end up with the formula

(x+ y)
n+1

−
(

xn+1 + yn+1
)

= xy

n−1
∑

j=0

(x+ y)
n−1−j (

xj + yj
)

whi
h, for 
onvenien
e's sake, we write

(x+ y)
n
− (xn + yn) = xy

n−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

(1.1)
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Let us now re
all the Newton's binomial expansion

(x+ y)
n
=

n
∑

j=0

Cj
nx

n−jyj (1.2)

wherein

Cj
n =

n!

(n− j)!j!
(1.3)

allows to establish the equality

n−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

=

n−1
∑

j=1

Cj
nx

n−j−1yj−1

or lastly

n−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

=

n−2
∑

j=0

Cj+1
n xn−2−jyj

1.3 Study of the new formula.

Let us pose

An (x, y) =
n−2
∑

j=0

(x+ y)n−2−j (

xj + yj
)

(1.4)

Let us remark �rst that

n−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

=

p−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

+
n−2
∑

j=p−1

(x+ y)n−2−j (

xj + yj
)

with p ∈ N
∗
et p < n, or likewise

n−2
∑

j=0

(x+ y)n−2−j (

xj + yj
)

=

p−2
∑

j=0

(x+ y)
(n−p)+(p−2−j) (

xj + yj
)

+

n−2
∑

j=p−1

(x+ y)
n−2−(j−(p−1)+p−1)

(

xj−(p−1)+p−1 + yj−(p−1)+p−1
)
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and

n−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

=

(x+ y)n−p

p−2
∑

j=0

(x+ y)p−2−j (

xj + yj
)

+

n−2−(p−1)
∑

j=0

(x+ y)
n−2−(j+p−1) (

xj+p−1 + yj+p−1
)

and

n−2
∑

j=0

(x+ y)
n−2−j (

xj + yj
)

=

(x+ y)
n−p

p−2
∑

j=0

(x+ y)
p−2−j (

xj + yj
)

+

n−2−(p−1)
∑

j=0

(x+ y)
n−p−1−j (

xj+p−1 + yj+p−1
)

and �nally

An (x, y) = (x+ y)
n−p

Ap (x, y)

+

n−2−(p−1)
∑

j=0

(x+ y)
n−p−1−j (

xj+p−1 + yj+p−1
)

Let us now 
onsider the 
ase wherein n = p+ 1, then

Ap+1 (x, y) = (x+ y)Ap (x, y) +

0
∑

j=0

(x+ y)
−j (

xj+p−1 + yj+p−1
)

or likewise

Ap+1 (x, y) = (x+ y)Ap (x, y) +
(

xp−1 + yp−1
)

but

xp−1 + yp−1 = (x+ y)
p−1

− xyAp−1 (x, y)

and thus

Ap+1 (x, y) = (x+ y)Ap (x, y) + (x+ y)
p−1

− xyAp−1 (x, y) (1.5)
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Let us 
on
entrate now more spe
i�
ally on An (x, y) and let us develop this

quantity from the formula 1.4 en page 2. And so

An (x, y) = 3 (x+ y)
n−2

+

n−4
∑

j=0

(x+ y)
n−4−j (

xj+2 + yj+2
)

= 3 (x+ y)
n−2

+
(

x2 + y2
)n−4

+

n−5
∑

j=0

(x+ y)
n−5−j (

xj+3 + yj+3
)

= 3 (x+ y)n−2 + (x+ y)n−2 − 2xy (x+ y)n−4 +
n−5
∑

j=0

(x+ y)n−5−j (

xj+3 + yj+3
)

= 4 (x+ y)
n−2

− 2xy (x+ y)
n−4

+

n−5
∑

j=0

(x+ y)
n−5−j (

xj+3 + yj+3
)

As we 
ontinue our 
al
ulations in the same manner, we get

An (x, y) = 5 (x+ y)
n−2

− 5xy (x+ y)
n−4

+

n−6
∑

j=0

(x+ y)
n−6−j (

xj+4 + yj+4
)

An (x, y) = 6 (x+ y)
n−2

− 9xy (x+ y)
n−4

+ 2x2y2 (x+ y)
n−6

+
n−7
∑

j=0

(x+ y)n−7−j (

xj+5 + yj+5
)

An (x, y) = 7 (x+ y)
n−2

− 14xy (x+ y)
n−4

+ 7x2y2 (x+ y)
n−6

+

n−8
∑

j=0

(x+ y)
n−8−j (

xj+6 + yj+6
)

An (x, y) = 8 (x+ y)
n−2

−20xy (x+ y)
n−4

+16x2y2 (x+ y)
n−6

−2x3y3 (x+ y)
n−8

+

n−9
∑

j=0

(x+ y)n−9−j (

xj+7 + yj+7
)

An (x, y) = 9 (x+ y)
n−2

−27xy (x+ y)
n−4

+30x2y2 (x+ y)
n−6

−9x3y3 (x+ y)
n−8

+

n−10
∑

j=0

(x+ y)
n−10−j (

xj+8 + yj+8
)

An (x, y) = 10 (x+ y)
n−2

−35xy (x+ y)
n−4

+50x2y2 (x+ y)
n−6

−25x3y3 (x+ y)
n−8

+ 2x4y4 (x+ y)
n−10

+
n−11
∑

j=0

(x+ y)n−11−j (

xj+9 + yj+9
)
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An (x, y) = 11 (x+ y)n−2−44xy (x+ y)n−4+77x2y2 (x+ y)n−6−55x3y3 (x+ y)n−8

+ 11x4y4 (x+ y)
n−10

+

n−12
∑

j=0

(x+ y)n−12−j (

xj+10 + yj+10
)

It is of 
ourse possible to extend our 
al
ulations as far as we desire. As n is

taking on the values 3, 4, 5, 6,..., we 
an dedu
t the respe
tive new developments

of A3 (x, y), A4 (x, y), A5 (x, y), A6 (x, y), et
.

Let us assume now that the following formulas hold for all integers less than or

equal to 2k et 2k + 1, where k ∈ N
∗

A2k (x, y) =
k−1
∑

j=0

D
j
2k (−1)j (xy)j (x+ y)2(k−1−j)

(1.6)

A2k+1 (x, y) = (x+ y)

k−1
∑

j=0

D
j
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−1−j)
(1.7)

The 
oe�
ients D
j
2k et D

j
2k+1 are to be made expli
it if possible (and will be

indeed further down this study).

Let us go ba
k to the equation 1.5 page 3 and rewrite in the form

A2k+2 (x, y) = (x+ y)A2k+1 (x, y) + (x+ y)
2k

− xyA2k (x, y)

Let us develop now this relation

A2k+2 (x, y) = (x+ y)
2
k−1
∑

j=0

D
j
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

+ (x+ y)
2k

− xy

k−1
∑

j=0

D
j
2k (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

⇐⇒

A2k+2 (x, y) = (x+ y)
2
k−1
∑

j=0

D
j
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

+ (x+ y)
2k

+

k−1
∑

j=0

D
j
2k (−1)

j+1
(xy)

j+1
(x+ y)

2(k−1−j)
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Let us 
arry on with our 
al
ulations. We obtain in an equivalent manner

A2k+2 (x, y) =

k−1
∑

j=0

D
j
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−j)

+ (x+ y)
2k

+

k−1
∑

j=0

D
j
2k (−1)

j+1
(xy)

j+1
(x+ y)

2(k−1−j)

⇐⇒

A2k+2 (x, y) =

k−1
∑

j=0

D
j
2k+1 (−1)j (xy)j (x+ y)2(k−j)

+ (x+ y)
2k

+

k
∑

j=1

D
j−1
2k (−1)

j
(xy)

j
(x+ y)

2(k−j)

⇐⇒

A2k+2 (x, y) =

k−1
∑

j=1

(

D
j
2k+1 +D

j−1
2k

)

(−1)
j
(xy)

j
(x+ y)

2(k−j)

+D0
2k+1 (x+ y)

2k
+ (x+ y)

2k
+Dk−1

2k (xy)
k

and we 
an write

A2k+2 (x.y) =

k
∑

j=0

D
j
2k+2 (−1)

j
(xy)

j
(x+ y)

2(k−j)

with

D0
2k+2 = D0

2k+1 + 1

Dk
2k+2 = Dk−1

2k

and

(∀j ∈ N) (1 ≤ j ≤ k − 1)
(

D
j
2k+2 = D

j
2k+1 +D

j−1
2k

)

Similarly, we have

A2k+3 (x, y) = (x+ y)A2k+2 (x, y) + (x+ y)2k − xyA2k+1 (x, y)

Let us make it more expli
it

A2k+3 (x, y) = (x+ y)

k
∑

j=0

D
j
2k+2 (−1)

j
(xy)

j
(x+ y)

2(k−j)

+ (x+ y)
2k+1

− xy (x+ y)
k−1
∑

j=0

D
j
2k+1 (−1)j (xy)j (x+ y)2(k−1−j)
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hen
e

A2k+3 (x, y) =

k
∑

j=0

D
j
2k+2 (−1)

j
(xy)

j
(x+ y)

2(k−j)+1

+ (x+ y)
2k+1

+
k−1
∑

j=0

D
j
2k+1 (−1)j+1 (xy)j+1 (x+ y)2(k−1−j)+1

whi
h is equivalent to

A2k+3 (x, y) = (x+ y)
2k+1

+

k
∑

j=0

D
j
2k+2 (−1)

j
(xy)

j
(x+ y)

2(k−j)+1

+

k−1
∑

j=1

D
j−1
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−j)+1

and also

A2k+3 (x, y) =
(

D0
2k+2 + 1

)

(x+ y)2k+1

+

k
∑

j=1

(

D
j
2k+2 +D

j−1
2k+1

)

(−1)
j
(xy)

j
(x+ y)

2(k−j)+1

and we 
an �nally write

A2k+3 (x, y) = (x+ y)

k
∑

j=0

D
j
2k+2 (−1)

j
(xy)

j
(x+ y)

2(k−j)

with

D0
2k+2 = D0

2k+1 + 1

and

(∀j ∈ N) (1 ≤ j ≤ k)
(

D
j
2k+3 = D

j
2k+2 +D

j−1
2k+1

)

This 
on
ludes our mathemati
al indu
tion and we 
an write at last

(∀k ∈ N
∗)



A2k =

k−1
∑

j=0

D
j
2k (−1)

j
(xy)

j
(x+ y)

2(k−1−j)





(1.8)

with

D0
2k = D0

2k−1 + 1 ⇐⇒ D0
2k = 2k (1.9)

and

Dk−1
2k = Dk−2

2k−2 = · · · = D1
4 = 2 (1.10)
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and

(∀j ∈ N) (1 ≤ j ≤ k − 1)
(

D
j
2k = D

j
2k−1 +D

j−1
2k−2

)

(1.11)

and as well

(∀k ∈ N
∗)



A2k+1 = (x+ y)
k−1
∑

j=0

D
j
2k+1 (−1)j (xy)j (x+ y)2(k−1−j)





(1.12)

with

D0
2k+1 = D0

2k + 1 ⇐⇒ D0
2k = 2k + 1 (1.13)

and

(∀j ∈ N) (1 ≤ j ≤ k)
(

D
j
2k+1 = D

j
2k +D

j−1
2k−1

)

(1.14)

1.4 Values taken by the 
oe�
ientsD
j
h where (h ∈ N)

and (h ≥ 3)

We have, as we just established it

(∀h ∈ N) (h ≥ 3)
(

D0
h = h

)

Let us take j = 1. We have

D1
h = D1

h−1 +D0
h−2

We 
an then write

D1
h = D1

h−1 +D0
h−2

D1
h−1 = D1

h−2 +D0
h−3

· · ·

· · ·

· · ·

D1
5 = D1

4 +D0
3











































=⇒ D1
h =

h−5
∑

j=0

D0
h−2−j +D1

4

but

D0
h−2−j = h− 2− j

and, a

ording to the relation 1.10 established in page 7

D1
4 = 2

hen
e we get

D1
h =

h−5
∑

j=0

(h− 2− j) + 2 = ((h− 2) + (h− 3) + (h− 4) + · · ·+ 3) + 2

and therefore

2D1
h = h (h+ 3)

and �nally

(∀h ∈ N
∗) (h ≥ 3)

(

D1
h =

h (h− 3)

2

)

(1.15)
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Clearly

(∀h ∈ N
∗) (h ≥ 3)

(

D1
h ∈ N

)

Making similar 
al
ulations, we �nd for every integer h ≥ 3

D2
h =

h (h− 4) (h− 5)

6
(1.16)

D3
h =

h (h− 5) (h− 6) (h− 7)

24
(1.17)

There as well

(∀h ∈ N
∗) (h ≥ 3)

(

D2
h ∈ N

)

(∀h ∈ N
∗) (h ≥ 3)

(

D3
h ∈ N

)

We then remark that the relations 1.11 and 1.14 established in page 8, as well

as those ((see relations 1.15, 1.16 et 1.17) established in pages 8 and 9 allow us

to a�rm

(∀h ∈ N
∗) (h ≥ 3)

(

∀j ∈

{

0, 1, · · · ,
h− 4

2

})

(

D
j
h ∈ N

)

let us assume now, h being 
hosen as even, and for all j ∈
{

0, 1, · · · , h−2
2

}

the

formula

D
j
h =

h (h− (j + 2))!

(j + 1)! (h− 2 (j + 1))!
(1.18)

true until rank h, for all even integer lower than or equal to h

Let us assume as well that, for all j ∈
{

0, 1, · · · , h−4
2

}

, until rank h − 1, the
formula

D
j
h−1 =

(h− 1) ((h− 1)− (j + 2))!

(j + 1)! ((h− 1)− 2 (j + 1))!
(1.19)

is true. Then

D
j−1
h−1 =

(h− 1) (h− 1− (j + 1)!)

j! (h− 1− 2j)!
=

(h− 1) (h− (j + 2)!)

j! (h− 1− 2j)!
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The relation 1.11 established in page 8 allow us to write

D
j
h+1 =

h (h− (j + 2))!

(j + 1)! (h− 2 (j + 1))!
+

(h− 1) (h− (j + 2))!

j! (h− 1− 2j)!

⇐⇒

D
j
h+1 =

(h− (j + 2))!

j!

(

h

(j + 1) (h− 2 (j + 1))!
+

(h− 1)

(h− 1− 2j)!

)

⇐⇒

D
j
h+1 =

(h− (j + 2))!

j!

(

h (h− 1− 2j) + (h− 1) (j + 1)

(h− 1− 2j)! (j + 1)

)

⇐⇒

D
j
h+1 =

(h− (j + 2))!

(j + 1)! (h− 1− 2j)!
(h (h− 1)− 2jh+ (h− 1) j + (h− 1))

⇐⇒

D
j
h+1 =

(h− (j + 2))!

(j + 1)! (h− 1− 2j)!

(

h2 − 1− (h+ 1) j
)

and �nally

D
j
h+1 =

(h− (j + 2))!

(j + 1)! (h− 1− 2j)!
(h+ 1) (h− 1− j)

We 
an therefore write

D
j
h+1 =

(h+ 1) (h− (j + 1))!

(j + 1)! (h+ 1− 2 (j + 1))!
(1.20)

We 
ould make similar 
al
ulations if we take h as odd

We verify that

(∀h ∈ N
∗) (h ≥ 3)

(

D0
h = h

)

and, as we denote the ensemble of even integers as 2N

(∀h = 2k ∈ 2N∗) (h ≥ 4)
(

Dk−1
2k = 2

)

At the end of this mathemati
al indu
tion, we have then established

(∀k ∈ N
∗) (∀j ∈ {0, 1, 2, · · · , k − 1})

(

D
j
2k+1 =

(2k + 1) (2k − (j + 1))!

(j + 1)! (2k + 1− 2 (j + 1))!

)

(

D
j

2(k+1) =
2 (k + 1) (2 (k + 1)− 1− (j + 1))!

(j + 1)! (2 (k + 1)− 2 (j + 1))!

)

(1.21)

Let us remark that for all integer h

h− 2 (j + 1) + (j + 1) = h− (j + 1)

We 
an write

D
j
h =

h (h− (j + 1))!

(h− (j + 1)) (j + 1)! (h− 2 (j + 1))!

and also

D
j
h =

h

h− (j + 1)
C

j+1
h−(j+1)
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1.5 Study on the 
oe�
ients D
j
h

For the following odd integers h, we verify the relations

k = 1 ⇐⇒ h = 2k + 1 = 3

D0
3 = 3C0

0

k = 2 ⇐⇒ h = 2k + 1 = 5

D0
5 = 5C0

1

D1
5 = 5C1

1

k = 3 ⇐⇒ h = 2k + 1 = 7

D0
7 = 7C0

2

D1
7 = 7C1

2

D2
7 = 7C2

2

k = 4 ⇐⇒ h = 2k + 1 = 9

D0
9 = 9C0

3

D1
9 = 9C1

3

D2
9 = 9C2

3 + 3C0
0

D1
9 = 9C3

3

k = 5 ⇐⇒ h = 2k + 1 = 11

D0
11 = 11C0

4

D1
11 = 11C1

4

D2
11 = 11

(

C2
4 + C0

1

)

D3
11 = 11

(

C3
4 + C1

1

)

D4
11 = 11C4

4

k = 6 ⇐⇒ h = 2k + 1 = 13

D0
13 = 13C0

5

D1
13 = 13C1

5

D2
13 = 13

(

C2
5 + 2C0

2

)

D3
13 = 13

(

C3
5 + 2C1

2

)

D4
13 = 13

(

C4
5 + 2C2

2

)

D5
13 = 13C5

5
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k = 7 ⇐⇒ h = 2k + 1 = 15

D0
15 = 15C0

6

D1
15 = 15C1

6

D2
15 = 15

(

C2
6 + 3C0

3

)

D3
15 = 15

(

C3
6 + 3C1

3

)

D4
15 = 15

(

C4
6 + 3C2

3 + 3C0
0

)

D5
15 = 15

(

C5
6 + 3C3

3

)

D6
15 = 15C6

6

k = 8 ⇐⇒ h = 2k + 1 = 17

D0
17 = 17C0

7

D1
17 = 17C1

7

D2
17 = 17

(

C2
7 + 5C0

4

)

D3
17 = 17

(

C3
7 + 5C1

4

)

D4
17 = 17

(

C4
7 + 5C2

4 + C0
0

)

D5
17 = 17

(

C5
7 + 5C3

4 + C1
1

)

D6
17 = 17

(

C6
7 + 5C4

4

)

D7
17 = 17C7

7

k = 9 ⇐⇒ h = 2k + 1 = 19

D0
19 = 19C0

8

D1
19 = 19C1

8

D2
19 = 19

(

C2
8 + 7C0

5

)

D3
19 = 19

(

C3
8 + 7C1

5

)

D4
19 = 19

(

C4
8 + 7C2

5 + 3C0
2

)

D5
19 = 19

(

C5
8 + 7C3

5 + 3C1
2

)

D5
19 = 19

(

C6
8 + 7C4

5 + 2C2
2

)

D6
19 = 19

(

C7
8 + 7C5

5

)

D8
19 = 19C8

8

12



k = 10 ⇐⇒ h = 2k + 1 = 21

D0
21 = 21C0

9

D1
21 = 21C1

9

D2
21 = 21

(

C2
9 + 19C0

6

)

D3
21 = 21

(

C3
9 + 19C1

6

)

D4
21 = 21

(

C4
9 + 19C2

6 + 14C0
3

)

D5
21 = 21

(

C5
9 + 19C3

6 + 14C1
3

)

D6
21 = 21

(

C6
9 + 19C4

6 + 14C2
3 + 3C0

0

)

D7
21 = 21

(

C7
9 + 19C5

6 + 14C3
3

)

D8
21 = 21

(

C7
9 + 19C6

6

)

D9
21 = 21C9

9

We are brought to assume that for all odd integer 2k+1, greater than or equal

to 3, ea
h 
oe�
ient D
j
2k+1 
an be expressed as follows

D
j
2k+1 =

⌊ k

3
⌋

∑

l=0

F l
2k+1C

j−2l
k−1−2l

In order to demonstrate the validity of this formula for all integer k, we are

going to develop, to the extent posible, the 
oe�
ient F l
2k+1 against k and l

for any integer k, we verify the relations

D0
2k+1 = (2k + 1)C0

k−1

D1
2k+1 = (2k + 1)C1

k−1

We 
an always write, with k ≥ 4

D2
2k+1 = (2k + 1)C2

k−1 +
(

D2
2k+1 − (2k + 1)C2

k−1

)

C0
k−4

But, in a

ordan
e with the relations 1.3 et 1.21 established in pages 2 and 10

D2
2k+1 − (2k + 1)C2

k−1 = (2k + 1)

(

(2k − 3)!

3! (2k + 1− 6)!
−

(k − 1)!

2! (k − 3)!

)

and similarly

D2
2k+1 − (2k + 1)C2

k−1 = (2k + 1)

(

(2k − 3)!

3! (2k − 5)!
−

(k − 1)!

2! (k − 3)!

)

and

D2
2k+1 − (2k + 1)C2

k−1 = (2k + 1)

(

(2k − 3) (2k − 4)

3!
−

(k − 1) (k − 2)

2!

)

and

D2
2k+1 − (2k + 1)C2

k−1 = (2k + 1)

(

(2k − 3) (k − 2)

3
−

(k − 1) (k − 2)

2

)

13



and also

D2
2k+1 − (2k + 1)C2

k−1 = (2k + 1)

(

2 (2k − 3) (k − 2)− 3 (k − 1) (k − 2)

6

)

and �nally

D2
2k+1 − (2k + 1)C2

k−1 =
(2k + 1) (k − 2) (k − 3)

6

Let us pose

F 1
2k+1 = D2

2k+1 − (2k + 1)C2
k−1 =

(2k + 1) (k − 2) (k − 3)

3!

In a similar way, we would �nd

D3
2k+1 = (2k + 1)

(

C3
k−1 + F 1

2k+1C
1
k−4

)

and

D4
2k+1 = (2k + 1)

(

C4
k−1 + F 1

2k+1C
2
k−4 + F 2

2k+1C
0
k−7

)

whi
h gives us

F 2
2k+1 =

((

D4
2k+1 − (2k + 1)C4

k−1

)

−
(

D2
2k+1 − (2k + 1)C2

k−1

)

C2
k−4

)

Making similar 
al
ulations as the previous ones, and with 
oe�
ients D
j
2k+1

and Cl
k−j being made expli
it, we �nd

F 2
2k+1 =

(2k + 1) (k − 3) (k − 4) (k − 5) (k − 6)

5!

We are therefore brought to assume that, for all integer k ≥ 1, the equality

F l
2k+1 =

(2k + 1) (k − 1− l)!

(2l + 1)! (k − 1− 3l)!
(1.22)

is true, with the integer l su
h as

0 ≤ l ≤ ⌊
k

3
⌋

Let us 
al
ulate the di�eren
e

F l
2k+1 − F l

2k−1 =
(2k + 1) (k − 1− l)!

(2l + 1)! (k − 1− 3l)!
−

(2k − 1) (k − 2− l)!

(2l+ 1)! (k − 2− 3l)!

Then

F l
2k+1−F l

2k−1 =
(k − 2− l)!

(2l + 1)! (k − 2− 3l)!

(

(2k + 1) (k − 1− l)− (2k − 1) (k − 1− 3l)

(k − 1− 3l)

)

and

F l
2k+1−F l

2k−1 =
(k − 2− l)!

(2l + 1)! (k − 1− 3l)!
((2k + 1) (k − 1− l)− (2k − 1) (k − 1− 3l))

14



and also

F l
2k+1 − F l

2k−1 =
(k − 2− l)!

(2l+ 1)! (k − 1− 3l)!
(2 (2l+ 1) (k − 1))

and �nally

F l
2k+1 − F l

2k−1 =
2 (k − 1) (k − 2− l)!

(2l)! (k − 1− 3l)!
(1.23)

Let us use a mathemati
al indu
tion to show the existen
e of the relation

(∀k ∈ N
∗) (k ≥ 1) (∀j ∈ N) (0 ≤ j ≤ k − 1)



D
j
2k+1 =

⌊ k

3
⌋

∑

l=0

F l
2k+1C

j−2l
k−1−3l





wherein ea
h 
oe�
ient F l
2k+1 is expressed by the formula 1.22 established in

page 14.

Let us assume that, for all integer j ≤ k − 2, the relation

D
j
2k−1 =

⌊ k−1

3
⌋

∑

l=0

F l
2k−1C

j−2l
k−2−3l

is true until the rank 2k − 1, with

F l
2k−1 =

(2k − 1) (k − 2− l)!

(2l+ 1)! (k − 2− 3l)!

Let us 
al
ulate now the di�eren
e

D
j
2k−1 −D

j−1
2k−3 = D

j
2k−2

and also

D
j
2k−2 =

⌊ k−1

3
⌋

∑

l=0

F l
2k−1C

j−2l
k−2−3l −

⌊ k−2

3
⌋

∑

l=0

F l
2k−3C

j−2l−1
k−3−2l

Then, we are fa
ed with two 
ases.

Case 1 : ⌊k−1

3
⌋ = ⌊k−2

3
⌋ = m

This 
ase is equivalent to k ≡ 0 (3) ou k ≡ 2 (3).

Let us re
all that

(

C
j−2l
k−2−3l = C

j−2l−1
k−3−3l + C

j−2l
k−3−3l

)

⇐⇒
(

C
j−2l−1
k−3−3l = C

j−2l
k−2−3l − C

j−2l
k−3−3l

)

We then have

D
j
2k−2 =

m
∑

l=0

(

F l
2k−1C

j−2l
k−2−3l − F l

2k−3C
j−2l−1
k−3−3l

)

whi
h is equivalent to

D
j
2k−2 =

m
∑

l=0

(

F l
2k−1C

j−2l
k−2−3l − F l

2k−3

(

C
j−2l
k−2−3l − C

j−2l
k−3−3l

))

15



and

D
j
2k−2 =

m
∑

l=0

(

(

F l
2k−1 − F l

2k−3

)

C
j−2l
k−2−3l + F l

2k−3C
j−2l
k−3−3l

)

(1.24)

with m = ⌊k−1
3 ⌋ = ⌊k−2

3 ⌋

Case 2 : ⌊k−1

3
⌋ = ⌊k−2

3
⌋ + 1 = m+ 1

This 
ase is equivalent to k ≡ 1 (3).

We then have

D
j
2k−2 = Fm+1

2k−1C
j−2(m+1)
k−2−3(m+1)+

m
∑

l=0

(

(
(

F l
2k−1 − F l

2k−3

)

C
j−2l
k−2−3l + F l

2k−3C
j−2l
k−3−2l

)

but

(k − 1 = 3m+ 1) ⇐⇒ (k − 2 < 3m+ 1 < 3 (m+ 1))

and therefore

D
j
2k−2 =

m
∑

l=0

(

(
(

F l
2k−1 − F l

2k−3

)

C
j−2l
k−2−3l + F l

2k−3C
j−2l
k−3−2l

)

(1.25)

with m = ⌊k−1
3 ⌋ − 1 = ⌊k−2

3 ⌋. ave
 m = ⌊k−1
3 ⌋ − 1 = ⌊k−2

3 ⌋.

Further to the review of these two 
ases, we then remark that for ea
h 
ase

m
∑

l=0

F l
2k−3C

j−2l
k−3−3l = D

j
2k−3

hen
e we get

D
j
2k−2 −D

j
2k−3 = D

j−1
2k−4

and �nally we obtain the equality

D
j−1
2k−4 =

⌊ k−2

3
⌋

∑

l=0

F l
2k−4C

j−2l
k−2−3l (1.26)

with, in a

ordan
e with the relation 1.23 established page 15

F l
2k−4 = F l

2k−1 − F l
2k−3

We are now have to prove the validity of the equality 1.26, for all integer k ∈ N

with k ≥ 4. We make sure �rst, by a simple 
al
ulation, that this equality is

true when k takes su

essively the values 4, 5 et 6 · · · , whereas j takes its values
in its domain.

We then assume that this equality is true until the rank 2k, for all j ≤ (k − 1),
that is

D
j
2k =

⌊ k

3
⌋

∑

l=0

F l
2kC

j+1−2l
k−3l

16



We 
an now remark that the 
al
ulations made to get the formula of D
j
h=2k

depending on the 
oe�
ients F l
2k and the binomial 
oe�
ients C

j+1−2l
k−3l are

generalizable to any value of h in N. We just have to verify by mathemati
al in-

du
tion the 
orre
tness of the formulation of the odd index 
oe�
ients D
j
h=2k+1

to obtain a result that is valid, irrespe
tive of the parity of this index h.

Let us go ba
k to the initial hypothesis on the odd index 
oe�
ients, and let us

utilize what we just established. We verify

D
j
2k+1 = D

j
2k +D

j−1
2k−1

with

D
j
2k =

⌊ k

3
⌋

∑

l=0

F l
2kC

j+1−2l
k−3l

and

D
j−1
2k−1 =

⌊ k−1

3
⌋

∑

l=0

F l
2k−1C

j−2l
k−2−3l

Further to the 
al
ulations we just made in pages 16 and 16, we have

D
j
2k =

⌊ k

3
⌋=m
∑

l=0

F l
2k−2C

j−2l
k−1−3l + F l

2k−1C
j−2l
k−2−3l

⇐⇒ D
j
2k =

⌊ k

3
⌋=m
∑

l=0

(

F l
2k+1 − F l

2k−1

)

C
j−2l
k−1−3l + F l

2k−1C
j−2l
k−2−3l

⇐⇒ D
j
2k =

⌊ k

3
⌋=m
∑

l=0

F l
2k+1C

j−2l
k−1−3l −

⌊ k

3
⌋=m
∑

l=0

F l
2k−1C

j−2l−1
k−1−3l

⇐⇒ D
j
2k = D

j
2k+1 −D

j−1
2k−1

This result is in agreement with the equality 1.14 established in page 8.

As we know how to express the 
oe�
ients F l
2k−2 and F l

2k−1 against l et de

k, we 
an now 
al
ulate F l
2k+1. We thus �nd

D
j
2k+1 =

⌊ k

3
⌋

∑

l=0

F l
2k+1C

j−2l
k−1−3l

with

F l
2k+1 =

(2k + 1) (k − 1− l)!

(2l + 1)! (k − 1− 3l)!

Our mathemati
al indu
tion is 
omplete for every 
oe�
ient D
j
h

Let us now summarize all the results we have obtained over the previous pages

(see equations 1.8 et 1.12 in page 7)

(∀n ∈ N) (n ≥ 3)



(xn + yn) = xn + yn + xy

n−2
∑

j=1

An (x, y)





17



with, for n = 2k (see equation 1.8 in page 7)

A2k (x, y) =

k−1
∑

j=0

D
j
2k (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

and

(∀k ∈ N
∗) (k > 1) (∀j ∈ N) (j ≤ k − 1)



D
j
2k =

⌊ k

3
⌋

∑

l=0

F l
2kC

j+1−2l
k−3l





and

F l
2k =

2k (k − 1− l)!

(2l)! (k − 3l)!

and for n = 2k + 1 (see equation 1.12 in page 8)

A2k+1 (x, y) = (x+ y)

k−1
∑

j=0

D
j
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

and

(∀k ∈ N
∗) (∀j ∈ N) (j ≤ k − 1)



D
j
2k+1 =

⌊ k

3
⌋

∑

l=0

F l
2k+1C

j−2l
k−1−3l





and

F l
2k+1 =

(2k + 1) (k − 1− l)!

(2l + 1)! (k − 1− 3l)!

1.6 Study of A2k+1 (x, y) where k ∈ N
∗

We will show in this paragraph how we 
an further fa
torize the quantity

A2k+1 (x, y) Using the previous results, we 
an write

A2k+1 (x, y) =

k−1
∑

j=0

⌊ k

3
⌋

∑

l=0

F l
2k+1C

j−2l
k−1−3l (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

We then have for ea
h k, and for all j and all l

F l
2k+1C

j−2l
k−1−3l (−1)

j
(xy)

j
(x+ y)

2(k−1−l)

= F l
2k+1C

j−2l
k−1−3l (−1)

j−2l+2l
(xy)

j−2l+2l
(x+ y)

2(k−1−3l+3l−(j−2l)−2l)

=
(

F l
2k+1C

j−2l
k−1−3l (−1)j−2l (xy)j−2l (x+ y)2(k−1−3l−(j−2l))

)

(−1)2l (xy)2l (x+ y)2l

We 
an therefore write A2k+1 (x.y) in the following manner

A2k+1 (x.y)

= (x+ y)

⌊ k

3
⌋

∑

l=0

F l
2k+1 (−1)

2l
(x+ y)

2j

k−1
∑

j=0

C
j−2l
k−1−3l (−1)j−2l (xy)j−2l (x+ y)2(k−1−3l−(j−2l))

18



If j varies from 0 to k − 1, then j − 2l varies from 0 to k − 1 − 2l, and as we

have ne
essarily

j − 2l ≤ k − 1− 3l

we get

A2k+1 (x.y)

= (x+ y)

⌊ k

3
⌋

∑

l=0

F l
2k+1 (−1)

2l
(x+ y)

2j
k−1−3l
∑

j=0

C
j
k−1−3l (−1)

j
(xy)

j
(x+ y)

2(k−1−3l−j)

but

k−1−3l
∑

j=0

C
j
k−1−3l (−1)j (xy)j (x+ y)2(k−1−3l−j)

=
(

(x+ y)2 − xy
)k−1−3l

=
(

x2 + xy + y2
)k−1−3l

and lastly

A2k+1 (x.y) = (x+ y)

⌊ k

3
⌋

∑

l=0

F l
2k+1 (−1)

2l
(x+ y)

2j (
x2 + xy + y2

)k−1−3l

If, in addition, we assume that 2k+1 is a prime integer stri
tly greater than 3,
then

(2k + 1 6≡ 0 (3)) ⇐⇒ (k 6≡ 1 (3))

Therefore, k − 1− 3l does not vanish for any value taken by l and A2k+1 (x, y)
is divisble by

(

x2 + xy + y2
)

.

Lastly, by denoting P as the ensemble of the prime integers, for all n ∈ P−{2, 3}

An (x, y) =

(x+ y)
(

x2 + xy + y2
)

⌊ k

3
⌋

∑

l=0

F l
2k+1 (−1)

2l
(x+ y)

2j (
x2 + xy + y2

)k−2−3l
(1.27)

1.7 Expressing Newton's binomial expansion dif-

ferently.

We are getting now 
lose to the end of this study, the purpose of whi
h was

to express the Newton binomial expansion in other manners.

As enoun
ed (see relation 1.2 in page 2) and later established (see relation 1.1

19



in page 1), we have

(x+ y)
n
=

n
∑

j=0

Cj
nx

n−jyj

= xn + yn +

n−1
∑

j=1

Cj
nx

n−jyj

= xn + yn + xy

n−2
∑

j=0

Cj+1
n xn−2−jyj

= xn + yn + xy

n−2
∑

j=0

(x+ y)n−2−j (

xj + yj
)

Moreover, depending on whether the integer n is even, odd, or odd prime, the

binomial expansion 
an be equally expressed as follows

n = 2k even

(x+ y)
2k

= x2k + y2k + xy

k−1
∑

j=0

D
j
2k (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

with

D
j
2k =

2k (2k − 1− (j + 1))!

(j + 1)! (2k − 2 (j + 1))!

as established in page 7 (see equation 1.8).

n = 2k + 1 odd

(x+ y)
2k+1

= x2k+1 + y2k+1 + xy (x+ y)

k−1
∑

j=0

D
j
2k+1 (−1)

j
(xy)

j
(x+ y)

2(k−1−j)

with

D
j
2k+1 =

(2k + 1) (2k − (j + 1))!

(j + 1)! (2k + 1− 2 (j + 1))!

as established in page 8 (see equation 1.12).

n > 3 odd prime

(x+ y)
n
= xn + yn

+

xy (x+ y)
(

x2 + xy + y2
)

⌊ k

3
⌋

∑

l=0

F l
2k+1 (−1)2l (x+ y)2j

(

x2 + xy + y2
)k−2−3l

with

F l
2k+1 =

(2k + 1) (k − 1− l)!

(2l + 1)! (k − 1− 3l)!

as established in page 19 (see equation 1.27).

Outlining these results 
on
ludes this study.
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