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Résumé

The binomial formula, set by Isaac Newton, is of utmost importance and has
been extensively used in many different fields. This study aims at coming up
with alternative expressions to the Newton’s formula.



Chapitre 1

Another way to write
Newton’s binomial expansion.

1.1 Purpose of this chapter.

Newton’s binomial expansion can be expressed differently. This new formu-
lation allows in turn to perform other calculations which will highlight certain
properties that the original formula may not be able to provide.

1.2 Another formula.

Let n € N*, and € R* and y € R*. In all that follows, we assume n > 3.
We can write

n n—1 n

(x+y)" —a" Z no1-j 45 ([x+y)" —a"

-—_— = $+ :CJ = -—
(x+y) -z :O( v) Y

and likewise

n n—1 n
(x+y)" —y" noi-j i (@+y)" —y"

Let us add these two quantities

(z4+y)" —a"  (c4+y)" —y" 7n_1 n—1—j [ j ;
; + . —;(Wry) (27 +47)
and we end up with the formula
n—1
(@+y)" = (@ ) =y Y (@) (@) +y)
§=0
which, for convenience’s sake, we write
n—2
(@+y)" = @"+y") =2y Y (z+y)" "7 (&7 +¢) (1.1)
§=0



Let us now recall the Newton’s binomial expansion
(z+y)" ZCJ n=iyd (1.2)

wherein

allows to establish the equality

i
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n—1
(x + y)n_2_j (:Ej + yj) = Z Cd gn=I—1yi=1

Jj=1

<
I
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or lastly

i
]

(x+y)n—2 J .’L'J—f—y Zc_]—i-l n—2— _]

<
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1.3 Study of the new formula.

Let us pose

|
o

n

An(@y) =) (@+ y)" 2 (27 4+ y7) (1.4)
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Let us remark first that

|
o

n

(x + y)n_2_j (:Ej + yj) —

<
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N}

p
(o4 )" 27 (& + o)

.
Il
=]
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|
N

+ Y @ty (@ )

with p € N* et p < n, or likewise

|
N

n

(@4 9)" 2 (@ 4 97) =

7=0
pP—2
(z + y>(nfp)+(p*2fj) (:cj + yj)
7=0
n—2
+ (x4 y)" 27U~ p=DEP=D) (zj*(pfl)ﬂr*l + yj*(pfl)ﬂo*l)

Jj=p—1



and

1
[

(@+y)" 7 (27 +y7) =

j=0
p—2
@+y)" Y (@+y) 7 (2 + o)
7=0
n—2—(p—1) ‘
4 (z + y)n72*(J+pfl) (a7+P1 4 i tp1y
j=0
and
n—2 )
@+ 9)" 7 (@ 4 47) =
j=0
pP—2 )
@+y)" 7Y (@+y) 7 (2 + o)
j=0
n—2—(p—1) ‘
+ Z (z+ y)”*P*PJ (:Cj-i-p—l + yj-l-p—l)
j=0
and finally

A (z,y) = (x+y)" P A, (z,y)
+ Z (z+y) P (@ItP=1 4 i1
Let us now consider the case wherein n = p + 1, then
Apir (2.5) = (24 9) Ay (e.9) + 3 (2 ) (@877 47 *7)

J=0

or likewise
AP+1 (ZL', y) = (SC + y) AP (ZL', y) =+ (zpil =+ ypil)

but
2Pyl = (@)’ - ey Ay (2,y)

and thus

Api1 (z,y) = (@ +y) Ap (2,9) + (@ +y)P " —aydp1 (z,y)  (1.5)



Let us concentrate now more specifically on A, (z,y) and let us develop this
quantity from the formula 1.4 en page 2. And so

n—4
An(z,y) =3@+y)" 2+ ) (@+y)" T (a7 )
=0
4 n—>5 )
=3@x+y) "+ (2 + y2)n + Z (z+y)" > (2712 4+ ¢ 13)
=0
n—>5 ) ) )
=3(+y)" Pt (w+y)" =2y +y)" T+ Z (x+y)" 7 (2713 4 47 +3)
=0
n—>5 ) ] )
—d@+y)" P =2y +y)" "+ Z (z+y)" "7 (273 4+ 73
=0

As we continue our calculations in the same manner, we get

A (2,y) =5 (2 +y)"

n—=6
—bay(z+y)" "+ Z (z+y)" 7077 (a7 4y
=0

Ap (2,y) =6 (z+y)" > =9y (z + )" "+ 22%% (x +y)"°
n—"7T

+ Z (z + y)n—7—j (zj+5 + yj+5)
=0

Ap (z,y) =T(x+y)" % = lday (z + )" ' + 722 (x +y)"°
n—=_8

+ Y (e y)" T (@70 47T

Jj=0

A (2,y) =8 (x +y)" > —20ay (v +y)" ' +162%y% (x + y)" °—22%y% (x +y)"°
n—9

+ Z (,CE + y)n79*j ($j+7 + yj+7)

Jj=0

A (2,y) =9 (@ +y)" > =27zy (v +y)" ' +302%y% (¢ + y)" °—927y% (x +y)"°
n—10

+ Z (:C+y)n7107j (zj+8 +yj+8)
j=0

Ay (2,y) =10 (z 4+ y)" 2=352y (z + y)" 4502292 (z + )" °—252%y% (x + y)"~®

+ 22yt (v + )"
n—11

i Z (@ +y)" 1 (2749 4 y719)
§=0



A (z,y) = 11 (2 + y)" *—dday (z + y)" 77222 (v + y)" " —552%° (v + y)

+ 112yt (w4 y)"
n—12 )
+ Z (:L__’_y)nle*j (.’L']+10 +y]+10)
7=0

It is of course possible to extend our calculations as far as we desire. As n is
taking on the values 3, 4, 5, 6,..., we can deduct the respective new developments
of A3 (:L'ay)a A4 (:Ea y)7 A5 (:L'ay)a A6 (:L'ay)ﬂ etc.

Let us assume now that the following formulas hold for all integers less than or
equal to 2k et 2k + 1, where k € N*

k—
A, (,) Z (zy)’ (@ +y)* "7 (1.6)
j=0
k . .
Asp (2,y) = (@ + ) Z bepr (1 () (@) )
j=0
The coefficients D? o et D2k 41 are to be made explicit if possible (and will be

indeed further down this study).
Let us go back to the equation 1.5 page 3 and rewrite in the form

A2k+2 (ZL', y) = (SC =+ y) A2k+1 (ZL', y) =+ (SC + y)2k - 'ryA?k (ZL', y)
Let us develop now this relation
k .
Azp2 (2, (z+y) Z Jper (1) (zy) (@ +y)? )
§=0
+ (z + y)

o DA o

<~
Asgto (z,y) = (x4 y) Z D2k+1 )j (z + y)Z(kflfj)
+ (z + y)
+ Z D J+1 )J+1 (m + y)Q(k—l—j)

n—=_8



Let us carry on with our calculations. We obtain in an equivalent manner

k—1

Az (2,9) = > Dy (1) () (@ +)* "7
j=0
+ (z+ y)2]€
+ Z D, (17 () (a4 )* )
<~
k7
A N I (pu) 2(k=j)
22 (2,Y) = ZD%H (=1)" (zy)’ (z +y)
=0
+ (z + y)2]€

k
+3 i (-1 (2w (@ + )"t
g
k—1
Aspra (@,9) = 3 (Ddys + Do) (<17 (ay)? (2 + )"
j=1

k k — k
+ DYy (x+y)* + (z+y)*" + D5 (ay)

and we can write

k

s
Aseya (@) = 3 Dhyy (=1) (ay) (@ +9)" "7
j=0
with
D2k+2 D2k+1 +1
Djyyn = D5
and

(45 €N) (1 < <k =1) (D = Dy + DI
Similarly, we have
Aoiis (2,y) = (2 +y) Asirz (2,9) + (2 +9)™ — 2yAsiia (z,y)

Let us make it more explicit

k
Asgkys (2, (@+1) D Dy (1) (wy) (@ +y)"
7=0
+ (.’L' + y)Qk-‘rl
—ay(z+y) Y Dy (-1 (ay) (x+y)* Y
j=0



hence

k
Asis (2,9) = D Dy (<1) (ay)’ (w +)* 00
§=0
+ (:r + y)2k+1
k=1 _ _ |
+ Z Dhyy (1) (@) T (@ )2
j=0
which is equivalent to
Agpys (x,y) = (x + y)%ﬂ
k
Z Do (21 ()’ (w4 9)"
Z Sk (1) (ay)! (4?0

=1

and also

Agkys (w,y) = (D3yye +1) (x+ y)*H

k
£ 3 (Dhys + Dlily) (-1 () (@4 )9

j=1

and we can finally write

k
s
Asiys (2,9) = (24 9) D Diyyy (—1) (ay)’ (z+ )"
=0
with
D2k+2 D2k+1 +1
and

(Vj eN) (1 <j<k) (ngJrg Djk+2 + D%kil)

This concludes our mathematical induction and we can write at last

(Vk €N | Agp = > Dy (=1) (ay)’ (a +y)* 7 (1.8)

with
DY, = DY | +1 <= DY, =2k (1.9)

and
Dyt =Dy %= =Dj=2 (1.10)



and

(vj €N)(1<j<k—1)(Dj =D}, + D) (L11)
and as well
k—
(Fk € N*) [ Aopr = (2 +y Z S (C1 (a) (49" (112)
7=0
with
DYi1 =Dy +1 < DY) =2k +1 (1.13)
and _
(vj € N) (1 <j <) (Dlysy = Dy + Dty (1.14)

1.4 Values taken by the coefficients be where (h € N)
and (h > 3)
We have, as we just established it
(Vh € N) (h > 3) (D§) = h)
Let us take j = 1. We have
Dj, = Dj_y + D},
We can then write

Dy, =D}y + Dj_,

Dj_ 1—Dh 2+ Dh_s
h—5

= Dj=> D, ;+Dj
7=0

D5 Dj +D3

but
D2727j =h—-2-7

and, according to the relation 1.10 established in page 7

D} =2
hence we get
h—5
Dy=> (h=2-j)+2=(h—=2)+(h=3)+(h—4)+---+3)+2
7=0

and therefore
2D; = h (h+3)

and finally

(Vh € N*) (h > 3) (Dh _ w) (1.15)



Clearly
(Vh € N*) (h > 3) (D}, € N)

Making similar calculations, we find for every integer A > 3

D2 _ W (1.16)
pp = HB=2) (=0 0 7) i

There as well
(Vh € N*) (h > 3) (D;, € N)

(Vh € N*) (h > 3) (Dj; € N)

We then remark that the relations 1.11 and 1.14 established in page 8, as well
as those ((see relations 1.15, 1.16 et 1.17) established in pages 8 and 9 allow us
to affirm

(Vh € N*) (h > 3) <w‘e{0,1,~-,¥}> (D{LEN)

let us assume now, h being chosen as even, and for all j € {0,1,---, 252} the

formula
i h(h=(+2))!
D= G+DI(h—2(G+1) (1.18)

true until rank h, for all even integer lower than or equal to h

Let us assume as well that, for all j € {0, 1,--- ,%}, until rank A — 1, the

formul
ormula i _ (= D=1~ (G +2))!
=L G+ D) ((h—1) = 2(5 +1))!

(1.19)

is true. Then
(h=1(h-1-(G+D) (h-1)(h—(j+2)!)

DTt = =
h—1 gl(h—1—2j)! gl (h—1—2j)!




The relation 1.11 established in page 8 allow us to write

i h(h=-0G+2) (h=1)(h— (5 +2))!
LT G+ D) (h—2( 4 1) Gl (h —1—2j)!
<
i (h=(G+2) h (h—1)
D= J! ((j+1)(h2(j+1))! (h12j)!)
<~
i (=2 (h(h—=1—-2))+ (h—1)(j+1)
P =""7 < h—1-2)0(+1) >
<
i (h=(G+2)!

= G 1o gy P D =2k (=) g (h 1)

g
i __ (h=(G+2)
PTG D (h— 1 — 27)!

(B> —=1—(h+1)j)

and finally
i __ (h=(G+2)
PTG+ D) (h—1—2))
We can therefore write
i __ (1) ((h-(+1)
ML G+ D) (h+1—-2( + 1))

We could make similar calculations if we take h as odd

!(h—i-l)(h—l—j)

(1.20)

We verify that
(Vh € N*) (h > 3) (D), = h)

and, as we denote the ensemble of even integers as 2N
(Vh =2k € 2N*) (h > 4) (D5, ' = 2)
At the end of this mathematical induction, we have then established
(Vk e N*) (V5 € {0,1,2,--- ,k —1})

(Dj _ (k41 2k (+1)) )
WAL T G2k +1—2(j + 1))

2+ ) QE+1) —1— (j+ 1)
(Pl = i e —zg o) 02

Let us remark that for all integer h

h=2G+D)+G+)=h—(+1)

We can write

Di— h(h—(j+1))
PTh=GHD)) G+ (-2 + 1)
and also
j h j+1
Dh=3=G7D W+

10



1.5 Study on the coefficients Dfl

For the following odd integers h, we verify the relations

k=1<=h=2k+1=3
DY =3C¢

k=2<=h=2k+1=5
DY =5C)

D} =5C1

k=3 h=2k+1=7

DY =7C?9
D} =1C;
D2 =703

k=4<«—=h=2k+1=9

DY =9CY
D§ =9C;
Dj =903 + 3C
D§ =9C3

k=5+<=h=2k+1=11
DY, =110Y
D}, =110}
D} =11(C% +CY)
D}, =11(C3 +CY)
D}, =110

k=6+=>h=2k+1=13
DYy =13CY
Di, =130}
D3y =13 (CZ +2C9)
D3y =13 (C2 +2C3)
Diy =13 (C5 +2C3)
Diy =13C2

11



k=T+=h=2k+1=15

DYy = 15C¢

Diy = 15C4

Di; =15 (Cg + 3C9)

Di; =15 (C§ + 3C3)

Di; =15 (Cg + 3C3 + 3C)
D35 =15 (Cg + 3C3)

DSy = 15C¢

k=8+«=h=2k+1=17
DY, = 1702
Di, =17C}
D}, =17 (C? + 5CY)
D}, =17 (C3 + 5Cy)
Di, =17 (C7 + 5C; + C§)
D}, =17 (C3 + 5C3 + Cf)
DY, =17 (C¢ + 5C%)
DI, =17C

E=9<=>h=2k+1=19
DY = 1907
Dig = 19C%
D}y =19 (Cs +7CY)

D3y =19 (C3 +7C3)

Diy =19 (Cg + 7C% + 3C3)
D3y =19 (Cg + 7C3 + 3C3)
D}y =19 (C§ + 7C3 +2C3)

Dy =19 (CF +7C2)
Dy = 19C§

12



k=10 <= h=2k+1=21
DY, =210y
D}, =21C;
D3, =21 (C3 +19C9)
D3, =21 (C§ +19C¢)
D3, =21 (Cg + 19CF + 14C9)
D3, =21 (Cg + 19C§ + 14C3)
DS, =21 (C§ + 19C§ + 14C% + 3CY)
D}, =21 (C§ +19C§ + 14C3)
D§, =21 (C§ +19C¢)
D), =21Cy

We are brought to assume that for all odd integer 2k + 1, greater than or equal
to 3, each coefficient Dj, | can be expressed as follows

L5)
J _ l j—21
Dopyr = E :F2k+1ck7172l
1=0

In order to demonstrate the validity of this formula for all integer k, we are
going to develop, to the extent posible, the coefficient Fék 41 against k and [

for any integer k, we verify the relations
Dy = 2k +1)CR_4
Dy = (2k+1) Gy
We can always write, with k > 4
D3 = k+1)Ci_y + (D3 — 2k +1)CFy) Oy
But, in accordance with the relations 1.3 et 1.21 established in pages 2 and 10

(2k — 3)! (k—1)!
312k +1—-6)  2!(k— 3)!)

D3y — (2k+1)CR_y = (2k +1) (

and similarly

D3y — (2k+1)C2_, = (2k + 1) ( (2k—-3)! (k1) )

312k —5)! 20 (k—3)!

and

D31 —(2k+1)C2_, = (2k+1) <(2’f - 3)3!(% —4) (k- 1)2'(k; - 2)>

and

D2 — (2k+1)C2, = (2k+1) ((% - 3:)}(15 -2) (k- 1)2(/<; - 2))

13



and also

D§k+1(2k+1)c,3_1(2k+1)<2(2k3)(k2)3(k1)(k2)>

6
and finally

2k +1) (k — 2) (k — 3)

D3y —(2k+1)CF, = 6

Let us pose

2k +1) (k —2) (k — 3)

Fopp1 = D3y — (2k+1) Gy = 30

In a similar way, we would find
D3y = (2k+1) (02—1 + F21k+101i—4)

and
Dyyq = (2k+1) (01371 + Fop1Chg + F22k+101877)

which gives us
Fr = ((Dapgr — 2k +1) Ci_y) = (D3py — 2k +1) CR_y) Ciy)

Making similar calculations as the previous ones, and with coefficients ng 41
and C}_; being made explicit, we find

9 (2k:—|—1)(k:—3)(k:—4)(k—5)(k:—6)
F2k+1 = 51

We are therefore brought to assume that, for all integer k£ > 1, the equality

l 2k +1)(k—1-1)!

Fov = iy ot e — 1 = 30)! (1.22)

is true, with the integer [ such as

Let us calculate the difference

Qk+1)(k—1-1)1  (2k—1)(k—2—1)

F2lk+1 7F2lk—1 = | | |
QI+ 1) (k—1—3) @+ 1) (k—2-30)

Then

(k—2—1) <(2k+1)(kll)(2k1)(k13l)

A 5 -
2k T2k T T (e — 2 — 31)) (k—1-3l)

and

k—2—1)
Fl _Fl _ (
ZhFL T2 ol - (k-1 - 31)

14

(2K +1) (k—1—1) — (2k — 1) (k — 1 - 31))

)



and also

k—2—1)
£l _Fl _ (
2Rl TR 0l D (k — 1 — 31)!

(2(20+1)(k—1))

and finall
' o o _2k-D(k-2-1D)
2kl T2k O (ke — 1 — 31)!

Let us use a mathematical induction to show the existence of the relation

(1.23)

(VEeN ) (E>1)(VjeN)(0<j<k—1) 2k+1 ZFQk-HCi ?731

wherein each coefficient FJ, | is expressed by the formula 1.22 established in
page 14.

Let us assume that, for all integer j < k — 2, the relation

L5+
D%k—l = Z F2lk71czjc:§l—31
1=0
is true until the rank 2k — 1, with
2k—1)(k—2-=1)
21+ 1) (k—2—=31)!

l —
F2k—1 -

Let us calculate now the difference
J Jj—=1 _ nJ
Dy = Dyjg = Dy
and also
k—1
5] 2
J J—21 1 Jj—201—1
Dyy_y = Z F2k 10503 — Z Fyr3Ci_3 9
1=0
Then, we are faced with two cases.

ol k=1 k=2 __

Case 1 : LTJ = LTJ =m

This case is equivalent to k =0 (3) ou k =2 (3).
Let us recall that

i—21 2—1 i—21 i—21—1 i—21 i—21

(Cljcfzfm = Cljc 33+ Cifgfgl) — (Cljcfsfm =Ci 5 g — Cifgfgl)

We then have
i—21 i—21—1
=3 (B O — Fhs G301
1=0

which is equivalent to

m
1 j—21 1 j—21 j—21
2k 2 — E (F2k710k7273l - FQk—B (Ck7273l - Ck7373l))
=0

15



and

j i1 i—21
Dy g = ((FZkal —F3) Ci 5 g + F2lk7301i—3—3z) (1.24)

m
=0

with m = \_%J - \_%J

Case 2: [*7] =52 +1=m+1

This case is equivalent to k =1 (3).

We then have
j m-+1 ~j—2(m+1) 1 1 j—21 1 j—21
D;k—Q = F2ki10i7273(m+1)+z (((szﬂ - F2k73) C]jc—2—3l + F2k73CIJc—3—2l)
1=0

but
(k—1=3m+1)<—= (k—-2<3m+1<3(m+1))

and therefore

j i—2l i—21
Dy g = (((FQkal - F2lk73) Ci_g_sl + F21k7301i—§—2z) (1.25)

m
=0

withm = [E21] — 1= |52 ] avecm = [EL]| — 1= [E2].

Further to the review of these two cases, we then remark that for each case

m

l j—=2l  _ nJ

Z Fop 30555 = Daj_3

1=0
hence we get

) ) -

D%k—2 - D%k—s = D%k—zx

and finally we obtain the equality
1552

j— i—21
D%k—14 = Z F2lk—4cljc—§—3l (1.26)
1=0

with, in accordance with the relation 1.23 established page 15
F2lk74 = F2lk71 - F2lk73

We are now have to prove the validity of the equality 1.26, for all integer k£ € N
with &k > 4. We make sure first, by a simple calculation, that this equality is
true when k takes successively the values 4, 5 et 6-- -, whereas j takes its values
in its domain.

We then assume that this equality is true until the rank 2k, for all j < (k — 1),
that is

L5
J o I j+1-=-21
Dy, = ZF%Ckal
1=0

16



We can now remark that the calculations made to get the formula of D{L:%
depending on the coefficients FY, and the binomial coefficients C’,J;_L;JQZ are
generalizable to any value of h in N. We just have to verify by mathematical in-

duction the correctness of the formulation of the odd index coefficients Dj _,,
to obtain a result that is valid, irrespective of the parity of this index h.

Let us go back to the initial hypothesis on the odd index coefficients, and let us
utilize what we just established. We verify
j j j—1
Dyjy1 = Diy + Dy
with
L5
j I ~j+1-21
D%k = ZF%Cifgz
1=0
and
L5
j—1 l j—21
D%k—l = Z F2k—1cljc—2—3l
1=0
Further to the calculations we just made in pages 16 and 16, we have

L5]=m
J o l j—21 l j—21
Dy, = Z Fop o0 g + Fop 1G5 g
1=0
L§)=m
DI = l l j—2l l j—21
Dy, = Z (F2k+1 - F2k—1) Ck7173l + F2k710k7273l
1=0
[E]=m L5]=m
Jj l j—21 l j—21—1
D2k* Z F2k+1ok—1—3l* Z F2k—10k—1—3l
1=0 1=0

j j j—1
> Dy, =Dyyy — Dy”y
This result is in agreement with the equality 1.14 established in page 8.

As we know how to express the coefficients FY, , and Fl, | against [ et de
k, we can now calculate F3, ;. We thus find

L5
i ! j—21
Dipyr = E Forp1Cr 1
1=0

with
Ck+1)(k—1-1)!

Flpr =
LT 2L+ D) (k—1—31)!

Our mathematical induction is complete for every coefficient D{L

Let us now summarize all the results we have obtained over the previous pages
(see equations 1.8 et 1.12 in page 7)

n—2
(VneN)(n>3) | (@" +y") =a"+y" +ay Y _ Ay (2,y)

j=1

17



with, for n = 2k (see equation 1.8 in page 7)

k—
Aoy (2, 9) Z zy)’ (:Cer)Q(kflfJ)
=0
and
(VkeN)(k>1)(VjeN)(j<k—1) | D} = ZF%C%*;?”
and
g 2k (=1
220! (k- 31)!

and for n = 2k + 1 (see equation 1.12 in page 8)

k—1
Azt (,y) = (@ +9) D Dhyyy (=1) (ay) (@ +y)* 1
7=0
and
5] _
(VEEN)(VjeN)(j<k—1) | Dy = Fhy CIT3
=0
and

g @+ D (k-1
AL L+ 1) (k-1 - 31)!

1.6 Study of Ay (7,y) where k € N*

We will show in this paragraph how we can further factorize the quantity
Asg41 (z,y) Using the previous results, we can write
L
i—21 j j 2(k—1—j
Asgir (2,y) = Fo O3 (1) (2y) (z + ) ( 7
1=0
We then have for each k, and for all j and all [

%“
,_.
ol
—

<.
Il
o

Flyy O o (<1 () (24 9)? 1Y
_ F2lk+101z:?l—3z (71>j72l+2l (xy)jlenz (z + y)Q(k7173l+3l7(j72l)72l)
= (Pl O (217 ()™ ()07 70720 (1) () (2 + )™
We can therefore write Agyy1 (z.y) in the following manner

Asgy1 (7.y)
=(z+y)

ZF%H (z+y)¥

2 i—21 2(k—1—-31—(j—21
ch 1z ( J (zy)’ (ery)( (7-20))
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If j varies from 0 to k — 1, then j — 2[ varies from 0 to kK — 1 — 2[, and as we
have necessarily

j—20<k—1-3l

we get

Agpyr (1.y)
]

E
3

—

k—1-31

l . _ _ ‘ o
=(x+y)Y Fii (=) (z +y)¥ Z Ol (—1) (ay) (z + y)z( 1-31—j)
= =0
but
k—1-31 ‘ ‘ |
Z Cl_1_ a3 (1) (zy)” (x + y)2(k_1—3l—])
j=0
2 k—1-3l
- ((:c +y)” — :Cy)
= ($2 +.Ty+y2)k71731

and lastly

L5)
j k—1-31
Aspyr () = (@ +9) D> Fhyy (D (@ +9)¥ (2% + 2y +17)

1=0
If, in addition, we assume that 2k + 1 is a prime integer strictly greater than 3,
then

2k+12£0 3) <= (k£1 (3)

Therefore, k — 1 — 31 does not vanish for any value taken by I and Asg41 (2,y)
is divisble by (22 + zy + y?).

Lastly, by denoting IP as the ensemble of the prime integers, for all n € P—{2, 3}

Ay (2,y) =
ng 1 k—2-31
(@+y) (2 +ay+y°) D> Fhy (D (@+9)¥ (P +ay+9?)" 0 (1.27)
=0

1.7 Expressing Newton’s binomial expansion dif-
ferently.
We are getting now close to the end of this study, the purpose of which was

to express the Newton binomial expansion in other manners.
As enounced (see relation 1.2 in page 2) and later established (see relation 1.1
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in page 1), we have

n

(@+y)" =) Cla" iy
=0
n—1
=" +y" + Z Cl a7y’
j=1
n—2
=" +y" + oy Z Cfflsc”*Q*J 1y’
§=0
n—2 )
="ty tayy (wt+y)" T (@ +y)
j=0

Moreover, depending on whether the integer n is even, odd, or odd prime, the
binomial expansion can be equally expressed as follows

n = 2k even
k_l . . . .
(@ + )™ = 4y +ay > DY (1) (wy) (w4 y)*
=0
with )
22k —1—(+1))

TGNk —2(+1))!
as established in page 7 (see equation 1.8).

n=2k+1 odd

k—

j 2(k—1—j
g2hHl g2kl gy (z+y) Z 2k+1 ay) (z+y) ( )
j=0

(z +y)"" =

with L@k (k= + D)
LT G IN(2k+1—2(j +1))!

as established in page 8 (see equation 1.12).

n > 3 odd prime

(z+y)" =a"+y"
+
%]

vy (@+y) (@ +2y+9°) > Fhy (1" (z+9)% (2 + ay + o
=0

)k7273l

with
o Gt (k—1-1)
AL L+ D) (k—1—31)!

as established in page 19 (see equation 1.27).

Outlining these results concludes this study.
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