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ABSTRACT

In this article, we propose a generalized method for obtaining a substitution for reducing a
reducible linear ordinary differential equation with function coefficients (RLDEF) to a linear
ordinary differential equation with constant coefficient (LDE). This proposed method was also
used to obtain the already known substitutions for the Euler’s and Legendre’s homogeneous
second order linear differential equation. The derived method is able to reduce quite a large
number of RLDEF to LDE including the Euler’s and Legendre’s homogeneous second order
linear differential equation. However, these RLDEF (homogeneous and inhomogeneous) must
satisfy the condition for reducibility, which is also proposed before the substitution is derived.
the condition for reducibility is based on the order of the differential equation. In this article, the
condition for reducibility is presented for a second and third order LDEF.
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1.0 Introduction

The solutions to RLDEF have been one of the major problems in solving linear ordinary
differential equations (ODEs). These RLDEF can be solved either by substitution which
transforms it into a LDE or by knowing one of the solutions of the RLDEF.

However, reducing these RLDEF by substitution to a LDE requires getting the right substitution.
These substitutions are majorly gotten by trial and error method especially when it is not the
Euler’s or Legendre’s homogeneous differential equation form which has standard substitutions
[1, 2].

This paper proposes a standard method of determining if a linear ordinary differential equation
with function coefficients is reducible and subsequently a method on how to determine the
substitution that will reduce it if reducible to LDE, which hitherto does not exist in literature to
the best of our knowledge.
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2.0 Proposition 1

The homogeneous second order ordinary differential equation with function coefficient
f(x)izz +9g(x )3—i+ay 0, where a is a constant, is reducible if g(x)== f'(x)+by/f(x)
holds and it is reducible to a differential equation with constant coeff|C|ent by the

\/_

substitution z(x j

Proof.

Given a second order differential equation of the form

2.0
Where a is a constant
Consider the substitution
Z=r(x) 2.1
dz
—=r'(X
ix (x)
dy _
o r'(x )
dy dy
g(x)— = g(xX)r'(x)— 2.2
dx dz
d’y o ooody o ,dPy
=r — +(r
i O +(r'(x)) W
d’y _ foor oo 4 £()(r'(0)° d’y 23
2 dz dz? '
Substitute (2.2) and (2.3) into (2.0) and simplify gives
f(x)(r' (x)) (f )" (x) + g(x)r' (x))—+ ay =0 2.4



fOOr"(x)+g(x)r'(x)=b

Where b is a constant

f(x)(r'(x))* =1
So that we have

2
OI—2/+bd—y+ay:0
dx dx

From (2.6)

() =—

)

)= s

1
r(x)= Imdx

r'(x) _ 1 L

Also from (2.8) and (2.1), we have

7= r(x):dex

Vi)

= | ———f(x
2\ (f(0)

Substitute (2.8) and (2.10) into (2.5) and after simplification we have

g(x) :%f'(x)+b,/f(x)

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

(2.0) is reducible if (2.11) holds and (2.12) is a substitution required to reduce (2.0) to a LDE

3.0 Proposition 2



The homogeneous third order ordinary differential equation with function coefficient

3
f(x)d—Z+g( )j)zl+p( )gy+ay:0 where a is a constant, is reducible if
X

g(x) = f'(x) + b3/(F(x))* and p(x):%f“(x)— (];f()(i))z +b3\f/%+c3\/m hold and it is

reducible to a differential equation with constant coefficient by the substitution

——E——dx.

Jf(x)
Proof

Consider a third order ordinary differential equation of the form:

d’y d’y dy
f(X)dX3 +@J(><)dx2 + p(X)d—X+ay =0 3.0

Where a is a constant
Let z =r(x), 3.1
So,

dz
—=r'(x
ix (x)

dy _
v ()

Y oreg
PO = POON'() 3.2

9 e D (e Y

dx? dz dz?
~ g(x)r" (x)—+g(x)(r 00) y 3.3
A’y Y oy ndiY e diy
" r''(x) - +3r"(x)r'(x) 2 +(r'(x)) 3
70— 16000 D 31 00r (e () L £ (e () LY. 3.4
dx dz dz dz



Substitute (3.2), (3.3) and (3.4) into (3.0) and after simplification gives

f(x)(r'(x))° jTZ + (g(x)(r'(x))2 +3f (x)r"(x)r'(x))jZZ +(p()r'(x) + g(x)r" (x) + f(x)r"'(x))j—z +ay =0
g()(r'(x))” +3f(x)r"(x)r'(x)=b 3.5
p(X)r'(x) +g()r"(x) + f(x)r''(x) = ¢ 3.6

Where band ¢ are constants
f(x)(r(x))]’ =1 3.7

So that we have

d3Z+bd2¥+cd—y+ay:O 3.8

dz dz dz

From (3.7)

() =

0 =

¢ (x) = : fl(x) 3.9
1

r(x) = [ ——==dx 3.10

I Yf(x)

1 1

P(x) = -~ f'(x) 3.11
33(F(x))*
1 1 4 1

" (X) = 1" () + o ——(F(x))’ 312
33(F(x)° 9 (F(x))’

Substitute (3.9) and (3.11) into (3.5) and simplify

g(x) = f'(x) + b3/ (f(x))* 3.13

Substitute (3.9), (3.11) and (3.12) and simplify



p(X)=§f '(x)- (f( )) p 1+ ) +c3ff(x) 3.14

Also from (3.1) and (3.10), we have

3.15

bk

4.0 Proposition 3

The homogeneous third order ordinary differential equation with function coefficient

4 3
f(x)oI y (X)d Y i p(x )CI Y i h(x )d—y+ay=0 where a is a constant, is reducible if
dx* dx? dx? dx

g(x):gf‘(x)+b4 {00 ()= ()~ 2 ()) b0, ¢ 7). and

16f X 4 f(x)

1 BEE)P S(PR) S (100 ()P |, e 00 e
)= L1 _64(f(x))2+6_4[f(x)] - o )+bL4\/f ‘i/ )5J+</(f(x))2+d\/m

hold and it is reducible to a differential equation with constant coefficient by the

substitution z = de.

4/f(x)

Proof

Consider a fourth order ordinary differential equation of the form:

4 3 2
f(x)d y+g(x)0I y+p(x)oI Z+h(x)d—y+ay=0
dx dx

Where a is a constant

Let z =r(x),

So,



—=r'(X
™ (x)
dy dy
—_ = X_
dx ()dz

dx 2 dz dz?
0008 — pr 602+ (e o) LY.
dx2 dz dz?
d’y dy d’y . d’y
=r'"""(x)—=—+3r"'(x)r'(x r'(x)’ —
" ( )dz ()r'( )dz2 (r'(x)) e

dx* z dz? dz dz® dz*
f(x)j;{ = 0r )W ) (r (<) + 3 (x))z)j;/
o1 K (o) &Y 1) ) 4

Substitute (4.2), (4.3), (4.4) and (4.5) into (4.0) and after simplification gives

d’y
dz?

+

f(x)(r'(x))* ZZZ + (g(x)(r'(x))3 + 6f(x)r"(x)(r‘(x))2)
d’y

(PO () + 39000 (o)r" () £ Gelar () (x) + 30 (o)) )5+

z

() (x)+ PO (x) + 9OOP ™ (x)+ £ (<) 2 + 2y = 0

4.2

4.3

4.4

4.5

4.6



g()(r'(x))° + 6f (x)r () (x)F = b
p( ) (<)) + 30 ()r () + F(x)ar™ ()r (x)+ 3 (x))? ) = ¢

h()r' (x)+ p(x)r (x) + gx)r' (x) + fF(x)r"*'(x) = d

Where b, c, d are constants

f(x)(r'(x))" =1

So that we have

d’y bdy dy+ddy

R R
From (3.7)
) =
) =10

1

i (x)

=Ide

4/t(%)

"(X)
5 1 o2
r(x) =— 1eﬁ(f (x))

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15



1 1 1
I (x) = —= (X)+— frOOf (x)+ =

(F(x)) 16 4J(f (x))° 8 4J(f(x))’
H_1 ()

Substitute (4.12) and (4.14) into (4.7) and simplify

o(x) = gf«x) +b4/(F (x))

Substitute (5.12), (5.14) and (5.15) into (4.8) and simplify

o(x) = £(x) - SN p P00 o ey

16f(x)  4/f(x)

Substitute (5.12), (5.14), (5.15) and (5.16) into (4.9) and simplify

4 ea(i(x) 64 f(x)) 16
Cf‘—(x)+d4 f(x)
Y(F (x)°

Also from (4.1) and (5.13), we have
zZ=r

0w

Corollary

where a is a constant, is reducible to a LDE by the substitution z =

5.0 Hlustrative examples

In general we conclude that given any RLDEF of the formf (x)d—y

1 30000 45 (£0)) 5 ey, o o 100 (O
n(c)= L1 (3] -ror ) 4y e

#dx

Y £ (x)

d
+fn_l(x)W+...+ay =0,

4.16

4.17

4.18

4.19

4.20



5.1 Solve the differential equation with algebraic coefficient

d’y dy

1+ x2 ) =L+ 1+ x2 7+2x)-L +10y =0
( ) dx 2 ( X )dX y
SOLUTION

First we check if it is reducible,

By (2.11), we have
f(x)=(1+x?)

9(x) = [L+x2)2x +b)

Where b =7

Which satisfies g(x)in (5.0) and hence (5.0) is reducible,

To reduce (5.0) we apply (2.12) to obtain

z=tan 'x

From (4.2), we have

(L+x2)7+ 2x)d—y =(7+2x)—=>

dx dz

Substituting (5.3) and (5.4) into (5.0) and simplify

2
d—2/+7d—y+10y:0
dz dz
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5.0

5.1

5.2

5.3

5.4

5.5

5.6

5.7



5.2 Solve the differential equation with logarithmic coefficient

2
(xIn x)zjx—g+x(ln x)zj—i—Zyzo

SOLUTION
To check if the equation is reducible,

From (2.11),

f(x)=(xIn x)*

g(x)=(xIn x)L+In x+b)

Where b =-1

Which satisfies g(x)in (5.8) and hence (5.8) is reducible,

By (2.12), we reduce (5.8) by the substitution

z(x) = In(ln x)

x(In x)? ay _ (In x)j—z

dx
(xIn x)* dy _ ~(@+1In x)d_y+ d’y
dx? dz dz?

Substituting (5.10) and (5.11) into (5.8) and simplify, we have

2
d_y_d_y_Zyzo

dz? dz

y = A(In x)? L
In x

5.3 Solve the differential equation with trigonometry coefficient

2

COS X d )2/ +5sin xd—y+4ycos3 X =8cos°® X
dx dx
SOLUTION

11

5.8

5.9

5.10

5.11

5.12

5.13

5.14



d’y . d
cos x—¥+sm x& 4ycos® x =8cos”® x
dx dx

Divide through by cos® x

2

d7y
dx?

dy

sec’ x + tan xseczxd—+4y:8coszx
X

To check if the equation is reducible,

From (2.11),

f(x)=sec’ x

g(x)=sec’ xtan x + bsec x
Where b=0

Which satisfies g(x)in (4.14) and hence (4.14) is reducible

To reduce (4.14) we apply (2.12) to obtain

Z =sin X
d d
tan xsec? X - = tan x sec x =
dx dz
2 2
seczxd Z = —tan xsecxd—y+d—)2/
dx dz dz

Substituting (5.16) and (5.17) into (5.14) and simplify, we have

2

d°y
dz?

+4y :8(1— zz)
y = Acos(2sin x)+ Bsin(2sin x)+%(3—25in 2x)

5.4 Solve the differential equation with trigonometry coefficient

2

2C0s ecx d—Z—cosecx cotxd—y+ 25y =0
dx dx
SOLUTION

12

5.15

5.16

5.17

5.18

5.19



To check if the equation is reducible,

From (2.11),

f(x)= 2cosecx

g(x) = — cos ecx cot x + b~/2 cos ecx

Where b =0

Which satisfies g(x)in (5.19) and hence (5.19) is reducible,

By (2.12), we reduce (5.19) by the substitution

sin x
z=|.——dx
=
dy cosecx dy
—cosecxcotx—=—cotx1/ —
dx 2 dz

2

cosecx dy d?
= —cot X &y oy

2 C0S ecx >
dx 2 dz dz

Substituting (5.21) and (5.22) into (5.19) and simplify, we have

2

dy _
& +25y =0
y = Acos(%j\/sin xdx} + Bsin (%j\/sin xdxj

5.5 Solve the third order linear differential equation with algebraic coefficients

3 2
Iy, dy 1dy

=0
dx® dx? 9x dx y

SOLUTION

d’y d’y 1 dy

+ -——+y=0

dx®  dx? 9x dx y
-1
f(x)=x, g(x)=1, p(x)= —
9x
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5.20

5.21

5.22

5.23

5.24

5.25



If the equation is reducible then from (3.13) and (3.14)

-1 1
=1+bi/x and =—+b-—=+c}
g(x) =1+ bi/x p(x) o’ 3\/;Jrc\/x

Where b=0and a=0

g(x)=1, and p(x)= ;—i

Implies (5.25) is reducible, using (3.15) to get the substitution

By substituting (5.26) into (5.25) and simplify we have

d’y

+y=0
dz® Y
y:Ae‘Z+Bcos(l+;/§)z+Csin (1+;/§

Put (5.26) into (5.27)

2 2
3 3
y=~Ae"’ +Bcosﬂ1+—4\/§£+05in 3(“4:1/5&

5.6 Solve the fourth order differential equation with algebraic coefficient

4 3 2
de ¥+3Xd y+§d y+45—70xd_y

—-8ly =0
dx dx® 4 dx? 16x? dx y

SOLUTION

Compare (5.29) and (4.0), we have

2 3
F(x)=x7, g(x)=3x, p(x) =, h(x)
If the equation is reducible then from (4.17), (4.18) and (4.19)

g(x) = 3x + bi/x?, p(x)=%+ 02X 4 ex

Jx

5.26

5.27

5.28

5.29



64x 16x> 4

2c+d\/;

Where b=0,c=0,d=0

2
h(x)z—@+ a —§x+b(4i—4x }4—

Implies (5.29) is reducible, using (4.20) to get the substitution

z=3x 5.30
D*-81=0
D=+3 +i3

y = Acosh 3z + Bsinh 3z + Ccos3z + Dsin 3z

y = Acosh 33/x + Bsinh 33/x + Ccos 33/x + Dsin 33/x

6.0 Derivation of the substitution for the Cauchy-Euler’s homogeneous differential
equation using the proposed method.

The Cauchy-Euler’s homogeneous differential equation is of the form

2 dzy dy

X 2+a1x&+aoy:0 6.0

where f(x)=x’ and g(x)=a,x

(6.0) is reducible if
()= £°(x)+57(x)

g(x)=(1+b)x

Where b=a, -1

The substitution is z = .[de

Jx?

15



z=Inx 6.1

Substituting (6.1) into (6.0) we have,
d’y
dz?

(6.1) is the substitution given by Cauchy-Euler to reduce (6.0) to a differential equation with
constant coefficient as seen in (6.2).

6.2

+(a1—1)d—y+a0y:0
dz

7.0 Deriving the substitution for the Legendre’s homogeneous differential equation using
the proposed method.

The Legendre’s homogeneous differential equation is of the form

d’y

X2

(a,x +c)? +(alx+c)j—y+a0y:0 7.0
X

where f(x)=(a,x+c¢)”> and g(x)=(a,x+c)

(7.0) is reducible if
()= 1'(x) b/ Tx]

g(X) = (al + b)(alx + C)

Where b=1-a,
e 1
The substitution is z = j—dx
(a,x +c)’
z=In(a,x+c) 7.1
Substituting (7.1) into (7.0) we have,
ﬂ+(1—<';1)d—y+a y=0 7.2
dz? Ydz ° '

(7.1) is the substitution proposed by Legendre to reduce (7.0) to a differential equation with
constant coefficient as seen in (7.2).

16



8.0 CONCLUTION

The proposed method has able to reduce linear ordinary differential equation with function
coefficients to linear ordinary differential equation with constant coefficient as illustrated in
section three. Section 3, ordinary differential equation with algebraic, logarithmic and
trigonometry coefficients were treated.

The Cauchy-Euler’s and Legendre substitution for reducing equations of specific form were
derived using our proposed method. The derived substitution is the same as the ones proposed by
Cauchy-Euler and Legendre to solve their form of equations as seen sections four and five.

The proposed method can be use to solve problems that even the popular Frobenius method will
be unable to solve.
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