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Abstract

In this paper, we study the existence and uniqueness of solutions for
Langevin differential equations of Riemman-Liouville fractional derivative
with boundary value conditions on the half-line. By a classical fixed point
theorems, several new existence results of solutions are obtained.
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1 Introduction

..... To be completed.
In this paper, we stady the existence and uniqueness of solutions for the
following fractional Langevin equations with boundary conditions

D (DF 4 X)y(H) = F(Ly(1). ¢ (0, +o),

(1)
y(0) = Dy (0) =0, lim D 'y(t)=a, lim D*"P=1y(t) =0,

t——+o00 t——+oo

where 1 <a < 2and 0 < 3 <1,such that 1 < a+ 8 < 2, with a,b € R D*
and D? are the Riemman-Liouville fractional derivative. Some new results are
obtained by applying standard fixed point theorems.



2 Preliminaries
Definition 1 /2] The Riemann-Liowville fractional integral of ordre o € R™ . for
a function f € L'[a,b] is defined as
a o 1 K a—1
1N O = g3 [ €= 1), @

with T' is Gamma FEuler function.

Definition 2 /2] Let « € RT and n € N* where n —1 < a < n, The Riemann-
Liowville dirivative integral of ordre a.for a function f € L'[a,b] is defined as

1 ar [t e
DI = DI = g | =7 T @
with D" = 4.
Properties
Let § > 0 and 8 > 0, for all f € L'[a,b], we have
PIOf(t) =TT f(t) = I"*P (1) (4)
aff _ r (/8 + 1) a+p _
O Y s A (5)
If >0 >0.Then
DI f(t) = 170 f(t). (6)

Lemma 3 [2]Let o € RT where n—1 < a < n, wiht n € N*. Then the
differential equation D*y(t) = 0, has this general solution

y(t) = crt® 4 ept® 2 L et (7
where ¢; € R, with+=0,1,2,...,n.
Lemma 4 [2/Let o > 0. Then
I°Dy(t) = y(t) + 1t t + cat® 2 + o+ et ™", (8)

where ¢; € R, withi=0,1,2,...,n, andn —1 < a < n.

3 Main results

Lemma 5 Let h(t) € C(RTR), 1 <a<2and0< B <1, withl < a+83 < 2.
The following problem

D> (DP + N y(t)=h(t), te(0,+00),

9)
y(0) = Dy (0) =0, lim D* ly(t)=a, lim D*TF~1y(t) = b,

t—+o00 t—+o0



has equivalent to the fractional integral equation

y(t) = —ﬁ/o (t—s)ﬁfly(s)dwﬁ/o (t —s)*P 7 h(s)ds
toth=1 oo a+Xb 5
“Tarah Ot st 10)

Proof. We applied the operartor I* on D¢ (D[3 + )\) y (t) = h(t), we get
(DP + )y () = I”h(t) + c1t* ! + ot 2, (11)

where cq,c3 € R,
by the boundary condition y(0) = 0 and D?y (0) = 0 we have c; = 0, thus

DPy(t) = =Xy (t) + I*h(t) + 1t 1, (12)
applied the operartor I
y(t) = =XIPy (t) + I°Ph(t) + 1 TPt 4 egtP 1, (13)

where c3 € R
by the boundary condition y(0) = 0 we have ¢z = 0, therefore

y(t) = =XIPy (t) + I*TPh(t) + clr(l;(i)ﬂ)ta+ﬁ_l. (14)

Applied the operator D**#~1 on (14), we get
DAYy (1) = —ADBLBy () + Ih(t) + 1T (). (15)

We have

d
DotBA=118y t) = dtjl—(a+6—1)jﬁy(t)
d o
= fdtfz “y (1)
d 1 (o
= fdtfl =Dy (t)

= D" y(t). (16)

Substituting (16) into (15)

Dy (1) = =AD"y () + Ih(t) + erT (), (17)
Using the boundary value conditions lim D®~!y(t) =aand lim D*t8~1y(t)
t—+oo t—+oo
b, we get
Ab 1
o =220 Ly T, (18)

! I'a) o) t—+oo



Substituting the value of ¢; in (14), we obtain

tath-1 a+ \b
t) = APy (t) + I*TPh(t) — =———— lim Th(t) + ————t*"F~1 (19
{8) = ALy (8) + 17 Ph() — s tim Ih(D) + ot (19)
Therefore
t) = _A/t (t—s)" "y (s)ds + 1/t (t — $)* TP h(s)ds
! T Jo ! o+ 8)Jo
ath—1 oo a+ Ab
L h(s)ds + ————t* "7~ 1, 20
Al O i) 20
The proof is complete m
Consider the space defined by
ly(2)] :
E= {y € C(R*,R), ig}gw exist (21)
and with the norm ()|
Y
Iyl = D a1 (22)
Lemma 6 [1] The space (E,||.||g) is Banach space.
We define the operator T': E — E by
Ty(t) = A/t (t— )"y (s)ds+ 1/t (t— )P £ (5,5 (s)) ds
g T(8) Jo ! Ta+8)Jo Y
akh—1 oo a+ Ab
SRR , ds + —— 2 _gotB-1,
Tav gy VO Er T

To be completed.
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