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Abstract
Abstract: In this paper, we investigate the existence and uniqueness
of solutions for the following fractional Langevin equations with boundary
conditions

D (DP + N u(t)=f(t,u(t), te(0,+00)
u(0) = DPu (0) =0, (1)

lim D" 'u(t) = lim D*"P~1u (t) = au(é),

t——+oo t——+oo

where 1 < a <2 and 0 < < 1, such that 1 < a+ 8 < 2, with a,b € R,
¢ € RT and D%, D? are the Riemman-Liouville fractional derivative.
Some new results are obtained by applying standard fixed point theorems.
Keywords: fractional Langevin equation; Riemman-Liouville fractional
derivative; Infinite interval; fixed point theorem.
AMS 2010 Mathematics Subject Classifcation: 34A08, 34B40.

1 introduction

To be completed.

2 Preliminaries

Definition 1 [2/The Riemann-Liouville fractional integral of ordre o € R™ .for
a function f € L'[a,b] is defined as

() (0) = 7

T / (t— )" (s)ds (2)



where ' is Gamma Fuler function.defined as

+o00o
INa) = / to e tdt
0

Definition 2 [2/Let & € RT and n € N* where n — 1 < a < n, The Riemann-
Liouville fractional derivative of ordre a.for a function f € L'la,b] is defined
as

1 odan [t -
DSf(t) =D "I f(t) = =———— [ (t—s5)""° d
S0 = DI = o [ =0 T @ @)
with D™ = 4.
Properties

Let § > 0 and 8 > 0, for all f € L'[a,b], we have

IIPf(t) = IPI° f(t) = 1P £ (1) (4)
« _ F(’I]—l— 1) a1 _
It"—r(a+n+1)t+’, n>—1. (5)

If 8> 6 >0 we have
DIPf(t) = I°7° f(t) (6)

Lemma 3 [2]Let « € RT where n—1 < a < n, wiht n € N*. Then the
differential equation D*u(t) = 0, has this general solution

u(t) = ert™ et L 4 cptdTm, (7)
where ¢; € R, with i =10,1,2,...,n.
Lemma 4 [2/Let o > 0. Then
IoD%u(t) = u(t) + crt® 1 4 ot 2 4 4 et

where ¢; € R, withi=0,1,2,...,n, andn —1 < a < n.

3 Main results

Lemma 5 Llet 1 < a<2and 0 < 8 <1, where 1 < a+ f < 2, and let
h(t) € C(RT,R). The following problem

D™ (DP + X u(t) =h(t), te(0,+00)
u(0) = DPu (0) =0, (8)

lim D Yy (t) = lim DA~y () = au(¢),

t——+oo t——+oo



has equivalent to the fractional integral equation

wt) = —kj—l;@—SWAuﬁﬁk+——i——A(t—@MﬁAhwﬂs

I'(8) I+ 5)
+o0 a+B-1 €
H a+6—1/ pAL B-1
+——t h(s)ds + —=—— [ (£—9)" " u(s)ds
a(l+A) 0 I'(B) 0
,u’taJrﬁil /6 a+pB-1
—_—— - s h(s)ds, 9
e AR )
where (14 3)
a(l+A).
n= atpB—1 . (10)
a(l+M)¢ —T(a+p5)
Proof. We applied the operartor I* on D* (D 4+ X) u(t) = h(t), we get
(DP + X) u(t) = I®h(t) + c1t® + ot 2, (11)
where c1,c € R,
by the boundary condition u(0) = 0, and D?u (0) = 0, we have ¢y = 0,
thus
DPu(t) = —Xu(t) + Ih(t) + 1t 1, (12)
applied the operartor I?
u(t) = =MPu (t) + I°Ph(t) + e TPt 4 egtP L, (13)
where c3 € R
by the boundary condition u(0) = 0 we have ¢z = 0, therefor
u(t) = =MPu (t) + I°Ph(t) + ¢ @) jarsr (14)
Ia+p)
Applied the operator D*+F/~1
Da+ﬂflu (t) _ 7}\Da+67115u (t) + DaJrBflIoHrBh(t)
I(«) _ _
+ Doz+ﬁ 1t04+ﬁ 17 15
“T(a+p) 15)
which yields
DAYy (t) = =AD"y (t) 4+ Th(t) + e1T(a). (16)



We have

d

DOFA=IBy (1) = %11*(“+5*1)Iﬁu(t)
d
— 7]2701 t
gl tul®)
d
_ 7]17(0171) ¢
o u(t)
= D (1), (17)
substituting (17) into (16), we obtain
DAYy (t) = —AD*u (t) 4+ Ih(t) + e1T' (), (18)
thus
: a+pB—1 _ : a—1 .
tll+mooD u(t) = )\tllgrnooD u(t) + tllinoo‘[h(t) + (). (19)

By (19), (14) and the boundary conditions lim D lu(t) = lim D=1y (t) =

t——+oo t——+oo

au(§), we obtain

MF(FO(:;; . (a T Ih®) +A (1%u) (&) = (1°*7h) (5)) . (20)

CcC1 =

where i defined as in (10),
substituting (20) into (14), we obtain

u(t) = —MPu(t)+T1Ph(t) + Pt

g <a<11+x>ti“+“oof h(t) + A (%) (€) = (I"7h) <5>) . (21)

Therefor
u(t) = —Al/t (t—s)" "t u(s)ds + l/t (t —5)* P h(s)ds
L'(B8) Jo Ll +8) Jo
+oo at+B-1 r¢€
H a+/3—1/ pAt / B-1
+ t h(s)ds + —s u(s)ds
a(l+A) 0 =) @) Jo (=) =)
Utoﬁﬁil /‘E a+p-1
—_ — h(s)d 22
fora ) (€= hs (22)
The proof is complete
Consider the space defined by
X ={u e CRYR) supL is bounded on R™ (23)
; ) =0 1+ tatB8-1



and with the norm

t
lullx = igg%- (24)
Lemma 6 [1] The space (X, |.||y) is Banach space.
We define the operator P: X — X by
. 1 ¢ B—1 1 ¢ a+pB—1
Pu(t) = —)\m/o (t—s5)"""u(s)ds+ m/o (t—s) f(s,u(s))ds
+o0 a+B-1 &
B at+p-1 AL _ gyp1
+a(1+)\)t ; F(s,u(s))ds + () /0 (E—9)"" " u(s)ds
Mta+ﬁ_1 ¢ a+p—-1
o [ €9 Hsts)as (25)

where p defined as in (10).
To be completed.
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