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Abstract

In this work, we use the fixed point theorems, we investigate the
existence and uniqueness of solutions for a class of fractional Langevin
equations with boundary value conditions on an infinite interval.
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1 Introduction

... To be completed.
In this paper, we investigate the existence and uniqueness of solutions for
the following fractional Langevin equations with boundary conditions

Do (DP + N y(t) = F(ty(), ¢ (0,+00),

(0) = D7y (0) =0, "
Jim Dy () = ay(&y), | lim DMy (8) = by (€y),

where 1 < o < 2and 0 < 8 < 1, such that 1 < o+ 8 < 2, with a,b € R,
£,,& € RT and D, DP are the Riemman-Liouville fractional derivative. Some
new results are obtained by applying standard fixed point theorems.



2 Preliminaries

Definition 1 /2] The Riemann-Liowville fractional integral of ordre o € R™ . for
a function f € L'[a,b] is defined as

L
I'(a)

with T' is Gamma FEuler function.

10 ) = 17 [ =07 S (@r, @)

Definition 2 /2] Let « € RT and n € N* where n —1 < a < n, The Riemann-
Liowville dirivative integral of ordre a.for a function f € L'[a,b] is defined as

DL = D0 = o [ @ )
with D™ = d;, .
Properties
Let § > 0 and 8 > 0, for all f € L'[a,b], we have
PIOf() = I°1°f(t) = I"*P £ (1) (4)
I°t° = Mt“%, B> -1 (5)

If 8> 0 >0 we have
DOIPf(t) = 177 f(t). (6)

Lemma 3 [2/Let « € RT where n —1 < a < n, wiht n € N*. Then the
differential equation D*y(t) = 0, has this general solution

y(t) = crt® P ept® 2 L et (7)
where ¢; € R, witht=0,1,2,...,n
Lemma 4 [2/Let o > 0. Then
IoD%y(t) = y(t) + crt® P 4 ot 2 + .+ et ", (8)

where ¢; € R, withi=0,1,2,...,n, andn —1 < a < n.

3 Main results

Lemma 5 Let h(t) e CRT,R),1<a<2and0< B <1, withl <a+p3<2
The following problem

D> (DP+ )y (t) = t € (0,+00),
y(0) = D%y (0) =0, (9)
Jim Dy (6) = ay(€,). tiiinooDW—ly (1) = by(&»).



has equivalent to the fractional integral equation

_ _L ' — )1 (s) ds 71 t — 8)* P h(s)ds
v = g | =0y st g [

+oo \2gB+a—1 &
aﬂ)\tﬁJrafl & ot f1 b'u)\tﬂqtozfl £, 51
“Taid (€1 —9) h(s)ds + TG, (& — )Ty (s)ds
butﬁ+a*1 I3 atf1
W/o (&9 — ) h(s)ds. (10)
where .
=[BT el T+ 8)] (11)

Proof. We applied the operartor I® on D® (Dﬁ + )\) y (t) = h(t), we get
(DP + X))y () = I*h(t) + e1t* ! + ot 2, (12)

where cq,c3 € R,
by the boundary condition y(0) = 0 and D?y (0) = 0 we have c; = 0, thus

DPy (t) = =Ny (t) + I*h(t) + 1™, (13)
applied the operartor I?
y(t) = =XPy (t) + I°FPh(t) + 1 TPt 4 egtP 1, (14)

where c3 € R
by the boundary condition y(0) = 0 we have ¢z = 0, therefore

y(t) = =Py (t) + I°TPh(t) + ¢ r(l;((i)mtaw_l' (15)

Applied the operator D*+8-1
D1y (t) = —AD*TPT1 Py (¢) + DM Pp(t)

I'a) _ _
4oy —— _path-liats 1’ 16
“T(a+p) (1)

which yields

DoAYy (1) = —AD™ L1y (1) + Ih(t) + i (a). (a7)



We have

d
Da+ﬁ71]ﬁ _ 7[1*(014’571)]5
y (1) o y (1)
d
— 7[27&
1 (@)
d
— 7[17(a71)
o y ()
= D ly(t). (18)
Substituting (18) into (17), we obtain
DB~y (1) = =AD" Yy (t) 4 ITh(t) + e1T'(a), (19)
which yields
: a+p—1 _ : a—1 :
tilglooD y(t) = /\tilgrnooD y(t) + tl}inoolh(t) + (). (20)
By the eq (15) we have
') _
— _\JB a+p3 Bt+a—1
y (&) = =My (&) + 1*77h(&,) +01F(a+ﬁ)£1 ; (21)
and I(a)
— P atp ¥) _ ¢Bta—1
y(&a) = =A%y (&) + 177 h(&,) + Clr(a+ﬁ)§2 : (22)

Using the boundary conditions . liIJP DYy (t) = ay(&,), , ligl DotP=1y () =
—+4o00 —+00
by(&,), and substituting (21) and (22) into (20)

_ 8 a+p8 bl () B+a—1
AbIPy (&5) + bIT h(fz)‘f‘clir(a_i_ﬁ)fz

= NPy (E)) — AIVOR(E) — o @) gorant

I'(a+ B)
+ lim Ih(t) + e1T(a), )
we obtain
I
o = “(roécj)m {aX’ Iy (&) — aA[* P h(gy)

+,lim _Ih(t) +AbI7y (&5) — bI**7h(&,)} (24)

where 1 defined as in (11).
Substituting (24) into (15), we obtain

y(t) = —MPy(t)+I°"h(t)
P et {CL)\2IBU (&) — aXI*TPh(E))
+, lim Th(t) + AbIPy (€5) — bI®TPR(E,)} (25)



Therefore

I S AP DR S
v = g | =@

oo A\2gBta—1 r& B
bttt [ n(s)s + A [ -9y (9 ds
0 F(ﬂ) 0

aultBte—1 ré . bunB+a—1 [t )
_ﬁ/(; (51_8) +8 1h(5)d8—|—'u1fT i (62_5)6 1y(s)ds

b B+a—1 ré&s ot
7% / (65 — )7L n(s)ds. (26)

/ (= )7 () ds
0

The proof is complete m
Consider the space defined by

_ + ) y(t) )
FE = {y S C(R ,R), 21;}0)W eXlSt} (27)

and with the norm ()|
- y(t
Iyl = i;gW (28)
Lemma 6 [1] The space (E,||.||z) is Banach space

We define the operator T : E — E by

_ _L t —56_1 s s))ds O‘Jrﬁ; t —S(H_/B_l S s))dads
Ty(0) =~ [ =9 @) s+ 1 s [ sy ()
400 2:B8+a—-1 p&
B+a—1 s s S 76”1)\ ¢ — 8 p=t S S S
et [ Gy @) s+ P [T = T o)
auliBra—1 r& 1 Bra—1 (&, 4
e [ e s 2 [ 6= 0" ) s
butsto—1

ML “ — )P £ s,y (s)) ds

where 1 defined as in (11).

To be completed.
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