Question 477: Some Mathematical Formulas

Edgar Valdebenito

August 10, 2018

Abstract. This note presents a collection of mathematical formulas

1. Introduction
Notation:

e The number pi:

& (-1
=4 =3.1415... 1
" ZO on+1 @)
e The Catalan constant G :
G= i (D _ 0.9159... )
= (2n+1)
e The Euler-Mascheroni constant y :
;/:Iim£1+1+1+...+1—lnn):0.5772... 3)
n—ow 2 3 n
e The hypergeometric function:
- (a,b;c;x) =Z ). (b), X' x| <1 (4)
n=0 C -

e The Fibonacci numbers:
F.,.=F.,+F ,F=F =1 (5)

n+2

. ze(C,z:x+iy;x,ye]R,i:J—_l;x:Re(z),y:Im(z) .

2. Formulas
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n
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o (mv2)’
2G—In2+%+1=_|'e‘& 4—e 2 gx— I e Ja—e? dx
0 0

In2= ff(cosh1 f (x)—cosh™ g(x))dx

uol |21 ,¢:1+\/§

1 2In2
n—2=j|n(2—x2+2 1—x2)dx:j 2% _ 2 dx
0
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1
T—2 =J' 2x+1 _22X dx (20)
2In2 <
Entry 7. If ke N , then
1 _ aHXZn
7r:2\/§.[1//k(x)e o dx (21)
0
where
n-1_n
an:(_l)T3 ,nelN (22)
v ()=33"1x" keN 23)
n=0
f —(_1)n+k+lzn:(—1)mf fo=1f=f,=..=f =0,neNU{0} (24)
n+k+1_n+k+1m:0 m =L hL=hL=..=1 =Ule
Example k=1 :
1
7 =233 [y, (x)e™" dx (25)
0
© -2 \,4 -3 /6
i (x)=1+3 37 f =14 3 XX (26)
~ 2 3
(D" gy
f.,= Y (=)' f, f,=1f=0neNu{0} (27)
n+2 5%
Example k=2 :
1 X2 x*
7=2\3[w,(x)e *  dx (28)
0
- -n 2n 373)(6
v, (X) =1+ 3" f x* =1- 3t (29)
n=3
(_1)n+l n .
fra= Y (-1)"f, . f=1f=f,=0neNu{0} (30)
n+3 5
Entry 8
T 8 = (_1)n 3—n 1 1 -n
—=——= Flll+—;2+—;(-3
2J3 9 Z;' on+1 2 on +2n( )j
= (-1)'3™ 1 1 -
— Fll —n+1+—;(- 1
nzz;‘ miet 2 Mt +2n’( 3) (31)
© 3—n2—n 1 1 .
-y ——— F|Ln+1+—;n+2+—;(-3
“~on?+2n+1° 1[ e T o (-3) j



Entry 9. If 0<a<1, then

Xysmh ay T & n 1 1
dxdy =23 (-1 -
” cosh y i HZ:(;( )(\/2n+1—a \/2n+1+a]
Entry 10.
2 (1+x)e In2 o (<)L
_([ +2x+x ((y+7jcosl—45|n1]+ez_ll p— Re(e (1+|))

n-1

© —X © 1
je—zdx ((y+ln—2jsm1+ cosl} ez
0 2+ 2X+X 2 ~ nn!

Entry 11.

JS'” 2 (x/2)) mz/_ no(nJ m an_én!(n+1)!

where W (x) is the Lambert function.

Entry 12.
R k 1
33 kz;‘nzzkn(ZnH) 2°MH(2n+1)
2" (2n+1)
Entry 13.
2+\/—
a 5\/—_ ) 16X — 20 1 8x— 1,

2
14 X

Entry 14. If neN , then
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0

=

- [ﬁ] n\(2k+2)" 2 QP (2k+2
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=12k )l k+1 k+1 ‘ 2k +1){ k+1
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o
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O e

=
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=12k )l k+1 k+1 m 2k +1){ k+1

I
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Entry 15.
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=
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jcosl( x\/8+x2x2JdX J;[(r(1/4))2 73 J
5 2
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Entry 16. If F, is the Fibonacci number, then

n=2 (\/§)Fn+2 +1
n:8§:tan ! (\/E_l)Fn _(\/Ep_l)F 1]
2 1+(J§ —1)
=12 itan’l (2_\/5) | —(2—;/5) M}
=2 1+(2—J§)

Entry 17. If F, is the Fibonacci number, then

E F2n \/_ F2n+1
T ~ 4 1)\™ — -1 (\/g) +( 3)
—+) tan|| = = > tan
oo () ) g
Entry 18. If F, is the Fibonacci number, then

N A s
> tan _ +3tan :
6 n=1 (\/g) 2n+2 +1 — (\/g) — +l

Entry 19. If F, is the Fibonacci number, then

R CYEPT H A T BN (‘/g)an+l_(‘/§)an
E+nzz;(—1) tan [(ﬁj ]:nz_l:tan [ ( .

\/§)F2 "

Entry 20. If sinhu = %(54 +6V129) ~2(54+6V129) , then
c (—1)n71 2n-1
ﬁ:SZm(tanhu) cosh((2n-1)u)

Entry 21. If sinhu :%%%—%3/6_2\6/3_5 , then

n-1
r=12 Z:; (Z_nl) : (tanhu)™" cosh ((2n-1)u)

Entry 22. If

1/3 -1/3
sinhu = %(—54+54\/§ +64/291-16242 ) - 2(—54+54J§ +6+/291-1622 )
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then

n-1
7 =16 ; (Z_nl)—l (tanhu )™ cosh ((2n-1)u) (50)
Entry 23. If
-1/3
sinhu = (108 5443 + 64/615— 32443 ) (108 5443 + 64/615— 32443 )
then
T =24 i ()" (tanhu )™ cosh ((2n-1)u) (51)
~ 2n-1

Entry 24. If u2(cos(2u)—sin(2u))+2u(sinu+cosu)coshu—1:0 , then
”:8i(_l)n_l(uz”‘lcosh((2n—1)u)cos((2n—1)u)+u2” cosh(2nu)sin(2nu)J (52)

2n-1 2n
Remark: u=0.35993392348862... .

Entry 25. If
:(2 J_)cos( 2 J§ cos( 2 J§ \/5)))) (53)
b:(\/ﬁ l cos( \/5 1 cos( \/5 1 \/5—1)))) (54)
1 1 1
c:—cos ——=C0s — 55
(ﬁ ( V3 ﬁ m o
d =1cos(1cos(Lcos(1...))) (56)
then
© 1 h 2n+l © h b2n+1
ﬂ:lzz()—a 82 =
s 2n+1 —ry 2n +1 (57)
30( 1 h2n C2n+1 0 h d2n+l
=6 =4y~~~
nz(; 2n+1 nzz(; 2n +1
where
1 2 11 2
h,=1,h =0h,=-=,h,=— h,=—— h. =—,... 58
0 hl 2 2 3 3 4 24 5 15 ( )
h=9,-h_,—->h  f. ,n=234.. (59)
k=2
1
flzl, f2n+l:O,n€N, onZW,nEN (60)
1
an—l m nGN an O,nEN (61)



Entry 26.

¢ tan - 4x B
l 1+9x {1+¢EI§§?]dX_
oy A(E(5-2)

2n-1

(o8] (o)

z
6] 2 4 (2n-1)’
Entry 27.
7G = j xtan x tan™ (cos x) dx
Entry 28.
Z_Ttanhx—xsechzx X_°° coshxsinhx-x
4 ¢ x*+tanh®x 5 X* cosh? x+sinh? x
]9 sinh (2x)—2x
0 1+x cosh 2x)+x -1
Entry 29.

(1—(x2—y2)coszt)tsint

T

dt =
J 2 2 2 2 2)2 4
0

1-2(x* - y*)cos’ t+(x* +y*) cos't

2 2
:% iln w +y(tan -1 y +tan’1 y J
2(x +y) 2 | (1-x) +y? 1+ X 1-x

-’f 2xytsintcos®t
0

1-2(x* —y*)cos” t+(x° +y2)2 cost =

2 2
- 2;1 —\ x(tanl Y itant Y J—Xln —(1+x)2+y
2(x*+y?) 1+x 1-x) 2 (1-x) +y?

.’f tsint dt—
0

1-2(x* - y* )cos” t+(x* + y2)2 cost

_Z iIn m [tan Y itant L J
4 | 2x (1—x)+y2 y 1+Xx 1-x
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tsin®t

dt =

!

1

1

Entry 30.

1-2(x* —y?)cos® t+(x* + yz)2 cos*t

1
2% 2x(x2 + yZ)J

In{(lﬂ()2 + y2J+ 1
(1- x)2 +y°

(x—(x3 +xy2)coszt)tsint

|

1—

(y+(x2y+ y3)coszt)tsint

!

Entry 31.

—y

0

c_.;;

1-2(x* - y*)cos’ t+(x’ +y2)2 cos*t

( (2\/5—3)coszt)tsint

2(X* —y*)cos” t+(x* + yz)2 cos*t

0

(4J_ 6)cos t+(229 132\/_)cos t
ﬂ(5(7+5\/§)ﬂ+6(4+\/§)|n2)

tsintcos?t

—y

1+(4J§—6)cosz t +(229—132J§)cos4t

312
dt=

a1 Y

ﬂ(5(29+17\/§)7z—12(40+23\/§)|n 2)

tsint

1248
dt =

0

1+(4J§—6)cos2 t +(229—132J§)cos4t

;r(5(1+J§);z+12(2+J§)|n 2)

96
]’. 2+cos t tsmt (7[ 3+In3)
) 1+ cos? t+cos t - 4
.[ tsintcos®t ﬂ(ﬂ\/§—3ln3)
< 1+cos’t+cos’t 12
I tZSInt . dt=z(l+ln3j
2 1+cos’t+cos't 4\ f3

1-x

1 y
- | tan" —Z—+tan" 2~
(y y(x2+y2)J[ 1+X
(68)
1+x) +y?
gt = Zin| LX) Y
4 ((1-x) +y?
dtzz(tan Y gt L j
2 1+x 1-x
dt =

?}

(69)

(70)
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(72)

(73)

(74)

(75)

(76)



T tsin’t dt_;zlns
< 1+cos®t +cos*t 2

T tsin’t :iln(\/ﬁ+1)

1+cos’t 2
~ tsint(2—sin’t ”tsmt 1+cos’t 2
e et
) 1+cos? t +cos’ t J1+cos’t+cos‘t 23

T tsin’t dt:%(4\/fln(\/§+l)—7r)

1 9—2cos’t+cos’t

T tsin’t 7
dt = In(2++/3
-([7+cos(4t) 83 ( \/_)
ttsint(8—cos’t) g 17
! 8l+4cos‘t 12 5

Ttsint(2+cos”t
I ( , )dtzf(zﬂan‘llj
o 4+cos't 2\ 4 3

Entry 32.

TJOZ(X)—e

COS X
dx=in2-2 4L pl123 0.1
2 4 2’7 4

2—2n

1&(-1)" g 1
52 kzé{(

Remarks:

o0

o N (2

1 o(k'(n k ) 1 n

e U(a,b,z) is the confluent hypergeometrlc function:

o0

(a,b,z) .[ e "t (1+t) 2t ,Re(a)>0
0

n

u<—n,b,z>=<—1>“z[ﬁj<b+k>nk (o)

k=0

e J,(x) is the Bessel function.

e ()" g 2% 11
S FLe T WA | ST

2n—2k)!k!_((n_k)!k!)

zJ

o (__ n -2n ®© -2n
Z( 1n) 2 Z ) 2 (an:%35(1,1%;2,2,2,2;—@
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Entry 33. If |x| < 7z,|a] <1, then

l a" cos x —a

n=1
() gt @ SINX = a" sin(nx)
nzzl“( ) an (1—a“cosx Z_l:“a

a2 sm((2n+1) )

[ 2a" smx il
Zt l( j Zl 2n+1

o~ a 2n+1

a’™ sin((2n+1)x)

- n— 2a" smx >
1) tan
;( ) { 1 ] Z() 2n+1 2n+1
1) a

a®™* cos((2n+1)x)

[ 2a" cos x (-
tan 1
Z ( —a” j nz;‘ 1-a*™ 2n+1

1_ n=0 2n+1 2n +1

Entry 34. If f(k)=.[e‘xsinxln(x+k7z)dx ,k=0,1,2,3,... , then
0

T In2 > n n k n —krz
L Y f (K
YA )[kje (k)
In(x+k )
X+

sinxdx ,k=0,1,2,3,... , then
+kr

Entry 35. If (k)=
0

n

=323 1)

k+1
)sin xdx ,k=0,12,3,...,then

. In
Entry 36. If f ( j
0 +

7y ——zj '”XS'”X x+3 2" @f(k)

n=0 k=0

1l
Entry 37. If f(k):jn(—SiHZXSinXdX k=0,1,2,3,... , then
o Xtk

_InS( '”3J 5 i(_l)k@f(k)

WLt

10

Entry 38.

i(_l)n_l an- (Za cosxj Zi L (~1)" a2 cos((2n+1)x)
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Ms

7 [ j (e U:ﬂiﬁJmJ (100)
6 =\ n 2n+1 4

Entry 39. If O<a<b<1,then

o (—1\"(p2n+l _ 42n+l
%Ingzz( 1) (b a )+

(2n +1)2

oy (1) T
o (-1 1+a)'b), &(n) (=) [ 4b 1a
ST 0 ) o)

(1) (o -a™")

T, b &
=In== +
4 a Zo (2n+1)’

@ (_1)” (1_aj2n+2 (1 ajz
+n2=:§(2n+1)(n+1) ra) 2|MMHEMA G 102)
(1 bjm2F1£1,n+1;n+2;(ﬁj2]}
1+b 1+b

7Z' b w (_ (b2n+l a2n+l) © 2n+2 2n+2 ( )
Rl Z; (2n+1)’ Z; [(1+aj (1+bj } kel (109

Entry 40.

o £ 1 2n+1
—~2tan"'u = dx 104
" Z(; 1J( 2125 j (104)
2n+1
24 dx 105
"= ;2n+1z+ﬁ( 2+2xj (109)
Entry 41. If 0<z <1, then
1 1 sin 2% & : n\¢ sinx
——==sin—>» 27" —dx (106)
I'(z) = 2 Z:;‘ :o [kj!(x+kﬂ)
Entry 42.
1 4
1:[“1 X dx (107)
4 ¢ 1+x
1
dx (108)
!\/1+2x 2 4+ 1+8%°
Entry 43.

(109)

1 2 j
= |cosh™| —=—— |dx
;[ (\/1+8x -1



(110)

1
Z+In2—% In(2+\/§\/1—4x+\/1+8x)dx
0
Entry 44.
= = (-1)"(1-2")¢ (2n+1
-> tan™ Y lin2s ( )( )5( ) (111)
4 4 2n(2n+1)+1 - 2n+1
Entry 45.
n-1 n
r-g3 Y |m[[,/*/§+11+i,/“/_2—‘1n (112)
= n 2 2
] m((Z—\/\/E+1+i\/\/§—1)j (113)
Entry 46. If keN , then
z=2" \/2+ 24t [1+2 S'”hx } (114)
—radicals
zz=2\/ \/2+ 24...+ (1+2i22k+2 5 1] (115)
)-radicals n=
n —2n —m-+k)
\/2+\/2+ + H {1— } (116)
(k—1)—radicals n=0 m=0 )

Entry 47. If 0<x<tan™ (1/ 2 ) , then

2n+1
z—d4tant| 122180 X 2tan” x Z nx) sin(2n+1)x (117)
1+2tan® x — 2n+1
Entry 48. If tan‘l(llﬁ)<x<n/2 , then
7r—2tan‘( j i (sinx) 2n+lsm (2n+1)x (118)
- 2tan? x s
Entry 49. If O<x<tan™+/2 , then
2 - _1n co 2n+l
z=2tant| BX +4Z( ) (cosx) cos(2n+1)x (119)
2 s 2n+1
Entry 50. If tan*<2 <x<7/2 ,then
_1 n cos 2n+1
(-2) (cosx) 0

_ 2 o X
r=4tan™ 12;02)( +8Z cos(2n+1)x
1+2cot” x e 2n+1

12



a2
Entry 51. If 0<x<7/2,0<a<10<b<1, b= J (Zas'” Xj 2‘;5'”2)( , then
—a
) 2n+1 2n+1
= Z +b sin(2n+1)x
= 2n+1
2
Entry 52. If O<x<7z/2,0<a<10<b<l b= J (2a1cos Xj Zicoszx , then
—a
w ( ( 2n+1 b2n+l)
=4 cos 2n+1
R
Entry 53.
2n+1
- (V2 -1 i1 (1) (=1)
G=2(v2-1)+2 (¥2-1 22( ) (D
~  2n+1 —=2k+1 2n+1
Entry 54.
) _1 n1 2n
GZZZ( J. 4 2n+ldX
CEE P
Entry 55. If O<x<x/2 ,then
G=> jm(n )n ,F (n,nn+1L—cotx)

>
1
N
)
e
5
x
N—"

Entry 56. If O<x<x/2 ,then

G =tan xIn(1+cotx)+

+iM{In(l+cot x)+:Z;( ) j(—(

n—2 n(cosx)
Entry 57.

& ()" n (Y
= y b = ]
% 2n+1 noopan Z:(; n—2k )2k +1 "
%:iA] ¢2n+1+iBn ¢—3n—3
n=0 n=0
(-2’ ()" n (Y
= —_ , B =
A (2n+1)22” " 2" kzz(; n-2k )2k +1

—(1+cot x)fk )J

=0,123,...

,n=0,12.3,...

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)



Remark: ¢ =

1+\/§
>

Entry 58. If NeN={1,23,..} , then

Entry 59.

Entry 60. If N >0 , then

Entry 61.

Entry 62.

Entry 64.

2 (1 1
+2In2= 2+1In N+1 +2 —_—— In(n+1
g m( (N3 e g (o)
N & R (3/2k+Lk+2-1/n) 2 & (1) (N+1)"
+ +
nZ:kZ:; (k+1)nJ_(n+l) N+1nzz; (2n+1)
o 1 © X 2n+1
G= tanh d
n22n+1£[ ol (ZcoshxD X
- 1 1 2n+l
G=N’ tanh d
§2n+1£{ an [Zcosh(Nx)B x
. 1 0 X 2n+1
tanh d
+nz(;2n+1~£( an (ZcoshxD X
TG I Y Gt
7—; - —nzzll - !(x —1) dx

S o5 L

2n+14

_1_j 16+1+8x +16 — 65X
0

x+4\/x\/1+8x +X—4x?
Entry 63. If U= %(108 +12493) ~2(108+1203)

o)

n+1)(2n+3)

no\ N

éz(lﬂ(ﬁﬂ))z +2 T In

In(\/§+1)

14

g

, then

1 2n+1
] dx

Xt +1

dx

2—2n un+l

e +1
e_

o

|

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)
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