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Abstract

In this paper, we theoretically investigate the low-rank matrix recovery problem
in the context of the unconstrained regularized nuclear norm minimization (RN-
NM) framework. Our theoretical findings show that, one can robustly recover
any matrix X from its few noisy measurements b = A(X) + n with a bound-
ed constraint ||n||s < e via the RNNM, if the linear map A satisfies restricted
isometry property (RIP) with

t—1
Ok < 7
for certain fixed ¢ > 1. Recently, this condition with ¢ > 4/3 has been proved
by Cai and Zhang (2014) to be sharp for exactly recovering any rank-k matri-
ces via the constrained nuclear norm minimization (NNM). To the best of our
knowledge, our work first extends nontrivially this recovery condition for the
constrained NNM to that for its unconstrained counterpart. Furthermore, it
will be shown that similar recovery condition also holds for regularized £;-norm
minimization, which sometimes is also called Basis Pursuit DeNoising (BPDN).

Keywords: Low-rank matrix recovery, regularized nuclear norm minimization,
restricted isometry property, basis pursuit denoising

1. Introduction

Over the past decade, low-rank matrix recovery (LRMR) problem has at-
tracted considerable interest of researchers in many fields, including comput-
er vision [I], recommender systems [2], and machine learning [3] to name a
few. Mathematically, this problem aims to recover an unknown low-rank ma-
trix X € R™"*"2 from

b=A(X)+n,

*Corresponding author
Email addresses: d.sylan@foxmail.com (Wendong Wang), zhangf@email.swu.edu.cn
(Feng Zhang), wjj@swu.edu.cn (Jianjun Wang)

Preprint submitted to Journal of BTEX Templates October 9, 2018



where b € R™(m < ning) is an observed vector, n € R™ is the unknown noise,
and A : R™"1*"2 — R™ is a known linear map defined as

AX) = [tr(XTAW) tr(XTA®@)) o ar(XT AT, (1)

Here, tr(-) is the trace function and A®) € R™*"2 is the ith measurement
matrix.

A popular approach for the LRMR problem is to solve the nuclear norm
minimization (NNM)

min | X, st [[b—AX)|=2 <e, (2)
XERn1Xn2
So far, much work has been done to find the explicit conditions under which the
exact/robust recovery of any low-rank matrices can be guaranteed [4} [5 [6] [7]. As
one of the most powerful and widely used theoretical tools, restricted isometry
property (RIP) captures particular attention.

Definition 1 ([B]). A linear map A defined by is said to satisfy the RIP
with restricted isometry constant (RIC) of order k, denoted by (5;43 if Ok is the
smallest value 6 € (0,1) such

1 =o)X < [ACOI3 < A+ 9)IX|F
for every rank-k matriz X € R™">*"2 j.e. the signal whose rank is at most k.

There exist many RIP-based sufficient conditions for the exact recovery (i.e.,
the case when m = 0 and ¢ = 0) of any rank-k matrices through . These
include d4p < V2 — 1 [B], dar < 0.558, and 83, < 0.4721 [8], dop, < 0.4931 [9],
dar, < 1/2 and 0 < 1/3 [10]. In particular, the sharpest conditions with the
form of dy, < 6* for ¢ > 0 have been completely given by Cai and Zhang [11]
and Zhang and Li [12], where 6* = \/(t — 1)/t for t > 4/3 and §* =¢t/(4 — 1)
otherwise, and they have also proved that under these conditions, one can still
robustly reconstruct any (low-rank) matrices.

An alternative approach to the constrained NNM is to solve its uncon-
strained counterpart, i.e., the following Regularized NNM (RNNM):

. 1 2
i X+ 56— ACOI @
Compared to the constrained problem , this unconstrained problem is much
more suitable for noisy measurements and approximately low-rank matrix re-
covery [I3]. Currently, almost all the researches are focus on the algorithms
induced by , see, e.g., [I3L 14, [15]. To the best of our knowledge, Candeés and
Plan [5] provided the first RIP-based performance guarantee for , and their
results show that, when the noise n obeys || A*(n)| £ || X1, n; - AD| < /2,

IWhen k is not an integer, we define ), as Ork1-
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and the map A satisfies 84 < (3v/2 — 1)/17, the robust recovery of any rank-k
matrices can be guaranteed through . However, after their initial work, the
theoretical investigation of is rarely reported. Note that their noise setting
is based on the Dantzig selector rather than the often used ¢-norm setting (i.e.,
In|l2 <€), and the obtained sufficient condition still has room to improve.

In this paper, we theoretically investigate the RIP-based performance guar-
antee of the constrained problem (3) when the noise m obeys |nf2 < e. We
show that if A satisfies dy, < +/(t — 1)/t for certain ¢ > 1, one can robustly
recover any (low-rank) matrices from (3)). The obtained results first extend the
recovery condition recently obtained by Cai and Zhang [I1] for the constrained
problem to that for its unconstrained counterpart. It should be also noted
that similar condition also holds for the well-known Basis Pursuit DeNoising
(BPDN) [I6] to guarantee the robust recovery of any (sparse) signals.

The remainder of the paper is organized as follows. Section II introduces
some notations and useful lemmas. Section III presents the main results. Section
IV gives the related proofs. Finally, conclusion and future works are given in
Section V.

2. Notations and Preliminaries

2.1. Notations

We assume w.l.o.g. that n; < no and the SVD of X € R™*"2 jg X =
St oi(X) - ug? : (’U;))T, where ug? and 'v;) are the left and right singular
value vectors of X, respectively, and o;(X) is the ith largest singular value of X.
For any positive integer s, we denote [s] = {1,2,--- , s}, and E¢ = [n1]\ E for any
E C [n1]. We also denote og(X) as a vector whose element (0g(X)); = 04(X)
fori € E and (0p(X)); = 0 otherwise, and Xp =), Ui(X)-ug? . ('ug?)T and
Xg=>i. UZ-(X)ug? (vgg))T. Besides, we denote || - ||2 = (|| - ||a)® where |- ||
is certain (quasi-)norm. Then clearly ||og(X)|l1 = [|XEgl/«. In the end, ||z||o is
defined to be the number of the nonzero elements in «.

2.2. Three key lemmas

Before presenting our main results, we need some lemmas.

Lemma 1 ([II]). For a positive number a and a positive integer k, define the
polytope T'(a, k) CR™ by T(e, k) ={v € R" : ||v]loo < &, ||v]|1 < ka}. For any
v € R, define the set U(a,k,v) C R™ by U(a, k,v) = {u € R"™ : supp(u) C
supp(v), [|[ullo < K, |lulli = ||v|1, ¢l < a}. Then v € T(a, k) iff v is in the

convex hull of U(a, k,v). In particular, any v € T(a, k) can be expressed as

c
v = E Yilli
i=1

where u; € U(a,k,v) and 0 <~; <1, 37 v = 1.
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Lemma 2. If the map A obeys the RIP of order tk(t > 1) with RIC 0y, € (0,1),
then for any matriz H € R™*"2 and E C [nq] with |E| = k, it holds that

IHele < A2+ 52 2L, (@)

where

B2 2 and By 2 Ouk
T bV F on 2T 0 G- 1)

Lemma 3. Assume that X* is the solution of and H = X' — X. If the
noisy measurements b = A(X) 4+ n are observed with the noise level ||n|l2 <,
then for any subset E C [n1] with |E| = k, we have

IACH) |3 — 2€[| ACH) |2 <2A([HEgll« — [[Heze ||« + 2| Xpe|+) (5)
and

€
1 Eel < 1 Hpllx + 2 Xpellx + LIAEH)]l2. (6)

3. Main results
With previous preparations in mind, we now present our main results.

Theorem 4. For any observed vector b = A(X) + n with a bounded constraint
In]l2 < A/2, if the map A satisfies RIP with

t—1

O, < - (7)

for certain fized t > 1, then we have
JAX? — X)[|2 < C1]|X — Xg|l« + Co, (8)
IX* = X|lr < C3]l X — X« + Cu, (9)

where X* is the optimal solution of , and

2

C1= m» Cy = 2\/E51A+251

Gy = 2YRBI2VE 1+ Bo)) + 2VEBs + 26 + Ve
kB1(1 — B2)A 7

O = 2(k + VE)BIA + (B2 + 2VE — \/Eﬁz)E.

VEQ = B)AVEBIA + €)1
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Remark 1. The condition has been obtained recently by Cai and Zhang in
[11] for exact/robust signal recovery from (2)), and it was proved to be sharp for
the exact rank-k matrix recovery when ¢ > 4/3. To the best of our knowledge,
we first extend nontrivially this condition from the constrained problem (2)) to
its unconstrained counterpart. When compared to some existing results, e.g,
[17], our upper bound estimate for || X* — X||» seems relatively loose. However
it can be further improved by using the skills in [I7].

Remark 2. BPDN is closely related to , and there are some recovery con-
ditions for this BPDN, see, e.g., [17, I8, [19]. However, most of these conditions
are unsatisfactory. In fact, by combing Lemma 2 (with setting D be an identity
matrix) in [20] and also using the techniques in proof of our Theorem |4} one will
obtain a new and much weaker recovery condition for the BPDN. Besides, our
theoretical results can still be extended to deal with the noise under Dantzig
Selector settings for both sparse signal and low-rank matrix recovery.

Remark 3. There are some special cases of Theorem [f] which can be used to
cope with several different LRMR, tasks. For examples, one can set n = 0 and
€ = 0 for the noiseless recovery. In this case, the error will almost disappear if one
chooses the parameter \ as small as possible, and this result is also coincident
with the results obtained in [I7,[20]; one can consider the rank-k matrix recovery
in presence of noise; similar with [l [I'7, 20], one can also associate € with A, and
set e = \/2.

4. Proofs

4.1. Proof of Lemma[J

PROOF. The proof mainly follows from [20]. When tk is not an integer, let
t' = [tk]/k, then t' > t and t'k is an integer. In view of this, we here only need
to prove Lemma [2| when tk is a positive integer for a given t > 1. To do so, we
first denote the SVD of H as

ni
H=Y"oi(H) ufy ()7
=1

We also denote o = ||Hge||«/((t — 1)k), and
Ei={i€E°:0;(H)>a}, Ey={icE°:0;(H)<a}.
Then clearly E1 U By = E€ and E1 N By = (). We will begin with proving

|Heum, ||F < Bl ACH)|]2 + é||HEc||»« (10)

vk

Before this, we will show that s = |E;| < (t — 1)k. In fact it holds naturally for
E; = (. When E; # 0, we know that

[ HEe |« S|
(t— 1k = (t— )k

S
log, (H)|lx = [[He, ||« > s =s |He, [l = ploe ()l

t—1)



7 Thus a quick simplification of the above inequality yields the desired result.
On the other hand, in terms of o, (H), we have

loe, (H)lly = [He, I+ = [[Heells — [[He, |« < (t = Dka —sa = ((t = 1)k = s)a,

and ||og,(H)|lco = max;ecp, 0;(H) < . Then using Lemma [l we have

l
OFE, (H) = Z ’Yiz(i)a
=1

where [ is a certain positive integer, 2 € U(a, (t — 1)k — s,0p,(H)) and

0<v <1, 22:1 vi = 1. By further defining

b = (14 6 )opum, (H) + 0z, dY = (1= du)opue, (H) — oz,

ni ni

20 = 30, ) - )T, B = 350, )
Jj=1 j=1

D = Z(d(l))j -ug) . (,Ug))T7
j=1

we can easily induce that both b and d(¥ are all tk-sparse, and

l
Hg, =Y %2%, BY =1+ 6u)Hpus, +6u2?, DY =(1-064)Hpug,

i=1

Now applying Definition [1} we will estimate the upper and lower bounds of

p—Z%(IIA DI - IADO)B)

As to the upper bound of p, we have

l
p= 45tk<A(HEUE1)7 A(HEUEl + ZVzZ(Z))>
=1

= 45 (A(HEuE, ), A(H)) < 46k || A(HEug, ) [|2]|ACH) |2

A

< 46/ 1+ 0k || Hpug, || F I AH) |2 (11)

As to the lower bound of p, we have

l
P2 3o (=8Ol = 1+ 8 )

‘2 2(6tk) Z'YZ||ZZH2

2(04x)*
t— 1)k

=200 (1 = (61)%)|lopuE, (H)

> 201(1 = (0u) ) Hpum, 7 —

| Hpell?, (12)



where we used (opup, (H),z) = 0 for the equation,and

N |
12018 < 1= hol201, < (¢ - 1)k - s)a? = Ll
for the last inequality. Combing and yields
(0sk)?
(1= @) ) Heop, |7 = 2V + Sl lACH) |2l Hpom, || 7 — (t_t % [Hpe|? <0.

Therefore,

2V T Bl A2 |, V VT Ol A [2)2 + 4(1 — (60)2) 220 | e |2

|HeuE, |F <

2(1 = (6)2) 2(1 — (6:k)?)
2(1 — du) ! Ot [H el
S Uivo, Akt RS ey Ve

oo where we used /a2 + y2 < |z| + |y| for the last inequality. Then combing
o and |[Hg||r < |Hpug, || directly leads to (4)), which completes the proof.

22 4.2. Proof of Lemmal[3
PROOF. Since X! is the optimal solution of , we have

1 1
# _ _ 112 < 7 _ 2
1] + 5516~ ACKIE < X + o5 11b — ACK)IB,
which is equivalent to
A3 = 2(r, ACH)) < 20(| X [l = [|X*[|.)- (13)
As to the left-hand side of , we have
IACH)|3 = 2(n, A(H)) > || ACH) |3 — 2¢A(H)| 2. (14)
As to the right-hand side of (13]), we know

ny
IXF = (1 X[ =) o(X + H) = (| Xglls + [ Xeell)

=1

> Z |0i(X) = oi(=H)| = (| X« + [[XEe[+)

> (0i(X) = 0i(H)) + Y (0i(H) = 0i(X)) = (| X5« + | X

<)
icE icEe
== Hell« + [He: [« =2 Xe- |, (15)

&s where we used Theorem 1 in [21] for the first inequality. Then combing (13]),
8 , and leads to the desired result , and @ follows trivially from ({5)
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4.3. Proof of Theorem []]

PROOF. We start with Denoting F = [k] and H = X* — X. Then by Lemma
and Lemma [3] we have

MAED|3 = 2€[l ACH) |2 <2AVE|HEl|r — | Hpell + 2| Xge|.)

<2VENBIAH) 2 + ﬁ%nﬂmnn — O\||Hpe | + 4N X pe
—2VEBAAH) 2 — 2(1 — B2) M Hell. + 4N| Xpe |
(16)

According to the condition , we know

1—By=1— Ouk >1- -1/t =0

V= (0)?)(t - 1) VA=t -1)/t)t—-1)
Therefore we can further know from that

ME) 3 = 2(VEBA + O AH) |2 — AN Xpell <0,

which implies that

LA 2 <(VEBA + €) +  (VEBIA + €02 + 4A] Xe .
Xl
(VEBIA + €)

| X ge|ls + 2VEBIA + 2¢.

<(VEBIN+ €) + (VEBIA + €) +

< 2\
“VEBiIA+ €

This completes (8). Based on @ and , we now give a new upper bound
estimate for ||Hge||s, i.e.,

2(VEBIA + 2¢)

|Hge |« <VE|Hgl|r +
H . <VRIHp e + 270012

IXpell + S (WVRBA+ S, (17)

where we used ||Hgl.« < \/EHHEHF
On the other hand, using , , and , we can also give a new upper
bound estimate for |Hg| F, i.e.,

2VEB1 (1 + Ba) X + 4Bse E
|Hellr < B2l|HelF + REN+ Vhe [ X gellx +2(81 + \/E)\)(\/EBMJWL
which is equivalent to
2VEB1(1 + B2) A + 4B2¢ 2(VEBIA + Bae) VEBIA + €)

[HEllr < [ Xgell« +

(1= B2) (kLA + Vke) VE(1 = B2)A

(18)
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Combining (I7), (18), and ||Hg:||p < |[Hge||+, we have

|H||r <[|Hellr + [|[He[|r
2(VEBIA + 2€)

<(Vk+1)|Hg|r + N TR

2
| X el + Xe(\/gﬁ1/\+e)

<C3|| XEge||« + Cu,

where C3 and C} are defined in Theorem [4] This completes the proof.

5. Conclusion and future works

The goal of this work was to provide a theoretical investigation for the LRMR,

problem in the context of the unconstrained RNNM framework. In particular,
using the powerful RIP tool, we have established a series of sufficient conditions
(related to the ;) of this RNNM model for recovery of any (low-rank) matrices
with the ¢;-norm bounded noise. One of our future works will focus on deriving
the new recovery conditions on the d§;; for 0 < t < 1. Besides, extending the
current theoretical results to more unconstrained convex/nonconvex models for
vector /matrix/tensor recovery will be another future work.
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