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Abstract: In the present paper we have studied the Finslerian hypersurfaces and quartic
change of a Finsler metric. The relationship with Finslerian hypersurface and the other which
is finslerian hypersurface given by quartic change have been obtained. We have also proved
that quartic change makes three type of hyper surfaces invarient under certain condition.

These three type of hyper surfaces are hyperplanes of first, second, and third kind.
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§1. Introduction

Let (M™, L) be an n- dimensional Finsler space on a differential Manifold M™, equipped with
fundamental function L(z,y). In 1984 C. Shibata [11] introduced the transformation of Finsler

metric:

L*(x,y) = f(L, B), (1.1)

where 3 = b;y’, b;(z) are the components of a covariant vector in (M",L) and f is positively
homogeneous function of degree one in L and 3. The change of metric is called a - change.
A particular 8- change of a Finsler metric function is a quartic change of metric function is
defined as

L* = (L* + pYHY4, (1.2)

If L(z,y) reduces to the metric function of Riemann space then L*(z,y) reduces to the
metric function of space generated by quartic metric. Due to this reason this transformation
(1.2) has been called the quartic change of Finsler metric.

On the other hand, in 1985, M. Matsumoto investigated the theory of Finslerian hypersur-
face [4]. He has defined three types of hypersurfaces that were called a hyperplane of the first,
second and third kinds.These names were given by Rapesak [8]. Kikuchi [3] gave other name
following haimovichi [1]. In the year 2005, Prasad and Tripathi [7] studied the Finslerian Hy-
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persurfaces and Kropina change of a Finsler metric and obtained different results in his paper.
Again, in the year 2005, Prasad, Chaubey and Patel [6] studied the Finslerian Hypersurfaces
and Matsumoto change of a Finsler metric and obtained different results.

In the present paper, using the field of linear frame ([2, 3, 5]) we shall consider Finslerian
hypersurfaces given by a quartic change of a Finsler metric.Our purpose is to give some relations
between the original Finslerian hypersurface and the other which is Finselrian hypersurface
given by quartic change. We also show that a quartic change makes three types of hypersurfaces

invariant under certain condition.

82. Preliminaries

Let M™ be an n-dimensional smooth manifold and F” = (M™, L) be an n-dimensional Finsler
space equipped with the fundamental function L(z,y) on M™. The metric tensor g;;(z,y) and
Cartan’s C-tensor Cj;,(x,y) are given by

_ 1 82L2 o 18gu
Gij = ) ayiayja ijk = 2 ayk.

respectively and we can introduce the Cartan’s Connection
CT = (Fj;,, Ny, C;-k) in F™.

A hypersurface M™~! of the underlying smooth manifold M™ may be parametrically rep-
resented by the equation z' = z%(u®), where u® are Gaussian coordinates on M"~! and
Greek indices vary from 1 to n — 1. Here we shall assume that the matrix consisting of
the projection factors BY, = 0z'/0u® is of rank n — 1. The following notations are also
employed: B, = 0%z | Ou*ou”, Bls = v*B,. If the supporting element y* at a point
(u®) of M™1 is assumed to be tangential to M"~!, we may then write y* = B (u)v® i.e.
v is thought of as the supporting element of M"~! at the point (u®). Since the function
L(u,v) = L(z(u), y(u,v)) gives to a Finsler metric of M™~! we get a n — 1 -dimensional Finsler

space F"7 1 = (M"~1 L(u,v)).

At each point (u®) of F"~1, the unit normal vector N*(u,v) is defined by
gijBLN? =0, g;; N'NI =1. (2.1)
If (B&, N;) is the inverse matrix of (B!, N*), we have
BLB! =62, B.N;=0, N'N;=1and B.,BY + N'N; = §..
Making use of the inverse matrix (¢*%) of (gas), We get
BY = g*%gi; B}, Ni = gi;N7. (2.2)

For the induced Cartan’s connection ICT = (Fgw Ng, Cgv) on F™ ! the second funda-
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mental h-tensor H,3 and the normal curvature vector H, are respectively given by [8]
Hap = Ni(Blg + Fj, BLBE) + MoHg, Hg= Ny(Bjs + NiBY), (2.3)

where

M, = Cy, B!, N'N*. (2.4)

Contracting Hyp by v®, we immediately get Hog = Hopv® = Hg. Furthermore the second
fundamental v-tensor M, is given by [10]

Map = Ciju BLBLN®. (2.5)

83. Quartic Changed Finsler Space

Let F™ = (M™, L) be a given Finsler space and let b;(z)dz’ be a one form on M™. We shall
define on M™ a function L*(z,y)(> 0) by the equation (1.2) where we put B(z,y) = b;(x)y’.
To find the metric tensor g;;, the angular metric tensor hj;, the Cartan’s C-tensor C; of
F*™ = (M™, L*) we use the following results.

0B/0y" = b;, OLJ/Oy" =1; 0l;/0y" = L™ hyj, (3.1)
where h;; are components of angular metric tensor of £ given by
hij =Gij — lzlj = L82L/8y18yj

The successive differentiation of (1.2) with respect to 3 and y7 give

L31; + 3%b;
¢ (LA + B4)3/4
x 1 2/74 4 4712
hi; = (XD [L2(L* + B%)hij + 364 L2114
+3L432%b;b; — 3L (1ib; + 1;b:)] (3.3)

From (3.2) and (3.3) we get the following relation between metric tensors of F and F*"

. 1
Yu T (T g [L*(L* + B%)gi; + 28" L7l
+B2(3L* + ) B2bib; — 2L B3 (1ib; + 1;b:)]. (3.4)

Differentiating (3.4) with respect to y* and using (3.1) we get the following relation between
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the Cartan’s C-tensor of F'™ and F*"

. L? L3
ik = (W)Cﬁk - (W) (hijmk + hjpm; + hkimj)

(8- L")
(s

>mimjmk,
where m; = b; — (8/L)l;. It is to be noted that
7’)’LzlZ = O, ’I?’leZ = b2 - 62/L2, hijlj = O, hijmj = hwbl = my;,

where m’ = g"m; = b — (3/L)I".

84. Hypersurface Given by a Quartic Change

(3.6)

Consider a Finslerian hypersurface F"~! = (M™~!, L(u,v)) of the F™ and another Finslerian
hypersurface F**~1 = (M"™~!, L*(u,v)) of the F*" given by the quartic change. Let N be the
unit normal vector at each point of F"~! and (B%, N;) be the inverse matrix of (B, N¢). The

functions B!, may be considered as components of n — 1 linearly independent tangent vectors

of F"~1 and they are invariant under quartic change. Thus we shall show that a unit normal

vector N*!(u,v) of F*"~1 is uniquely determined by
g5BLNY =0, g N N* =1,
Contrtacting (3.4) by N*N7 and paying attention to (2.1) and I;N* = 0, we have

. i L2L4+ﬁ4 +523L4+64 blNz2
9 N'N’ = ( )(L4 _,_(54)3/2 X ) :

Therefore we obtain

/AN /AN
g;j<i (L4+64)3 4N )(i (L4+ﬁ4)3 4N_] ):1'

V2L + BY) + r(biN')2 V2L + BN + (b N1 )2

where
7= FA(BL4 + ).
Hence we can put
il @t
VLT 50 + TN

where we have choosen the positive sign in order to fix an orientation.

(4.1)

(4.2)
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Using (2.1), (3.4), (4.1) and (4.2) we obtain from the first condition of (4.1),

21,3 B N 52(3L4+54) | l] (L4+64)3/4bj]\7j _
(T g e T Ty g e TR (T ) + (5N

[_
If
—2L3BL; B! + (3L* + )b B =0

then contracting it by v® and using y° = B{v® we get L = 0 which is a contradiction with
assumption that L > 0. Hence b; N = 0. Therefore (4.2) is rewritten as

LA + 64)1/4]\]1'

N* = 7 (4.3)

Summary the above, we obtain

Proposition 4.1 For a field of linear frame (B%, By, -+, B _1,N%) of F™ there exists a field
of linear frame (B%,B%,--- Bl | N* = w) such that (4.1) is satisfied along F*"~!

and then b; is tangential to both the hypersurface F"~1 and F*~1.

The quantities Bf® are uniquely defined along F"~! by
B;ka _ g*aﬁg;_ijé,

where (g**) is the inverse matrix of (g%;). Let (B;, N;) be the inverse of (B, N7), then we
have B. Bi¥ = 68 Bi N = 0, N*N = 1 and furthermore B!, B* + N*'N* = §}. We also get
N} = g;:N*J which in view of (3.4), (2.2) and (4.3) gives

J

*

B L

We denote the Cartan’s connection of F™ and F*" by (Fj,, Ni,C%,) and (Fii, N7, C)
respectively and put DY, = F — F}, which will be called difference tensor. We choose the
vector field b; in F'™ such that

Diy, = Ajpb’ — Bjl', (4.5)

where A;; and Bj; are components of a symmetric covariant tensor of second order. Since
N;b* = 0 and N;I* = 0, from (4.5) we get

N;D!, =0, N;Fji=N;F},, and N;D, =0. (4.6)
Therefore from (3.3) and (4.3) we get

v L

If each path of a hypersurface F"~! with respect to the induced connection is also a path
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of enveloping space F", then F"~1! is called a hyperplane of the first kind [?]. A hyperplane of
the first kind is characterized by H, = 0. Hence from (4.7), we have

Theorem 4.1 If b;(z) be a vector field in F™ satisfying (4.5), then a hypersurface F"~! is a
hyperplane of the first kind if and only if the hypersurface F*™~' is a hyperplane of the first
kind.

Next contracting (3.5) by B N* N*¥ and paying attention to (4.4), m; N* = 0, hj, N/ N* =
1 and h;; B, N7 =0 we get

* 63 7
Ma = Ma — WmlBa (48)
From (2.3),(4.4) (4.5), (4.6), (4.7) and (4.8), we have
L 3

op = W(Haﬁ - WmiBéHﬁ)- (4.9)

If each h-path of a hypersurface F"~! with respect to the induced connection is also h-
path of the enveloping space F™, then F"~! is called a hyperplane of the second kind [?]. A
hyperplane of the second kind is characterized by H,g = 0. Since H,g = 0 implies that H, = 0,
from (4.7) and (4.9) we have the following

Theorem 4.2 If b;j(x) be a vector field in F™ satisfying (4.5), then a hypersurface F™"~! is
a hyperplane of the second kind if and only if the hypersurface F*™~! is a hyperplane of the

second kind.
Finally contrcting (3.5) by B}')[BéN*’C and paying attention to (4.3) we have

" L
If the unit normal vector of F"~! is parallel along each curve of F"~1, the F"~! is called
a hyperplane of the third kind [8]. A hyperplane of the third kind is characterized by Hag =

0, Mop = 0. From (4.7), (4.9) and (4.10) we have

Theorem 4.3 If b;(z) be a vector field in F™ satisfying (4.5), then a hypersurface F"~! is a
hyperplane of the third kind if and only if the hypersurface F*"~1 is a hyperplane of the third
kind.
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