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Abstract: Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a function. For
each edge wv, assign the label ged (f(u), f(v)). f is called k-prime cordial labeling of G
if lvp(i) —ve(F)| < 1, 4,5 € {1,2,...,k} and |ef(0) — ef(1)] < 1 where v¢(z) denotes the
number of vertices labeled with z, ef(1) and ef(0) respectively denote the number of edges
labeled with 1 and not labeled with 1. A graph with admits a k-prime cordial labeling is
called a k-prime cordial graph. In this paper we investigate 4-prime cordial labeling behavior
of shadow graph of a path, cycle, star, degree splitting graph of a bistar, jelly fish, splitting
graph of a path and star.
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§1. Introduction

In this paper graphs are finite, simple and undirected. Let G be a (p,q) graph where p is the
number of vertices of G and ¢ is the number of edge of G. In 1987, Cahit introduced the concept
of cordial labeling of graphs [1]. Sundaram, Ponraj, Somasundaram [5] have been introduced
the notion of prime cordial labeling and discussed the prime cordial labeling behavior of various
graphs. Recently Ponraj et al. [7], introduced k-prime cordial labeling of graphs. A 2-prime
cordial labeling is a product cordial labeling [6]. In [8, 9] Ponraj et al. studied the 4-prime
cordial labeling behavior of complete graph, book, flower, mC,,, wheel, gear, double cone, helm,
closed helm, butterfly graph, and friendship graph and some more graphs. Ponraj and Rajpal
singh have studied about the 4-prime cordiality of union of two bipartite graphs, union of trees,
durer graph, tietze graph, planar grid P, x P,, subdivision of wheels and subdivision of helms,
lotus inside a circle, sunflower graph and they have obtained some 4-prime cordial graphs from
4-prime cordial graphs [10, 11, 12]. Let 2 be any real number. In this paper we have studied
about the 4-prime cordiality of shadow graph of a path, cycle, star, degree splitting graph of a
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bistar, jelly fish, splitting graph of a path and star. Let = be any real number. Then |z | stands
for the largest integer less than or equal to x and [z] stands for smallest integer greater than
or equal to z. Terms not defined here follow from Harary [3] and Gallian [2].

82. k-Prime Cordial Labeling

Let G be a (p,q) graph. Let f : V(G) — {1,2,--- ,k} be a map. For each edge uv, assign
the label ged (f(w), f(v)). f is called k-prime cordial labeling of G if |vy (i) —vs(5)] < 1,4,5 €
{1,2,---,k} and |ef(0) — ef(1)] < 1, and conversely, if |vs(i) —vs(j)] > 1, 4,5 € {1,2,--- ,k}
or lef(0) —eyr(1)] > 1, it is called a Smarandachely cordial labeling, where v¢(z) denotes the
number of vertices labeled with x, ef(1) and ef(0) respectively denote the number of edges
labeled with 1 and not labeled with 1. A graph with a k-prime cordial labeling is called a
k-prime cordial graph.

First we investigate the 4-prime cordiality of shadow graph of a path, cycle and star. A
shadow graph Ds(G) of a connected graph G is constructed by taking two copies of G, G’ and

G" and joining each vertex v’ in G’ to the neighbors of the corresponding vertex u” in G”.

Theorem 2.1 Dy(P,) is 4-prime cordial if and only if n # 2.

Proof 1Tt is easy to see that Do(P,) is not 4-prime cordial. Consider n > 2. Let
V(D2(P,)) = {us,v; : 1 < i < n} and E(D2(P,)) = {ujuip1,v0i41 : 1 < i < n—-1} U
{uvit1,viui41 : 1 < i < n—1}. In a shadow graph of a path, Ds(P,), there are 2n vertices
and 4n — 4 edges.

Case 1. n=0 (mod 4).

Let n = 4t. Assign the label 4 to the vertices wuy,us,--- ,uz; then assign 2 to the
vertices vj,va,--- ,v9. For the vertices vopy1,vai42, we assign 3,1 respectively. Put the
label 1 to the vertices voiy3,vorys, - ,v—1. Now we assign the label 3 to the vertices
Vat+4, V2446, ,V4t—2. Lhen assign the label 1 to the vertex vy;. Next we consider the vertices
Uogt1, Utt2, " "+, Uge. Put 3,3 to the vertices ugi41, ug¢+2. Then fix the number 1 to the vertices
U2¢+3, U2t+5, -+ ,Uqe—1. Finally assign the label 3 to the vertices uoiya, Usiyes, - , Uar.

Case 2. n=1 (mod 4).
Take n = 4t+1. Assign the label 4 to the vertices uy, ug, - -+ ,u9;11. Then assign the label 3

to the vertices ugi+9, U2¢+4, - -+ , uge and put the number 1 to the vertices usiys, Usrys, - -, Udrs1-
Next we turn to the vertices vy, va, - - -, v2¢41. Assign the label 2 to the vertices vy, ve, -+, Vos41.
The remaining vertices v; (2t + 2 < i < 4t + 1) are labeled as in u; (2t +2 <i <4t +1).

Case 3. n=2 (mod 4).
Let n = 4t + 2. Assign the labels to the vertices u;, v; (1 < i < 2¢t+1) as in case 2. Now we

consider the vertices ugsyo, Uoits, -+ ,Ugpro. Assign the labels 3,1 to the vertices ug; 1o, usits
respectively. Then assign the label 1 to the vertices uosyaq, Ustte, - ,Usrr2. Put the integer
3 to the vertices uot45, U2t+7, -+, Uge+1. NOw we turn to the vertices vorto,voit3, -, Vagta-

Put the labels 3,3,1 to the vertices voit9,vart3,Varra respectively. The remaining vertices
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v; (2t +5 <14 < 4t + 2) are labeled as in u; (2t +5 <14 < 4t + 2).

Case 4. n =3 (mod 4).

Let n = 4t + 3. Assign the label 2 to the vertices u; (1 <4 < 2t+2). Then put the number
3 to the vertices wory3, U245, - ,uqr+1. Then assign 1 to the vertices uoitq, U2tt6, -, Ugt+2
and ug+3. Now we turn to the vertices vy, v, - ,v443. Assign the label 4 to the vertices
v; (1 <14 < 2t+2). The remaining vertices v; (2t + 3 < i < 4t + 3) are labeled as in u; (2t 4+ 3 <
t <4t + 3). Then relabel the vertex vq;43 by 3.

The vertex and edge conditions of the above labeling is given in Table 1.

) | vr(4) | er(0) | ef(1)

Nature of n | vs(1) | vf(2)
n =0 (mod 2) 5 z

<
~
—

w

5 5 5 2n—2|2n—-2
n=1 (mod 2) "Tl "T“ "T_l "T'H 2n—2 | 2n—2
Table 1
It follows that D2 (P,) is a 4-prime cordial graph for n # 2. O

Theorem 2.2 Dy(C,,) is 4-prime cordial if and only if n > 7.

Proof Let V(D3(Ch)) = {us,v; : 1 <i < n}and E(D2(Cy)) = {uittit1, vivit1, ivit1,
vittir1 2 1 <4 <n—1} U {upv1, vpu, upug, v,v1}. Clearly Do(C,,) consists of 2n vertices and
4n edges. We consider the following cases.

Case 1. n =0 (mod 4).

One can easily check that Dy(Cy) can not have a 4-prime cordial labeling. Define a vertex
labeling f from the vertices of Do(C),) to the set of first four consecutive positive integers as

given below.

f(v2i) = flugiz) = 2, 1<i<?2
floaigr) = fluz) — 4, 1<i<®
flogtota) = flugiopn) = 1, 1<i< s
foziara) = fluzgsie) = 3, 1<i< 2
f(u%Jrl) = f(u§+2) = f(u%JrS) = f(Ungz) = 3 and f(vl) = f(v%JrB) - 1.

Case 2. n=1 (mod 4).

It is easy to verify that Do(Cs) is not a prime graph. Now we construct a map f :
V(D2(Cr)) — {1,2,3,4} as follows:

fluzi—1) = 2, 1<i<nds
fugg) 4, 1<i< ”T*g
fve;) 2, 1<i< "T_l
f(v2i41) = 4, 1<i<np
f(U"T“)Hi) = f(“"2+5+21) = 1, 1<i<®y?
f(v%-wi) = flunsry,) = 3, 1<i< ne



128 R.Ponraj, Rajpal Singh and R.Kala

f(o) = f(ongs) = flungs) = f(ungr) = 3 and f(vngr) = flongs) = 1.
Case 3. n =2 (mod 4).

Obviously D2(Cs) does not permit a 4-prime cordial labeling. For n # 6, we define a
function f from V(D3(C),)) to the set {1,2,3,4} by
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and
f(o1) = f(vnge) = f(ungs) = f(unge) = fungs) = 3,
f(ong2) = f(vngs) = f(ongs) = 1.

2 2

Case 4. n =3 (mod 4).

Clearly D2(C5) is not a 4-prime cordial graph. Let n # 3. Define a map f : V/(D2(C,,)) —

— — . n+1
f(U2i) - f(u2i—1) 2, 1 S 1 S —
J(v2it1) = f(uz) = 4, 1<i<2d
f(’()n;rs_’_%) = f(un;s_i_%) = 1, 1<:1< nT_?’

= 5 — ;< n=5
f(U";‘)JrQi) = f(’u,n2+0+21) 3, 1<:1< 1

and f(UnTH) = f(UnTM) = f(vn%s) = 3. The Table 2 gives the vertex and edge condition of f.

Nature of n vr(1) | ve(2) | vr(3) | vr(4) | ef(0) | ef(1)
n=0,2 (mod 4) 5 5 5 5 2n 2n
n=1,3 (mod 4) | 25 el et el 2n 2n
Table 2
It follows that D2(C,,) is 4-prime cordial iff n > 7. i

Example 2.1 A 4-prime cordial labeling of D2(Cy) is given in Figure 1.
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Figure 1

Theorem 2.3 Dy(K ) is 4-prime cordial if and only if n =0 (mod 2).

Proof Tt is clear that Dy(K; ) has 2n + 2 vertices and 4n edges. Let V(D2(K1,)) =
{u,v,u;,v; : 1 <i<n}and E(Dy(K1,)) = {vu;, vvg, vug,uv; : 1 <i < n}.

Case 1. n=0 (mod 2).

Assign the label 2 to the vertices w1, us, - - - ;uz41. Then assign 4 to the vertices uz yo,- -+,

U, U, v. Now we move to the vertices v; where 1 < ¢ < n. Assign the label 3 to the vertices

v; (1 <i < %) then the remaining vertices are labeled with 1. In this case vf(1) = v (3) = 7,

vr(2) =vr(4) = 5 + 1 and ef(0) = ef(1) = 2n.
Case 2. n=1 (mod 2).

Let n = 2t + 1. Suppose there exists a 4-prime cordial labeling g, then vg(1) = v,4(2) =
vg(3) =vg(4) =t + 1.

Subcase 2a. g(u) = g(v) = 1.

Here e4(0) = 0, a contradiction.

Subcase 2b. g(u) = g(v) = 2.

In this case e4(0) <

-1+ ({t—-1)+(t+1)+ (t+1) = 4t, a contradiction.

3.

Subcase 2c. g(u) = g(v)
Then e4(0) < (¢t —1) + (t — 1) = 2¢t — 2, a contradiction.
Subcase 2d. g(u) = g(v) = 4.

Similar to Subcase 2b.

Subcase 2e. g(u) =2, g(v) =4 or g(v) =2, g(u) = 4.
Here e4(0) <t +t+t+t=4t, a contradiction.
Subcase 2f. g(u) =2, g(v) =3 or g(v) =2, g(u) = 3.

Here e,(0) < (t+ 1) +t+t =3t + 1, a contradiction.
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Subcase 2g. g(u) =4, g(v) =3 or g(v) =4, g(u) = 3.

Similar to Subcase 2f.

Subcase 2h. g(u) =2, g(v) =1or g(v) =2, g(u) = 1.

Similar to Subcase 2f.

Subcase 2i. g(u) =4, g(v) =1or gv) =4, g(u) = 1.

Similar to Subcase 2h.

Subcase 2j. g(u) =3, g(v) =1or g(v) =3, g(u) = 1.

In this case e4(0) < ¢, a contradiction.

Hence, if n =1 (mod 2), D2(K7 ) is not a 4-prime cordial graph. O

The next investigation is about 4-prime cordial labeling behavior of splitting graph of a
path, star. For a graph G, the splitting graph of G, S’ (G), is obtained from G by adding for
each vertex v of G a new vertex v’ so that v’ is adjacent to every vertex that is adjacent to v.
Note that if G is a (p, q) graph then S’ (G) is a (2p, 3¢) graph.

Theorem 2.4 S'(P,) is 4-prime cordial for all n.

Proof Let V(S'(P,)) = {us,v; : 1 <i < n}and E(S'(P,)) ={uwitit+1,u;0i41,0:u;41: 1 <
i <n—1}. Clearly S'(P,) has 2n vertices and 3n — 3 edges. Figure 2 shows that S'(P), S'(Ps3)

are 4-prime cordial.
1 3 4 2 3
2 4 2 4 1

Figure 2
For n > 3, we consider the following cases.
Case 1. n =0 (mod 4).

We define a function f from the vertices of S’(P,) to the set {1,2,3,4} by

f(v2i) = flugic) = 2, 1<i<}y
flozigr) = fluz) = 4, 1<i<?

fongz ) = flungzy,) = 1, 1<i< nd
f('l)n+4+2i) — f(’u,n+4+21) = 3, 1 S 7 S nT_4

and f(ungz2) = flunga) =3, f(v1) = fonga) = 1.
In this case vy(1) = vF(2) = vp(3) = vp(4) = 2, and ef(0) = 34, ep(1) = 322,

Case 2. n=1 (mod 4).
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We define a map f: V(S'(P,)) — {1,2,3,4} by

flugimy) = 2, 1<i<nds
f(u2;) = 4, 1<i< ”T—l
f(v2i-1) = 4, 1<i< "13
f(v2;) 2, 1<i<nyt
flonag) = flungg,y) = 3, 1<i< nl
fnpr ) = flunpy,) = 1, 1<0< nl

Here vy (1) = vy (3) = 258, v(2) = vp(4) = 2, and ef(0) = ef(1) = 3273,

Case 3. n=2 (mod 4).

Define a vertex labeling f : V(S'(P,)) — {1,2,3,4} by f(v1) =3, f(vai1) =1,

flugimy) = 2, 1<i<nE2
f(u2;) 4, 1<i< "12
f(v21) 2, 1<i<n?
floaipr) = 4, 1<i<n??
flvgya:) = flugi2i) = 3, 1<i<n?
flonga o) = flungaiy) = 1, 1<i< n-2

Here vy (1) = vf(2) = v5(3) = vr(4) = 5, and ef(0) = 3"2_4, ef(l) = 3"2_2.

Case 4. n =3 (mod 4).

Construct a vertex labeling f from the vertices of S’(P,,) to the set {1,2,3,4} by f(u,) =1,
f(on) =3,

f(v2i) = f(u2i-1) = 2, I1<i<zH
flvaioi) = f(u2i) = 4, 1<i<nfd
f(U"T’lJrQi) = f(u"T’lJrQi) = 3, 1<:i< ”T*?’
f(v"jl+2i) = f(Un2+1 o) = 1, 1<i< nod
I this case vy(1) = vy (8) = 251, 07(2) = vy(4) = 251, and e(0) = (1) = 222
Hence S’(P,) is 4-prime cordial for all n. O

Theorem 2.5 S'(K ,) is 4-prime cordial for all n.

Proof Let V(S'(K1,)) = {u,v,u;,v; : 1 < i <n}and E(S"(K1,,)) = {uw;,vu,uv; 1 1 <
i <n}. Clearly S’(Ky,,) has 2n + 2 vertices and 3n edges. The Figure 3 shows that S'(K7 2)

is a 4-prime cordial graph.
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3
Figure 3

Now for n > 2, we define a map f : V(S (K1,,)) — {1,2,3,4} by f(u) = 2, f(v) = 3,
flun) =1,

f(w:) = 2, 1<i<|[3]
fluge) = 3 1si< |2
S, = 4, 1§z§("7+1}
forapyy) = 1 1<i< |25

(™)
—

Kl,n)- O

Values of n | vp(1) | vp(2) | vy (3) | vr(4) | ef(0) | ef(1)
1 1

— n n n n 3n 3n
— n+1 n+1 n+1 n+1 3n—1 3n+1
n = lmod 2 2 2 2 2 2 2
Table 3

Next we investigate the 4-prime cordial behavior of degree splitting graph of a star. Let
G = (V, E) be a graph with V' = S;US3U- - -US; UT where each S; is a set of vertices having at

t

least two vertices and having the same degree and T'=V — |J S;. The degree splitting graph
i=1

of G denoted by DS (G) is obtained from G by adding vertices wy, ws - - - ,w; and joining w; to

each vertex of S; (1 <1i <t).

Theorem 2.6 DS(B,, ) is 4-prime cordial if n =1,3 (mod 4).

Proof Let V(Bpn) = {u,v,u;,v; 0 1 < i <n} and E(Byy) = {uv,uu,vv; : 1 <i < n}.
Let V(DS(Bnn)) = V(Bpn)U{wi, w2} and E(DS(By.n)) = E(Bnn)U{wiu;, wiv;, wou, wav :
1 <i<n}. Clearly DS(B,, ) has 2n + 4 vertices and 4n + 3 edges.

Case 1. n=1 (mod 4).

Let n = 4t + 1. Assign the label 3 to the vertices vy, va, -+ ,v9:41 and 1 to the vertices
Vot+2, V2443, ,Vqrq1. Next assign the label 4 to the vertices wy, ug, -+ ,ustr2 and 2 to the
vertices ugt43, Uotta, -+, Uge+1- Finally, assign the labels 1,2,2 and 2 to the vertices ws,u, v

and wy respectively.
Case 2. n =3 (mod 4).

As in case 1 assign the labels to the vertices u;, v;, u,v,w; and wy (1 < i < n — 2). Next
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assign the labels 1, 3,2 and 4 respectively to the vertices v,,—1,Vn,un—1 and u,. The Table 4

establishes that this vertex labeling f is a 4-prime cordial labeling. O

Nature of n | vs(1) | vp(2) | vr(3) | ve(4) | ef(0) | er(1)
4t +1 2041 | 2642 | 2t4+1 | 2t 4+2 | 8t+3 | 8t +4
4t + 3 2042 | 2043 | 2t +2 | 2t+3 | 8+ 7 | 8t+8

Table 4

The final investigation is about 4-prime cordiality of jelly fish graph.

Theorem 2.7 The Jelly fish J(n,n) is 4-prime cordial.

Proof Let V(J(n,n)) = {u,v,u;,v;,w1,ws : 1 <i <n}and E(J(n,n)) ={uu;, vu;, uws,
w1V, vwsa, uwe, wiwsy : 1 <4 < n}. Note that J(n,n) has 2n + 4 vertices and 2n + 5 edges.

Case 1. n=0 (mod 4).
Let n = 4¢. Assign the label 1 to the vertices ui,ug, - ,ug11. Next assign the label 3

to the vertices ugsyo, Uoits, -+ ,ug. We now move to the other side pendent vertices. Assign
the label 3 to the vertices uy,us. Next assign the label 2 to the vertices us, uq, ..., u2:+3. Then
assign the label 4 to the remaining pendent vertices. Finally assign the label 4 to the vertices

u,v,w, w.

Case 2. n=1 (mod 4).

Let n = 4t + 1. In this case, assign the label 1 to the vertices v1,ve, -+ ,v9;41 and 3 to the
vertices voy+1,V2¢43, - ,V441. Next assign the label 2 to the vertices wy,ug, -+ , w42, and
3 to the vertices ugry3 and woi44. Next assign the label 4 to the remaining pendent vertices

U245, U2t+6, " - - ,Uaet+1. Finally assign the label 4 to the vertices u, v, w;, ws.
Case 3. n=2 (mod 4).
As in Case 2, assign the label to the vertices u;, v;(1 < i <n—1),u,v,w;, ws. Next assign
the labels 1,4 respectively to the vertices w,, and v,,.
Case 4. n =3 (mod 4).

Assign the labels to the vertices w, v, wy, we,u;,v;(1 < i < n —1) as in case 3. Finally
assign the labels 2, 1 respectively to the vertices u,,, v,. The Table 5establishes that this vertex
labeling f is obviously a 4-prime cordial labeling. O

Values of n | vp(1) | vp(2) | vr(3) | vr(4) | er(0) | ef(1)
4t 264+1 | 2641 | 2t +1 | 2t+1 | 4443 | 4t +2

4t +1 2041 | 26 4+2 | 2t+2 | 2t+1 | 44+4 | 4t+3
4t + 2 2042 | 2642 | 2t +2 | 2t+2 | 4445 | 4t +4
4t + 3 264+3 | 2643 | 2t+2 | 2t+2 | 4446 | 4t +5

Table 5

Corollary 2.1 The Jelly fish J(m,n) where m > n is 4-prime cordial.
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Proof Let m =n+r, r > 0. Use of the labeling f given in theorem ?? assign the label to
the vertices u, v, wy, wa, us, v; (1 <i < n).

Case 1. =0 (mod 4).

Let r =4k, k € N. Assign the label 2 to the vertices tuy 41, Un12, -+ , Uprk and to the ver-
tices Up k41, Un+k+2, " , Un+2k- Lhen assign the label 1 to the vertices w, 2541, Unt2k+2, " 5 Unt3k
and 3 to the vertices up43k+1, Unt3k+2, - - -, Untak. Clearly this vertex labeling is a 4-prime
cordial labeling.

Case 2. r=1 (mod 4).

Let r =4k + 1, k € N. Assign the labels to the vertices u,y; (1 <7 <r—1) as in case 1.
If n=0,1,2 (mod 4), then assign the label 1 to the vertex wu,; otherwise assign the label 4 to

the vertex wu,..

Case 3. 7 =2 (mod 4).

Let r =4k +2, k € N. As in Case 2 assign the labels to the vertices up4; (1 <i<r—1).
Then assign the label 4 to the vertex u,.

Case 4. =3 (mod 4).

Let r = 4k + 3, k € N. In this case assign the label 3 to the last vertex and assign the
label to the vertices uy,4; (1 <i <7 —1) as in Case 3. O
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