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Abstract

A graph is called cordial if it has a 0 — 1 labeling such that the number
of vertices (edges) labeled with ones and zeros differ by at most one. The
conjunction of two graphs (Vi, Eq) and (Va, Es) is the graph G = (V, E),
where V. = V] x V4 and u = (a3, a2), v = (b1,be) are two vertices, then
wv € E if a;b; € E; for i = {1,2}. In this paper, we present necessary and
sufficient condition for cordial labeling for the conjunction of two paths,
denoted by P, A P,,. Also, we drive an algorithm to generate cordial la-
beling for the conjunction P, A P,,.
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1 Introduction

A graph labeling is an assignment of integers to the vertices or edges or
both subject to certain conditions. Labeled graphs are playing vital role
especially in the field of computer science. It plays an important role in
networking channels [7], data mining, cryptography, SQL query solving,
etc... This vast range of applications motivated us towards labeled graphs.
The concept of graph labeling was introduced by Rosa [9]. A useful survey
to know about numerous graph labeling methods is found in [3]. In 1990,
Cahit [1] introduced the cordial labeling of graphs. Cordiality behavior of
numerous graphs was studied by several authors [5, 6, 8]. Suppose that
G = (V,E) is a graph, where V is the set of its vertices and F is the set
of its edges. Throughout, it is assumed G is connected, finite, simple and
undirected. A mapping f : V — {0,1} is called binary vertex labeling
of G and f(u) denotes the label of vertex u of G under f. For an edge
e = uv € E, where u,v € V, the induced edge labeling f* : £ — {0,1}
is defined by the formula f*(uv) = (f(u) + f(v))(mod2), which of course
equals | f(u) — f(v)]. Let us denote vy and v; be the numbers of vertices la-
beled 0 and 1 respectively, and let eg and e; be the corresponding numbers
of edges. A binary vertex labeling f of G is said to be cordial if |vg—v;| < 1
and |eg —e1] <1 hold. A graph G is cordial if it has a cordial labeling.



Let G; = (Vi, E;),i € {1,2} be two graphs. The conjunction G A Gs
is defined to be G = (V, E), where V. =V} x V5 and if u = (u1,uz2) and
v = (v1, v2) are two vertices in V then uv € F if and only if u;v; € E;,V{i =
1,2} [4]. The conjunction P, A P, has nm vertices and 2(n — 1)(m — 1)
edges. It is easy to conclude that P, A P,, is isomorphic to P, A P,. As
an example, Py A P3 is isomorphic to P3 A P (see Figure(1)).
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2  Terminologies and Notations

A path with n vertices and n—1 edges is denoted by P,,. Given a path with
4r vertices, we let Ly, denote the labeling 1100 ...1100 (repeated r-times).
Sometimes, we then modify this by adding symbols at one end or the other
(or both); thus L4010 denotes the labeling 1100...1100 010. We let O,
denote the labeling 0..0 (n-times), 1,, denotes the labeling 1...1 (n-times),
My, denotes the labeling 1001...1001 (repeated r-times), A4, denotes the la-
beling 1010...1010 (repeated r-times), Ly, denotes the labeling 0011...0011
(repeated r-times), M4, denotes the labeling 0110...0110 (repeated 7-times)
and Ay, denotes the labeling 0101...0101 (repeated r-times).

3 Main results

In this section, we show that the conjunction graph of two paths is cordial
if and only if (n,m) # (2,2).



Let us first prove the easy cases by the following:

Lemma 1.3. The conjunction P, A P,, where n = 2 is cordial except if
m = 2 and the conjunction P, A P,, where n = 3 is cordial for all m > 2.
Proof. We have two cases:

Case (1.1): Let n = 2. Since P A P, is equivalent to P, U P, for all
m > 2, it follows that Py A Py, is cordial except if m = 2 [2].

Case (2.1): Let us first discuss the easy situations which are at (i) m = 2.
P3 A P, is cordial since it’s isomorphic to Py A Ps.

(if) m = 3.

We choose the following labeling:

The first row is labeled by 021, the second row is labeled by 015 and the
third row is labeled by 150 for P3 A P3. Therefore vg = 4, v; = 5 and
ep = e1 = 4. Hence vg — v; = —1 and eg — e; = 0. Consequently, P3 A P3
is cordial. Figure(2) illustrates P; A Ps.

vo—v1=—landey—e; =0
P3; A P3 is cordial
Figure(2)

Now, we need to study the following subcases:

Subcase (1.2.1): m = 0(mod4).

Suppose that m = 4r, where r > 1. We choose the following labeling;:

The first row is labeled by Lg,., the second row is labeled by My, and the
third row is labeled by Lg4, for P3 A Py.. Therefore vg = v; = 6r and
ep = €1 = 8 — 2. Hence vp —v; = 0 and ey — e; = 0. Consequently,
P3 A Py, is cordial. Figure(3) illustrates P3 A Py .

vg—vi =0and eg —e; =0



P; A\ Py is cordial
Figure(3)

Subcase (2.2.1): m = 1(mod4).

Suppose that m = 4r 4+ 1, where r > 1. We choose the following labeling:
The first row is labeled by Ly4,.0, the second row is labeled by My, 1 and
the third row is labeled by Ly4,1 for Ps A Pyr41. Therefore vy = 67 + 1,
vy = 6r+2 and eg = e; = 8. Hence vg —v; = —1 and eg — e; = 0.
Consequently, Ps A Py,.41 is cordial. Figure(4) illustrates Ps A Ps.

vg—v1=—1land eg—e; =0
P3; N\ Ps is cordial
Figure(4)

Subcase (3.2.1): m = 2(mod4).

Suppose that m = 4r 4+ 2, where r > 1. We choose the following labeling:

The first row is labeled by Ly,01, the second row is labeled by My,10 and
the third row is labeled by L4, 10 for P3 A Py,.yo. Therefore vg = v; = 6r+3
and eg = e; = 8r + 2. Hence vg —v; = 0 and ey — e; = 0. Consequently,
P53 A Pyryo is cordial. Figure(5) illustrates Ps A Ps.

v9o—vi =0and eg —e; =0
P3; N\ Py is cordial
Figure(5)

Subcase (4.2.1): m = 3(mod4).
Suppose that m = 4r + 3, where r > 1. We choose the following labeling:
The first row is labeled by L4,-010, the second row is labeled by M 4,101 and




the third row is labeled by L4101 for Ps A Py.y3. Therefore vy = 61 + 4,
vy =6r+5and eg =e; = 8 + 4. Hence vg —v1 = —1 and ey — e; = 0.
Consequently, P3 A Py,3 is cordial. Figure(6) illustrates P A Pr.

vgo—v1=—1land eg—e; =0
P3; N\ P7 is cordial
Figure(6)

Lemma 2.3. The conjunction P, A P,, is cordial where n = 0(mod4) for
all m > 2.

Proof. Suppose that n = 4r, where r > 1. Py. A Py is cordial since it
is isomorphic to P> A Py, and Py, A Ps is cordial since it is isomorphic to
P53 A Py,.. Now, we need to study the following cases for m > 4.

Case (1.2): m = 0(mod4).

Suppose that m = 4r, where r > 1. We choose the following labeling;:

The vertices which are in rows of order 4r — 3 take the labeling Ly,, the
vertices which are in rows of order 4r — 2 are labeled by Mjy,., the vertices
that are in rows of order 4r — 1 take the labeling L4, and the vertices that
are in rows of order 4r are labeled by M 4,. Therefore vy = v; = 82 and
ep = e; = 1612 — 8r + 1. Hence vy —v; = 0 and ey — e; = 0. Consequently,
Py, A Py, is cordial. Figure(7) illustrates Py A Py.

vo—v1 =0and eg—e; =0
Py A Py is cordial
Figure(7)



Case (2.2): m = 1(mod4).

Suppose that m = 4r 4+ 1, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling L,,-0, the
vertices which are in rows of order 4r — 2 are labeled by My,.0, the vertices
that are in rows of order 4r — 1 take the labeling L4, 1 and the vertices that
are in rows of order 4r are labeled by M, 1. Therefore vy = v1 = 82 + 2r
and eg = e; = 1612 —4r. Hence vg —v; = 0 and eg —e; = 0. Consequently,
Py A Pyryq is cordial. Figure(8) illustrates Py A Ps.

’U()*Ul:()andeo*el:o
P, N Ps is cordial
Figure(8)

Case (3.2): m = 2(mod4).

Suppose that m = 4r 4+ 2, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling L4,.01, the
vertices which are in rows of order 4r — 2 are labeled by My,.02, the vertices
that are in rows of order 4r —1 take the labeling L4,-10 and the vertices that
are in rows of order 4r are labeled by M 4,.15. Therefore vy = vq = 812 +4r
and ey = e; = 1612 — 1. Hence vp —v; = 0 and ey — e; = 0. Consequently,
Py A Pyryo is cordial. Figure(9) illustrates Py A Pp.




vg—v1=0and eg—e; =0
Py N Py is cordial
Figure(9)

Case (4.2): m = 3(mod4).

Suppose that m = 4r 4+ 3, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling L4010,
the vertices which are in rows of order 4r — 2 are labeled by My,.03, the
vertices that are in rows of order 4r — 1 take the labeling L,,101 and the
vertices that are in rows of order 4r are labeled by My,.13. Therefore
vg = v, = 8% +6r and eg = e; = 1612 + 4r — 2. Hence vy — v1 = 0 and
eo — e; = 0. Consequently, Py A Py.13 is cordial. Figure(10) illustrates
Py N Pr.

vo—vy =0and ey —e; =0
P, A P; is cordial
Figure(10)

Lemma 3.3. The conjunction P, A P,, is cordial where n = 1(mod4) for
all m > 2.

Proof. Suppose that n = 4r+1, where r > 1. P41 A P is cordial since it
is isomorphic to Po A Py-41 and Py,41 A Ps is cordial since it is isomorphic
to P3 A Py.41. Now, we need to study the following cases for m > 4.
Case (1.3): m = 0(mod4).

Py, 11 N Py, is cordial since it’s isomorphic to Py, A Pyri1.

Case (2.3): m = 1(mod4).

Suppose that m = 4r + 1, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling M 4,.0,
the vertices which are in rows of order 47 — 2 are labeled by L0, the
vertices that are in rows of order 4r — 1 take the labeling My, 1 and the
vertices that are in rows of order 4r are labeled by L4.1. Finally, the last
row in P11 A Py.41 takes the labeling My, 1. Therefore vy = 8r2 + 4r,
vy = 8r24+4r+1 and eg = e; = 16r2. Hence vg—v; = —1 and ey — e = 0.



Consequently, P41 A Pyr41 is cordial. Figure(11) illustrates Ps A Ps.

v9—v1=—landey—e; =0
P5 A Ps is cordial
Figure(11)

Case (3.3): m = 2(mod4).

Suppose that m = 4r 4 2, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling M 4,01, the
vertices which are in rows of order 4r — 2 are labeled by Ly4,.02, the vertices
that are in rows of order 4r — 1 take the labeling M,,.10 and the vertices
that are in rows of order 4r are labeled by Ly4,15. Finally, the last row in
Pyry1 N Pyyryo takes the labeling My, 10. Therefore vy = v; = 82 4+ 6r 4+ 1
and ey = e; = 1672 +4r. Hence vy —v; = 0 and eg —e; = 0. Consequently,
Pyri1 A Py is cordial. Figure(12) illustrates Ps A Pg.

vg—vi =0and eg—e; =0



P5 N Py is cordial
Figure(12)

Case (4.3): m = 3(mod4).

Suppose that m = 4r 4+ 3, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling M 4,010, the
vertices which are in rows of order 4r — 2 are labeled by Ly4,.03, the vertices
that are in rows of order 4r — 1 take the labeling My, 101 and the vertices
that are in rows of order 4r are labeled by L4.13. Finally, the last row
in Py,41 A Py, 3 takes the labeling My, 101. Therefore vy = 8r% + 8r + 1,
v = 82 4+ 8 +2and ey = e; = 1672 + 8. Hence vy — v; = —1 and
eo — e1 = 0. Consequently, Py.+1 A Pyr13 is cordial. Figure(13) illustrates
P; A Pr.

vg—v1=—1landeg—e; =0
Ps N P7 is cordial
Figure(13)

Lemma 4.3. The conjunction P, A P,, is cordial where n = 2(mod4) for
all m > 2.

Proof. Suppose that n = 4r + 2, where r > 1. Py,41o A P, is cordial since
it’s isomorphic to P, A P42 and Py.42 A Ps is cordial since it’s isomorphic
to P3 A Py.1o. Now, we need to study the following cases for m > 4.
Case (1.4): m = 0(mod4).

Py o A Py, is cordial since it’s isomorphic to Py, A Py qo.

Case (2.4): m = 1(mod4).

Pyyyo N\ Pyyrqq is cordial since it’s isomorphic to Pyry1 A Pypyo.

Case (3.4): m = 2(mod4).

Suppose that m = 4r 4+ 2, where r > 1. We choose the following labeling:
The vertices which are in rows of order 47 — 3 take the labeling L,4,.01, the



vertices which are in rows of order 4r — 2 are labeled by My,.0s, the vertices
that are in rows of order 4r —1 take the labeling 4,10 and the vertices that
are in rows of order 4r are labeled by M,,.15. Finally, the last two rows in
Pyry2 A Py, yo take respectively the labeling Ly, 15 and My,.05. Therefore
vg =v1 = 8124+ 8r+2and ey = e; = 1612 4+ 8r 4 1. Hence vg —v; = 0 and
eo — e1 = 0. Consequently, Py.42 A Pyr42 is cordial. Figure(14) illustrates
Ps N\ Ps.

vg—v1=0and eg—e; =0
Ps N Py is cordial
Figure(14)

Case (4.4): m = 3(mod4).

Suppose that m = 4r + 3, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling 4,010,
the vertices which are in rows of order 4r — 2 are labeled by Mjy,.03, the
vertices that are in rows of order 4r — 1 take the labeling L4101 and the
vertices that are in rows of order 4r are labeled by My, 13. Finally, the
last two rows in Py.4o A Py 3 take respectively the labeling Ly4.13 and
My,.05. Therefore vg = v1 = 8r2 4+ 107 + 3 and eg = e; = 1672 + 12r + 2.
Hence vg —v1 = 0 and eg — e; = 0. Consequently, Py, o A Py,43 is cordial.
Figure(15) illustrates Ps A Pr.
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vo—v1 =0and eg—e; =0
Ps N\ P; is cordial
Figure(15)

Lemma 5.3. The conjunction P, A P,, is cordial where n = 3(mod4) for
all m > 2.

Proof. Suppose that n = 4r + 3, where r > 1. Py.413 A Py is cordial since
it’s isomorphic to Py A Pyry3 and Py-43 A Py is cordial since it’s isomorphic
to P3 A Py13. Now, we need to study the following cases for m > 4.
Case (1.5): m = 0(mod4).

Py, 43 N\ Py, is cordial since it’s isomorphic to Py, A Pyy43.

Case (2.5): m = 1(mod4).

Py A Pyryq is cordial since it’s isomorphic to P41 A Parys.

Case (3.5): m = 2(mod4).

Pyyi3 A Pyryo is cordial since it’s isomorphic to P2 A Pyrys.

Case (4.5): m = 3(mod4).

Suppose that m = 4r + 3, where r > 1. We choose the following labeling:
The vertices which are in rows of order 4r — 3 take the labeling L4,.010, the
vertices which are in rows of order 4r — 2 are labeled by My,.03, the vertices
that are in rows of order 4r—1 take the labeling L4,-101 and the vertices that
are in rows of order 4r are labeled by M, 13. Finally, the last three rows
in Py43 A Pyry3 take respectively the labeling Ly, 13, My, 03 and L4101,
Therefore vg = 8r2+12r+4, v; = 8r2+12r+5 and ey = e = 1612+ 16r+4.
Hence vg —v1 = —1 and ey —e; = 0. Consequently, Py, 43 A Py, 3 is cordial.
Figure(16) illustrates P; A Pr.

11



P; N\ P7 is cordial
vo—v1=—landey—e; =0
Figure(16)

As a consequence of all previous lemmas, one can establish the following
theorem.

Theorem 1.3. The conjunction P, A P, is cordial if and only if (n,m) #
(2,2).

4  Algorithm

This section contains an algorithm to generate cordial labeling for the con-
junction of two paths which is symbolized by P, A P,,.

12



start

Enter n,m

Generate three random matrices conjl, conj2 and conj3 between{0,1} (the

method is shown in Table A.1)

For each matrix, compute vy as the number of vertices labeled zero and v, as

the number of vertices labeled one

For each matrix, compute ey as the number of edges labeled zero and e; as the
number of edges labeled one (using Equation A.1)

l

If |’U() — 7)1| S 1
and No

|€0 — 61‘ S 1 for
all matrices

Yes \

Print the three matrices, display vy, v1, €9 and e; for each
matrix, and finally draw edge between cordial labeled ver-
tices

13



5 Appendix A

We can deal with the conjunction of two paths P, A P, as blocks of ma-
trices whose elements represent the cordial labeled vertices. In Table A.1,
we illustrate the method of generating matrices and supporting them with

examples.
CASE Description of matrices
) conj3= P AP
conj2=P AP 1212
conj]:ﬁAP4 88
A,
e 12*12
n=m==4
oY Ry
o A4 ][4
“
[C 34 754 1%
n>4,m=4 for example: n=7, m=4
. conj3=P AP
conl=P AP conJZ:I-;Af; 3
o
.0,
o g 12413
n=4m>4 Jor example: n=4, m=5
conj2=P AP CUnj3:F;A{\]15
c0nj1=16>AP7 -
A |4
A1 4]]4
* [ Ne
2%4 2 2*7 @ 10411 @ s
n,m>4 for example: n=6, m=7

Continued
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conj3=P AP

n+8 m+8

conj2=pP AP

n+4 m+4

conjl =P Ajni

4*4 4*(m-4)

A
LC ) neayea (D] nayrnsy D]
*.
o (nt4)¥(mt4) (48)4(m )
Vnom > 3 General form
condZPSA}Z conj?ZPAP can13—1;AP

[ e e

n=3m=4 3*4
cr)nj]zPAP conj2 PAP conj3 é’AP
[3,.8,,] [0 |2 [--- l
3%6 3*14
n=3m>4 Jor example: n=3, m=6
n>4m=3 The conjunction P, A Ps is isomorphic to the conjunction Ps A P,

Table A.1
Matrices generation

Notes
1. The elements of the matrix represent the cordial labeled vertices of the
conjunction P, A P, and are denoted by f.

If f =0 then
Vg = Vo + 1
Else
v =v1+1
End if

2. The lines that connect each two vertex (see Figure(1)) represent edges
of the conjunction P, A P,, and its value denoted by f*, define the variable
i and j to cover all vertices. Using Equation A.1, we can calculate f*.

x_ v,y — Vi1 40l J<m—1li<n-—1
|v(i,j) — 'U(H_Lj_l)‘; Z <n-— ].,j > O

0

fF= or

15




o If f* =0 then

eg=eg+1
Else
e1=e1 +1
End if
Equation A.1
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