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Abstract

The Sieve of Eratosthenes finds all the prime numbers up to any given limit by eliminating all
non-primes from the list of all natural numbers. A list of natural numbers containing no
multiples of 2, 3 or 5 is created, it is obtained by 8 formulas. The elimination of non-primes is
effectuated from this new list. It then appears that it is possible to express all the non-primes
belonging to this list by 36 other formulas, the prime numbers being the numbers satisfying
the 8 formulas but not the 36.

Introduction

A prime number is a natural number with only two divisors : 1 and itself. A non-prime
number is a natural number with at least three divisors.

In mathematics, a sieve is an algorithmic method that allows to approach the size of sifted sets
of integers. The sieve of Eratosthenes allows to find all prime numbers less than a given
natural number.

It proceeds by eliminating all non-primes starting from 2 and stopping when the square of the
smallest remaining number is upper than the biggest number remaining because then, all non-
primes have already been eliminated. At the end, only the non-divisible by any number other
thanl and themselves remain, they are prime numbers.

A list of natural numbers containing no multiples of 2, 3 or 5 is created, it is obtained by 8
formulas. The elimination of non-primes is effectuated from this new list. It then appears that
it is possible to express all the non-primes belonging to this list by 36 other formulas, the
prime numbers being the numbers satisfying the 8 formulas but not the 36.

1. The 8 formulas
Suppose n, n" and n" are natural numbers (n € N,n' €N, n" € N) :

1.1. Elimination of multiples of 2

A multiple of 2 is written as : 2*n

A non-multiple of 2 is written as (2*n)+1

Prime numbers can then be written as : (2*n)+1
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1.2. Elimination of multiples of 3

A multiple of 3 is written as : 3*n

A non-multiple of 3 is written as : (3*n)+1 and (3*n)+2

Prime numbers can then be written as : (3*n)+1 and (3*n)+2

1.3. Elimination of multiples of each of 3 and 2

(3*n)+1 = (2*n)+n+1 = (2*n)+1+n

(2*n)+1 is not multiple of 2 so if n is multiple of 2 then ((2*n)+1)+n is not multiple of 2 and
is written as : (3*(2*n"))+1 i.e. (6* n")+1

(3*n)+2 = (2*n)+n+2 = (2*n)+2+n

(2*n)+2 is multiple of 2 so if n is not multiple of 2 then ((2*n)+2)+n is not multiple of 2 and
is written as : (3*((2*n")+1))+2 i.e. (6* n")+5

Prime numbers can then be written as : (6*n)+1 and (6*n)+5

1.4. Elimination of multiples of 5

A multiple of 5 is written as : 5*n

A non-multiple of 5 is written as: (5*n)+1 ; (5*n)+2 ; (5*n)+3 and (5*n)+4

Prime numbers can then be written as : (5*n)+1 ; (5*n)+2 ; (5*n)+3 and (5*n)+4

1.5. Elimination of multiples of each of 5, 3 and 2

(5*n)+1 = (4*n)+n+1 = (4*n)+1+n

(4*n)+1 is not multiple of 2 so if n is multiple of 2 then (4*n)+1+n is not multiple of 2 and is
written as : (5*(2*n"))+1 i.e. (10* n")+1

(10* n)+1=(9*n")+ n'+1
9* n" is multiple of 3 so if n*+1 is not multiple of 3 then (9* n")+ n'+1 is not multiple of 3

If n"+1 is not multiple of 3 then n'+1 = (3*n"")+1 i.e. n'=3*n"" or n'+1 = (3*n"")+2 i.e.
n'=(3*n"")+1. So (10* n")+1 is written as : (10* (3*n""))+1 i.e. (30* n"")+1 and (10*
((3*n")+1))+1li.e. (30* n'")+11




(5*n)+2 = (4*n)+n+2 = (4*n)+2+n

(4*n)+2 is multiple of 2 so if n is not multiple of 2 then (4*n)+2+n is not multiple of 2 is
written as : (5*((2*n")+1))+2 i.e. (10* n")+7

(10* n")+7 = (9* n")+ n'+6+1 = (9* n")+6+ n'+1

(9* n")+6 is multiple of 3 so if n"+1 is not multiple of 3 then (9* n*)+6+ n'+1 is not multiple
of 3

If n*+1 is not multiple of 3 then n'+1 = (3*n"")+1 i.e. n'=3*n"" or n'+1 = (3*n'")+2 i.e.
n'=(3*n"")+1. So (10* n")+7 is written as : (10* (3*n""))+7 .i.e. (30* n"")+7 and (10*
((3*n™)+1))+7 .i.e. (30* n"")+17

(5*n)+3 = (4*n)+n+3 = ((4*n)+3)+n

(4*n)+3 is not multiple of 2 so if n is multiple of 2 then ((4*n)+3)+n is not multiple of 2 and
IS written as : (5*(2*n"))+3 .i.e. (10* n")+3

(10* n)+3 = ((9* n")+3) +n"
(9* n")+3 is multiple of 3 so if n" is not multiple of 3 then ((9* n*)+3) +n" is not multiple of 3

If n* is not multiple of 3 then n* = (3*n"")+1 or n" = (3*n"")+2. So (10* n*)+3 is written as :
(10* ((3*n™)+1))+3 .i.e. (30* n*")+13 and (10* ((3*n'")+2))+3 .i.e. (30* n**)+23

(5*n)+4 = (4*n)+n+4 = (4*n)+4+n

(4*n)+4 is multiple of 2 so if n is not multiple of 2 then (4*n)+4+n is not multiple of 2 and is
written as : (5*((2*n")+1))+4 .i.e. (10* n")+9

(10* n")+9 = (9* n")+ n'+9 = ((9* n")+9)+ n'
(9* n")+9 is multiple of 3 si if n" is not multiple of 3 then ((9* n*)+9)+ n" is not multiple of 3

If n* is not multiple of 3 then n* = (3*n"")+1 or n'= (3*n"")+2. So (10* n*)+9 is written as :
(10*((3*n™)+1))+9 .i.e. (30* n*™")+19 and (10* ((3*n'")+2))+9 .i.e. (30* n*")+29

Prime numbers can then be written as : (30*n)+1 ; (30*n)+7 ; (30*n)+11 ; (30*n)+13 ;
(30*n)+17 ; (30*n)+19 ; (30*n)+23 ; (30*n)+29




2. llustration of the sieve

Tab.1. lllustration of the sieve showing the distribution of the numbers given by the 8
formulas among all natural numbers less than or equal to 90

1 31 61

2 32 62

3 33 63

4 34 64

5 35 65

6 36 66

7 37 67

8 38 68

9 39 69
10 40 70
11 41 71
12 42 72
13 43 73
14 44 74
15 45 75
16 46 76
17 47 77
18 48 78
19 49 79
20 50 80
21 51 81
22 52 82
23 53 83
24 54 84
25 55 85
26 56 86
27 57 87
28 58 88
29 59 89
30 60 90




Tab.2. lllustration of the sieve showing the distribution of all multiples among all the

numbers given by the 8 formulas or equal to 1021

A B C D E F G H |

1 1 1 1 1 1 1 1 1

7 l 7 7 7 7 7 l 7

11 11 11 11 11 11 11 11 11
13 13 13 13 13 13 13 13 13
17 17 17 17 17 17 17 17 17
19 19 19 19 19 19 19 19 19
23 23 23 23 23 23 23 23 23
29 29 29 29 29 29 29 29 29
31 31 31 31 31 31 31 31 31
37 37 37 37 37 37 37 37 37
41 41 41 41 41 41 41 41 41
43 43 43 43 43 43 43 43 43
47 47 47 47 47 47 47 47 47
49 49 49 49 49 49 49 49 49
53 53 53 53 53 53 53 53 53
59 59 59 59 59 59 59 59 59
61 61 61 61 61 61 61 61 61
67 67 67 67 67 67 67 67 67
71 71 71 71 71 71 71 71 71
73 73 73 73 73 73 73 73 73
77 77 77 77 77 77 77 77 77
79 79 79 79 79 79 79 79 79
83 83 83 83 83 83 83 83 83
89 89 89 89 89 89 89 89 89
91 91 91 91 91 91 91 91 91
97 97 97 97 97 97 97 97 97
101 101 101 101 101 101 101 101 101
103 103 103 103 103 103 103 103 103
107 107 107 107 107 107 107 107 107
109 109 109 109 109 109 109 109 109
113 113 113 113 113 113 113 113 113
119 119 119 119 119 119 119 119 119
121 121 121 121 121 121 121 121 121
127 127 127 127 127 127 127 127 127
131 131 131 131 131 131 131 131 131
133 133 133 133 133 133 133 133 133
137 137 137 137 137 137 137 137 137
139 139 139 139 139 139 139 139 139
143 143 143 143 143 143 143 143 143
149 149 149 149 149 149 149 149 149
151 151 151 151 151 151 151 151 151
157 157 157 157 157 157 157 157 157
161 161 161 161 161 161 161 161 161
163 163 163 163 163 163 163 163 163
167 167 167 167 167 167 167 167 167




169 169 169 169 169 169 169 169 169
173 173 173 173 173 173 173 173 173
179 179 179 179 179 179 179 179 179
181 181 181 181 181 181 181 181 181
187 187 187 187 187 187 187 187 187
191 191 191 191 191 191 191 191 191
193 193 193 193 193 193 193 193 193
197 197 197 197 197 197 197 197 197
199 199 199 199 199 199 199 199 199
203 203 203 203 203 203 203 203 203
209 209 209 209 209 209 209 209 209
211 211 211 211 211 211 211 211 211
217 217 217 217 217 217 217 217 217
221 221 221 221 221 221 221 221 221
223 223 223 223 223 223 223 223 223
227 227 227 227 227 227 227 227 227
229 229 229 229 229 229 229 229 229
233 233 233 233 233 233 233 233 233
239 239 239 239 239 239 239 239 239
241 241 241 241 241 241 241 241 241
247 247 247 247 247 247 247 247 247
251 251 251 251 251 251 251 251 251
253 253 253 253 253 253 253 253 253
257 257 257 257 257 257 257 257 257
259 259 259 259 259 259 259 259 259
263 263 263 263 263 263 263 263 263
269 269 269 269 269 269 269 269 269
271 271 271 271 271 271 271 271 271
277 277 277 277 277 277 277 277 277
281 281 281 281 281 281 281 281 281
283 283 283 283 283 283 283 283 283
287 287 287 287 287 287 287 287 287
289 289 289 289 289 289 289 289 289
293 293 293 293 293 293 293 293 293
299 299 299 299 299 299 299 299 299
301 301 301 301 301 301 301 301 301
307 307 307 307 307 307 307 307 307
311 311 311 311 311 311 311 311 311
313 313 313 313 313 313 313 313 313
317 317 317 317 317 317 317 317 317
319 319 319 319 319 319 319 319 319
323 323 323 323 323 323 323 323 323
329 329 329 329 329 329 329 329 329
331 331 331 331 331 331 331 331 331
337 337 337 337 337 337 337 337 337
341 341 341 341 341 341 341 341 341
343 343 343 343 343 343 343 343 343
347 347 347 347 347 347 347 347 347




349 349 349 349 349 349 349 349 349
353 353 353 353 353 353 353 353 353
359 359 359 359 359 359 359 359 359
361 361 361 361 361 361 361 361 361
367 367 367 367 367 367 367 367 367
371 371 371 371 371 371 371 371 371
373 373 373 373 373 373 373 373 373
377 377 377 377 377 377 377 377 377
379 379 379 379 379 379 379 379 379
383 383 383 383 383 383 383 383 383
389 389 389 389 389 389 389 389 389
391 391 391 391 391 391 391 391 391
397 397 397 397 397 397 397 397 397
401 401 401 401 401 401 401 401 401
403 403 403 403 403 403 403 403 403
407 407 407 407 407 407 407 407 407
409 409 409 409 409 409 409 409 409
413 413 413 413 413 413 413 413 413
419 419 419 419 419 419 419 419 419
421 421 421 421 421 421 421 421 421
427 427 427 427 427 427 427 427 427
431 431 431 431 431 431 431 431 431
433 433 433 433 433 433 433 433 433
437 437 437 437 437 437 437 437 437
439 439 439 439 439 439 439 439 439
443 443 443 443 443 443 443 443 443
449 449 449 449 449 449 449 449 449
451 451 451 451 451 451 451 451 451
457 457 457 457 457 457 457 457 457
461 461 461 461 461 461 461 461 461
463 463 463 463 463 463 463 463 463
467 467 467 467 467 467 467 467 467
469 469 469 469 469 469 469 469 469
473 473 473 473 473 473 473 473 473
479 479 479 479 479 479 479 479 479
481 481 481 481 481 481 481 481 481
487 487 487 487 487 487 487 487 487
491 491 491 491 491 491 491 491 491
493 493 493 493 493 493 493 493 493
497 497 497 497 497 497 497 497 497
499 499 499 499 499 499 499 499 499
503 503 503 503 503 503 503 503 503
509 509 509 509 509 509 509 509 509
511 511 511 511 511 511 511 511 511
517 517 517 517 517 517 517 517 517
521 521 521 521 521 521 521 521 521
523 523 523 523 523 523 523 523 523
527 527 527 527 527 527 527 527 527




529 529 529 529 529 529 529 529 529
533 533 533 533 533 533 533 533 533
539 539 539 539 539 539 539 539 539
541 541 541 541 541 541 541 541 541
547 547 547 o547 547 547 547 o547 o547
551 551 551 551 551 551 551 551 551
553 553 553 553 553 553 553 553 553
557 557 557 557 557 557 557 557 557
559 559 559 559 559 559 559 559 559
563 563 563 563 563 563 563 563 563
569 569 569 569 569 569 569 569 569
571 571 571 571 571 571 571 571 571
577 ST77 577 577 577 577 577 577 577
581 581 581 581 581 581 581 581 581
583 583 583 583 583 583 583 583 583
587 587 587 587 587 587 587 587 587
589 589 589 589 589 589 589 589 589
593 593 593 593 593 593 593 593 593
599 599 599 599 599 599 599 599 599
601 601 601 601 601 601 601 601 601
607 607 607 607 607 607 607 607 607
611 611 611 611 611 611 611 611 611
613 613 613 613 613 613 613 613 613
617 617 617 617 617 617 617 617 617
619 619 619 619 619 619 619 619 619
623 623 623 623 623 623 623 623 623
629 629 629 629 629 629 629 629 629
631 631 631 631 631 631 631 631 631
637 637 637 637 637 637 637 637 637
641 641 641 641 641 641 641 641 641
643 643 643 643 643 643 643 643 643
647 647 647 647 647 647 647 647 647
649 649 649 649 649 649 649 649 649
653 653 653 653 653 653 653 653 653
659 659 659 659 659 659 659 659 659
661 661 661 661 661 661 661 661 661
667 667 667 667 667 667 667 667 667
671 671 671 671 671 671 671 671 671
673 673 673 673 673 673 673 673 673
677 677 677 677 677 677 677 677 677
679 679 679 679 679 679 679 679 679
683 683 683 683 683 683 683 683 683
689 689 689 689 689 689 689 689 689
691 691 691 691 691 691 691 691 691
697 697 697 697 697 697 697 697 697
701 701 701 701 701 701 701 701 701
703 703 703 703 703 703 703 703 703
707 707 707 707 707 707 707 707 707




709 709 709 709 709 709 709 709 709
713 713 713 713 713 713 713 713 713
719 719 719 719 719 719 719 719 719
721 721 721 721 721 721 721 721 721
727 727 727 727 727 727 727 727 727
731 731 731 731 731 731 731 731 731
733 733 733 733 733 733 733 733 733
737 737 737 737 737 737 737 737 737
739 739 739 739 739 739 739 739 739
743 743 743 743 743 743 743 743 743
749 749 749 749 749 749 749 749 749
751 751 751 751 751 751 751 751 751
757 757 757 757 757 757 757 757 757
761 761 761 761 761 761 761 761 761
763 763 763 763 763 763 763 763 763
767 767 767 767 767 767 767 767 767
769 769 769 769 769 769 769 769 769
773 773 773 773 773 773 773 773 773
779 779 779 779 779 779 779 779 779
781 781 781 781 781 781 781 781 781
787 787 787 787 787 787 787 787 787
791 791 791 791 791 791 791 791 791
793 793 793 793 793 793 793 793 793
797 797 797 797 797 797 797 797 797
799 799 799 799 799 799 799 799 799
803 803 803 803 803 803 803 803 803
809 809 809 809 809 809 809 809 809
811 811 811 811 811 811 811 811 811
817 817 817 817 817 817 817 817 817
821 821 821 821 821 821 821 821 821
823 823 823 823 823 823 823 823 823
827 827 827 827 827 827 827 827 827
829 829 829 829 829 829 829 829 829
833 833 833 833 833 833 833 833 833
839 839 839 839 839 839 839 839 839
841 841 841 841 841 841 841 841 841
847 847 847 847 847 847 847 847 847
851 851 851 851 851 851 851 851 851
853 853 853 853 853 853 853 853 853
857 857 857 857 857 857 857 857 857
859 859 859 859 859 859 859 859 859
863 863 863 863 863 863 863 863 863
869 869 869 869 869 869 869 869 869
871 871 871 871 871 871 871 871 871
877 877 877 877 877 877 877 877 877
881 881 881 881 881 881 881 881 881
883 883 883 883 883 883 883 883 883
887 887 887 887 887 887 887 887 887




889 889 889 889 889 889 889 889 889
893 893 893 893 893 893 893 893 893
899 899 899 899 899 899 899 899 899
901 901 901 901 901 901 901 901 901
907 907 907 907 907 907 907 907 907
911 911 911 911 911 911 911 911 911
913 913 913 913 913 913 913 913 913
917 917 917 917 917 917 917 917 917
919 919 919 919 919 919 919 919 919
923 923 923 923 923 923 923 923 923
929 929 929 929 929 929 929 929 929
931 931 931 931 931 931 931 931 931
937 937 937 937 937 937 937 937 937
941 941 941 941 941 941 941 941 941
943 943 943 943 943 943 943 943 943
947 947 947 947 947 947 947 947 947
949 949 949 949 949 949 949 949 949
953 953 953 953 953 953 953 953 953
959 959 959 959 959 959 959 959 959
961 961 961 961 961 961 961 961 961
967 967 967 967 967 967 967 967 967
971 971 971 971 971 971 971 971 971
973 973 973 973 973 973 973 973 973
977 977 977 977 977 977 977 977 977
979 979 979 979 979 979 979 979 979
983 983 983 983 983 983 983 983 983
989 989 989 989 989 989 989 989 989
991 991 991 991 991 991 991 991 991
997 997 997 997 997 997 997 997 997
1001 1001 1001 1001 1001 1001 1001 1001 1001
1003 1003 1003 1003 1003 1003 1003 1003 1003
1007 1007 1007 1007 1007 1007 1007 1007 1007
1009 1009 1009 1009 1009 1009 1009 1009 1009
1013 1013 1013 1013 1013 1013 1013 1013 1013
1019 1019 1019 1019 1019 1019 1019 1019 1019
1021 1021 1021 1021 1021 1021 1021 1021 1021
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The formulas (30*n)+1 ; (30*n)+7 ; (30*n)+11 ; (30*n)+13 ; (30*n)+17 ; (30*n)+19 ;
(30*n)+23 and (30*n)+29 give a sequence of numbers that present respectively the following
gaps:6;4;2;4;2;4;6. When n increases with 1, the obtained number is the result of the
addition of 2 to the previous number. The gaps arethen :6;4;2;4;2;4;6; 2. This
organisation draws a pattern that is repeated indefinitely (tab.1).

Column A on tab.2 indicates all numbers given by the 8 formulas without showing the gaps
existing between them (in fact, they are multiples of 1 among the involved numbers i.e. all of
them).

Multiples of 7 are indicated in column B, they are the result of the multiplication of the 8
formulas by 7. The gaps are multiplied by 7, the pattern is extended 7 times. This pattern
generates a complementary pattern representing numbers not being multiples of 7.

It is possible to represent in this way all multiples of all the numbers given by the 8 formulas,
it leads to an infinity of columns whose superposition makes the prime numbers appear by
elimination.

Prime numbers draw then a complementary pattern of a pattern resulting from the
superposition of the infinity of columns.

The superimposition of each new column on the previous ones brings a changing right from
the square of the number whose column indicates the multiples excepting the non-primes
which do not bring any change due to the presence of their dividers.

The multiplication of the numbers given by the 8 formulas between them for a value of n
corresponding to "k+1" (k € N) repeats the same (but extented) pattern resulting from the
multiplication of the numbers given by the 8 formulas between them for a value of n
corresponding to "k", it is extended a calculable number of times. However, the patterns
drawn by the numbers given by the 8 formulas for the value of "k continue to emerge, which
brings a changing to the extended pattern. This changing occurs at each increasing of n when
n does not give 8 non-primes (which can happen but never definitively according to Euclid's
prime number theorem).

The pattern drawn by prime numbers is then repeated neither as it is nor as extented.
3. The 36 formulas
Suppose m and m' are natural numbers (m € N, m' € N) :

O is the set of the numbers given by the 8 formulas, it excludes multiples of each one of 2, 3
and 5 and is consisting of two sets :

- Q:set of non-primes resulting from the multiplication of all the numbers given by the 8
formulas between them and 36 formulas are obtained (tab.3).
- P :set of prime numbers.
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Tab.3. Formulas expressing the multiplication of all the numbers given by the 8
formulas between them

1 | ((30*m)+1)*((30*m")+1) m € N\ {0} | m' e N\ {0}
2 | ((30*m)+1)*((30*m")+7) meN\{0} | meN
3 | ((30*m)+1)*((30*m")+11) | me N\{0} Im' eN
4 | ((30*m)+1)*((30*m")+13) | me N\{0} | m'eN
5 | ((30*m)+1)*((30*m")+17) | me N\{0} | m'eN
6 | ((30*m)+1)*((30*m")+19) | me N\{0} | m'eN
7 | ((30*m)+1)*((30*m")+23) | me N\{0} Im'eN
8 | ((30*m)+1)*((30*m")+29) | me N\{0} | m'eN
9 | ((30*m)+7)*((30*m")+7) me N m' eN
10 | ((30*m)+7)*((30*m")+11) | meN m'eN
11 | ((30*m)+7)*((30*m")+13) | me N m' eN
12 | ((30*m)+7)*((30*m")+17) | meN m' eN
13 | ((30*m)+7)*((30*m")+19) | me N m'eN
14 | ((30*m)+7)*((30*m")+23) | me N m'eN
15 | ((30*m)+7)*((30*m")+29) | me N m' eN
16 | ((30*m)+11)*((30*m’)+11) | m e N m'eN
17 | ((30*m)+11)*((30*m")+13) | m e N m'eN
18 | ((30*m)+11)*((30*m")+17) | m e N m' eN
19 | ((30*m)+11)*((30*m")+19) | m e N m' eN
20 | ((30*m)+11)*((30*m")+23) | m € N m' e N
21 | ((30*m)+11)*((30*m")+29) | m e N m' eN
22 | ((30*m)+13)*((30*m")+13) | m e N m' eN
23 | ((30*m)+13)*((30*m")+17) | m e N m'eN
24 | ((30*m)+13)*((30*m")+19) | m e N m'eN
25 | ((30*m)+13)*((30*m")+23) | m € N m' eN
26 | ((30*m)+13)*((30*m")+29) | m € N m'eN
27 | ((30*m)+17)*((30*m")+17) | m e N m'eN
28 | ((30*m)+17)*((30*m")+19) | m e N m'eN
29 | ((30*m)+17)*((30*m")+23) | m e N m' eN
30 | ((30*m)+17)*((30*m")+29) | m € N m'e N
31| ((30*m)+19)*((30*m")+19) | m e N m' e N
32 | ((30*m)+19)*((30*m")+23) | m e N m' eN
33 | ((30*m)+19)*((30*m")+29) | m € N m' e N
34 | ((30*m)+23)*((30*m")+23) | m e N m'e N
35 | ((30*m)+23)*((30*m")+29) | m € N m' eN
36 | ((30*m)+29)*((30*m")+29) [ m € N m'e N

Elements of P i.e. prime numbers are obtained by excluding elements of Q from those of O.
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