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Abstract: We require all components of the Kaluza-Klein metric tensor to be generally-covariant
across all five dimensions by deconstructing the metric tensor into Dirac-type square root
operators. This decouples the fifth dimension from the Kaluza-Klein scalar, makes this dimension
timelike not spacelike, makes the metric tensor inverse non-singular, covariantly reveals the
quantum fields of the photon, makes Kaluza-Klein fully compatible with Dirac theory, and roots
this fifth dimension in the physical reality of the chiral, pseudo-scalar and pseudo-vector particles
abundantly observed in particle physics based on Dirac’s gamma-5 operator, thereby “repairing”
all of the most perplexing problem in Kaluza-Klein theory. Albeit with additional new dynamics
expected, all the benefits of Kaluza-Klein theory are retained, insofar as providing a
geometrodynamic foundation for Maxwell’s equations, the Lorentz Force motion and the Maxwell-
Stress energy tensor, and insofar as supporting the viewpoint that the fifth dimension is, at bottom,
the matter dimension. We find that the Kaluza-Klein scalar must be a massless, luminous field
quantum to solve long-standing problems arising from a non-zero scalar field gradient. This
luminous scalar is connected to the standard model Higgs field, then used to generate rest masses
for fermions through spontaneous symmetry breaking, whereby all quark and lepton masses are
directly reparameterized in terms of the CKM and PMNS mixing angles. A second leptonic Higgs
boson is predicted along with its mass, and the masses of the three neutrinos are also predicted.
Finally, we suggest multiple pathways for continued development.
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1. Introduction — The Incompatibility of Kaluza-Klein and Dirac Theories

About a century ago with the 1920s approaching, much of the physics community was
trying to understand the quantum reality that Planck had first uncovered almost two decades prior
[1]. But with the General Theory of Relativity [2] having recently placed gravitation and the
dynamical behavior of gravitating objects onto an entirely geometric and geodesic foundation
(which several decades later Wheeler would dub “geometrodynamics” [3]), a few scientists were
trying to scale the next logical hill, which — with weak and strong interactions not yet known —
was to obtain a geometrodynamic theory of electromagnetism. Besides Einstein’s own work on
this which continued for the rest of his life [4], the two most notable efforts were those of Hermann
Weyl [5], [6] who was just starting to develop his U(1) gauge theory in four dimensions (which
turned out to be a theory of “phase” invariance [7] that still retains the original moniker “gauge”),
and Kaluza [8] then Klein [9], [10] who quite successfully used a fifth dimension to geometrize
the Lorentz Force motion and the Maxwell Stress-Energy tensor (see, e.g., [11] and [12]). This is
a very attractive aspect of Kaluza-Klein theory, and it remains so because even today, despite
almost a century of efforts to do so, U(1) gauge theory has not yet successfully been able to place
the Lorentz Force dynamics and the Maxwell Stress Energy on an entirely-geometrodynamic
foundation. And as will be appreciated by anyone who has studied this problem seriously, it is the
inequivalence of electrical mass (a.k.a. charge) and inertial mass which has been the prime
hindrance to being able to do so.

Notwithstanding these Kaluza “miracles” of geometrizing the Lorentz Force motion and
the Maxwell Stress-Energy, this fifth dimension and an associated scalar field known as the
graviscalar or radion or dilaton raised its own new challenges, many of which will be reviewed
here. These have been a legitimate hurdle to the widespread acceptance of Kaluza-Klein theory
as a theory of what is observed in the natural world. It is important to keep this historical
sequencing in mind, because Kaluza’s work in particular predated what we now know to be
modern gauge theory and so was the “first” geometrodynamic theory of electrodynamics. And it
of course predated any substantial knowledge about the weak and strong interactions. Of special
interest in this paper, Kaluza-Klein also preceded Dirac’s seminal Quantum Theory of the Electron
[13] which today is the foundation of how we understand fermion behavior.

Now in Kaluza-Klein theory, the metric tensor which we denote by G,,, and its inverse
G" obtained by G"*G,, =" are specified in five dimensions with an index M =0,1,2,3,5,
and may be represented in the 2x2 matrix format:

= g'W+¢k2AﬂAV ﬁkAﬂ . MN — g'uv —A
o [ g4, g )¢ Tl g aaterg) (1.1

In the above g, + (ﬁszﬂAV transforms as a 4x4 tensor symmetric in spacetime. This is because

g = 8, 18 a symmetric tensor, and because electrodynamics is an abelian gauge theory with a
commutator [A#, AV] =0. The components G, = @ kA, and G, = ¢’kA, transform as covariant

(lower-indexed) vectors in spacetime. And the component G, =¢ transforms as a scalar in

1
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spacetime. If we regard @ to be a dimensionless scalar, then the constant k must have dimensions
of charge/energy because the metric tensor is dimensionless and because the gauge field A, has

dimensions of energy/charge.

It is very important to understand that when we turn off all electromagnetism by setting
A, =0 and ¢=0, G"" in (1.1) becomes singular. This is indicated from the fact that in this

situation diag (GMN ) = ( 8005811 822> 8335 O) with a determinant |G,,,| =0, and is seen directly from

the fact that G” = gaﬁA”Aﬁ +1/¢ =0+00. Therefore, (1.1) relies upon @ being non-zero to

avoid the degeneracy of a metric inverse singularity when ¢=0.
We also note that following identifying the Maxwell tensor in the Kaluza-Klein fields via

a five-dimensional the Einstein field equation, again with @ taken to be dimensionless, the
constant k is found to be:

k* _2G 2 G /G
—=—45, =—— 1i.e., k= —, 1.2
2 0t k, c* k, (1.2

where k, =1/47&, = pi,c* / 47Tis Coulomb’s constant and G is Newton’s gravitational constant.

| 0o

Now, as noted above, Kaluza-Klein theory predated Dirac’s Quantum Theory of the
Electron [13]. Dirac’s later theory begins with taking an operator square root of the Minkowski

metric tensor diag (/7‘“’) = (+1,—1,—1,—1) by defining (“=”) a set of four operator matrices y*
according to the anticommutator relation %{ V-, y"} = %{ vy + V’y”} =n*". The lower-indexed
gamma operators are likewise defined such that %{ V> yv} =1, - To generalize to curved
spacetime thus to gravitation which employs the metric tensor g, and its inverse g** defined
such that g"“g,, =0% and we define a set of ' with a parallel definition %{ r«, F"} =g". We

simultaneously define a vierbein a.k.a. tetrad e/ with both a superscripted Greek “spacetime /
world” index and a subscripted Latin “local / Lorentz / Minkowski” index using the relation
e’y =I*. Thus, we deduce that g* = %{I’”, I"’} = %{y"yb + yby"} ele! =ne’e! . Sojustas the
metric tensor gV transforms in four-dimensional spacetime as a contravariant (upper-indexed)

tensor, these ['* operators likewise transform in spacetime as a contravariant four-vector.

One might presume in view of Dirac theory that the five-dimensional G,,, and G"" in the

Kaluza-Klein metric tensor (1.1) can be likewise deconstructed into square root operators defined
using the anticommutator relations:

ur. . ry=4r ro+r.r,}=6,; Hfrv.rvb=1{rvry vl =g, (1.3)
2{ M N} 2{ M® N N M} MN 2{ 2
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where I, and I transform as five-dimensional vectors in five-dimensional spacetime. This
would presumably include a five-dimensional definition &) y* =" for a tetrad &), where
M =0,1,2,3,5 is a world index and A =0,1,2,3,5 is a local index, and where )’ is a fifth operator
matrix which may or may not be associated with Dirac’s )y’ =i)’y'y*y’, depending upon the

detailed mathematical calculations which determine this ).

However, as we shall now demonstrate, the Kaluza-Klein metric tensors in (1.1) cannot be
deconstructed into ", and " in the manner of (1.3) without modification to their G,; =G, and
G,; components, and without imposing certain constraints on the gauge fields A“ which remove
two degrees of freedom and fix the gauge of these fields to that of a photon. We represent these
latter constraints by AY = Ayu , with a subscripted y which denotes a photon and which is not a
spacetime index. This means that in fact, in view of Dirac theory which was developed afterwards,
the Kaluza-Klein metric tensors (1.3) are really not generally-covariant in five dimensions. Rather,
they only have a four-dimensional spacetime covariance represented in the components of
G, =8 +§02k2AﬂAV and G =g"  and of Gs :qikAﬂ and G*° = -A*, which are all patched
together with fifth-dimensional components with which they are not generally-covariant.
Moreover, even the spacetime components of (1.1) alone are not generally covariant even in the
four spacetime dimensions alone, unless the gauge symmetry of the gauge field 41 is broken to

remove two degrees of freedom and fixed to that of a photon, A* = Ay” .

In today’s era when the General Theory of Relativity [2] is now a few years past its
centenary, and when at least in classical field theory general covariance is firmly-established as a
required principle for the laws of nature, it would seem essential that any theory of nature which
purports to operate in five dimensions that include the four dimensions of spacetime, ought to
manifest general covariance across all five dimensions, and ought to be wholly consistent at the
“operator square root” level with Dirac theory. Accordingly, it is necessary to “repair” Kaluza-
Klein theory to make certain that it adheres to such five-dimensional covariance. In so doing,
many of the most-nagging, century-old difficulties of Kaluza-Klein theory are immediately

resolved, including those related to the scalar field in Gss = ﬁ and the degeneracy of the metric

tensor when this field is zeroed out, as well as the large-magnitude terms which arise when the
scalar field has a non-zero gradient. Moreover, the fourth spacelike dimension of Kaluza-Klein is
instead revealed to be a second timelike dimension. And of extreme importance, this Kaluza-Klein
fifth dimension which has spent a century looking for direct observational grounding, may be tied

directly to the clear observational physics built around the Dirac J; , and the multitude of observed

chiral and pseudoscalar and axial vector particle states that are centered about this J; . Finally,

importantly, all of this happens without sacrificing the Kaluza “miracle” of placing
electrodynamics onto a geometrodynamic footing. This is what will now be demonstrated.
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PART I: THE MARRIAGE BETWEEN FIVE DIMENSIONAL KALUZA-
KLEIN THEORY AND DIRAC’S QUANTUM THEORY OF THE
ELECTRON

2. The Kaluza-Klein Tetrad and Dirac Operators in Four Dimensional
Spacetime, and the Covariant Fixing of Gauge Fields to the Photon

The first step to ensure that Kaluza-Klein theory is covariant in five dimensions using the
operator deconstruction (1.3), is to obtain the four-dimensional spacetime deconstruction:

dr.ry=yr,r,+r.rt=1e,.6.{vvy +vVv}=nve,c, =G, =5, +@ka4, Q1)

using a four-dimensional tetrad €, defined by & ﬂaV =l 4> Where 11=0,1,2,3 is a spacetime
world index raised and lowered with G** and GW ,and q = 0,1,2,3 is alocal Lorentz / Minkowski
tangent spacetime index raised and lowered with /7 “ and 1],. To simplify calculation, we set
8w =M, thus G, =1, +¢ kZAﬂA,,. Later on, we will use the minimal-coupling principle to
generalize back from /], F>&,,. In this circumstance, the spacetime is “flat” except for the
curvature in G, brought about by the electrodynamic terms 72 szﬂA,, . We can further simplify
calculation by defining an &, such that qm +£Jﬂa =&, » which represents the degree to which
€ . differs from the unit matrix 5ya . We may then write the salient portion of (2.1) as:

ab — jyab 4 ! — jqab ab A1 ab Al ab A1 U
n gyagvb =1 (5/1a+£,ua)(51/b+£l/b)_,7 0.9, +5b’7 E/M+5 Ui gvb+,7 €&

Ha ~vb 4 Ma Ha =~ vb

2.2)
=N tN0ES 1,8 tNLESE =1, +Tk*A A,

Note that when electrodynamics is “turned off” by setting A;, and / or by setting ¢ = 0 this reduces

to 1€ € =11, which is solved by the tetrad being a unit matrix, &, :5m. Subtracting /7,

from each side of (2.2) we now need to solve:
D& +,E" +,E 6" =@k’ A A, . (2.3)

The above contains sixteen (16) equations for each of 1 =0,1,2,3 and v =0,1,2,3. But,
this is symmetric in & and b so in fact there are only ten (10) independent equations. Given that

diag (I7ah) = (l, -1,-1, —1), the four (/=V “diagonal” equations in (2.3) produce the relations:
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ra 1h ra -1b 10 10 10 11 arl 12 12 13 3 2
Nw€o Ty Hu€y & _250 TEE TEE TEE TEE _(ﬂzk Avo
1a 1b 1a A1b 11 10 ~10 1 12 12 3 a3 2
Na& € 1,6 & __251 TEE TEE TEE TEE _ﬁk A1A1

ra b ra b _ 12 10 10 1l 12 02 13 03 _ 2 :
1N:E T1hE *1,E & __252 TEE —EE TEE TEE _ﬁk AzAz

ra b raath — _n o3 10 10 _ 11
’74353 +,73b£3 +,7ab£3 ‘93 - 253 +‘93 é‘3

& ‘9;1 _‘9;2‘9;2 - ‘9;3‘9;3 = ¢zk2A3A3
Likewise, the three =0, v =1,2,3 mixed time and space relations in (2.3) are:

ra

1h
+,70b£1 +,7uh£0

ra

/- rl 10 10 A10 11 an 12 12 13 3 2
7. E =& tE FEE TEE TEE TEE _¢2k A()Al

ra b ra o1b 12 10 10 10 11 arl 12 .12 13 .13 2
1€ TwE TuE & ==& Y& +TEE —&E & —&E7& —&&, _(”zk A0A2

ra b ra o1b _ 13 10 10 &10 11 arl 12 o12 13413 — 2
N3y TonEs T4 & =—& T & TE & —E & —E7E — &) & =gk Ay Ay

Finally, the pure-space relations in (2.3) are:

1a 1h 1a
,7u2£1 + ,7117 52 + ,7ub£1

ra

,7a3£2
ra 1h ra Ath 1 3 10 10 11 .l 12 12 13 .3 2
Nu€s TILE T1,E & ==& —& T E&& —&& —&7& —&¢ _¢zk AA

£ =-ep —e) vele ~elel ~elel ~ele = gRAA,

ra

1b b 13 12 10 10 11 rl 212 13 13 2
TIh,E H,E &y =& &5 YE &S —E & —EE & & _¢zk A2A3'

(2.4a)

(2.4b)

(2.4¢)

Now, we notice that the right-hand side of all ten of (2.4) have nonlinear second-order products

@ kZAﬂAV of field terms, while on the left of each there is a mix of linear first-order and nonlinear

second-order expressions containing the 6’;,“ . Our goal at the moment, therefore, is to eliminate

all of the first order expressions from the left-hand sides of (2.4) to create a structural match
whereby a sum of second order terms on the left is equal to a second order term on the right.

In (20.3a) the linear appearances are of %O, r‘fll, %2 and 53'3 respectively. Noting that the

complete tetrad &, =9, +&," and that £,"=J," when electrodynamics is turned off, we first

u

require that €,=0, for the four K=a diagonal components, and therefore, that

é’(')o =£’1'1 :£;2 =£;3 =0. As a result, the fields in ¢ kZAﬂAV will all appear in off-diagonal

components of the tetrad. With this, (2.4a) reduce to:

—& &) & & —E & =FRAA,
Vel ~elel ~EE = A,

10 10 1l 1l 13 a3 _ 2 :
£ & T&E T&EE _ﬁk AzAz
£'€) —£& -6 = gL AA,

(2.5a)

In (2.4b) we achieve structural match using éf :%2 :%3 =0 from above, and also by setting

8(')1 :El'o, 61')2 :‘5120, %3 :é';o, which is symmetric under 0 ~ « =1,2,3 interchange. Therefore:

5
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—&’e’ —&)el =@k’ AA

—g'e) -]’ =g k’AA, . (2.5b)
11 arl 12412 2

& & TE & _(azk AyAy

In (2.4c) we use £{1 26122 :%3 =0 from above and also set 5'1'2 = —Eél, £J23 :—%2, 5;1 = —5‘1'3

which are antisymmetric under interchange of different space indexes. Therefore, we now have:

0E —eLE = AN,
el —glel =gk’AA, . (2.5¢)
e’ -7’ = gk AA

In all of (2.5), we now only have matching-structure second-order terms on both sides.

For the next step, closely studying the space indexes in all of (2.5) above, we now make an
educated guess at an assignment for the fields in (ﬁ sz.Aj . Specifically, also using the symmetric-

. 11— A0 2 - A0 3 A0 . .
interchange &, —é‘{ , 66 —E; , E(') —ég from earlier, we now guess an assignment:

& =& =@A; & =8 =@A; & =& =@A,. (2.6)

Because all space-indexed expressions in (2.5) contain second-order products of the above, it is

possible to have also tried using a minus sign in all of (2.5) whereby 561 :‘S{o =—gkA,

gr=g"=- and & =& =- . But absent motivation to the contrary, we employ a plus
0 2 0 3 :
sign which is implicit in the above. Substituting (2.6) into all of (2.5) and reducing now yields:

—AA —AA - AA = AA
-£’e’ —£le’ =0

1l 1313 > (2.7a)
& & —&& =0

1 arl 12412
£ & —&& =0

—(0kA251'2 - (0kA3£1'3 = qazszoAl
—gkAE) — PkAEY = gk A A, (2.7b)
_(”kAﬁE;l - (dCAz‘E;Z = ¢2k2AoA3

13 .13 11 arl

-g'e) =-¢glel =-£’¢” =0. (2.7¢)
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Now, one way to satisfy the earlier relations &~ =—¢.', £’ =&, &' =-¢&" usedin (2.5¢)

as well as to satisfy (2.7¢), is to set all of the pure-space components:
g=g'=e’=e’=¢'=¢"=0. (2.8)
This disposes of (2.7¢) and last three relations in (2.7a), leaving only the two constraints:

-AA —AA -AA =AA), (2.9a)
0=@k’AA =@k’A A, =@gk’AA,. (2.9b)

These above relations (2.9) are extremely important. In (2.9b), if any one of A,, A, or A,
is not equal to zero, then we must have A, =0. So, we take as a given that at least one of A, A,

or A, is non-zero, whereby (2.9a) and (2.9b) together become:
A, =0, AA+AA +AA =0, (2.10)

These two constraints have removed two redundant degrees of freedom from the gauge field A,

in a generally-covariant manner. Moreover, for the latter constraint in A A, +A,A, + A,A, =0 to

be satisfied, it is necessary that at least one of the space components of A; be imaginary. For

example, if A, =0, then one way to solve the entirety of (2.10) is to have:

A, = Ag, exp(=ig,x’ /1), (2.11a)
with a polarization vector

£a(2)=(0 £1 + 0)/42, (2.11b)

where A has dimensions of charge / energy to provide dimensional balance given the dimensionless

Eq.u- But the foregoing is instantly-recognizable as the gauge potential A, =A , for an

individual photon (denoted with ) with two helicity states propagating along the z axis, having
an energy-momentum vector

cq"(2)=(E 0 0 cq)=(v 0 0 ). (2.11c)

This satisfies qﬂq” = myzc2 =0, which makes this a massless, luminous field quantum.
Additionally, we see from all of (2.11) that A ¢* =0, and quj =0 as is also true for a photon.

The latter A jqj =0 is the so-called Coulomb gauge which is ordinarily imposed as a non-covariant

gauge condition. But here, it has emerged in an entirely covariant fashion.
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In short, what we have ascertained in (2.10) and (2.11) is that if the spacetime components
G, =8u +ﬁk2AﬂAV of the Kaluza-Klein metric tensor with g, =7, are to produce a set of

I, satisfying the Dirac anticommutator relation %{ r,.r } =G

ol the gauge symmetry of A, must

v’
be broken to correspond with that of the photon, A, = A, . The very act of deconstructing G,

into square root Dirac operators covariantly removes two degrees of freedom from the gauge field

and forces it to become a photon field quantum. Moreover, (2.11a) implies that i70,A, =q,A,

while (2.11¢) contains the energy E =hV of a single photon. So, starting with an entirely-
classical G, =1, +@ szﬂAV and merely requiring the formation of a set of T, transforming

covariantly in spacetime with the anticommutator %{F r } =G, , we covariantly end up with

u' v uv?

some of the core relations of quantum mechanics.

Even outside of the context of Kaluza-Klein theory, entirely in four-dimensional spacetime,
the foregoing calculation solves the long-perplexing problem of how to covariantly eliminate the
redundancy inherent in using a four-component Lorentz vector A, to describe a classical

electromagnetic wave or a quantum photon field with only two transverse degrees of physical
. . . _ 2 . .
freedom: If we posit a metric tensor given by G, =g, +@k A A, , and if we require the

existence of a set of Dirac operators I', transforming as a covariant vector in spacetime and

connected to the metric tensor such that %{ S FV} =G, , then we are given no choice but to have
A, =A,, be the quantum field of a photon with two degrees of freedom covariantly-removed and

only two degrees of freedom remaining.

Moreover, we have also deduced all of the components of the tetrad 8#” :b'ﬂ“ +£/',“.

U

Pulling together all of £ = &' =&,* = &’ =0 together with (2.6) and (2.8), and setting A, = A ,

to incorporate the pivotal finding in (2.10), (2.11) that the gauge-field must be covariantly fixed to
the gauge field of a photon (again, ) is a subscript, not a spacetime index), this tetrad is:

1 (dCAyl %Ayz %Aw
@A, 1 0 0
=0+ = Y ) 2.12
S 7 W 1 0 @12
(chy3 0 0 1

Finally, because €,y =&y, =T ,, we may use (2.12) to deduce that the Dirac operators:
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— — 0 1 2 3., —
ro_goaya_‘goyo+50y1+€0y2+€0y3_y0+¢kijyj

— — 0 1, —
rl_glaya_gl}/()+£11/1_1/1+(d<Ayl}/()

a 0 2 ) (2.13)
r2:£2 ya:£2}/0+£2y2:y2+ yZJ/()
[ =&Y, =&+ &7, =y, H gAY,
which consolidate into a set of I' , transforming as a four-vector in spacetime, namely:
Fo=(v+aA,y, v,+@aA, ). (2.14)

It is a useful exercise to confirm that (2.14) above, inserted into (2.1), will produce
G, =1, +¢2k2AyﬂAyV, which may then be generalized from 77, g, in the usual way by

applying the minimal coupling principle. As a result, we return to the Kaluza-Klein metric tensors
in (1.1), but apply the foregoing to now rewrite these as:

G - g/ll/ +¢zk2AyyAyv ¢2kAyll . GMN = gﬂv _Aylu (2 15)
MN ’ v a ' '
¢zkAyv (02 _AV gﬂﬁAy Ayﬁ +1/¢2

The only change we have made is to replace A, — A, which is to represent the remarkable result

yi?
that even in four spacetime dimensions alone, it is not possible to deconstruct
G, =1, t@k’A A, into a set of Dirac I, defined using (2.1) without fixing the gauge field

A, to that of a photon A, ,. Now, we extend this general covariance to the fifth dimension.

3. Derivation of the “Dirac-Kaluza-Klein” (DKK) Five-Dimensional Metric
Tensor

To ensure general covariance at the Dirac level in five-dimensions, it is necessary to first
extend (2.1) into all five dimensions. For this we use the lower-indexed (1.3), namely:

%{rM’rN} :%{erN+rNrM}EGMN' (31)

As just shown, the spacetime components of (3.1) with g, =7, and using (2.14) will already

reproduce G, =11, + qozszyﬂAW in (2.15). Now we turn to the fifth-dimensional components.

We first find it helpful to separate the time and space components of G,,, in (2.15) and so
rewrite this as:
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Gy Gy Gys 8ot (azszyoAyo 8o T (azszyoAyk (azkAyo
Gun =G,y Gy G5 |=| gt qazszyjAyo gyt (ﬂzszyjAyk {Uzkij . 3.2)
Gy, G5 Gss @ kA, @ kA, @

We know of course that A,=0, which is the constraint that first arose from (2.10). So, if we

again work with g , =7, andset A =0, the above simplifies to:

Gy Gy Gy) (1 0 0
G =G, Gu Gy |=|0 n,+@KAA, FkA, |. (3.3)
Gso GSk Gss 0 ¢2kAyk §02

Next, let us define a I'5 to go along with the remaining I' , in (2.14) in such a way as to

require that the symmetric components G5 =Gs; = 72 kA, ; in (3.3) remain fully intact without any

change. This is important, because these components in particular are largely responsible for the
Kaluza “miracles” which reproduce Maxwell’s equations together with the Lorentz Force motion
and the Maxwell Stress-Energy Tensor. At the same time, because AyO =0 as uncovered at (2.10),

we can always maintain covariance between the space components G5 =Gy, = 72 kA, and the
time components G, =G, in the manner of (1.1) by adding 72 kA, =0 to anything else we

deduce for G, =G,,, so we lay the foundation for the Kaluza miracles to remain intact. We

impose this requirement though (3.1) by writing the [, definition as:

Hrr}=Hrri+rr}=6,=6,=0,,. (3.4)
Using i=y T qakAy Vo from (2.14) and adding in a zero, the above now becomes:

0+@ka, =H{r ro+rr Y=y, r}+iaa, {y,.T}. (3.5)

which reduces down to a pair of anticommutation constraints on [ 5, namely:
(3.6)

Now let’s examine possible options for I';.

Given that [') =), +¢kA )y, and [, =y, +gkA, }, in (2.14), we anticipate the general
form for I'; to be 'y =), +Y in which we define two unknowns to be determined using (3.6).

First, X is one of the indexes 0, 1, 2, 3 or 5 of a Dirac matrix. Second, Y is a complete unknown

10
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which we anticipate will also contain a Dirac matrix as do the operators in (2.14). Using
I, =y, +Y in (3.6) we first deduce:

0=y +Tow} =ty +ry+ny +rv} =y} +4{y.v} o
| |

0+@=4{nls +Topt =4{nr + 0¥ +vn + vyt ={n. v} +H{n.1}

From the top line, so long as ), # —Y which means so long as ' #0, we must have both the
anticommutators {yj, yX} =0 and {yj,Y } =0. The former {yj, yX} =0 excludes X being a space
index 1, 2 or 3 leaving only ), =), or ), =).. The latter {yj,Y } =0 makes clear that whatever
Dirac operator is part of ¥ must likewise be either J, or ).. From the bottom line, however, we
must also have the anticommutators {yo, yX} =0 and %{VO,Y } =@. The former means that the
only remaining choice is y, =), while given J ), =1 and {yo,ys} =0 the latter means that

Y = ¢@y,. Therefore, we conclude that ', = ). + ¢, . Thus, including this in (2.14) now gives:

Fu =(Vo+ @AY, ¥, +OKA, Y, Vit @), (3.8)

With this final operator [ = ), + @), , we can use all of (3.8) above in (3.1) to precisely reproduce
G, =@kA,, and Gy, =@kA, in (3.3), as well as G, =1, +@k’A A, given A, =0. This
leaves the remaining components G,; = G, and G, to which we now turn.

If we use 'y =), +¢@kA .y, and [, =), +¢), in (3.1) to ensure that these remaining

components are also fully covariant over all five dimensions, then we determine that:

Gy =Gy =H{T s+ T} =t (v +aka, v, ) (v + 36) + (vs + ) (s + x4,y ) 5
=@k + 3ot +aA, (v v} 1ok, {y ) = ’
Gos =TT = (Vs +a,) (Vs + ) =Vl +@Vobo + A vivo + Vovs} =1+ @ (3.10)

These two components are now different from those in (3.3). However, in view of this Dirac
operator deconstruction these are required to be different to ensure that the metric tensor is
completely generally-covariant across all five dimensions, just as we were required at (2.15) to set
A; = A, at (2.12) to ensure even basic covariance in four spacetime dimensions.

Consequently, changing (3.3) to incorporate (3.9) and (3.10), we now have:

11
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GOO GOk GOS 1 O ¢
G =Gy Gi Gysl|=|0 n,+@k*A A, @kA, |. (3.11)
Gy, Gs Gis @ (02 kAyk 1+ (02

This metric tensor is fully covariant across all five dimensions, and because it is rooted in the Dirac
operators (3.8), we expect that this can be made fully compatible with Dirac’s theory of the
multitude of fermions observed in the natural world, as we shall examine further in section 5.
Moreover, in the context of Kaluza-Klein theory, Dirac’s Quantum Theory of the Electron [13]
has also forced us toset A; = A ; in the metric tensor, and thereby also served up a quantum theory

of the photon. Because of its origins in requiring Kaluza-Klein theory to be compatible with Dirac
theory, we shall refer to the above as the “Dirac-Kaluza-Klein” (DKK) metric tensor, and shall
give the same name to the overall theory based on this.

Importantly, when electrodynamics is turned off by setting A,; =0 and @ =0 the signature
of (3.11) becomes diag(GMN) = (+1, —1,—1,—1,+1) with a determinant |GMN| =-1, versus
|Gyn| =0 in (1.1) as reviewed earlier. This means that the inverse obtained via GMG,, ="

will be non-singular as opposed to that in (1.1), and that there is no reliance whatsoever on having
@#0 in order to avoid singularity. This in turn frees G,; from the energy requirements of @

which cause the fifth dimension in (1.1) to have a spacelike signature. And in fact, we see that as
a result of this signature, the fifth dimension in (3.11) is a second timelike, not fourth spacelike,

dimension. In turn, because (3.10) shows that G, =1+¢" = ., +¢@ obtains its signature from
¥sVs =1, it now becomes possible to fully associate the Kaluza-Klein fifth dimension with the ),
of Dirac theory. This is not possible when a theory based on (1.1) causes G to be spacelike even
though y.). =1 1is timelike, because of this conflict between timelike and spacelike signatures.
Moreover, having only G, = ¢ causes G.; to shrink or expand or even zero out entirely, based

on the magnitude of @. In (3.11), there is no such problem. We shall review the physics

consequences of all these matters more deeply in section 9 following other development. At the
moment, we wish to consolidate (3.11) into the 2x2 matrix format akin to (1.1), which consolidates
all spacetime components into a single expression with manifest four-dimensional covariance.

In general, as already hinted, it will sometimes simplify calculation to set A, =0 simply

because this puts some zeros in the equations we are working with; while at other times it will be
better to explicitly include A, knowing this is zero in order to take advantage of the consolidations

enabled by general covariance. To consolidate (3.11) to 2x2 format, we do the latter, by restoring
the zeroed A, =0 to the spacetime components of (3.11) and consolidating them to

G, =M, +@k’A A, . This is exactly what is in the Kaluza-Klein metric tensor (1.1) when
g, =1, but for the fact that the gauge symmetry has been broken to force A, =A . But we

also know that Gy, =Gy, and G5 =G;; have been constructed at (3.9) and (3.4) to form a four-

12
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vector in spacetime. Therefore, referring to these components in (3.11), we now define a new
covariant (lower-indexed) four-vector:

o,=(¢ gra,,). (3.12)

Moreover, Gy, = ).V, + @), ), in (3.10) teaches that the underlying timelike signature (and the
metric non-singularity) is rooted in J,), =1, and via @'y, ), = ¢ that the square of the scalar field
is rooted in ), ), =1 which has two time indexes. So, we may now formally assign /7, =1 to the
fifth component of the Minkowski metric signature, and we may assign ¢ =®,®, to the fields in
G,, and G,;. With all of this, and using minimal coupling to generalize 7, > gy, Which also
means accounting for non-zero g, gs,,(3.11) may now be compacted via (3.12) to the 2x2 form:

o :(Gw G,,s] :(gw FOOLA A, gt P, ] (3.13)
MN ) .
G Gs;s g5, TP, gss T PP,

Sv

This is the Dirac-Kaluza-Klein metric tensor which will form the basis for all continued
development from here, and it should be closely contrasted with (1.1). The next step is to calculate

the inverse GMV of (3.13) above.
4. Calculation of the Inverse Dirac-Kaluza-Klein Metric Tensor

As already mentioned, the modified Kaluza-Klein metric tensor (3.13) has a non-singular
inverse G'" specified in the usual way by GY*G,, =" ,. We already know this because when
all electromagnetic fields are turned off and g,y =/ » We have a determinant |GMN| =-1 which

is one of the litmus tests that can be used to demonstrate non-singularity. But because this inverse
is essential to being able to calculate connections, equations of motion, and the Einstein field
equation and related energy tensors, the next important step — which is entirely mathematical — is
to explicitly calculate the inverse of (3.13). We shall now do so.

Calculating the inverse of a 5x5 matrix is a very cumbersome task if one employs a brute
force approach. But we can take great advantage of the fact that the tangent space Minkowski

tensor diag (/7MN) = (+1, -1,-1,-1, +1) has two timelike and three spacelike dimensions when we
set A, =0 and @=0 to turn off the electrodynamic fields, by using the analytic blockwise

inversion method detailed, e.g., in [14]. Specifically, we split the 5x5 matrix into 2x2 and 3x3
matrices along the “diagonal”, and into 2x3 and 3x2 matrices off the “diagonal.” It is best to work
from (3.11) which does not show the time component A, =0 because this is equal to zero for a

photon, and which employs g, =77,,. We expand this to show the entire 5x5 matrix, and we

move the rows and columns so the ordering of the indexes is not M =0,1,2,3,5, but rather is
M =0,5,1,2,3. With all of this, (3.11) may be rewritten as:

13
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GOO GOS GOI GOZ GOS 1 ¢ O 0 0
Gso Gss G51 Gsz Gs% 2 1+¢2 ¢2kAy1 ¢2kAy2 ¢2kAy3 4 1)
G =Gy Gs G, G, Gy|= 0 ¢zkAyl -1 +¢2k2Ay1Ay1 ¢2szylAy2 ¢zszy1Ay3 ' ( '
GZO G25 GZI G22 G23 O (azkAyZ ¢zk2Ay2Ayl _1 + ¢2k2Ay2Ay2 ¢2szy2Ay3
G30 G35 G31 GSZ GSS O ¢2kAy¥ ¢2szy3Ay1 #szﬁAyz _1 + (szAy3Aw
Then, we find the inverse using the blockwise inversion relation:
(A Bj—l A" +A"B(D-CA™B) CA" -A"B(D-CA"B)"
= ) . 4.2)
CD -(D-cA™B) " cA™ (p-ca™B)”
with the matrix block assignments:
1 @ 0 0 0
A= ; B= 5
¢ 1 + (02 wzkAyl ¢2kAyz ¢2kAy3
0 qukAyl -1+ ¢le7c2Ay1Ay1 (azszylAyz (azszylAy3 . (4.3)
C=|0 @kA, | D=| @k’A,A, -1+@k’A,A, @kA,A,
0 @A, gk’ALA, FkALA, -1+ @kALA,

The two inverses we must calculate are A~ and (D—CA_IB)_I. The former is a 2x2

matrix easily inverted, see, e.g. [15]. Its determinant |A| =1+ 402 —(pz =1, so its inverse is:

1+ -
A7l :( _f 1(”}_ (4.4)
Next, we need to calculate D —CA 'B, then invert this. We first calculate:
0 kA
CA'B=-|0 ZkA“ {1+¢f - j( 0 0 0 j
0 ¢ kAy2 ¢ 1 (azkAyl (azkAVZ (azkAﬂ
V3
. (4.5)
412 412 412
0 @gkA, |, GiA, KA, -giA, PKAA, PKAA, GKAA,
— 1 —_ 472 472 472
= - 0 wzkAyz [ ¢2kA 14 ¢2kA 14 kaA j = - w k Ayszl ¢ k A}/ZA}/Z ¢ k A}/ZA}/S
1 2
0 @kA, Y y v PR AL, PKALA, @KALA,
Therefore:

14
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-1+(# - )kA,h, (7 -¢)kAA, (7 -¢)k’A,A,
D-CA'B=| (#-¢)k’AA, -1+(@-¢)kA,A, (#-¢)kALA,
(¢ -¢')ka,4, (#-¢)aa,  -1+(F-g)kPAA, |
= +(¢2 _¢4)k2ijAyk

(4.6)

We can easily invert this using the skeletal mathematical relation (1+x)(1—x) =1-x.

Specifically, using the result in (4.6) we may write:

(1, +(¢ -0 )k4,4, ) (0, ~(# - ) A, 4,

5 . “4.7)
=11 +(¢2 _(f)kz (”klijAyk _”_kaykAyl) _((02 _(d‘) k4ijAykAykAyl = 5_;'1

The A A A, A, term zeros out because A, A, =0 for the photon field. Sampling the diagonal

j=1=1 term, n,AA, -n,AA, =-AA +A A =0. Sampling the off-diagonal j=1,
[=2 term, 1,A,A, —N,A,A,=-A,A, +A,A, =0. By rotational symmetry, all other terms
zero as well. And of course, 77,77, =90,,. So (4.7) taken with (4.6) informs us that:

(D-CcA™B)" =n, -(¢ -¢)k4, 4,
-1-(¢-d)kah,  -(@-d)aA,  -(@-d)AA,
=| ~(@-d)a,A, -1-(F-¢)KA4, -(F-¢')kALA,
(@ -d)aa,  -(F-¢)KAn, -1-(@-¢ )AL,

(4.8)

We now have all the inverses we need; the balance of the calculation is matrix multiplication.

From the lower-left block in (4.2) we use C in (4.3), with (4.4) and (4.8), to calculate:

-(D-cA™B) " cA™

1+(# - )k*AA,  (¢-d)kaA,  (@-¢)KAA, G,
- ((02—404)sz1,sz1 1+(¢2_¢4)k2Ay2Ay2 (¢z_¢4)k2Ay2Ay3 0 (kayz [ltqf _140)(4.9)
(ﬁ_ﬁ)szﬂAy] (¢2_¢4)k2Ay3Ay2 1+(¢2_¢1)k2Ay3Ay3 0 ¢zkAy3 @

_ﬁkAyl - (¢2 - (04) ¢k3Ay1Ayk Ayk ¢2kAyl + (¢2 - ¢4) ﬁkSAylAyk Ayk _ﬁkAyl ¢2kAy1

= _ﬁkAyz - (qUZ - ¢4 ) ¢k3Ay2Ayk Ayk qazkAyz + (qUZ - ¢4 ) qazksAyszkAyk = _ﬁkAyz ¢2kAyz
3

kA~ (0 ) PR AN, R+ (G -0 )FRAALA, | O PR,
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againusing A, A, =0. We can likewise calculate -A"'B (D - CA_IB)_1 in the upper-right block

in (4.2), but it is easier and entirely equivalent to simply use the transposition symmetry
Gun =Gy of the metric tensor and the result in (4.9) to deduce:

o _(~¢kA, -@kA, -@kA
-A"B(D-CA™B) " = orA, —gkA, —gkA, (4.10)
(kayl ¢2kAy2 ¢2kAy3
For the upper left block in (4.2) we use B in (4.3), with (4.4) and (4.9) to calculate:
A" +A"B(D-CA"B) CA™
kA, —@kA
:{1+¢2 ) +{1+¢2 ) ( 0 0 0 (kayl _kaAyl i
~p 1 ~p 1 \FKA, gKA, @KA, & a '
14 Vv Y w’ikij _¢2kAy3
_(1+g -p| (1+¢ -p 0 0 _(1+@ -
- 1 ~p 1 \@KAA, -gKAA, - 1

again using A, A, =0. And (4.8) already contains the complete lower-right block in (4.2).

So, we now reassemble (4.8) through (4.11) into (4.2) to obtain the complete inverse:

1+¢ -p ~gkA, ~gkA,, ~@gkA,,
% 1 oy FkA,, FhA,,
(A B) ~GkA, @A, -1-(@-@)AA,  -(¢-d)kaa,  -(¢-d)eaa, |¢12)
SV, g, —(G-g)asA,  -1-(G-@)AM, -(g-¢)kA A,
~GkA;  GKA, _(¢_¢’4)k2AﬁAy1 _(¢2_¢’4)sz1/3‘4;/2 -1- ( )k AyAys

Then we reorder rows and columns back to the M =0,1,2,3,5 sequence and connect this to the

contravariant (inverse) metric tensor G to write:
1+¢@ ~gkA,, ~g'kA,, ~gkA,, -9
gk, -1-(g-¢)KAA,  -(7-d)a4, -(7-d)A4, dr,
G =|-gra, -(7-¢)KAa,A, -1-(g-¢)KAA, -(F-0)KAA, kA, | (4.13)
-gkA, (@ -d)AA, (@ -d)A, -1-(F-¢)KAA, @KA,
-Q 72 kAy1 72 kAy2 @ kAy3 1

16




Jay R. Yablon, September 4, 2018

In a vitally-important contrast to the usual Kaluza-Klein G™" in (1.1), this is manifestly not
singular. This reverts to diag(GMN) = diag (/7“"”) = (+1,—1,—1,—1,+1) when A, =0 and @=0

which is exactly the same signature as G,,, in (3.11). Then we consolidate to the 3x3 form:

G* G% G“ 1+¢ ~@kA,, -@
G =|G" G* G”|=|-gka, n*-(#-d)KA A, @kA, | (4.14)
GSO GSk GSS _w ¢2kAyk 1

Now, the photon gauge vectors A,; in (4.14) still have lower indexes, and with good

reason: We cannot simply raise these indexes of components inside the metric tensor at will as
we might for any other tensor. Rather, we must use the metric tensor (4.14) itself to raise and

lower indexes, by calculating AyM = GMNAyN . Nonetheless, it would be desirable to rewrite the

components of (4.14) with all upper indexes, which will simplify downstream calculations. Given
that A, =0 for the photon and taking A, =0, and raising indexes for A’ and A’ while

sampling Ay1 and once again employing A, A, =0, we may calculate:

Ay() - G()NAVN - GOIAVI +G()2Ay2 +G()3A wgkAykA

=0
— N — — —
A'=GMA, =G"A, +G A, +G A=A, ~ (@ +¢ )KAA A, =-A, . (4.15)
Ay5 = GSNAVN = G‘”Ay1 + GSZAV2 + G‘”Ay3 = —wzkAykA =0
The middle result applies by rotational symmetry to other space indexes, so that:
Ay” = G"VAW :/7""AW — Ay" = gWAyV, (4.16)

which is the usual way of raising indexes in flat spacetime, generalized to g** with minimal

coupling. As aresult, with g” =n*" we may raise the index in (3.12) to obtain:
o' =(p @ka/)=(¢ -¢k4,,). (4.17)

We then use (4.17) to write (4.14) as:

G* G* G% 1+ ¢2 —{kayk —P°
G =| g0 Gk G |= —(Dakij n* _(¢2 _¢4)k A A, -’ |, (4.18)
GS() GSk G55 _q)() _q)k 1

Now we focus on the middle term, expanded to 7 —@k’A A, +@'k’A A, . Working

from (4.17) we now calculate:
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P’ =g DD =—gA,; DD =-gkA, ;. DO =gKA A, (“419)

So, we use (4.19) in (4.18), and raise the indexes using A, A, = ijAyk from (20.16), to write:

GOO GOk GOS 1 + q)Oq)O q)Oq)k _qJO
G'™=| G G* GF|=| ®ID° Pl -@KAJAf + DD~ |, (4.20)
GSO GSk GSS —CDO _ch 1

Then, again taking advantage of the fact that A, =0, while using 1=77,, =n* and 1=77;, =n”

we may consolidate this into the 2x2 format:

G" G* W -P'PkPASA) + DD
G"™ :( ]:('7 vy ] (4.21)

GSV G55 _q)V ,755

This is the inverse of (3.13) with g, =77, , and it is a good exercise to check and confirm that in

fact, G'*G,, = 9", .

The final step is to apply minimal coupling to generalize 7" > g"", with possible non-

ZeT0 8,5, 8sp> g" and g”. With this last step, (4.21) now becomes:

G G* W _DODOIAFAY DD gh —
GMNz[ ]:(g v %y & J (4.22)

G¥ G¥ gSv - gss

The above along with (3.13) are the direct counterparts to the Kaluza-Klein metric tensors (1.1).
This inverse, in contrast to that of (1.1), is manifestly non-singular.

Finally, we commented after (2.6) that it would have been possible to choose minus rather
than plus signs in the tetrad / field assignments. We make a note that had we done so, this would

have carried through to a sign flip in all the £,° and &," tetrad components in (2.12), it would have
changed (2.14)to ' , = (y0 —@KAY, VT gchyij) , and it would have changed (3.8) to include
'y = V. — @y, . Finally, for the metric tensors (4.22), all would be exactly the same, except that we
would have had G5 =G;, = g, —®, and G** =G** = g"* + ®* with the vectors in (3.12) and
(4.17) instead given by @ = ((p —(pzkij) and ®* = ((p —(kaAyf) . We note this because in a

related preprint by the author at [16], this latter sign choice was required at [14.5] in a similar
circumstance to ensure limiting-case solutions identical to those of Dirac’s equation, as reviewed
following [19.13] therein. Whether a similar choice may be required here cannot be known for
certain without calculating detailed correspondences with Dirac theory based on the I}, in (3.8).
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In the next section, we will lay out the Dirac theory based on the Kaluza-Klein metric tensors
having now been made generally-covariant in five dimensions.

5. The Dirac Equation with Five-Dimensional General Covariance

Now that we have obtained a Dirac-Kaluza-Klein metric tensor G,,, in (3.13) and its non-

singular inverse G™ in (4.22) which are fully covariant across all five dimensions and which are
connected to a set of Dirac operators [, deduced in (3.8) through the anticommutators (3.1), there

are several additional calculations we shall perform which lay the foundation for deeper
development. The first calculation, which vastly simplifies downstream calculation and provides
the basis for a Dirac-type quantum theory of the electron and the photon based on Kaluza-Klein,
is to obtain the contravariant (upper indexed) operators ™ =G""I' in two component form

which consolidates the four spacetime operators I'“ into a single four-covariant expression, then
to do the same for the original '}, in (3.8).

As just noted, we may raise the indexes in the ', of (3.8) by calculating I =G""I" . It

is easiest to work from (3.8) together with the 3x3 form (4.20), then afterward consolidate to 2x2
form. So, we first calculate each of °, '/ and I as such:

I—() - GONI—N - G()OI—O +G()krk +G()5|—5
=(1+0°0° ) (1, +gka, y, ) + O (y + B, ) = @° (15 + 1) (5.12)
:yo +¢OkAka +kAy0cD0y0 _cDOyS

=G"r, =G, +G"T +G"T
=0/ (1, + gl )+ (17 -4/ 4, -0 )y ) (vt ). D)
= yj +¢jkAyky’< +kijq)0y0 _q)./'yS

I—S :GSNI—N :GS()ro +G5k|—k +G55|—5

. 5.1
==0° (y, +gka, ¥, ) =" (v, + dka,p, )+ (v + ) = ¥ 19

To reduce the above, we have employed ®* =((0 ¢2kij) from (4.17) which implies that
‘A, =0 via A A =0 from (2.10). We have alsoused A’ =7"A, =-A  from (20.16), and
the basic Dirac identities J* =y,, y* =n"y, ==y, and )’ =),. We also include a term
kA ®°y* =0 in (5.1a) to highlight the four-dimensional spacetime covariance with (5.1b),

notwithstanding that this term is a zero because the gauge symmetry has been broken to that of a
photon. Making use of this, we consolidate all of (5.1) above into the two-part:

I =y + D4RA Y +KA DY — 0k )| (5.2)
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As a final step to consolidate the Dirac matrices, we use the 2x2 consolidation of the metric
tensor Gy, in (3.13), with g, =7, , to lower the indexes in (5.2) and obtain a two-part

M, =G, " . Doing so we calculate:

_ N _ v

I_ﬂ = Ger = Gwr +Gﬂ5r5
= (1 +FIALA, ) (Y +ORAS Y +1A DY — 0y )+ Dy, (5.32)
=y, P KA, Y, —CDOCDOkZAWAykyk +kA,, Dy,

r, =G, =G, I"+G,
:q:v(;/ F KAy +/<Ayvq>oyo_q>vys)+(1+q>0q>0)y‘_ (5.3b)
=Yt By,

Above, we use the same reductions employed in (5.1), as well asA,A" =0, A ®" =0 and

®,®" =¢' . We then consolidate this into the two-part:

Mu = (y” +(q)ﬂ _q)OqJOkAVﬂ)kAykyk kA, PN Vs +¢0y0) : (5.4)

Making use of ® = (go qazkij) in (3.12), again mindful that A, =0, and noting that
D, D DKA,, =D, =g for the /=0 time component and ®, - D kA =, —~@kA, =0
for the t/=k space components, it is a good exercise to confirm that (5.4) does reduce precisely
to Ty =(V+@A, Y, ¥, +@A, Y, V;+@,) obtained in (3.8). Using (5.2) and (5.4) and
reducing with ®# = ((0 (ﬂzkij), VVe=—voV's A VA Y =0, ®,A¥=0and A A" =0,itis

also a good exercise to confirm that:
M =y =5. (5.5)

And, it is a good exercise to confirm that (5.4) and (5.2) used in (1.3), see also (3.1), respectively
reproduce the covariant and contravariant metric tensors (3.13) and (4.22).

Finally, having the upper-indexed (5.2) enables us to extend the Dirac equation governing
fermion behavior into all five of the Kaluza-Klein dimensions, in the form of:

(inct™a,, —me*)w = 0] (5.6)

If we then define a five-dimensional energy-momentum vector cp™ = (cp” cps) containing the

usual four-dimensional cp* = (E cp), and given that (3.13) and (4.22) provide the means to
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lower and raise indexes at will, we may further define the wavefunction
Y=y, ( P’ ) exp (—ipzxz / h) to include a Fourier kernel exp (—ipzxZ / h) over all five dimensions

x> =(ct0 X cts). These coordinates now include a timelike x° =ct’ which is heretofore

distinguished from the ordinary time dimension x° =ct” because as earlier reviewed, (3.13) has
the tangent-space signature diag (GMN ) = (+1, -1,-1,-1, +1) .And U, ( pz) is a Dirac spinor which
is now a function of all five components of p> but independent of the coordinates x>. In other
words, 9,,U, ( pz) =0, which is why we include the 0 subscript. With all of this, we can convert

(5.6) from configuration space to momentum space in the usual way, to obtain:

(Mepy —me?)u, (p*) =0] (5.7)

It is important to note that it is not possible to obtain the Dirac-type equations (5.6) and
(5.7) from the usual Kaluza-Klein metric tensor and inverse (1.1), precisely because this metric
tensor is not generally-covariant across all five dimensions. And in fact, as we first deduced at
(2.10), the Kaluza-Klein (1.1) are not even truly-covariant in the four spacetime dimensions alone
unless we set the gauge field A, > A, to that of a photon with only two transverse degrees of
freedom. Of course, we do not at this juncture know precisely how to understand the fifth
component cp’ of the energy momentum or the second time dimension x =ct’. Butitis the
detailed development and study of the Dirac-Kaluza-Klein (DKK) equations (5.6) and (5.7) which
may provide one set of avenues for understanding precisely how the energy cp’ and the time r
are manifest in the natural world.

6. The Dirac-Kaluza-Klein Metric Tensor Determinant and Inverse
Determinant

It is also helpful to calculate the metric tensor determinants. These are needed in a variety
of settings, for example, to calculate the five-dimensional Einstein-Hilbert action, see e.g. [17],

which expressly contains the determinant as part of the volume element,/—gd‘x in four

dimensions and which we anticipate will appear as +—G d’x in five dimensions. As we shall later

elaborate in section 10, the Einstein-Hilbert action provides what is perhaps the most direct path
for understanding the fifth dimension as a “matter” dimension along the lines long-advocated by
the 5D Space-Time-Matter Consortium [18]. Moreover, the Einstein-Hilbert action, from which
the Einstein equation is also derived as reviewed in [17], is also essential for calculating quantum
mechanical path integrals which would effectively provide a quantum field theory of gravitation
in five-dimensions. For all these reasons, it is helpful to have obtained this determinant.

To calculate the determinant, we employ the block calculation method reviewed, e.g., at
[19]. Specifically, for an invertible matrix which we have shown G,,, to be via G"™ in 4.22),
the determinant is calculated with:
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— A B — -1
Gwl=l =|A[[p-CA™B|. 6.1)

using the exact same blocks specified in (4.3) to calculate (4.2). Keep in mind that the blocks in
(4.3) are based on having used what we now understand to be the tangent Minkowski-space

8un =Mun- As we found following (4.3), |A| =1+¢@ -@ =1, so (6.1) simplifies to
|GMN| = ‘D - CA"‘B‘ . Moreover, we already found D—CA™B in (4.6). So, all that we need do is
calculate the determinant of this 3x3 matrix, and we will have obtained |GMN| .

From (4.6) which we denote as the matrix m, =D-CA™'B, we write out the full

determinant, substitute (4.6), then reduce to obtain:

‘my‘ = I MMy + 1 3Ty 1113110 Ty = 1T 31T, 1T = 11y Ty = 1y 51T,

(6.2)
=-1+ (4”z _404)]‘2 (AylAyl TALA,* AV3AV3) =-1

Most of the terms cancel identically because of the equal number of + and — signs in the

top line of (6.2). The only remaining term besides -1 itself, contains A, A, =0, which is zero

because of (2.10) which removed two degrees of freedom from the gauge field and turned it into
AH = Ayy for a massless, luminous photon. So, we conclude, neatly, that ‘D —CA'IB‘ =-1, and

because |A| =1, that |GMN| =-1= |/7MN|. Moreover, because ‘M_l‘ = |M|_1 for any square matrix,
we likewise conclude that ‘GMN‘ =-1= ‘/7""”‘. Then, because the blocks in (4.3) are based on

having used g,y =/, W€ may employ minimal coupling to generalize from 7,,, = gyn > SO
that the complete five-dimensional determinant and its inverse are:

GE|GMN|:|gMN|Eg§ G E‘GMN‘:‘gMN‘

g7l (6.3)

In the above, the massless, luminous Ay = Ayy and the scalar field @ wash entirely out of the
determinant, leaving the determinants entirely dependent upon g,,, Wwhich accounts for all

curvatures other than those produced by A, , and @.

For the determinant of the four-dimensional spacetime components G, alone, we employ
the exact same calculation used in (6.1), but now we split G, into a 1x1 time “block™ with
A =|A|=1, a 3x3 space block with the same D =77, +@k*A, A, and the 1x3 and 3x1 blocks
B=0 and C=0. So (6.1) becomes ‘GW =|A||D| =|D|. We next note that D-CA™B in (4.6)
differs from D in (4.3) merely by the term —¢'k*A A, which tells us that the calculation of |D|

yutlyw
=-1= ‘/7/“/

will produce the exact same result as (6.2) leading to ‘G w , with the inverse following
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suit. Consequently, after generalizing 77, —> g, via minimal coupling, we find that for the four

dimensions of spacetime alone:

\G : (6.4)

. HV
e

— — |
uv _‘g,uv _‘g

Here too, the massless, luminous AH = Ayy with two degrees of freedom and the scalar @ are
washed out entirely. Note, comparing (6.3) and (6.4), that we have reserved the notational
definitions G = |GMN| and g = | gMN| for the five-dimensional determinants. In four dimensions, we

simply use the spacetime indexes to designate that (6.4) represents the four-dimensional spacetime
subset of the five-dimensional metric tensor determinant and inverse.

7. The Dirac-Kaluza-Klein Lorentz Force Motion

Kaluza-Klein theory which will celebrate its centennial next year, has commanded
attention for the past century for the very simple reason that despite all of its difficulties (most of
which as will be reviewed in section 9 arise directly or indirectly from the degeneracy of the metric
tensor (1.1) and its lack of five-dimensional covariance at the Dirac level) because it successfully
explains Maxwell’s equations, the Lorentz Force motion and the Maxwell stress-energy tensor on
an entirely geometrodynamic foundation. This successful geometrodynamic representation of
Maxwell’s electrodynamics — popularly known as the “Kaluza miracle” — arises particularly from

the components G,; =G, = (azkAH of the metric tensor (1.1), because the electromagnetic field

strength F* =0#A” —0" A" is among the objects which appear in the five-dimensional Christoffel
connections [ (particularly in [#, as we shall now detail), and because these F*’ then make

their way into the geodesic equation of motion in a form that can be readily connected to the
Lorentz Force motion, and because they also enter the Einstein field equation in a form that can
be likewise connected to the Maxwell stress-energy tensor. Therefore, it is important to be assured
that in the process of remediating the various difficulties of Kaluza-Klein’s metric tensor (1.1), the
S-covariant metric tensor (3.13) does not sacrifice any of the Kaluza miracle in the process.

In 3.13), G s =G;, = qozkAy from (1.1) which are responsible for the Kaluza miracle are
replaced by G, =G, =g,, +® . For a flat Minkowski tangent space gy, =/, these reduce
to G5 =G;, =®,. At (3.4) we required G5 =Gs; = (lkayj to precisely match G,,, from the
Kaluza-Klein metric (1.1), maintaining the same spacetime covariance as G,; =G, in (1.1)

because ¢ kA,, =0, to keep the “miracle” intact. So, for a five-dimensional metric defined by:
dT? =G, dx" dx" (7.1)
the equation of motion obtained by minimizing the geodesic variation is:

d*xM _ &M dx” dx® _ _em dx” dx? oy dx" dX =y dX dX°

——= —_— = _- - 7.2
cdT? "8 edT cdT % cdT cdT P edT edT 7 edT cdT (72)
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just as in Kaluza-Klein theory, with connections of the “first” and “second” kinds specified by:

rZAB :%(aBGZA +0,Ggy _aZGAB);

. . (7.3)
FXB :%GMZ (aBGzA +aAGBZ _azGAB) = GMzrzAB

likewise, just as in Kaluza-Klein theory. One may multiply (7.2) through by dT*/dr’ to obtain:

2. M 5 a B - a 5 - 5 5
dzx = FM dx* dx _ rgﬂ dx di_zrys dx" dx —fV dx’ dx (7.4)
cdr ® cdr ch cdT cdt cdT cdtr cdT cdt

which is the equation of motion with regard to the ordinary invariant spacetime metric line element
drt , in which this four-dimensional proper time is defined by:

’dr’ =G dxdx’ = g, dx"dx" + gk’ A, A, dx"dx" . (7.5)
The space acceleration with regard to proper time 7 is then given by d°x’/dr’ with
M =;=1,2,3 in (7.4). And if we then multiply this through by d7°/dt° > (mindful again that we

now need to distinguish dt’ from the second time dimension df’ ), we obtain the space acceleration
d*x’ /dt” * with regard to the ordinary time coordinate.

The above (7.1) through (7.5) are exactly the same as their counterparts in Kaluza-Klein
theory, and they are exactly the same as what is used in the General Theory of Relativity in four
spacetime dimensions alone, aside from minor notational changes intended to distinguish four-
from five-dimensional objects. The only difference is that Kaluza-Klein theory uses the metric
tensor (1.1) which has a spacelike fifth dimension, while the present DKK theory uses the metric
tensor (3.13) which as a timelike fifth dimension. But the main reasons we are reviewing the
equation of five-dimensional motion (7.4) is to be assured that the Kaluza miracle is not
compromised by using the different metric tensor (3.13) rather than the usual (1.1).

As noted above, the connections [, are the particular ones responsible for the Kaluza-
Klein representation of electrodynamics, whereby I 75 governs accelerations in the four spacetime
dimensions and I, governs the fifth-dimensional acceleration. So, let’s examine [*, more

closely. Using (3.13) and (4.22) in (7.3) along with the symmetric G,,, =G,,, we obtain:

4 =1G"*(0,G,, +0,Gs; —05G,5)
G* (095G, +0,G,, —0,G,;) +1G*0,Gi;

gas

(8%~ 00U A A7+ D7) (0, 80 + PuPok Aoy ) 0, (850 + D) =, (205 + @)

yo©ya

= =

. (7.6)
)

%( _CD#) g55+CDCD )
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For a flat tangent space G,y =/],y With diag (I7MN) =(+1,—1,—1,—1,+1) thus 9,G,,, =0 this

simplifies to:

Fh =1 (7" - 00Uk A A7+ D7)(0, (0,0 k°4,,4,,) 40,0, -0,®, ) -1 04D, (0,®,).(7.7)

yo©ya

What is of special interest in (7.7) is the antisymmetric tensor term 0,® -9 @, , because
this is responsible for an electromagnetic field strength F,,, =d,A, —0,A ,. To see this, we

rewrite (3.12) as:
®, =(o+gka, @kA,). (7.8)

again taking advantage of A, =0 to display the spacetime covariance of A, ,. We then calculate

the antisymmetric tensor in (7.7) in two separate bivector parts, as follows:

0,®, —0,%, =0, (ﬁkAyk ) =0, (¢7+ ﬁkAyO)
=@k (0,4, —0,A,0)+20k (A0, - A0, ) 9-0,0. (7.9a)
= GkF,, =20k (A0, —A,0,) 90,0

0,®,—0,®, =0, ((/kayk) =0, ((/’zkij)
=@k(9,A, -0,A,)+20k(A,0,-A,0,) . (7.9b)
= @kF,, —2gk (A0, —A,0,) @

We see the emergence of the field strength tensor F,,, =d,A, —0,A , inits usual Kaluza-
Klein form ¢kF,,, ,

is a point to which we shall return momentarily. The only term which bars immediately merging
both of (7.9) in a generally-covariant manner is the gradient —0, ¢ in the Ok components of (7.9a).

modified to indicate that this arises from taking F,*” for a photon A, which

For this, noting that with reversed indexes d,®; —0,®; (7.9a) will produce a gradient +0,¢ in the

JO components, we define a four-component 7, = (1 0) and use this to form:
= (1 0)-| |(0 0,¢)=0,0,-1,0,0=-(1,0,-1,0,)0. (7.10)
[alw 0 a]¢ 0 k H H ( H /’)
We then use this to covariantly combine both of (7.9) into:
9,0,-0,%, =@kF,, —2¢k(A,,0,-A,0,)p-(1,0,-1,0,)9

yuov wu

(7.11)
=¢2kprv _((Iﬂ +2WAV#)6V _(IV +2¢kAW)a”)¢
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The newly-appearing vector [, +2¢kA , = (1 2(0kij) which we represent by now removing
A, =0, is itself of interest, because the breaking of the gauge symmetry in section 2 caused
A, =0 to come out of the photon gauge vector which only has two transverse degrees of freedom.
But in this new vector (1 2¢kA, ) , the removed A =0 is naturally replaced by the number I,

which is then included along with the remaining photon components A,;, multiplied by 2qk .

Again, the very small constant kK which Kaluza-Klein theory fixes to (1.2) has dimensions of
charge/energy, @ is taken to be dimensionless, and so 2¢kA; is dimensionless as well. Compare

also @ = (qp qazkij) , then observe that @ , + qazkAW = qo(lﬂ + 2qchyﬂ) .

Most importantly, we now see in (7.11) that the field strength F,, which is needed for the

v

Lorentz Force motion and the Maxwell tensor, does indeed emerge inside of %, as seen in (7.7)
just as it does from the usual Kaluza-Klein metric tensor (1.1), with the identical coefficients. But
there is one wrinkle: F* is the field strength of a single photon, not a general classical F**
sourced by a material current density J" = ( o J ) with a gauge potential A = ({p A) which can

always be Lorentz-transformed into a rest frame with A* = (¢[, 0) with ¢ being the proper

potential (note: this is a different @ from the Kaluza-Klein ¢). In contrast, the photon Ay” in

(2.11) can never be placed at rest because the photon is a luminous, massless field quantum.

However, this can be surmounted using gauge symmetry, while making note of Heaviside’s
intuitions half a century before gauge theory which led him to formulate Maxwell’s original theory
without what would later be understood as a gauge potential. Specifically, even though the gauge

symmetry is broken for Ay” and it is therefore impossible to Lorentz transform the luminous Ay”
into a classical potential A* = ({p A) which can be placed at rest, or even to gauge transform
Ay” — A* from a luminous to a material potential because its gauge has already been fixed, the
same impossibility does not apply to gauge transformations of F/* =0“A’—-08"A* obtained
from this A *. This is because F,,, =9, A, —0,A , is an antisymmetric tensor which, as is well-
known, is invariant under gauge transformations qA, - gA, =qA, +hcd )\, where g is an

electric charge and /\(t,x) is an unobservable scalar gauge parameter. To review, if we gauge

transform  some  ¢F,, =q0,,A, - qF,, =q0,,A +hc[a.ﬂ,6w]/\ =qF,

LA : the gauge

v
transformation washes out because the commutator [6; ”,G;V]/\ =0 even in curved spacetime.
This is because the covariant derivative of a scalar is the same as its ordinary derivative, so that
the covariant derivative 9,,0,A=0,,0,A=0,0,A-T7 0d,/A, with a similar expression under

wYo

U ~ V interchange, and because er = r;;, is symmetric under such interchange.
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So even though we cannot Lorentz transform Ay” into A“, and even though the gauge of
Ay” is fixed so we cannot even gauge transform Ay” into A”, we may perform a gauge

transformation F,, — F,, precisely because the field strength (which was central to Heaviside’s

formulation of Maxwell in terms of its bivectors E and B) is invariant with respect to the gauge
that was fixed to the photon in (2.11) as a result of (2.10). Another way of saying this is that

F,,=0,A,-0,A,  foraphoton has the exact same form as F,, =0d,A4, —0,A, for a materially-

sourced potential which can be placed at rest, and that F, , enters into Maxwell’s equations in

4

exactly the same form as F,,. The difference is that F,, emerges in source-free electrodynamics

4

where the source current J¥ =0 while F,, emerges when there is a non-zero J* #0.

So irrespective of this A* = Ay” symmetry breaking which arose from (2.10) to ensure
Dirac-level covariance of the Kaluza-Klein metric tensor, the luminous photon fields F,,
emerging in (7.7) via (7.11) can always be gauge-transformed using 7, — F*” into the classical
field strength of a classical materially-sourced potential A* = (¢ A) . Moreover, once we gauge

transform F, - F*", the classical field strength F* will contain innumerably-large numbers

of photons mediating electromagnetic interactions, and so will entirely swamp out the individual
A/ which represent individual photons. This transformation of F,** — F* by taking advantage

of gauge symmetry, following by drowning out the impacts of individual photons as against
classical fields, is exactly what the author did in Sections 21 and 23 of [16] to obtain the
empirically-observed lepton magnetic moments at [23.5] and [23.6] of that same paper.

So, we now substitute (7.11) with a gauge-transformed F,, — F,, into (7.7), to find that:

Fa =1(7" - "Dk A A% + D40 GE,,

N - PO A AT + D D7), (0,0 kA A, )

7 - DU A A + 0407 )((1, +20kA,, )9, ~ (1, + 2484, )0, )@
—3 9, (0,P,)

(7.12)

From here, further mathematical reductions are possible. First, we noted earlier that

ihd,A,, =q,A,, for the photon field in (2.11), which we extend to five dimensions as

ih0,A,, =q,A,, by appending a fifth dimension in the Fourier kernel in (2.11a) just as we did for
the fermion wavefunction following (5.6). Thus, we find i#A 0;A,, = A °q;A,, =0 and so may
set A°0;A,, =0. For similar reasons, see (4.17) and recall that A, =0, we set ®?0;4  =0.
We also clear any remaining A °A , =0 and ®’A =0, and use A1, =0 because A, =0.

Next, because A, =0, wherever there is a remaining A, summed with an object with an upper
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O index, we set 0 =k =1,2,3 to the space indexes only. We also use 7*°I, =n™I, =1. And we

substitute ®° =®, =¢ throughout. Again mindful that ih0,A,, =q,A,,, we also use

yj =/7jkAyk from (4.16) to raise some indexes. Finally, we apply all remaining derivatives,

separate out time and space components for any summed indexes still left except for in F, , and

reconsolidate. The result is that strictly mathematically, (7.12) reduces to:

FU =17 -k A/ A7 + 0% FkF,,

" + 27" KA, 0~ D*9) 3,0

n* +q)/z¢)(1a +2¢€Aya)ao¢ . (7.13)

—L (" - @A AS + O gRA ) (1, +20KA,, ) 0,0
+ wsﬂcszﬂAya + % ﬁkzasAyﬂAya + % ﬁszyﬂasAya

+
0 |—
SN N

Now, it is the upper g index in [*, which, when used in the equation of motion (7.4),

will determine the coordinate against which the acceleration is specified in relation to the proper
time interval d7 . So, we now separate (7.13) into its time and space components, as such:

[y =1(n° +¢°) @kF,,

, (7.14a)
H(1-¢)0,0-1(1+ ) (1, + 204, ) 0,0~ 1 gkA (1, +2g8A,, )0,

+

[l =L(n" -@KAJAS +@kA %) GKF,,
+H1-1¢7) kA, 98,0
~1gkA) (1, +2gkA,, ) @B : (7.14b)
~4(n* ~(7 -0 )i, 8 ) (1, + 204, ) 0,0
+KA A D@tk A 0.A +LgK A SO A,

It is noteworthy that all terms in (7.13) containing the fifth dimensional derivative
d,=0/0x’ =0/car’ also contain Ay” and so drop out entirely from (7.14a) because AyO =0.

Now, as previewed prior to (7.12), A, is the field for a single photon, which is

inconsequential in physical effect compared to F,, which has now been gauge-transformed to a

classical electric and magnetic field bivector consisting of innumerable photons. This is to say, if
there is some interaction occurring in a classical electromagnetic field, a single photon more, or a
single photon less, will be entirely undetectable for that interaction, akin to a single drop of water
in an ocean. Moreover, the constant k is very small, so that the dimensionless kA, will be very

small in relation to the numbers *1 contained in 7*”. With this in mind, we may set A, 0O as
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an extraordinarily-close approximation to zero all terms which contain A, in (7.14). This
includes for (7.14a), only retaining ®° = @ in g’ @kF, = @gb°@kF,,. Andin (7.14b) we further
use 770, = =0, . So now, both of (7.14) reduce to:

Fos=1(1+ @) gkF,, +1(1-¢)0,0-1(1+ ¢ ) 10,0, (7.15)
Fls=1@kF,’ +11,0 0. (7.15b)

Contrasting, we see that the former contains F,,

index. To properly compare we need to carefully raise the time index in (7.15a). To do this, we
recall from after (2.11) that ihaaAy =q,A,, Ay“qa =0, and A’q. =0, which also means that

J

while the latter contains F,’ with a raised

Ay”c?a =0 and ija ; =0, thus CD’G_/. =0 when 0, operates on A ,. Recall as well that
A°A,=0and ®’A  =0. So, working from F,,, =d,A, —0,A , for an individual photon and

gty
using (4.22) with g#* =n*", we first obtain, without yet fully reducing:

F},=G"F,, =G"d,A, -G",A,, =(n" +0"®?)d,A, -(n" +®*®7)d,A (7.16)

gy vityo *
Then, extracting the electric field bivector we obtain the field strength with a raised time index:

), =(n"0,4, +®°®°9,4,) (70,4, +D°®’9,4,,)

yv

(0,4, +®"®%9,A,)-(0,4,, + P"DD,A,,) . (7.17)

Va0 veiyo

(1 + @ ) (aOAW —6VAy0) = (1 + ¢ ) F,,,

Using the gauge transformation F,, - F, discussed prior to (7.12) to write this as

F'= (1 +@ ) F,,, then using this in (7.15a), now reduces the equation pair (7.15) to:

Fos =1 @kF," +1(1-¢)0,0-1(1+¢)1,0,0, (7.18a)
Fls=1gkF, +11,0 0. (7.18b)
These clearly manifest general spacetime covariance between the L ¢7kF,” and 1 ¢kF,’ terms.

At this point we are ready to use the above in the equation of motion (7.4). Focusing on
the motion contribution from the 'Y, term, we first write (7.4) as:

a’x™ oy dx®oadx’ N

‘L — 7.19
ctdr? ® cdT cdr ( )
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with a reminder that we are focusing on this particular term out of the three terms in (7.4). We
then separate this into time and space components and use (7.18) with F,” =—-F*_  and

a

I,= (1 0) . Importantly, we also use the differential chain rule on the @ terms. We thus obtain:

a’x’ =, dx” d)c5
a2
cdr cdr ch

(qosz +(1-¢)0,0-(1+¢)1, aocﬂ)fzrj;cr

i 1 P (7.20a)
=gk, 42T Sy
cdr cdr cdr ™ cdr
d*x’ - dx" dx’ - dx® dx’
S =-2f, +..=—(@kF, +1,0,9)
cdr cdT cdr cdT cdr (7.20b)

- Gk dx’ 7 dx® _dx’ dxé dqo+
cdt T cdr  cdr dx’ cdr

In both of the above, for the scalar we find a derivative along the curve, d@/cdtr . Note further

that in (7.20b) this is multiplied by the inverse of dx’/dx’ =v’/c where v/ =dx’ /dt’ is an

ordinary space velocity with reference to the ordinary time #° (versus the fifth-dimensional #°).
In contrast, in (7.20a) the objects covariant with this velocity term simply turned into the number
1 via the chain rule. Given its context, we understand v’ to be the space velocity of the scalar @.

This raises an important question and gives us our first piece of solid information about the
physical nature of the Kaluza-Klein scalar ¢: Without the d@/cdr term (7.20) consolidate into

d’x*[cdr? = (qazkalx5 /ch)F"adx”ch following which we can make the usual “Kaluza
miracle” association with the Lorentz Force law. However, with this term, if @ is a material field

or particle which can be Lorentz transformed to a rest frame with v/ =0, then we have a problem,
because the latter term in (7.20b) will become infinite, causing the space acceleration to likewise
become infinite. The only way to avoid this problem, is to understand the scalar @ as a luminous

entity which travels at the speed of light and which can never be Lorentz transformed to a rest
frame, just like the photon. More to the point in terms of scientific method: we know from
observation that the Lorentz force does not become infinite nor does it exhibit any observable

deviations from the form d’x*/cdr? =(¢zkdx5/ch)F”adx”ch. Therefore, we use this

observational evidence in view of (7.20b) to deduce that @ must be luminous.

To implement this luminosity, we first write the four-dimensional spacetime metric for a
luminous particle such as the photon, and now also the scalar @, using mixed indexes, as

0=dr’® =dx"dx, +dx’dx;. This easily is rewritten as dx’dx, = —dx’dx, and then again as:

0 dx .
&Y (7.21)
dx’ dx,
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This is the term of interest in (7.20b). Now, we want to raise indexes on the right side of (7.21)
but must do so with (3.13). Using ®; =@ and g, =77, aswellas A =0 and A" =n""A,
from (4.16), we find:

dx, = Gy, dx’ = (1, + TR AL A, )dx’ =17, dx” = dx’

A _ . (7.22)
dx, =G, dx’ =(n, +@k*A, A, )dx =—dx’ +@k*AJ A} dx
Using the above in (7.21) then yields the luminous particle relation:
dx’ _ dx’ Codxt P kA
TS T YRAA =i gk A A (7.23)

Above, we also introduce a unit vector 2/ =dx’ /dx’ with 4’4’ =1 pointing in the direction of
the luminous propagation of @.

Inserting (7.23) for a luminous scalar into (7.20b) then produces:

d*x’ dx® .
=gk F’
cldr? (02 cdr  “

a 5 5
I _ g 4 AP dX prapig gt 22 (7.24)
cdr cdT cdr  cdr cdrt
As we did starting at (7.15) we then set A , [JO because the gauge vector for a single photon will

be swamped by the innumerable photons contained in the classical field strength F’_ . As a result,
using (7.24), we find that (7.20) together now become:

d’x’ ax> , dx¥  _dx’ , do
=@k F +2 7.25a
c*dr? (pz cdr 7 cdr cdrqﬂzcdr ( )
d*x’ dc . dx" . dx dg
s = Pk——F’, —— i’ (7.25b)
codr cdT cdT cdT cdr

In (7.25b), @ has now been made luminous.

Finally, we are ready to connect this to the Lorentz Force motion, which we write as:

d’x* q dx”
= F* . 7.26
ctdr me* 7 cdt ( )

We start with the space components in (7.25b) combined with £ = j in (7.26) and use these to
define the association:
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1_Fi, dx_ (7.27)
cdT cdr cdt  mc* 7 cdt

2 5 a 5
;d);.zzwzkdx Fjadx i dx dw_

For the moment, let us ignore the term d@/dr to which we shall shortly return, and focus on the
term with F’_. If this is to represent Lorentz motion insofar as the F’, terms, then factoring out
common terms from both sides, we obtain the following relation and its inverse:

q dx’ _dt’ _ 9
k—— k——— —=—= i 7.28
v cdr v mc® cdr dr (fkmc ( )

This is why electric charge — and to be precise, the charge-to-mass ratio — is interpreted as “motion”
through the fifth dimension. However, because of the timelike fifth dimension in the metric tensor
(3.13), the charge-to-energy ratio of a charged material body is no longer interpreted as spatial
motion through an unseen fourth space dimension. Rather, it is understood as a rate of time flow
in a second time dimension.

Next, we substitute the above for dx’ / ¢dT in each of (7.25) and reduce to obtain:

2.0
X _ 4 po d” . _q_dg (7.29a)

cdr* me* “cdr kmc?* cdr

2. ' a A
cixz =L F/, b 14 p 9 (7.29b)
cdr” mc cdt @ kmc® cdt

This does indeed reproduce the Lorentz motion, except for the d@/ dr term in each. Now, because

there is no observed deviation for the Lorentz motion, in order to minimize the physical impact of
these final terms, one might suppose that the luminous @ is an extremely small field @10 with

d@/ dr 10, but this is problematic for two reasons: First, if k turns out to be the extremely small
ratio k = (2 / cz)‘/G /'k, given by (1.2) as it is in Kaluza-Klein theory — and there is no reason to

believe that k& will turn out otherwise here — then the 1/k in both of (7.29) is an extremely large
coefficient, which means that d@/dr would have to be even more extraordinarily small. Second,

even if d@/dr [JO in part because we make @ extremely small, the presence of 1/ ¢’ in (7.29b)
still causes a problem, because an extremely small @ — 0 implies an extremely large 1/ ¢’ — .

Ironically, the 1/ ¢ which causes G"M _ o in the usual Kaluza-Klein metric tensor (1.1) — which

problem was solved by the non-singular (4.22) — nevertheless still persists, because of its
appearance in (7.29b). And it persists in the form of a very large yet unobserved impact on the
physical, observable Lorentz motion. The only apparent way to resolve this, is to require that
de/dr =0. If that is the case, then (7.29) both condense precisely into the Lorentz Force motion.

Now, on first appearance, the thought that d@/d7r =0 seems to suggest that @ must be a
constant field with no gradient, which as pointed out in [11] imposes unwarranted constraints on

32



Jay R. Yablon, September 4, 2018

the electromagnetic field, and which also defeats the purpose of a “field” if that field has to be
constant. Butin (7.29), d@/ dT is not a gradient nor is it a time derivative. Rather, itis a derivative

along the curve with curvature specified by the metric tensor (2.15), and it is related to the four-
gradient 9, by the chain rule dg/dr =(0¢/ox")(dx" /dT)=0,@" with u*=dx"/dr.
Moreover, we have now learned at (7.20) that @ must be a luminous field, which requirement has

been embedded in (7.29b). So, this derivative along the curve will be taken in frames of reference
which travel with the luminous field, which luminous reference frames cannot ever be transformed
into the rest frame — or even into a relatively-moving frame — of a material observer. As a result,
it is indeed possible to have a zero d@/dr in the luminous reference frame “along the curve”

simultaneously with a non-zero gradient 0 ,@# 0 taken with reference to coordinates defined by a

material observer. As we now shall elaborate, this solves the “constant field / zero gradient”
problems which have long plagued Kaluza-Klein theory, and teaches a great deal of new intriguing
information about the physical properties of the scalar field @.

8. Luminosity and Internal Second-Rank Dirac Symmetry of the Dirac-
Kaluza-Klein Scalar

Let us take the final step of connecting (7.29) to the observed Lorentz Force motion with
nothing else in the way, by formally setting the derivative along the curve for @ to zero, thus:

dp 0@ dx" _
cdr  ox* cdr

(8.1)

With this, both of (7.29) immediately become synonymous with the Lorentz Force motion (7.26).
From the standpoint of scientific method, we can take (7.29) together with (7.26) as empirical
evidence that (8.1) must be true. Now, let’s explore what (8.1) — if it really is true — teaches us
about the physical properties of @.

To start, let us square (8.1) and so write this as:

=0. (8.2)

(a’qof _0popd dx _ o o di dy
cdr ox* 0x” cdr cdr """ cdr cdr

Next, let’s write the four-dimensional spacetime metric (7.5) for a luminous particle using (3.13)
with ¢, =7, and ®; =@ as:
0=c%dr’ =G, dx"dx" =n,,dx"dx" + gk*A, A, dx"dx" . (8.3)

YH Ty

We already used a variant of this to obtain (7.23). Then, also appending a ¢ and using an overall
minus sign which will become useful momentarily, we restructure this to:
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dx" dx’
- +kPA A 1222 #=0. 8.4
(I7/1V (02 Vi yV)CdT Cdl'(az ( )

The above (8.4) describes a luminous particle in a five-dimensional spacetime with the
metric tensor (3.13). So, we can use this luminosity to supply the zero for the squared derivative
along the curve in (8.2) if, comparing (8.2) and (8.4), we define the relation:

0,90,9==(n,, +FK*A LA, )G 11 20, (8.5)

where A = A/277 is areduced wavelength of the scalar, needed and therefore introduced to balance

2 4. . . . . _ 2
the 1/1ength” dimension of 0 ,¢D,¢ with the dimensionless G, =77, +@'k A, A, . Now,all we

need to do is determine the first-order d,¢ which satisfies (8.5).

What becomes apparent on close study of (8.5) is that there is no way to isolate a first-
order 0, unless we make use of the Dirac gamma operators in a manner very similar to what

Dirac originally used in [13] to take the operator “square root” of the Klein-Gordon equation. And

in fact, the operator square root we need to take to separate out a linear 0 ¢ from (8.5) is precisely
the T, =(y, +kA,,y, ¥, +kA,,y,) we found in (2.14) which satisfy (2.1) with g, =7, , that

is, which satisfy %{FH, FV} =N, * qazszyAV . Therefore, we may now use these Fﬂ to take the
square root of (8.5), where we also use —i =+/—1 choosing —i rather than +i for reasons which

will become apparent at (8.10), to obtain:

10 ,p=-il . (8.6)

Now, just as the photon gauge field (2.11a) contains a Fourier kernel exp(—iqua / h)
where ¢* is the photon energy-momentum, and the fermion wavefunction used in (5.6) contains
a Fourier kernel exp (—ipzxZ / h) with a fermion five-momentum p" (and we anticipate (5.6) will
be used to inform us regarding p’), let us specify a Fourier kernel exp (—iszxZ / h) with a five-

dimensional s" which we regard as the five-momentum of the luminous scalar @. Moreover,

because @ is dimensionless and so too is exp (—iszxz / h) , let us simply define:

p=4(q +i@)exp(—iszxz/h). (8.7)

Above, exp(—iszxZ / h) is a Fourier kernel in five dimensions, while @ +i¢, is a dimensionless,

complex-valued amplitude. This complex amplitude, albeit dimensionless, is chosen to be
analogous to the energy-dimensioned scalar field is used to break symmetry via the standard model

Higgs mechanism, which we denote by ¢ E%(Qh +i¢§h). Specifically, ¢ and @ introduce two

degrees of freedom which can be used to give mass to otherwise massless objects. Because
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(¢} + i@) * (¢f + i@) =@’ +@’, the symmetry of the “circle” in the complex Euler plane of ¢ and
@ can always be broken by choosing the ¢ =0 orientation, see Figure 14.5 in [20]. In the
standard model, once the symmetry is broken, the scalar field is expanded about the vacuum having
an expectation value v via ¢, (x”) = % (v +h (x” )) , with fluctuations provided by the Higgs field

h (x”) . In the standard model, the vev is taken to be v =246.2196508 GeV of the standard model,

namely, the Fermi vacuum expectation associated with the Fermi coupling via
1/2v? =G, /N2 (hc)’ based on the latest PDG data [21]. In (8.7), which we will connect directly

to the standard model Higgs mechanism in the next section, the kernel exp (—iszxZ / h) provides a

third degree of freedom based on the orientation of the angle 8 = s;x* /.

If we allow ¢ (xM ) and ¢ (xM ) to be functions of five-dimensional spacetime so they can

be expanded about a minimum v in familiar form (o(x) = %(V + h(xz)) after choosing an ¢, =0

orientation, then the five-gradient of (8.7) is straightforwardly calculated to be:

_[oy@g+idy@ s
0 =|MA "M _ ;M . 8.8
4 ( a+igp l h](” (8.3)

If the then covariantly extend (8.6) into the fifth dimension in the form of Z0,,@= —il",, and then
apply (8.8) we find:

%0,,0= x[%—%ﬂ}p: i, . (8.9)

Stripping off @, following some algebraic rearrangement including multiplying through by ¢, then
using E =fic/ i = hw= hf for the energy magnitude of the scalar, we arrive at:

csy =had, —ihcw. (8.10)
A+t

The time component of 7al =ha)( Vo tKA,, yj) within the energy component cs, above is

positive for the upper (particle) components of diag(yo) = (+I ,—1 ) in the Dirac representation,
and negative for the lower (antiparticle) components, which we interpret using Feynman-—
Stueckelberg. Having these upper components be positive is the reason we used —i =+ —1 at (8.6).

Finally, we insert (8.10) into (8.7) for the luminous scalar and reduce, to obtain:
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s_0,9+i0;¢ e
}+ip

- ﬁ(cq +i@)exp(—i%)rzxzjexp(——azz :;Z% xz]

The product separation of exponentials in the lower line is possible in view of the Zassenhaus-
Baker-Campbell-Hausdorff  relation  exp (A + B) =exp Aexp Bexp (— [A, B] / 2) ... because

e %((q +i¢5)exp[—iﬁ)rzx
¢ 8.11)
!

although I, x” is a 4x4 matrix operator, the second additive term in the top line is a 4x4 diagonal
matrix which does commute with the first term, i.e., [A, B] =0. Because (8.10) contains an

energy E =hw=hf, we now must interpret @ as single luminous field quantum just as at (2.11)
we were required to regard A, =A , as an individual photon quantum. Significantly, both the

energy-momentum five-vector cs,, in (8.10) for the scalar, and the scalar itself in (8.11), are

actually 4x4 operator matrices owing to the presence of I'; in each. Thus, these both have an
implied second rank index pair AB with Dirac spinor indexes A =1,2,3,4 and B =1,2,3,4.

To make use of the luminous scalar operator (8.11) in later calculations, it is helpful to
separate the kernel exp(—ia)r sx*/ c) into sine and cosine terms using the Maclaurin series

O\ . 2 . 3 4 .5 _ .. .
exp(—lx)—l—lx—%x +igx +5x —4ix’ —..=cosx—isinx. To do so, we first use the

anticommutator (3.1) to calculate the square:
(Fox®) =4 M+ 2" = G aa™ = T2, (8.12)
where S* =c¢°T? =G, x"x" is a finite invariant proper length / time in the five-dimensional

2
geometry. Thus (a)l' Sx /c) = @' T?. Then, we insert this into the series to obtain:

exp(—i‘—"rzxzjzl——aﬁz 4a)T4—i I_x( —szz 5 a)T“j
¢ , (8.13)

>

—cos(a)T)—z Mex (a)T—iafT3+iafT5j+...:cos(a)T)—i Msx
3! 5!

T T sin (a)T)

To get to the sin term in the bottom line, we multiplied through by 1=l / &I . Inserting this into
(8.11) gives us the final expression for the luminous, dimensionless. massless scalar:

2

go:%(gqﬂ@)(cos(aﬁ)— j'l)'c sin(wT)Jexp(—%xz]. (8.14)
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The Dirac operator characteristics of ¢ are now seen to be isolated in and stem from the I x”
matrix which multiplies the sin(aT) term. In view of (8.12) it is clear that g* @= %(@2 + @2) ,

which is precisely the property this luminous scalar it should have in order to be able to break a
local U(1) gauge symmetry, see, e.g., sections 14.7 and 14.8 in [20]. But as noted after (8.7), what
is now the more-recognizable angle & =T provides a third degree of freedom. In the next
section, we shall see that (8.14) above further simplifies when we geometrize the fermion rest
masses and break the symmetry such that two degrees of freedom give mass to fermions and the
third degree of freedom gives mass to the massless scalar ¢ and produces the massive Higgs.

The luminous massless scalar operator (8.14) with second-rank Dirac internal symmetries
solves the Kaluza-Klein problem of how to make the scalar field “constant” to remove what are
otherwise some very large terms, while not unduly constraining the electromagnetic fields: The
gradient can be non-zero, while the derivative along the curve can be zero, d@/cdT =0, so long

as the scalar is a luminous particle which also has a second rank Dirac structure. In turn, if we
then return to the metric tensor G,,, in the form of, say, (3.11), we find that this too must also

have implied Dirac indexes, that is, G,,, = G, 4z OWing to the structure (8.14) of the scalar fields

which sit in its fifth dimensional components. So (8.14) gives a second rank Dirac structure to the
metric tensor, alongside of its already second-rank, five dimensional spacetime structure. And of
course, with (8.14) being derived to obey d@/dr =0, (7.29) become synonymous with the

electrodynamic Lorentz force motion, which is one of the key touchstones of Kaluza-Klein theory.

And so, the Kaluza-Klein fifth dimension, taken together with using Dirac theory to enforce
general covariance across all five dimensions, has turned a metric tensor (1.1) with an entirely
classical character, into a quantum field theory metric tensor with luminous photons and luminous
scalar field quanta. If this is all in accord with physical reality, this means that nature actually has
three spin types of massless, luminous field quanta: spin-2 gravitons, spin-1 photons and gluons,
and spin-0 scalars with an internal second rank Dirac-tensor symmetry. This also means that the
massless, luminous Kaluza-Klein scalar in (8.14) is not the same scalar as the usual Higgs, because
the latter is massive and material. However, the scalar (8.14) has properties similar to the Higgs,
and as we shall now see, it can be used to spontaneously break symmetry, whereby the two degrees
of freedom in the amplitude (qq +i@ ) N2 give the fermions their rest mass, and the third degree
of freedom & =T does produce the Higgs in its known massive form. And, there is a direct
relation which we shall see between the DKK scalar field and the Higgs field which will enable us
to develop a theory of fermion masses and mixing angles which fits the experimental data.
Moreover, the type of Higgs production paired with top quarks reported out of CERN only in the
past several weeks [22], [23], [24] is better-understood by using (8.14) as the scalar for
spontaneous symmetry breaking leading to fermion rest masses.

9. Spontaneous Symmetry Breaking of the Massless Luminous Dirac-Kaluza-
Klein Scalar

With the result of the last two sections in hand, let us now find out more about the new
component cp’ in the energy-momentum five-vector cp™ = (E cp’ Cps) defined prior to the
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momentum space Dirac equation (5.7). Leaving p* in U, ( pz) implicitly understood, we first

swap upper and lower indexes in (5.7) and expand using the three-part metric tensor (3.8) as such:

0=(rMcpM —mcz)U0 =(r0cp0 +r/.cpj +Icp’ —mcz)U0
, y : 9.1
= (yoE"'ﬂCAykykE"'ijp] + @A,y cp’ +V5Cps +W0Cp5 —mcz)UO

Now, mc” is the rest energy of the fermion. This is placed into the Dirac equation by hand, and it
originates in the relativistic energy-momentum relation m’c* =g w p“p” into which it is also
placed by hand. It would be very desirable to give this rest mass an interpretation purely in terms
of the geometry and the cp® component of the five-momentum so it need not be entered by hand,
and even more desirable if the scalar ¢ which we now know is luminous and massless can be used

in a manner analogous to the Higgs mechanism to break symmetry and enable us to predict or at
least better understand the observed pattern of fermion rest masses.

Toward these ends, suppose that starting with (9.1) we remove the hand-added mc” entirely
and instead use the cp’ terms, by postulate, to define the eigenvalue relation:

Mep’U, = (yscp5 +@/0cp5)U0 =-mc’U,. 9.2)

By this postulate from which we shall now explore the implications, a fermion rest energy mc’
represents the eigenvalues of the operator I .cp” = =).cp” —@,cp’. Notonly are y, and y, 4x4

Dirac operators as always, but from the result in (8.14), so too is the luminous scalar @.

This highlights some very important points regarding using spontaneous symmetry
breaking to arrive at a fermion rest masses which it is not presently known how to do in detail, as
opposed to arriving at gauge boson rest masses which it is known how to do. Specifically, when
a scalar field (also denoted @) is used to break symmetry, for example, for a triplet of three weak
interaction gauge fields W in the adjoint representation of a local SU(2) Yang-Mills [25] gauge
group where a=1,2,3 is an internal symmetry index associated with the SU(2) generators T*

which have a commutator relation [r“,rb] =" r° (see section 14.9 of [20]), the scalars are

placed into the fundamental representation of SU(2) whereby ¢/ = ((00, qq,) = (qq +ig @ +i(04)

is an SU(2) doublet of complex scalars providing four scalar degrees of freedom. This structural
matching of the scalars in the fundamental representation of SU(2) with the gauge bosons in the
adjoint representation of SU(2) enables the scalars to be coupled to the gauge fields the Lagrangian

density term ngﬁ r'wer "W"*@, which coupling underlies the spontaneous symmetry breaking

(note T°= " are Hermitian). So, if we restore into (9.2) the Fourier kernel and thus
W=U,exp (—ipzxZ / h) specified prior to (5.7), and knowing the form of the Lagrangian density

for the fermion rest masses, and explicitly showing the normally-implicit Dirac spinor indexes A,
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B, C, all ranging from 1 to 4, we see looking closely at (9.2) that the Lagrangian density will
contain a term Wag@,, V,sccp’W.. In other words, @=g,, in (8.14) couples perfectly to Dirac

fermion wavefunctions, so symmetry can be broken and the fermions obtain rest masses.

This means that the seeming “oddity” of the luminous scalar having picked up a second
rank Dirac structure in (8.14) in order to have d@/dr =0 in (8.1) so that (7.29) can be covariantly

collapsed to precisely reproduce the Lorentz force motion as geodesic motion in the Kaluza-Klein
geometry, actually makes perfect sense in view of (9.2): Gauge bosons have a Yang-Mills internal
symmetry structure against which must be matched by the internal symmetries of the scalars used
to spontaneously break symmetry and give mass to these gauge bosons via the Higgs mechanism,
so that the scalars properly couple to the bosons. Likewise, fermions have a Dirac spinor structure
(in addition to their Yang-Mills internal structure) against which we have to expect any scalars
used to spontaneously break symmetry and give mass to the fermions will also have to have to be
matched with a Dirac structure, so the scalars properly couple to the fermions. So, the luminous
scalar (8.14) having a Dirac structure which couples with the Dirac structure of the fermions is in
precisely the same league as the scalars used to break gauge boson symmetries having an internal
symmetry structure to couple the internal symmetry of the gauge bosons. And it is in the same
league, for example, as having to use a spin connection (see, e.g., [26]) for fermions to be able to
covariantly couple to gravitation. So, notwithstanding the “oddity” of the scalar in (8.14) picking
up Dirac structure, this luminous massless scalar (8.14) turns out to be ready-made for generating
fermion rest masses through spontaneous symmetry breaking using the Higgs mechanism.

Finally, when we do the accounting for degrees of freedom, the luminous massless scalar
(8.14) is also perfectly matched to generate fermion masses while also generating a massive Higgs
scalar. By way of contrast, with a subscript H used to denote the standard Higgs mechanism, a

scalar which we write as ¢ = (qqh +i¢5h)/ V2 used to break a local U(1) gauge symmetry starts
out with two scalar degrees of freedom provided by @, and @,. And of course,
@'y =1 (gq,f +@ hz) defines the “circle” for symmetry breaking. One of these degrees of freedom

is “swallowed” by a gauge boson which starts out massless with two degrees of freedom (see, for
example, (2.11b) for the photon polarization) and thereby becomes massive by acquiring a

longitudinal polarization. The other degree of freedom is swallowed by a Higgs scalar h(t,x)
introduced by the expansion ¢ (t, X) =v+ h(t, X) about the vacuum vev v, thereby giving mass to

that scalar. The empirical observation at CERN of the Higgs scalar [27] with the theoretically-
anticipated mass is perhaps one of the most significant scientific events of the past few decades.

Here (8.14) contains the same form of expression ((q+i@)/ V2 used in the Higgs
mechanism. Likewise, g*@= %(qz + @2) defines the circle for symmetry breaking. So, these

fields ¢ and @ carry two degrees of freedom available to be “swallowed” by other particles during

symmetry breaking via the Goldstone mechanism [28]. But there are two important differences
which we shall now study: First, (8.14) has an additional the angle & = «JT in the Fourier kernel,
which can be oriented in any direction as an additional aspect of symmetry breaking and used to
provide a third degree of freedom which can also be swallowed by other particles. Second, in

39



Jay R. Yablon, September 4, 2018

contrast to the usual Higgs scalars, @ and @ in (8.14) are presently dimensionless, whereas in
@ = ((qh +i@h)/ V2 these have energy dimension and so can be connected with

a (t,x) = v+h(t,x) following symmetry breaking to create a scalar field expansion about the

Fermi vacuum. So, we will need to find a way to introduce an energy dimensionality the fields in
to (8.14), which we shall do shortly.

Further, it is well-known that any hypothetical “massless” fermion would carry two degrees
of freedom and be fully chiral: Consider that a generation ago, when neutrinos were thought to be

massless before this was disproven by leptonic neutrino oscillations, the massless v, = %(1 + ) )v
would have had only two degrees of freedom, with right-chirality nonexistent. So, for (8.14) to
generate a fermion mass, it is necessary that both degrees of freedom from @ and @ in (8.14) go

into the fermion, so that the fermion can be bumped up from two to four degrees of freedom and
acquire a mass. But this leaves nothing more for the scalar, so we cannot reveal a massive Higgs
scalar unless there is a third degree of freedom. This, as we shall now see, is provided by the
degree of freedom in 8 = T, and is precisely the benefit of this third degree of freedom, because
now masses can be acquired by both the fermions and the Higgs field.

With this overview, let’s now proceed with some further calculations using (9.2). First,
starting with the Dirac equation (9.1) we initially remove the hand-added mc” and so write this as
the entirely geometric 0 =T ;cp>U,. Then we reintroduce the mass term, but using (9.2), thus:

0=T,cpU, = (I_Ucp‘7 +I_5cpS)U0 = (I'gcp” —mcz)UO = (I'Ucp” +y.cp’ +@/0cp5)U0. (9.3)

The fermion mass term is no-longer hand-added, but rather, originates in the fifth-dimensional
operator I ,cp’, with its usual appearance 0 = (Facp" - mcz)U , When the fifth-dimensional I ;cp’
is replaced by —mc”. So, the momentum space Dirac equation (5.7) becomes I;cpU, =0, and

the configuration space equation (5.6) is now simply ixcl™a,, W =0, without a hand-added mass.

Next, let us use the anticommutator (3.1) for three interdependent calculations, starting
with [.ep*U, =0 and T ,cp°U, =mc’U, and T ,cp’U, =mc’U, all of which are contained in
(9.3), and the last of which is also (9.2). In all cases, we “square” the operators using an
anticommutator, strip off the operand, and apply (3.1) to obtain, respectively:

Cucp"'Tyep™ =3{Ty. T} epep™ = Gyyep"ep™ =0, (9.42)
rep"Toep” =H{T T ep ep’ =G ueptep” =m’e*. (9.4b)
Fep’Tcp’ =Gyep’cp’ =m’c’ . (9.4¢)
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Note that Gﬂvcp” cp’ =m’c” in (9.4b) is just the usual form of the relativistic energy momentum

relation prior to applying local gauge symmetry. Expanding (9.4a) in two-part form, we obtain:
0=G,cp-cp” + 2Gﬂ5cp”cp5 +Gycp’ep’, 9.5)
which we may then combine with (9.4b) and (9.4¢) to write the chain of relations:

m’ct = G, cpfep’ = Gyep'ep’ = —Gﬂscp”cps. (9.6)
As we shall see in section ???, (9.6) can be used to derive Weyl’s local U(1) gauge theory [5], [6],
[7] from Kaluza-Klein theory, but for the moment, we remain focused on spontaneous symmetry

breaking to generate fermion rest masses.

Equation (9.4a) leads to a very interesting and important consequence for the five-
dimensional metric line element dS = ¢dT defined by:

dT? =G, dx"dx" . 9.7)

Specifically, if we further define the five-momentum in terms of mass and motion in the usual way
by cp" =mc’dx™ / cdr where *dr’ = G, dx"dx" is the four-dimensional line element, and if we

then multiply (9.7) above through by m’c* / ¢*dr’, we obtain:

dT? dx™ dx"
2t — = Gyyme’ mc’
r

=G, cp"cp". 9.8
cdT cdT NP P ©-8)

Then, comparing (9.8) with (9.4a) which is equal to zero and identical to (9.8), and presuming
non-zero m# 0 and d7 # 0, the five-dimensional infinitesimal line element must also be zero:

dS=cdT =0]| 9.9

This is a very important and useful result, and it is one of the direct consequences of the postulated
eigenvalue relation (9.2) for the fermion rest mass.

Our first use of this result, will be to break the symmetry of the sine and cosine terms in
(8.14). In this regard, what we learn from (9.9) is that any finite five-dimensional proper metric

interval S=¢T = I ds = I cdT=S,=cT, obtained from (9.9) whether of length or time

dimensionality can only be a constant of integration S, =cT,. And this in turn means that T in
(8.14) is zero up to a constant of integration, and specifically, that T=0+T,. So, we now wish to
use this finding in the most advantageous way possible.
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Toward this end, starting with cos (a)T) in (8.14), let us break the symmetry in the plane
of the angle 8 = «wI by imposing the symmetry-breaking constraint cos (a)T) =1. This of course
means that ol =l | =27m is quantized, with n =0, % (1, 2,3...) being any integer. Using ¢ = wk

and A =27A which we can do because @ in (8.14) is massless and luminous, this constraint

Wl =27m is alternatively formulated in terms of five-dimensional space-dimensioned proper line
elements S =cT =nA which are essentially quantized units of five-dimensional length. As well,

this means that sin(a)T) =0, but we need to be careful because there is also a ¢T in the

denominator of the sin (a)T) term in (8.14).

So, for the sin term, we insert the same @l =l =27m, then use ¢ = wk and A =277k :

> > >
—i Msx sin (a)T) =— sx wsin (27Tn) =— Msx
cT 27nc nA

sin (27mn). (9.10)

If we select n =0 which produces a 0/0, then we deduce from the top line of (8.13) that (9.10)
will be equal to =il ;x* /X and not be zero. But for any other integer n # 0, the above will be
equal to zero. So, we break symmetry by restricting n to a non-zero integer n =+ (1, 2, 3) . With

this final constraint (9.10) does become zero and (8.14) reduces to:

1 : 0@ +i0;@ 5
P=—(@ +i@)exp| ——=—==x* |, 9.11)
7 (a+ia) p( e
Having used S =¢T = nA to break symmetry with n =+ (1, 2, 3) being a positive or negative non-
zero integer, we see that finite five-dimensional proper lengths are quantized integer multiples of
the wavelength A first specified in (8.5) for the now-luminous Kaluza-Klein scalar field @. This

follows a long tradition of quantization based on wavelength fitting which started with Bohr [29]
and culminated with DeBroglie [30].

Importantly, with (9.11) we need no longer be concerned with the Dirac operator matrix
[ in @, because we have broken symmetry so as to effectively diagonalize the operation of this
operator. We do however need to be mindful that in breaking symmetry in this way, we have
eliminated any overt appearance of the scalar frequency f =/ 27T or wavelength A =277& or
energy hf =hw of the scalar @, which were overt in (8.14), and particularly, the dimensionless
ratio x> /A in (9.10). This does not mean that the scalar no longer has a frequency or wavelength
or energy. Rather, it means that the symmetry breaking has hidden these attributes. Making note

of all this, we shall find occasion shortly to reintroduce A as the “initial value” for a constant of
integration we will momentarily come across.
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We complete the symmetry breaking in the usual way by again noting that
k= %(ng + qazz) defines a symmetry breaking circle, and by orienting the scalar in this circle by

setting ¢ (xz) = 0. This further reduces (8.14) to its final symmetry-broken form:

1 z¢f
. 9.12
\/—gleP( p J ( )

Now let us return to (9.2) where we defined the fermion rest mass strictly in terms of the
geometry of [, =), +¢, and the fifth-dimensional component cp’ of the energy-momentum

vector. Into (9.2) we now insert the symmetry-broken (9.12) and restructure, to obtain:

5 1 5
O=(y5cp‘+$cp‘¢fexp( ;(q ]yo+mc on (9.13)

Of special interest in (9.13), is that whereas @ has all along been physically dimensionless, now
in (9.13) this is multiplied by ¢p’ which has dimensions of energy. This means that ¢p’@ now

has precisely the same characteristics as ¢, in the scalar field ¢, = (¢fh +i@h)/ V2 employed in

standard model Higgs field theory, and being an energy-dimensioned scalar field, may therefore
present the opportunity for a connection with the standard model Higgs field A.

To pursue this possibility, we first use the Dirac representation of );, to write (9.13) as:

mc’ +%cp5¢f expﬁ-a%sz cp’ Ups
0= . 9.14)

5

1 i
5 2 _ N8 U
cp mc cp’ @ exp
\/5 (q ( ﬂ ] 0B
The eigenvalues are obtained by setting the determinant of the above matrix to zero as such:

(mcz)z—(cps)z—{\/lchgexp( ;(q H =0. (9.15)

Restructuring and taking both the * square roots, we then obtain the eigenvalues:

i\/(mcz)z—(cps) :%cp Qexp( ;@ ] (9.16)

The above now presents a differential equation for ¢ as a function of the five-dimensional x”.
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To solve this equation, we first restructure a bit, then take the natural log of both sides, then
use the identity In (AB) =In A+In B to obtain:

’ a Q

22 _ (. 5)?
ARG ETIRIN Y Y
cp

Then we isolate the rightmost term in the above, use d; =0/ ox* and In (A / B) =InA-InB, then

further simplify, as such:

V2 (me’) (')

V2 (me’) -(er')

—lg—€x2=ln + - —lIng=In| S
=In (ix/z\/(mcz )2 - (cp5 )2 j =In (cpsqq)
Then we finally restructure this into:
1 1 1
—zaxz = —0q. (9.19)

x _ln(i\/z\/(mcz)z -(cpj)zj‘ln(cpsﬂ) g

Now, we set up an integral by converting 0 — d and placing an indefinite integral sign to
operate on each side. And, to simplify the integration, we briefly define the substitute variables

yE@Q, A= ln(iﬁ\/(mcz)z - (cp5 )zj and B =cp’. Then we carry out the integration. Prior to

the equal sign we employ an integration constant defined by C Eln(l/ LS) with I’ being a

constant that has dimensions of length to the fifth power. Then we conclude by replacing the
substitute variables, to obtain:

0 1 2 3 5
J.dexz=-|‘(dio+dil+di2+di3+di5J=lnx°+lnx1+lnxz+lnxS+lnx5+lnL5
X X X X X X L
0. 1.2 3.5
=i 2 L Ly =m(4-1(sy)) - 9.20)
L A—ln(By) y

°] _m[m (me) —l(cp5)2 ) —ln(cpsqq)éd‘” - “‘(“‘(M () (oY) _“‘(C”S”U
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The middle line includes using the generalized I— (1 / (A —In (By)) y) dy =In (A —In (By)) +C.
The upshot, now exponentiating each side and again using In (A / B) =InA-InB,is:

M = ln(iﬁ (mcz)2 —(cp5 )2 j —In (cpsq) =In

LS

e o)

9.21)
'y

Exponentiating one final time and isolating the energy dimensioned field ¢p’@, and denoting the

five dimensional coordinate set as x™ =X, the final result is:

LS

cr’q(X)= +2 (mc2 )2 -(cps)2 exp(—Mj . (9.22)

The numerator inside the exponent, which we may write in consolidate form as V) = Ox'xixx,

is a five-dimensional volume with dimensions of length to the fifth power. Because the argument
of the exponential is required to be dimensionless, this means that the constant of integration is

embodied in I is likewise required to have dimensions of length to the fifth power. This is the
first of several “initial conditions” we will utilize to determine this integration constant. Later,

cognizant that the ratio x> / A in (9.10) and more generally the energy and wavelength of the scalar
field @ of (8.14) became hidden when we broke symmetry, we will add to this initial condition an

expectation I’ relate in some way to the wavelength of a scalar field, at fifth order.

Now, to see how cp’@ connects to Higgs fields, we turn our attention obtaining a direct
expression for the fifth component of the energy momentum, cp’ = mc? (dx5 /cdr ) which appears

particularly in the radical above.

10. The Fifth-Dimensional Component of the Dirac-Kaluza-Klein Energy
Momentum Vector

To directly study cp’, recall that (7.28) connects electric charge to motion in the Kaluza-

Klein fifth dimension. So, using dx’ / cdT = q/ @’kmc? in (7.28), and also borrowing k from (1.2),
we obtain:

cp’ =mc’ & _a _gc \/E (10.1)
cdr gk 20 \NG' '
Formally speaking, we have not yet proved that (1.2) is the correct value of k for the DKK metric

tensor (3.13), see also (3.12). Rather, we have “borrowed” the value for k which is determined
using the ordinary Kaluza-Klein metric tensor (1.1) in the five-dimensional Einstein equation.
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When this calculation is carried out, included amidst the expressions obtained is the term

combination g% FoFs=%58unFsF % recognizable as the body of the Maxwell stress-energy

tensor, see, e.g. [11]. Then, the definition (1.2) is required to match this body with its correct
coefficients in the stress-energy. However, the DKK metric tensor does not omit any of the terms
in (1.1). Rather, referring to (3.11) for g, =7, in view of A ; =0, it merely adds terms while

fixing the gauge field via A, > A, to that of a photon field quantum. In particular, it adds a 1 to
@ in G, and it adds a @ to A, =0 in Gy, while fixing A, > A, . Moreover, we proved in
section 7 how the field strength F,, =0,A, —0,A, appears in the DKK equation of motion just as
it does in ordinary Kaluza-Klein theory following the gauge transformation F, - F, reviewed

prior to (7.12), and at (7.28) how electric charge becomes connected to fifth-dimensional motion
in the exact same way. There are additional terms in DKK, but no terms are lost. So, there is

every reason to expect that the exact same stress energy body g*F wabop -1g wlasF % will appear

when the DKK metric tensor (3.13) is used in the five-dimensional Einstein equation, and that &
will likewise turn out to be exactly the same as it is in (1.2). It is for this reason, in advance of a
detailed calculation of the five-dimensional Einstein equation using the DKK (3.13) which will be
the subject of a subsequent paper not this paper, that we “borrow” k from (1.2). But we shall also
continue to show k in our calculations, in order to also obtain results without this borrowing.

We then combine (10.1) with G, .cp’cp’ =m’c* from (9.4¢c) and G, =1+ ¢ from (3.13)
and (3.12) when g, =/ > and also borrow (1.2), to obtain:

Gycp'ep’ = (1 + qf)q—z = (1 + qf) k'’ _ m’c*. (10.2)

7K AGY

This easily restructures into a quadratic for @ , which we write as:

2 472 2
o=k ¢4—(ﬁ—1:4f’"z -7 -1, (10.3)
q q

which we see includes the very small dimensionless ratio Gm” / k,q” of gravitational-to-electrical
interaction strength for a charge g with mass m.

The next step is to solve the quadratic equation for (10.3). But first, because ¢ and m in
(10.3) are the charges and masses of individual fermions given the genesis of (10.3) in the DKK
Dirac equation (9.3), it will be helpful to rewrite this ratio to facilitate downstream calculation.
First, we observe that ¢ = Qe for any individual fermion, where Q is the electric charge generator
for that fermion, and where the charge strength e is related to the electromagnetic running coupling
by a =k’ /hc, with @ =1/137.035999139 being the low-probe value of the running fine
structure number as reported in [21]. The charge generator Q =—1 for the e, 4,7 leptons,

Q =+2/3 for the u,c,t quarks and Q =-1/3 for the d,s,b quarks, and have reversed signs for
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the antiparticles. Also, we note that the Planck mass M, = 1.220910%10" GeV / ¢? using the value
reported in [31], is defined as the mass for which the coupling strength GM ,* = #ic. Therefore,
we may calculate that the ratio Gm® / k,q” in (10.3) may be rewritten as:

Gm> _ Gm* _ Gm* _ Gm’ m’

= = = = . 10.4
ki Oke Qahc QaGM, Q'aM,’ (104)

For the square root of this, which will also be of interest, we write:

\/; \/Em \/E _Q\/_\/__Q\/_M (10.4b)

without the * that regularly arises when taking a square root, because masses such as m and M,

are always taken to be positive numbers, because Ja s always taken to be a positive
dimensionless measure of charge strength, and because it is important to maintain the proper
positive or negative sign for Q without washing it out with a . The above enables us to readily
use each fermion’s m/ M, ratio, as well as to directly account for its positive or negative Q.

Solving with the quadratic equation, and using (10.4), the positive and negative roots are
found to be at:

2 2 472 2 2 2 2 2
A M Py PLUCE ) L /1+16G’"2 =AM,y e |.(10.5)
2m°c’k q 8Gm k,q &m QaM,

Placing this into ¢ in (10.1) we arrive at two corresponding values for ¢p’, namely:

s 2m’ck 1 Gm® mc’ _ m mc’ (10.6)

cp, = =4 > =4
= 2 472 k 2 aM 2
1 11\/1+4’""k 4 1+\/1+16G’" oVaM, \/1+16

q’ k.q’ Q’aM,’

Applying what we now write as cp,’ = mc’ (dxj /cdT ) , it is also helpful to obtain:

dx’, _2mc’k 1 Gm® 1 m 1 (10.7)

cdr q K =4 k g Gm* _4Q\/EM 2
11\/1+4 ‘ 11\/1+16’"2 P1¢\/1+162’"2
q keq QaMP

for the “motion” dx’, / cdT =dt,” / dT, which is really a rate of time progression through the
timelike fifth DKK dimension. Also, because the DKK metric tensor component Gy, =1+¢° for
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Zun =T » s€€ (3.11), which we now write as G,,, =1+¢’, it is also useful to employ (10.5) to

write these two solutions as:

2m*c'k q 8Gm k,q

2 2 2
=1+ LMy e
8m oaM,

Now, the ratio 16Gm” / k,q° =16m” / Q°aM ,’ < 1 inside the radicals above is a very small

2 2 472 2 2
Gy, =142 =1+ —1 2{11 1+4mCk j:1+—keq2(li 1+16Gm2j

, (10.8)

number for all of the elementary fermions with an electrical charge Q #0, because the ratio
m* I M P2 is on the order of 10™ for all of the known fermions. Moreover, even if we had not

“borrowed” from (1.2), we likewise expect 4m’°c*k’/q”> <1 to be a very small number.
Therefore, it is helpful to wuse the first three terms of the series expansion

VI+x* =1+1x* =1 x* +... ineach of (10.5) through (10.7) to obtain:

2 2 2 4712 2 2 2
24 +( 9 __p-mek +..j— kg +(k6q +1-4GM +j

=k T\ 2mletk? q° ) 8Gm> | 8Gm? k.q’ (109)
2 2 2 2 2 ’ '
:Qmi/[f’ + le/[” +1-4 Zm =+
m m oaM,
s 2m’ctk 1 _ . |Gm? mc’
P = q 20442 20442 2 B kg’ Gm? Gm? 2
11[1+2m < —2(’" < ] +} ‘ 11[1+8ka —32(](’"2} +J
q q q q ,(10.10)
m me
=4
oJam, [ o w ( m’ JZ
| 1+ -
ZaMPZ QZO,MPZ
dx,’ _2mc’k 1 _4 Gm’ 1
cdr q 2 472 2 4722 kg’ ) H\2
11[1+2m - —2(’" < ] +J 1+ 1+8§’"2 —32[5’"2] +...
q q 4 4 .(10.11)
m 1
=4
oJam, m m )
I+ 1+8— 5 5 S|t
aM, oaM,
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Now let’s consider the separate * solutions originating when we applied the quadratic
equation to (10.3), as well as certain inequalities. Using m” /M ,”> <1 which is valid to a 1 part

in 10* approximation, (10.9) separates into:

¢2 D q2 - keq2 = QZC',]‘4P2
TUmPetk? AGm? 4m?

2 472 2 :
mczk _ 144 2m _0-1
q 0 aMP

>1

(10.12)

@’ O0-1+

Likewise, also using 1/(1 —x) 1+ x for x <1, (10.10) separates into:

q k.q oVam, ovam, , (10.13)

so-_94 1 keqzmczz 1
mc’k 2\ Gm? 2 m

And for (10.11) we similarly obtain:

5 2 2
dx, Dmck:2 szzz m <1
dt g kg~ o\am, , (10.14)

dx_’ g _ 1 |kqg _ 1 Qx/EMP
a- TR > === >1
cdT m-c'k 2\VGm 2 m

Also, because the DKK metric tensor component Gy, =1+¢° for g, =/, » se€ (3.11), which

we wrote as G, =1+¢ at (10.8), it is also useful to use (10.12) to write the two solutions as:

2 2 2 2 2 2
G55+:1+§0+2 a1+ 2614 2:1+ keq2:1+QaAfP DQOI]‘?P >1
" o e o (10.15)
2 472 2 2 .
O<G55—:1+¢—2Dmczk :4Gm2 =4 zm <1
q k,q QaM,

Note also, referring to (3.11) through (3.13), that (10.12) can be used in the G, =G5, metric
tensor components. With M, / m 010% roughly, dx_* / cdt 010* in (10.14) reproduces the usual

result from ordinary Kaluza-Klein theory, see toward the end of [12]. However, G,,_, albeit very

55—
small, still retains a timelike rather than a spacelike signature, so that dx’_/cdr =dt.’ / dr is a
very rapid rate of fifth dimensional time flow, and not a space velocity on the order of 10%¢.

Finally, we return to (9.22) and use the next-to-last expression in the two solutions (10.13)
to likewise split this into:
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0.1.2 3.5

2 3 0,1,.2. 3.5

5 5 m XXX XX 5 XXX XX

cp, :iﬁmc 1-4| ——— | exp| ~————— |Ux2mc exp| ————
’ \/ oJam, ) T ’

LS

2
1 Qx/EM xx'x?x? K i 2x'x K
ep @ =+2me? [1-—| X5 | exp| === | Ot —M ,c’QJa exp| —————
P-4 40 m P r 2 ¢ P r

. (10.16)

Recall again that these two solutions for cp,’@ and cp_>@, represent the two roots solutions to the
quadratic (10.3) which we obtained starting at (10.5). We note that up to parts per 10*° the former

is independent of the fermion charge generator Q and Ja , while the latter is not. As we shall see
in the next section, the former solution applies in the Fermi vacuum with an energy vev
v=246.2196508 GeV rooted in the Fermi coupling via ~/2G,v* = (hc)3 [21], while, the latter

applies in the Planck vacuum in which the Planck energy M ,c* =1.220910%10” GeV [32] is

established from the Newton coupling via GM ,* = hic .

PART II: THE DIRAC-KALUZA-KLEIN SCALER, THE HIGGS FIELD,
AND A THEORY OF FERMION MASSES, MIXING ANGLES AND BETA
DECAYS WHICH FITS THE EXPERIMENTAL DATA

11. Connection between the Dirac-Kaluza-Klein Scalar and the Higgs Field

At the outset it should be noted that cp+5¢f (X) and cp_5¢f (X) in (10.16) are both energy-
dimensioned scalar fields, as is the Higgs field & (X) . Shortly, we shall study the volume element

'v2x’x° in detail, but first let us glean some basic data from (10.16). To begin, recall that

Vig =x'x
L’ arose at (9.20) via the constant of integration C = ln(l/ LS) , with a length to the fifth power

dimensionality establish as an “initial condition” to provide a proper argument to the exponential
in view of V(S) also having a fifth order length dimension. We also recall that in the standard

model, we expect a fermion (f) rest energy me2 to be related to v [1246.2196508 GeV by the

relation mfc2 =G,/ V2 where G, is an arbitrary coupling not provided by presently-known

theory and only deducible by knowing the observed fermion mass, see, e.g., [15.32] in [20]. So
for the moment, irrespective of what number I’ actually is or what cp+5§q(X) and cp_sqq(X)

physically represent, for a coordinate assignment x" =0= (O, 0,0, 0,0) at an origin the solutions

where exp (—V(S) /L5) =0 (10.16) reduce to:

, (11.1)
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where we have replaced the approximation sign U in (10.16) with an equal sign by recognizing
that the 1 part per 10%° discrepancy is exceptionally small and unlikely to be observable.

Conversely, again irrespective of I, for a coordinate assignment with V(S) /L >1, the

exponential will approach zero, and (10.16) will reduce to:

0@ (Viy/ L7 >1)=0 )

g (v(5) /LS > 1) =0

So, these energy-dimensioned fields cp,’ @ (X)/ V2 and \/Ecp_5 @ (X) are equal to zero far from

the origin, while at the origin, they are equal to +m ¢’ and =M PC2Q\/E respectively, where m fc2

f
is a fermion rest energy and M ,c” is the Planck energy.

Now, the Higgs field & (X) is a scalar field with dimensions of energy. Therefore, as with

any energy field, the physics transpiring in this field will favor states of lower energy and disfavor
states of higher energy. Of course, Heisenberg uncertainty does not permit us to talk about the
“position” of a fermion in more than a statistical way, and so we cannot technically say that a
fermion is “at a given coordinate” x" in the five-dimensional space. But we can say that if the
Higgs field provides energy “wells” for the fermions from which the fermions also obtain their
rest masses, then the fermions will find “nests” in which they are most likely to situate at
energetically-minimized locations in the Higgs field. Additionally, in the standard model, the
initial scalar field which we denote by ¢ to distinguish from the Kaluza-Klein field ¢, is given

the following assignments at the various steps of symmetry breaking:
g =4%(a+ig,) =58, =5(v+h). (11.3)

That is, we first assign ¢ :%(qqh +i@h). Then we break symmetry in the ¢,” +@,” circle by
setting @, =0. Then, working from the leading terms of a potential V =1 @ +1 Ag* for the
scalar field, we find that this potential has minima at ¢ =%v = *\/-u*/A. Finally, we

perturbatively expand around the minima at ¢ =v using the Higgs field & which represents

quantum fluctuations about the minima. Note that V has physical dimensions of energy to the
fourth power, because in the simplest setting this is part of a Lagrangian density £L=T7 -V with

T :%(6 %, )(6”%) and V as above. And in more advanced settings where boson masses are
generated, V =1°g'g +A ((qf%)z and T = (Dﬂ% )T (D”%) with D, =0, +igA,, but V siill
reduces to the simpler form V =1 1@’ +1 Ag* after symmetry is broken with (11.3) because of

the 1/~/2 coefficient being squared or raised to the fourth power. This is all nicely reviewed in
section 14.6 through 14.9 of [20].
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Most importantly for the present discussion, because ¢ =z+v are the minima of the
potential V and because v =246.2196508 GeV is a constant energy number, the expectation value
(@)= —(+v +<h>) =+--v, which means that the expectation value of the Higgs field (h)=0.

This of course makes sense because the Higgs field is defined to represent quantum fluctuations
about the minima in the potential V. But by being very explicit about all of this, now we see how

to assign cp’@ to the respective Higgs fields in both the Fermi and the Planck vacuums.

Specifically, for both solutions (10.16), at \/(5)/L5 =0 the exponential
exp(—V(S)/ LS):1>O is above zero. Further, where \/(5)/L5 >1, the exponential

exp(—V(S) /LS) =0 drops to zero. So, if we want the origin at x" =0 be the most energetically-
favorable locale for a fermion to “nest” at, we must choose the — signs from the * in (10.17) for
both solutions. Then, following this choice of sign, we assign cp,’q (X) =h, (X) and
g (X) = —Z'Q\/Eh_ (X) , with h, and h_ representing Higgs field associated with each

respective solution. As a result, also showing m fc2 = va/ \/5 , (10.17) now become:

01,235 \%

( ) fm ¢ exp[ MJ—_IM c eXP[ (S)J——vaexp[_V(_?]
L L L) (11.4)

0. 1.2 3.5

V
N e e )

The latter assignment includes Q\/E , to make the background field /_ (X) independent of the

specific charge generator Q of any fermion which may be situated in this field, a factor of i to
maintain a real relation between /_ and the energy-times-exponential term, and a factor of %2 to

have the exact same form in both solutions with the sole difference being m, in the former and

M , in the later. Now let’s examine the evidence in favor of these assignments.

With these assignments, the Higgs fields will have minima at the origin which means the
origin will be the most energetically-favorable locale for fermions to nest at. So now, given the

energy minima at the origin, we can think of a fermion being situated at the origin x" =0 with
the highest statistical likelihood. As to the handling of the ﬁ factor, we observe from (11.3) that
following symmetry breaking, ¢ = ﬁ(v + h) and that the energy in the potential
V=gu'g’ +;Ag" is obtained from ¢, in which - is the coefficient of v+/ and so “cuts” the
energies of v and /4 by this same factors as regards their entry into physical energies. Thus, at the
origin where a fermion is most likely to nest, f h, (0) =-m fcz and %h_ (0) =-M ,c*, while far
from the origin h, (V(S) /L> > 1) =0 and h_ (V(S) /L > 1) =0. For both solutions, far from a
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fermion the Higgs fields have zero energies which are consistent with their expected values
<h> =0 and <H > =0. Conversely, at the origin where we expect fermions to nest, we have

—+h,(0)+m.c* =0=(h) and £ h_(0)+M,c* =0=(H), with the energy effect of the Higgs field
perturbed below its expected value, but in a fashion that precisely counterbalances the rest energy
it has given to the fermion for h,, and that counterbalances the Planck energy for 4_. That is, for
h,, when and where a fermion “embeds” or “nests” itself in a Higgs field, it appropriates an energy
mfc2 out from the Higgs field for its own rest energy, and as a result, it creates a perturbation

which drops the Higgs field down to an energy —mfcz. This is energy conservation appearing in

yet another guise.

As to the h_ solutions, it is the serendipitous appearance of the Planck energy M ,¢* which
leads to us conclude that h_ represents a Higgs field in the Wheeler / Planck vacuum [3], [33],
where we expect that the rest masses of all fermions will converge and become synonymous with
the Planck mass based on our limited understanding of Grand Unified Theories which include
gravitation. In this solution, each fermion similarly takes an energy M ,c> for itself from the

Higgs, and the Higgs itself compensates by dropping to an energy —M,c>. Again, energy

conservation in another guise. It should also be noted that the geometrodynamic Wheeler / Planck
vacuum comes about when — on statistical average — an inordinate number of Planck-energy
fluctuations are separated from one another by the Planck length, whereby the negative
gravitational energy arising from the Newtonian gravitational interactions of these fluctuations
precisely cancels the energies of the fluctuations themselves, creating this geometrodynamic
“vacuum.” Later, following Hawking’s [34], it became understood that the black holes inherent
in this vacuum have the statistical character of a blackbody spectrum. Now, the association in

(11.4) and particularly ﬁh_ (0) =-M ,c’ is suggestive of the Higgs field h_ being synonymous
with the quantum gravitational field.

The aforementioned energy conservation is seen explicitly by observing that when we

0,.1.2.3.5
V

integrate (11.4) from zero to infinity over the entire five-dimensional volume (5 X XX xxto

ascertain the total energy taken out of the Higgs field to give mass to a fermion. Again, recognizing
from @ = —(v + h) and V =1/7g*+1)@* the we calculate energies by cutting & by a factor of

% we find that:

1 1 o V vV
ﬁ_sj h(X)av, =-— mfch' exp( (—2]41‘/(5) =m,c? exp(—(—gJ =-m,c’
’ ' t (11.5)
1 1 e v Vi
ﬁ_i-[o (X)dV() T3 M _[ exp( i3]03‘/(5) =M’ exp[—is)} ==M ¢’

53



Jay R. Yablon, September 4, 2018

So indeed, with the association cp,’@ (X) =h, (X) made in (11.4), and with choosing the — signs
in (10.17) to place the energy minima at the origin, we find that a fermion with a mass mfc2 gains
this mass by extracting a total energy me2 out of the Higgs field. That is, integrated over the
fcz , with the Higgs field

thereby having given up precisely the amount of energy which the fermion acquired for its rest
energy. Likewise with ¢p_ g (X) = —Z'Q\/Eh_ (X) for M ,c* and =M ,¢* in the Planck vacuum. It

entire expanse of V(S), the perturbations in the Higgs field all sum to —m

is because of these results, that the evidence supports the identifications of cp,’@ (X) =h, (X) and
cp @ (X) =4 0Vah_(X) with the Higgs fields in (11.4).

Next, let us combine @ = %(v + h) from (11.3) with each of (11.4) to obtain:

V

9-(X) :%(V +h) :%(V‘\EMPCZ exp(‘%n

(11.6)

. . . . . . . 2 _
What is of interest now, is the expression for ¢, written in terms of the coupling m c* = %VG ;

of the fermion rest mass to the vacuum. This is the fermion counterpart of the coupling form
M ,c* =1vg by which massive vector bosons obtain their masses in the standard model. Setting

xX= V(S) /L and y= ﬁ% /v this function takes the mathematical form of y =1-G;, exp(—x) .

For x>1 this function has a flat line at y=1. Near the x=0 origin where a fermion is

energetically most likely to situate this function dips into an energy well with a minimum
y =1-G, atthe origin. For light fermions such as the electron, and in fact, for all fermions except

the top quark, which all have empirical values G, <1, this energy well is only mildly depressed

below y =1. But for the top quark which has G, 01 slightly less than 1, in a result of significance,

this energy well dips almost down to zero. Let us now take a closer look at this.

Using the empirical value v/ V2 =174.1035847 GeV, and using empirical mass data from

PDG’s [35], the dimensionless couplings G, = m_fc2 / %v for the up, charm and top quarks are:
G, =0.0000137 000 G, =0.007327 0 00as; G, =0.99366 +0.00230, (11.7a)
while the down, strange and bottom quarks these are:

G, =0.000027720%% . G =0.0005467%0%%2. G =0.02401700%% (11.7b)

—0.000002 * 0.000017 *
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And using the PDG mass data from [36], for the three charged leptons we obtain:

G, =2.935028288x10™° +1.8x10™*; G, =6.06870758x10™* £1.4x10™"; G, =0.0102058+6.9x107 .(11.7¢c)

In (11.7a) we see clearly how G, is just under 1, irrespective of the error bars. In other words,
although G, is close to 1, it is not possible for this to be equal to 1, because such a result would be
outside the errors bars.

As we start speak about quark masses and their “errors,” it must be noted that the error bars
of the quark masses in [35] are not just ordinary experimental errors owing to limitations in the
resolutions of observational equipment. Rather, as elaborated in [37], “Unlike the leptons, quarks
are confined inside hadrons and are not observed as physical particles. Quark masses therefore
cannot be measured directly, but must be determined indirectly through their influence on hadronic
properties. Although one often speaks loosely of quark masses as one would of the mass of the
electron or muon, any quantitative statement about the value of a quark mass must make careful
reference to the particular theoretical framework that is used to define it. It is important to keep
this scheme dependence in mind when using the quark mass values tabulated in the data listings
(original emphasis).” For the moment, we will speak “loosely” about these error spreads, and later
on, will discuss these spreads in more precise terms in relation to observational schemes.

It is illustrative to show the graph of @, (X) in (11.6) for the top quark which is by far the

most-massive elementary fermion, and by way of contrast, for the electron which is the lightest
fermion. These two plots are shown below:

11 29, fv=1+h [v

10.8

top

V24, 1v=1-G, exp(—V(S] i LS)
G, =0.99366+0.00023

Figure 1: Higgs field extraction of rest energy from the Fermi vacuum, for the top quark
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1 20 /v=1+h /v

1509590 electron

V29, /v=1-G,exp(-V, /L)
G, =2.935028288x107° £1.8x10™"

0.959993

Lﬁ
Visi ¢
0.2 0.2 0.4 0.6 0.8 1 1.2 14 16 1.3 2 22 2.4 2.6

Figure 2: Higgs field extraction of rest energy from the Fermi vacuum, for the electron

We see in these two graphs both based upon the underlying mathematical relation
y=1-G, exp(—x) , that the curves have exactly the same shape, culminating in an energy well

minimum at the origin of the Higgs well where the fermion is energetically most likely to be nested.
But the energy extracted to give the electron its rest mass only causes a very slight dip down to
I1+h, /v 1.999997 at the origin. In contrast, at the center of the top quark error-bar range the
energy needed to give the top quark its mass depresses to 1+ 4, /v =1—-G, [10.00634 at the origin,
only slightly larger than zero. That is, at the origin of the Higgs well for the top quark, almost all,
but not all, of the energy has been removed from the vacuum to give the top quark its rest mass.
Moreover, in accordance with (11.5), all of the energy extracted from the vacuum in this way,
integrated over dV(S) from the origin out to infinity, its precisely equal to the rest energy of each
fermion, and likewise for all fermions. So, the fermions do acquire their rest masses by quite
literally sucking out of the Fermi vacuum via the Higgs field, an energy exactly equal to their rest
energies. Finally, the very recent observation at CERN of a clear affinity between the Higgs boson
and the top quark [22], [23], [24] is very graphically understood on the basis of Figure 1 as a
manifestation of how the top quark — uniquely amongst all fermions given the empirical data in
(11.7) — draws almost all of the energy out of the Fermi vacuum, in its immediate vicinity.

This insight about how the top quark removes almost all of the energy from the Fermi

vacuum, while very interesting in its own right and illustrative of the observed tH H affinity,
points toward a deeper meaning that leads directly to a theory of why the fermions actually have
the rest masses that they do. This is the subject of the next section.

12. Theory of Fermion Rest Masses and Mixing: Up, Charm and Top

It is highly intriguing in its own right that the mass coupling G, =0.99366 +0.00230 for

the top quark is very close to 1 but just under 1, and also, that this closeness to 1 is outside the
error bars. In other worlds, there is no possibility that G, =1 and simply needs to be established
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as such by more accurate testing. This leads us to raise the question whether the sum of the up-
plus-charm-plus-top rest energies might yield total energy for which the coupling is equal to 1
within experimental and scheme-dependent errors, and if so, whether this could be of theoretically
significances as the “tip of the spear” toward developing a viable theory that solves the presently-
unsolved mystery puzzle of why the fermions have the rest masses that they do.

It turns out that if we calculate this coupling G, =m fc2 / fv for the sum of the three

isospin-up quark masses, and account for the error bars in all three, we obtain:

<1.003441. (12.1)

-0.0025008 * u+c+t

Goer, = (m, +m_+m,)c® /v =1.0009975504% ie. 0998496 <G

So, given the errors, it is possible that the sum of these three quark masses is exactly equal to ﬁv

and that this equality is a true relation of physical significance. If this is so, then because
v =246.2196508 is known with greater precision than any of the up, charm or top quark masses,
we first of all have an immediate resource for narrowing the range of error in the top quark mass,
down to the error range of the charm quark. This provides immediacy in its ability to be confirmed
or contradicted by more-precise experiments to measure the top quark mass. Secondly, if this
equality is true, then it becomes possible to account for all three quark masses using bi-unitary
CKM-style mixing rotations acting on a mass matrix, which possibility has been entertained on
and off for four decades, see., e.g., [38]. Third, once these bi-unitary transformations are
established for the isospin-up quark masses, similar transformations may be established for the
isospin-down quarks, and for the charged leptons. Fourth and finally, once such transformations

have been established, we are able to revisit the potentials V =1 1@g* +1 Ag* for the Higgs theory

scalar, and reestablish these in a fashion that ties together all of the foregoing fermion masses with
the very tiny masses of the neutrinos. Let us now take up each of these four matters in turn.

First, let us use the empirical data that 0.998496 <G

utc+t

<1.003441 to postulate that in
fact, this coupling

Gprer =(m, +m +m ) 1 Lv =1, (12.2)

utc+t

based on this being true within experimental and scheme-dependent errors. Directly in terms of
rest energies, this means:

m.c* +mc’ +mc’ = v =174.1035847 GeV . (12.3)
The precision in (12.3) for v is far greater than the precision in either m, =.0022"; GeV or
m, =1.275"77 GeV , as well as in m, =173.0+£0.4 GeV, see [35]. So, we need not be concerned

with the precision in v, but instead will account for the errors particularly in m_ . Combining (12.3)

with the known up and charm mases we deduce that:
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m,c® =174.1035847 GeV —m.c’ —m,c* =172.82647 o2t GeV;

. 5 (12.4)
re. 172.8009 <m,c” <172.8618 GeV

which is more accurate than the currently-known range 172.6 <m, <173.4 GeV by two-to-three

orders of magnitude. This result in (2.4) is a prediction which can and should be tested in
experiments designed to obtain a more precise direct measurement of the top quark mass. It (12.4)
is true, then it is also convenient for the next step to collect all of these quark masses together:

m,c® =.0022"00% GeV; m.c® =1.27570 GeV; mc® =172.8264707! GeV . (12.5)
We may also revise the top quark couplings in (11.7a) as such:

G, =0.0000137 00007 G. =0.007327000%: G, =0.99266 "0 , (12.6)

Second, taking the foregoing to be true, and also given what we just learned in relation to
Figure 1, let us now form the following hypothesis of how these three fermions obtain their mass:
In Figure 1, at the origin of the Higgs field energy well where the top quark is energetically most
likely to be seated, almost all of the energy, but not quite all of the energy, is drawn out of the
Fermi vacuum and used to give the mass to the top quark, via the energy integration calculated in
(11.5). But if there was to exist a single quark with the sum (12.3) of all three quark masses — or
if the masses of all three quark masses could be transformed into the mass of a single quark — then
that single quark would draw the entirety of the energy out of the Fermi vacuum at the origin of
its Higgs field energy well. And in fact, the type bi-unitary mass matrix transformations discussed
in [38] provide the precise vehicle for this to occur.

Specifically, we know there is a Fermi vacuum with an energy that has an expected value
v =246.2196508 GeV, and that fermions acquire their masses by drawing energy out of this
vacuum. So one means for the top, charm and up quarks to acquire their masses would be for all
three quark to start out formally massless (i.e. with two degree of freedom), for the symmetry to
be broken in the manner reviewed leading to (9.12) whereby the top quark gains a mass of

mc’ = 45 v =174.1035847 GeV which depressed the vacuum down to a rock bottom 0 GeV at the

origin of the Higgs well, and where some of this mass is then rotated over to the charm and up
quarks via a bi-unitary transformation operating on a mass matrix with the rest energies m,.c”,

m.c” and m c’ on its diagonal. Specifically, let us begin with a mass matrix defined by:

m, \mm_ \Jmm, +v 0 0) (174.1035847GeV 0 0
M, = Jmm — m  Jmm, |c*=| 0 0 0]|= 0 0 0. (12.7)
\/mf mu \/mc mu mu O O O O O O
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Then, let us transform this into M,, - M. =U'M' U, where U is a unitary matrix U'U =1.

The important point to note, is that under a bi-unitary transformation the trace tr (M m) =tr (M ' )

uct

is preserved so that m ¢’ +m.c* +mc’ =—=v in (12.3) will remain true not matter what specific

angles or phases are used in this transformation.

The next deliberation is what to use for the unitary matrix U. As a 3x3 matrix this could
have up the three real angles 8,,, 8,,, 8,, and one imaginary phase O in the same manner as the
CKM mixing matrix used to characterize generation-changing weak interaction beta decays for
both quark and leptons. But the up, charm and top masses represent three unknown mass
parameters. The relation (12.3) reduces this down to two unknown parameters, plus the Fermi vev
which is known. So, we ought not use more than two real angles without a phase (or more
precisely, with d =0 so expid =1) to re-parametrize these two unknown masses, so that we
simply trade two mass unknowns for two angle unknowns. For this purpose, we may choose any
two of 8,,, 8,,, 6, and structure the matrices accordingly. Specifically, we may choose a first

parametrization with 8,, and 8,,, whereby some of the mass in m,c’ = first is rotated into

m,c* , then “downward cascades” into m,c*. The second parameterization is to use 8,, and 6,

where the top quark mass is “distributed” to both the charm and up quarks. The third alternative
istouse &, and 6,, where the top mass rotates into the up quark, then “upward cascades” into the

charm quark. For reasons that momentarily become apparent, it is fruitful to develop both the
“downward cascade” and the “distribution” parameterizations, while the third parameterization
turns out to be duplicative of the first but with a 90-degree rotation of one of the angles.

Using the “downward cascade” parameterization, this bi-unitary transformation is:

2 12 g7t 2
M, c -M,_ c=UM,cU

uct

1 0 0 Ve, -5y OYFHEY O 0) e, s, O)1 O O
=10 ¢, =Sy |lS;, ¢, O 0 0 Of =s; ¢, O[O0 ¢y sy . (12.8a)
0 s, ¢y 0 0O 1)L, 0 0 O O 0 1T){0 =-s, ¢y

2 ml mrmr mrmr
C3 €383, €y €383 8y ' Ve N
1

— 1 2 2 2 — o roo 2
=AY C2832Cn S Cy S3 €18y | —| NN, m, m.nm, |C
2 2 2
C838u 83 €Sy S Sy ) mm,  \Jm.m, m,

So now the energy %v from the Fermi vacuum that started out all in the top quark has been rotated

into and shared with the charm and up quarks. With the “distribution” parameterization we obtain:
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¢, O S31 |[ €32 sy, 0 %v 0 0 Cy Sy O0)f ¢y 0 sy
=0 1 O Sy €, 0 0 0 O -s; ¢y, O O 1 0| (12.8b)
s;;, 0 ¢y 0 0 1 0O 00 0 0 1){\-s;; 0 cy

2 2 2 m' m’m’ m'm’
C3 Cy €383, €3 C3p €383 1 Ve NI

- L 2 - '
— VY| €282Cy 83 C3283 83 | = | MM

! I U I !
11 V mt mu mc mu mu

There are three mathematical points to note in (12.8). First, as already mentioned, the trace
is preserved under (12.8), because s,,°s,’+s,°c, +c,° =1 in the former and

2 2 2
C3 C31831 C38383 €3 Sy

2 2 2 2 2 . 2 2 2 1 2 r .2 12 1
Cyp” Cyy +Cyy7 83 +85,° =1 in the latter. Thus, m,c” +m.c” +mc” =m,c”+mc” +mc” =7v, 0
we also preserve (12.3) as required. Second, all of the square root relations in the off-diagonal
cee L [ 2 2 2 o 2 2 2 roor 4 2 2 -
positions are preserved, viz: m;m, =cC,,” S;," C,,", M;m, =Cs," S;,° S, and m.m, =s.," C,” 8, in
: o1 _ 2 2 2 o 4 2 2 ro1 _ 2 2 2
the former while mm, =c,,"s;,”¢;,”, mm, =cs, C,° s, and mm, =c,,"s,;,” s, , whether
calculated from the diagonal or the off-diagonal elements. Third, the masses and their associated

couplings related by %va =m fcz are the same no matter which parameterization scheme we

use, but that the angles are defined differently depending on the scheme. For this reason we have
denoted all of the angles on the final lines of (12.8) by the I and /I subscripts outside the matrix
containing the sines and cosines of these angles. Note also, if we use the mass-to-vacuum coupling

relation %va = m_fc2 , then dropping the primes of the transformations in (12.8) from here on,

we can explicitly identify these couplings to be:

G, VGG GG, C322 €383, €y €383 8y
Gucl = Gt GC GL‘ V GC GM

2 2 2
GG, .G.G, G €838y 83 €Sy 83 8y

u

G, JGG. GG, 2, 2 2
t ¢ - C3n Gy €383 €3 €3 €383
_ 2
G, =|JGG. G. \JG.G, C3, 83, Cy, 1 C3 85,85 | - (12.9b)
2 2 2
JGG, GG, G, C G383 CuSn Sy G5 Sy ),

Note, that for both of these, the trace trG,, =G, + G, +G, =1. This is another refection of (12.3).

2 2 2
€385 €y 83 €y 830 €218y | » (12.92)

Now we turn to the empirical data and calculate these angles to see if they bear any relation
to any other known empirical particle data. Specifically, we use the revised mass coupling data in
(12.6) to calculate 8,,, and 8,,, in (12.9a), and 6, and G,,, in (12.9b). From (12.9a) we first
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deduce c,,," =G,, then ¢,,> =G, /s,,,” =G, /(1 - cmz) , then ascertain the angles in both radians
and  degrees. From (12.9b) we likewise deduce s,,,>=G. followed by
¢ =G, l¢c,,,” =G, /(1 - slmz) followed by the angles. In this way, we calculate that:

6

1
8,,, =0.08568"%% rad =4.90914 03450
6,,, =0.041527254% rad = 2.37864"0%7 °
6,5, =0.00357 00 rad = 0.20442700%% ©

i —0.01953

L =0.085757000% rad = 4.913387 0 °©

-0.06874

(12.10)

The scheme-dependent &,, differ but slightly as between these two parameterizations, and the

angles of approximately 4.91° do not “ring any bells” with regard to other known empirical data.
But as to 8,,, and 8,,, one cannot help but notice based on the 2018 PDG data [39] that these

are equal to two of the three CKM quark mixing angles within experimental errors. Specifically,
using the Wolfenstein parameterization reviewed in [39], it is possible in a known manner to
deduce that for the empirically-observed standard parameterization CKM angles (subscript C):

8.,, =0.2265+0.0005 rad =12.975+0.026 °
0., =0.0036°0%0 rad =0.20970%1 °

6., =0.0422+0.0009 rad = 2.415+0.053 °
O, =1.2391°0%% rad =70.998"1 9" °

(12.11)

Doing the comparisons, we see that 8,,, =2.37864°0771 ° versus 6,.,, =2.415+0.053° which

overlap within the error bars, and that ,,, =0.20442°005% ° versus 6., =0.2097073 © which

likewise overlap within the error bars. In fact, 8,,, which has a wider error bar has a central
portion fitting entirely within the error range for .,,, and ,,, with a wider spread also has a

central region fitting entirely within the errors for ;.

So, our goal was to see whether the mass mixing angles in the bi-unitary transformation
M, - M.! =U'M U bore any relation to any known data. And in the comparison between
(12.10) and (12.11) we found that we have two “hits” directly in the middle of the empirical data
for two of the three real CKM mixing angles. (Shortly, we will likewise connect with the third
real CKM angle using the isospin-down quark masses.) With two such hits not one, the statistical
chances of this being a coincidence are extremely remote. Therefore, let us now conclude that this
concurrence between (12.10) and (12.11) in fact is the discovery of two fundamental physical

relations whereby we use the empirical data concurrence to define the physical relations:

6,,, = 6.,, =2.415+0.053°

_ " ° (12.12)
81131 = €c13 = 0209—3181;
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Note also that we have used the CKM angles to reestablish the empirical range of the mass-based
6,,, and ,,, because the former have tighter (smaller) error ranges. Consequently, we may use

(12.12) to more tightly tune the isospin-up quark masses using CKM data, rather than vice versa.

Once we have made the connections in (12.12), it becomes possible to express the isospin-
up quark masses via their couplings G, = m_fc2 / f v, directly in terms of the CKM mixing angles,

and vice versa. From the relations embedded in (12.9) which were used to obtain (12.10), we may
now use (12.12) to find that:

COSZ 06‘23 = C082 0]21 = . (2;6 = GCZ = GC
sin"g,,, 1-cos" 8, 1-G,
G ) G . (12.13)
cos’ G, =cos’ 6, = ——— = ——1 =—
cos 8,,, 1-sin"6, 1-G,
Then, solving (12.13) as simultaneous equations in G, and G,, while also using

G, =S,5" 815" =Cpyz Sys from (12.9) along with (12.12), we are able to deduce:

sin® 8,.,,co8’ 0,5, G = cos” G,.,,sin” G, . G, =G tan’ 8., =G, tan’ .. (12.14)

r T 2 2 > ¢ 2 2
1-cos” g.,,co8" 6., 1-cos” @,.,,cos" G,.,,

This expresses the G, = mfc2 / ﬁ v for the isospin-up quarks, entirely in terms of the CKM

angles 8., and g.,, which mix the third-generation quarks with the first and second generations.

Only two of the three relations (12.14) are independent. But together with (12.4) which related
the sum of the three isospin-up quarks directly to the Fermi vev, we have now expressed all of

these three quark masses as functions m, ,m_,m, =F (v, 6., 49C23) of other known parameters,
namely, the Fermi G, coupling and its related vev, and the two third-generation CKM mixing

angles. In this way, what began at the start of this section as twelve unexplained fermion rest
masses (six quarks flavors and six lepton flavors) have now been reduced down to only nine
remaining unexplained masses. Three of these twelve masses, for the isospin-up quarks, can now
be expressed entirely in terms of other known physical parameters.

In fact, there is a very simple geometric interpretation of the results in (12.13). From (12.9)
we may use G, +G,+G, =1 then ﬁva = mfc2 to rewrite (12.13) as:

2 2
G» G \/Gc V c
08" fery =€08° 6 ST TG :JG_2+ Gzzx/_zn:x/_z
t c u c u mc mu
2 2 ’
G, G, JG N

1 —_ mt
=G, G*G, G +JG. \m +m
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If we now establish a three-dimensional rest mass space in which the square roots \/m,_ , \/m, and

\Jm, are respectively plotted against the x, y, and z axes, we see that 6., =8,,, =8 is simply the

polar angle @ of descent from the z axis and 8.,, =8,,, =@ is the azimuthal axis of rotation

through the x and y plane about the z axis, using spherical coordinates. This is graphically
illustrated below, using the quarks mass values in (12.5):

Vit 132 (Mev?/c)

Jm, 110 (MeV= / ¢) =/246,219.6508 / {/2¢ (scaled axes)
0
7
s
7 10xfm, (MeV*/c)

172,8264/10c ¢ ———— ————— — — — — — — — —

_ L
T i :
/- 50—9,21-9,:2&52»4150 g (Mevic)
275 /¢

Figure 3: Isospin-Up Quark Mixing in Rest Mass Space

Because, comparatively speaking, the top quark mass is so huge and the up quark mass is so small,
even after taking square roots the top-to-up ratio is about 280-to-1. So, any visual representation
drawn to scale with be difficult to see. Therefore, in the above we have rescaled the axis for the
top mass by dividing by 10 and rescaled the axis for the up mass by multiplying by 10. What is
remarkable is not only that the Fermi vev of about 246.22 GeV can be rotated in this square root
space to produce the mass of each quark as illustrated, but that the azimuthal and polar angles
correspond also to two of the three CKM mixing angles.

One final point is worth noting before we move on to examine the isospin-down quark
masses. As between the first and second parameterizations, we also uncovered two other angles
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6, and 6,,, in (12.10). And we did not develop an available third parameterization using what
we shall denote as 8,,,, and 6,,,. This is because as noted, the angles obtained from the bi-

unitary transformations in (12.8) are parameter-dependent but the masses and their couplings are
not nor can they be. So, once we attach a physical significance to cos® 8,,, and cos® 8,5, in (12.12)

we have squeezed all of the independent information we can out the bi-unitary transformations.
The remaining angles 8,;, and 8,,, furnish no further information, as they are not independent of

the physical connections established in (12.12) but simply contain redundant information.
Likewise, the third parameterization using what we shall denote as &,,,, and ,,,, produces a

90°-8,,, =6, and 8, =6,,, which effectively rotates of &,,, by 90 degrees, a renames 8,,
to 8,,,,, and in the process, also flip the signs of all the square roots which contain G,. As such,
this too is redundant and adds no new salient data.

13. Theory of Fermion Rest Masses and Mixing: Down, Strange and Bottom

If it is possible to express the three up quark masses as m, ,m.,m, = F (v, (7 HCZS), and

given that the two CKM angles parameterize generation changes during weak beta decays between
isospin-up and isospin-down quarks, and because 8., =12.975%£0.026° in (12.11) is still
unaccounted for, it is natural to examine whether a carbon copy of the bi-unitary transformations
in the last section can be used the characterize the down, strange and bottom quark masses in a
similar fashion, while also relating 8., =12.975+0.026 ° to these masses. From here, to avoid

notational confusion, we shall start to use the subscript U to denote various angles and objects
associated with the isospin-down quarks when necessary to distinguish from the results of the last
section, and will add the subscript T to the objects and angles of the last section when necessary
to establish a clear distinction.

To cut right to the chase, let us replicate (12.9a) identically, but with the substitutions
ur—>d, cr—s and t— b, as such:

G, GG, GG 2
b b b~d C3 €383, €y €383 8y
_ _ 2 2 2
G =| VGG, G, VGG, |=] €585y 837 Cy 830 €181 | s (13.1a)
2 2 2
\/GbGd \/GSGd G, €808 S35 CuSy S Sy )

2 2 2
G, \/G”Gf \/G”Gd C3 €3 €383 €31 C3 €383

G =| VGG, G, VGG, | =] ¢3,85C5 5322 C3, 835 83 . (13.1b)

2 2 2
\/GbGd \/GSGd G, Cn €383 CuSnSy G Sy ),

Here, it is clear that G, +G, + G, =1. As with (12.8) and (12.9), these coupling matrices utilizing
the first and second parameterizations arise following a bi-unitary transformation
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M, M, =U' WM ety 4 in which before the transformation, M ,, contains all of the rest
mass in the bottom quark. Because the diagonals sum to 1, m,c® +m .’ +m,c” is invariant under
these unitary transformations. Of course, however, the empirical
m,c* +mc* +m,c® £m,c* +mc’ +mc’ =4v. So, to mirror the development of the last section
we shall need to postulate a new, second vev defined by:

Vv = m,c’ +mc’ +myc® =4.279757 GeV , (13.2)

while re-denoting %vﬂ =174.1035847 GeV to identify this as the vacuum which, cut by the same

V2 factor, is now understood to be equal to the sum of the isospin-up quarks. The be clear: at the
moment, the existence of this second vev this is a postulate, intended to see if we can account for
the remaining CKM angle 8., =12.975+0.026 ° in the same way we have already accounted for

the other two CKM angles. If we can, then the postulate is validated. If, not, then it is not. Along
with the definition above, we have used the empirical data in [35] to provide a numerical value for

W= 42797773 GeV , where the upside error of 284 MeV is based on the unlikely event of all

three quarks having a mass at the top end of their error bars and the downside error of 192 MeV
conversely is based on all three quarks being at the low end.

Now, in (11.7b) we calculated couplings G for the down, strange and bottom quarks which
were based on the relation G, =m fc2 / ﬁvﬂ . Butin introducing %VU with a much smaller energy,

we are implicitly introducing the prospect that the potential V (¢ ) =4 g’ +1 Ag" +... not only
has a first minimum at v, = \/5 174.1035847 GeV, but has a second minimum at
v = V2 [3.2797707% GeV . This in turn requires us to no longer ignore the higher order terms in

the potential which will be of order @°, @°, @'° and so on, because we cannot have a second

minimum (and perhaps a third for the charged lepton masses and a fourth right near zero for the
neutrino masses) without these higher order terms. We will examine this more closely in the next

section, but for the moment, let us simply posit that there is some V ((g,) , hot yet known, which

has a second minimum at v, = 2 [4.2797707% GeV , and indeed, which is ascertained subject to

the requirement that it have this second minimum at this exact energy as well as the usual first
minimum at the energy v, = V2 174.1035847 GeV .

Now, because the trace of the matrices in (13.1) sums to 1 by trigonometric identity and
thus G, +G, + G, =1, the relation (13.2) requires us to recalibrate the coupling for each individual

quark to G, ., =m, ¢’ /4-v,, using the second minimum at v, =23.2797%°% GeV rather
than the first minimum at v, =246.2196508 GeV . Similarly to the procedure followed at (12.9),
we use (13.1a) to calculate ¢, U322 =G, followed by c, 0212 =G, /s, U322 followed by the two angles,

and (13.1b) to calculate s, U322 =G, followed by ¢, U312 =G, /c, U322 followed by the two angles.
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However, unlike in the last section where v, was independently-known because it is simply the
vev energy magnitude associated with the Fermi coupling constant, the v, =4.2797515; GeV

in (13.2) is itself a function of the down, strange and bottom masses and so is subject to their error
bars. Moreover, the G, , of the individual quarks are interdependent with and so subject to the

error bars of the other two quarks. As a result, we shall review four different calculations each
based on different assumptions about the error bars in the quark mass measurements and in the
CKM mixing angle 8., =12.975+0.026 ° in (12.11).

Drawing again from PDG’s [35], we start with the individual quark masses
m,c® =.0047 5000 GeV , mc? =.095" 0, GeV and m,c’ =4.1871: GeV which, it will be noted,
sum to the result in (13.2). In the first calculation we simply use the central value of the error bars

in PDG’s [35] for each of the three quark masses to calculate the four mass mixing angles as
reviewed in the previous paragraph, as such:

6,45, =0.153 rad =8.779°
6,45, =0.150 rad =8.568°

6,4> =0.219 rad =12.540°
6,5 =0.034 rad =1.921°

(13.3)

At the lower end of the empirical ., =12.975%0.026 °, is the value 6., =12.949° , which differs
from 6,,, =12.540° in (12.10) by a mere 0.409°. Coupled with having already connected two
mass mixing angles to the real CKM angles in (12.12), this leads us to suspect that &, ,, is in fact
physically equivalent to &,,,, i.e., that &,,, =6,,,. So, the next step is to see if such a suspected

connection falls within the error bars for the three quark masses that went into the calculation
summarized in (12.10).

It turns out that ,,, which was calculated to be 12.540° in (12.10) is very-sensitive to

variations in the down quark mass, is moderately-sensitive to variations in the strange quark mass,
and is virtually unaffected by variations in the bottom quark mass. So for a second calculation,
we leave the strange and the bottom masses alone at their centers by using m ¢’ =.095 GeV and

m,c> =4.18 GeV , and simply see whether there is some value for the down quark mass that will
enable 6,,, =8,,, to in fact become a valid relation within the errors of m,c? =.00477 5 GeV

and 8., =12.975+£0.026 °. The combinations of results turn out to be:

if myc> =4.18 GeV and m,c’ =95 MeV and m,c’ =5.064 MeV, then 6,,, =13.001°
if m,c* =4.18 GeV and m ¢ =95 MeV and m,c” =5.043 GeV, then 6, ,, =12.975° . (13.4)
if m,c* =4.18 GeV and m c*> =95 MeV and m,c’ =5.022 GeV, then 6, ,, =12.949°
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That is, now in MeV, with the bottom and strange quarks left at their centers, a down quark mass
in the range m,c’> =5.043+.021 MeV corresponds to the range 8., =12.975%0.026 ° of the first

and second generation CKM mixing angle. Because the error bars for the down quark mass can
be as high as m,c’ =5.2MeV , we have now established that &,, =6,,, can indeed be a valid

physical relationship within the known error bars for the isospin-down quark masses and the CKM
mixing angles. It also turns out that for the down quark mass taken closer to its central value

m,c*> =4.7MeV , it is necessary to reduce the strange quark mass somewhat to stay within the
range of 6., =12.975%0.026 ° for the CKM mixing angle.

So, in a third calculation, knowing that &,,, is most sensitive to the down mass which
needs to be elevated above m,c> =4.7 MeV to hit the CKM target of 8., =12.975+0.026 °, we
start with a lower down quark mass assumed now to be m dcz =4.9 MeV . Then, we examine the

ranges of acceptable values for the strange quark mass which achieve 8., =12.975+0.026 °. The
result of this calculation are as follows:

if m,c> =4.18 GeV and m,c* =4.9 MeV and m,c’ =91.918 MeV, then 6, ,, =13.001°
if m,c> =4.18 GeV and m,c* =4.9 MeV and m,c* =92.299 MeV, then 8,,,, =12.975°.  (13.5)
if m,c> =4.18 GeV and m,c* =4.9 MeV and m,c* =92.683 MeV, then 6, ,, =12.949°

Noting again that m ¢’ =.095 ., GeV, we see that for the top line calculation the strange mass

falls just below the error bar, while for the middle and bottom line calculations the strange mass
ends up below its center but still within the PDG error range. Weighing all of the data, for the
example of m,c* =4.9 MeV whereby the down and strange quarks “share” the variations with the
down moved above center but not as high as in (13.5) and to compensate the strange is moved

below center, and given that with a "o, GeV variation the strange quark has less movement
available on the low end than on the high end, it seems most reasonable to expect that &, is likely
on the low end of @, =12.975° than on the high end. That is, with §,,, =6, taken to be a

correct physical relationship given that it is in fact true within the experimental and scheme-
dependent error bars, we expect that a) the down quark mass is higher than the middle of

m,c’ =4.777 MeV , b) the strange quark mass is lower than the middle of m c* =95, MeV , and
c) the CKM angle is lower than the middle of 8., =12.975+0.026 °.

But what is most important is that 6,, =6, is in fact a correct physical relationship

within the known experimental and scheme-dependent errors for the pertinent empirical data.
Once this relationship is taken to be a given, it then becomes possible to more finely tune the up
and strange masses and the CKM angle &.,. Again, the bottom mass has negligible impact on

any of this. So, we now take the step of establishing &, ,, =6,,, as a true physical relationship,

and adding this to (12.2) updated to differentiate isospin-up from isospin-down, whereby:
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6,421 = Oy =12.975£0.026 °
6 =1.921°

11431

6,13 = 6.y =2.415£0.053° |
9]1ﬂ31 = 9C13 = 0'209+0'015 °

—-0.013

(13.6)

Now, all three of the CKM mixing angles have been connected to mixing angles which are the
direct result of bi-unitary transformations operating on quark mass matrices. There is also a fourth
“leftover” angle &, =1.921°, also shown.

In a fourth and final calculation, which also necessitates a brief preface, we address the
scheme-dependency of the quark masses about which to this point we have been speaking loosely.
Although the quark masses deduced from hadronic scattering experiments are scheme-dependent
as reviewed in [37], this does not mean we ought to conclude the quarks do not each have an
objective mass that is scheme-independent, as do the leptons. In this regard, the key statement in
[37] is that “quark masses therefore cannot be measured directly, but must be determined indirectly
through their influence on hadronic properties.” Ordinarily, these influences are observed in
scattering experiments. However, in [11.22] of [40] and [10.1] of [41], the author demonstrated
the existence of a pair of simultaneous equations

oW

3(md —mu)/(Zn) =m,

3 (13.7)
M,-M,=m, —(3md +2,/m,m, —3mu)/(2n)2

through which the up and down quark masses may be deduced with extremely high precision based
on the tightly-known, scheme-independent rest mass of the electron m, and the tightly-known,

scheme independent difference M, -M , between the neutron mass and the proton mass. In this

scheme, named the “Electron, Proton, Neutron (EPN) scheme,” the electron, proton and neutron
masses as well as nuclear binding energies and mass defects express indirect influences and
manifestations of objective quark masses and are essentially “fingerprints” or parts of a “nuclear
genome” from which the quark masses may be inferred. Using, (13.7), one may deduce very
precise values for the up and down quark masses, which are:

m, =0.002387339327 u =2.22379240 MeV

. 13.8
m, =0.005267312526 u =4.90647034 MeV (15:5)

So, in the fourth and final calculation we use these very precise values of the up and down quark
masses, which enables us to tighten up the error ranges for other quantities which are
interconnected with these.

So now, with (13.8), we repeat the calculations of (13.4) and (13.5) to obtain:
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if m,c* =4.18 GeV and m,c’ = 4.90647034 MeV and m c* =92.039 MeV, then 8, ,, =13.001°
if m,c* =4.18 GeV and m,c* =4.90647034 MeV and m c* =92.421 MeV, then 6, =12.975° . (13.9)
if m,c* =4.18 GeV and m,c* =4.90647034 MeV and m_c* =92.806 MeV, then §,,, =12.949°

It should also be noted that keeping the down and strange masses as is, and using a bottom quark
mass anywhere over the entire range given by m,c’> =4.18700: GeV, produces absolutely no

change in the value of &, ,,. This is why we made the statement at (13.4) that this mass mixing
angle and therefore the CKM angle 6., =6, ,, now related to this by (13.6) is virtually unaffected

by variations in the bottom quark mass. Based on the match to the central empirical date
6., =12.975%£0.026 ° in (12.11), we shall henceforth use the middle line of (13.9) for the mid-

range masses of the isospin-down quarks.

Because we have shown in (13.6) that ,,, =6,,, =12.975+0.026 ° within experimental

error bars, and because this is based on the postulate that the Higgs vacuum has a second vev

—+ vy Em,c” +mc? +m,c’ which represents another minimum of the potential for the scalar field,

the connection established in (13.6) also is confirming evidence that this second vev postulated in
(13.2) does in fact physically exist. The first minimum was of course independently-set by the
fermi vev v, =v =246.2196508 GeV . But at the moment, all we know about v are the masses

of the down, strange and bottom quarks of which this is the sum. Therefore, it is important to get
the tightest error bar fit that we can for this second vev. For this purpose, we use the calculation
in (13.9), and we use 6., =12.975+0.026 ° to set the outer bounds on v, . As aresult, recognizing

that m,c’> =4.18"00 GeV is the least-precise ingredient that goes into this vev, we calculate

ﬁ"u =4.27731£0.0004 GeV, which now replaces (13.2). Note, the high end of v, corresponds

to the low end of 6., and vice-versa. Any further precision in this number will depend entirely

up ascertaining additional precision for the bottom mass. Rewritten without V2 to enable direct
comparison to the Fermi vev including its error bars in [21], we have:

vy =2 (m,c” +m.c® +m,c*) = 6.0491£0.0005 GeV
. (13.10)
vy =N2(m,c” +m.c® +mc”) =246.2196508 +0.0000633 GeV

Again, the outer bounds on v, are now set, not by the masses, but by 6., =12.97550.026 °,
which this sign flip correspondence explicit. The ratio v, /v, [40.7035. The Higgs field rest

energy extraction plots for the isospin-down quarks look identical to those of Figures 1 and 2 with
the depth dependent upon the particle mass, with the exception that while A, /v =h, /v, in Figures

1 and 2, for the isospin-down quarks it becomes h, /v =h,/v,. So, the energy drop begins in a

vacuum with a magnitude that is smaller by a factor of just over 40.
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It is also possible using v, in (13.10) together with m, =2.22379240 MeV obtained in the
EPN scheme via (13.7) and m > =1.275"0%:2 GeV from [35] to tighten our knowledge of the top

quark mass. This is presently known to be m,c* =173+0.4 GeV based on [35]. Now, the central
value and error bar range are inherited from the charm quark, whereby:

m,c® =172.826"0% GeV|. (13.11)

Moreover, because as noted the results in (13.9) are impervious to bottom mass swings over the
whole range of m,c* =4.18")01 GeV , we can use the very precise down quark mass in (13.8) and

the fairly tight 8., =6,,, to calculate a more precise magnitude for the strange quark mass. This

is presently known to be m c* =95, MeV , and is now tightened to:

mc’ =92.421+*3% MeV |, (13.12)

These are both more than ten times as accurate as what is presently known for the top and strange
quark masses, and constitute two additional empirical predictions of this theory which can and
should be tested.

The connection in (13.6) whereby 6, ,, =6, =12.975+0.026 ° also means that there are

some additional theoretical relations between the CKM mixing angles and the U quark masses as
represented by their couplings G, , (VU) =m, c*/ ﬁ"u . These relations, assembled with the

earlier (12.13) updated to reflect that these are 1l quarks which use a different vev, are:

, _ , B G‘Y (VU ) _ G‘Y (VU ) _ GS (VU)
COS” zy =€OS™ Bz = sin@,,° 1-cos’8,,° 1-G, (v)
cos’ @, .. = G, (v) __ G (%) = G (1)
T cos? Oy 18I0, 1-G, (VU ) (13.13)
cos’@.,,=cos’8,,, = G. (vﬂ) = G, (Vﬂ) = G (vﬂ) |
€23 Mmoo 6, 1- cos? 6,4, 1-G, (Vﬂ )
2 _ 2 _ G[ (Vﬂ) — Gt (Vﬂ) - G’ (Vﬂ )
€0 Geiy =008 Gy = cos’ B4, " 1-sin® Oy 1-G, (Vﬂ)

We have also included the “leftover” angle &, =0.034 rad =1.921° which, at least for the

moment, does not relate any other independently-known data, but which, like cos’ 8,,, =cos’ 6,

above, is a function of the strange and bottom quark couplings.
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Then, solving the top two (13.13) as simultaneous equations in G, and G,, while also
using G, =$,5,° S;u2° =Cpys Syysi- from (13.1) along with the results in (13.6), and assembling

this with (12.14) also updated to reflect the  vacuum, we obtain:

a2 2 2 s 2
— sin €C23 Cos 0[1U3l . — cos €C23 sin HHUSI . — 2 — 2
s 2 Gd - Gs tan 6012 - Gb tan 911031
~ 1-cos 26y, 08" Gy, 1-cos® ,,, cos” 6,5,
; (13.14)
2 a2
sin® g,.,, cos” 6 cos” @,.,,sin"
= ZC; ZC;I ; G, = : 23 ZC;I ; G,=G, tan’ 8., =G, tan’ g,
I—cos” g, cos” G5 I=cos” g, cos” G,

In contrast to (12.14) where m,,m_ ,m, = F (v 8.5, 6’C23) so that all three quark masses may be

expressed as a function of three independently-know parameters, the three G, , and associated
quark masses are now reduced in “freedom” by only one independently-known parameter, namely,
the third mixing angle cos® 8,.,,. So, we may write m,, m_, m, = F (md ,mg, 9c21) or alternatively
my,m,m, =F (m,, m,8,,),because cos’ 8., =G, /(1-G,) eliminates either G, or G, but not

both as independent parameters. Thus, all told, we have now taken six previously-unexplained
quark masses, and reduced this to two unexplained quark masses, plus the three CKM angles, plus
the Fermi vev. So now we focus on the question of the remaining two quark masses.

Similarly to (12.15), using G, +G, +G, =1 from (13.1) we may rewrite the upper two
relations (13.13) as:

cos’ @, =cos’ 8, = 1 Gz; = G iSG - \/—\/_ \/_\/m_z
-G, +G, + , md

G, — G, = \/— = \/m_
1-G, G,+G, G, +\/_ \/—b + md

Then we may graph a similar geometric relationship in a three-dimensional rest mass space in
which the square roots \/m, , \/m, and ./m, are plotted against the x, y, and z axes. Here, the

(13.15)

2 —_
cos 911u31 =

masses are close enough once the square root is taken, that they may be drawn to scale, without
re-scaling any axis. The result is shown below:
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Jm, (MeV*/¢)
JA180/c & — = \/vu/cz/%(MeV'S/c)
=6.0491/42¢

0 = 911U31 |
=1.921°

Jm, (Mev?*/c)

J4.906 / ¢ =7 y\ Jm, (Mev*/c)
/
Q= 91U21 = 0C12 =12.975°

Figure 4: Isospin-Down Quark Mixing in Rest Mass Space

Here too, what is remarkable, taken together with Figure 3, is that the azimuthal angle @ here

corresponds also to the third of the three CKM mixing angles. Each of the four angles in Figures
3 and 4 is needed to specify the projections of the vector associated with the vacuum into each of
the individual masses, but only three of these angles are used also for CKM mixing.

Taking stock of where we are at the moment, there are two reasons, one for each, why there
are two free parameters still remaining in the isospin-down portion of (13.14). First, there are only
three real CKM mixing angles, not four. Two of those already went into

m,,m.,m =F(v,0.,6.,). All that was left for the isospin-down masses was 6.,,. The
“leftover” angle cos’ 8, 31 previously-referenced at (13.6) and (13.13), if it had an independent

basis, could squeeze out another degree of freedom from m,, m_, m,. One possibility to consider

is whether the “leftover” CP-violating phase angle J,, associated with the 13 transition in the

standard CKM parameterization bears some relation to “leftover” angle cos’8,,,,. But at the

moment, whether this phase can provide an independent basis for the leftover mass mixing angle,
or some other basis is required, is presently not clear. Second, for the isospin-up quarks, we had
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available vy =v as an independent energy number supplied by the Fermi vev. On the other hand,
at present, we have no independent information about v in (13.10). Rather, we only know about

this from the m,c* +m,c® +m,c* mass sum. So, to squeeze out another degree of freedom from

the unknown numbers in the natural world, we would need to have independent knowledge of
v, =v separately from its value in (13.10) arrived at from the quark masses themselves. And this

raises the final matter to be explored before we turn to the lepton masses.

14. The Two-Minimum, Two Maximum Lagrangian Potential for Quarks,
and the Role of the Higgs Boson and its Mass in Weak Beta-Decay

When we first introduced the postulate of a second vev for the isospin-down quarks, this
was speculative. But because this postulate led to the connection 8, ,, =6, =12.975+£0.026 °

with observed empirical data at (13.6), this connection is confirming evidence of this second vev.
Normally, the Lagrangian potential V =1 @g* +1Ag* +... with higher-order terms above ¢

neglected is used to establish the vev and the Higgs fields in a well-known manner, see, e.g.,
section 14.6 of [20] including Figure 14.3. But if is there is now to be a second minimum at v,

we can no longer neglect these higher order terms, because they will need to be responsible for
providing this second minimum.

To review the standard model calculation so that we can consider the form of the required
higher order terms, we start with V sans any higher order terms then calculate its first derivative

V'=dV/dg =g¢ (,u2 +/quf). This will equal zero at either @ =0 orat —g° /A =g’ , so these

two points on the domain will be minima or maxima of the original V dependent on overall sign.

We then assert the condition that the latter stationary point is to be a minimum at ¢, =v =v, (now

distinguishing v, from v;) by defining —(rIA=q’ = vﬁz. At the same time, the expansion

vy v, h(t,x) about the vacuum using a Higgs field reveals a Higgs boson rest energy
2

m,’c* = =24 =2Av,* in the usual way. These two results may be combined to inform us that

A= mhzc4 / 2vﬂ2 , which says that the parameter A is undetermined unless and until we know the

mass of the Higgs boson. So, with these items of information we may return to the original V as
well as V' =dV / d¢ and rewrite these as:

2

4
VEA(-tyigi ey = —om g+ Mg
4 8 v, 141
" _ 2 2 _mhzc4 2 2 1
vi=Ag (el -y )= a(a )
Vi

Now, we note from (13.10) that the two vevs which specify minima of the potential are

stepped up from their respective fermion mass sums by a factor of J2. At the same time
following symmetry breaking and defining a Higgs field to represent perturbations about the vev
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minimum, there is a similar ~/2 factor in the relations v, th=q, = \/5441 in (11.3), now using
v, =v . Soat the minimum where s = 0, we have v, =@, =~2¢,, or v,> =¢,> =2¢?. In contrast,

from V' in (14.1b) as written, the minimum will occur when ¢],,2 = vﬂz. Thus, in view of what we
learned from (13.10 about the relation between mass sums and vevs, we see that (14.1b) needs to
be recalibrated so that the minimum occurs when ¢, — vﬂ2 =0, not ¢’ —vﬂ2 . That is, (4.1) needs
to be recalibrated by a factor of J2 , which is most simply achieved by replacing @ — @, = \/5@,
in (14.1b). Doing so, with V' =dV /d¢, , this now becomes:

1 1mc*
V=4 (_%Vﬂz%f +%¢fh4) = _Zml1zc4¢f/12 +§ : 2 @’
)

(14.1b)

2 4

Vi=Aq, (ﬂh2 _Vﬂz) = n;;—czq‘b, (¢th _vﬂz)
ft

Given that A = mhzc4 / 2vﬂ2 >0, and examining V', we see that V will have a maximum at
@, =0 and a minimum at ¢, = vﬂ2 . When we break symmetry of ¢ = %((gk + i@h) from (11.3)
in the symmetry circle, in addition to choosing ¢, =0, we also chose ¢, =+v, as between the
two possible choices ¢, =+v,. Empirically, v, =v =246.2196508 £ 0.0000633 GeV is obtained
from the Fermi coupling constant G,. We calculated v, =6.0491+0.0005 GeV at (13.10) from
the sum ﬁvu =m,c’ +m.c’> +m,c’ =4.2773+£0.0004 GeV of the isospin-down quarks. And

while over four decades passed between when the Higgs boson was first postulated and when it
was finally observed, today we have experimental data showing the Higgs boson to have a rest

energy m,c’ =125.18+0.16 GeV, see PDG’s [42]. It is noteworthy that m,c’ is just a touch
larger than half the Fermi vev, and to be precise, that mhc2 -, /2= 2.07+£0.16 GeV . Also,

because we now know the Higgs mass empirically, we may deduce that the undetermined
parameter A =m, c* /2vﬁ2 =0.1292+£0.0003. Were the Higgs mass to be exactly equal to half

the Fermi vev, we would have A =1/8. The consequences of this slight deviation from A =1/8
are important, and will drive many of the results now to be reviewed.

Now, turning to theory, if V (¢],,) is to have a second minimum at ¢, =v; along with its
first minimum at ¢, = v, , as well as its maximum at ¢, =0 , then it must now also have a second
maximum at some definitive v, <¢, <v, in between the two minimum points. So this raises an
obvious question: where might this second maximum be? Just as v, and v, are physically

meaningful numbers, we expect that the energy of ¢, at this second maximum should have some

physical meaning, for example, that it may be the rest mass of an elementary particle. The
empirical rest masses of significance between about 6 GeV and 246 GeV are the top quark mass,
the masses M, and M, of the electroweak vector bosons, and the Higgs mass. The top mass and
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the electroweak bosons are theoretically accounted for in other ways, so let’s make an educated
guess that it is the Higgs mass itself which establishes the second maximum. Specifically, as a
hypothesis to again be tested against empirical data, let us hazard a guess that:

y =m,c® =N2Av,. (14.2)

In other words, this second maximum occurs precisely where ¢, has an energy equal to the energy
equivalent of the Higgs mass itself. Then let’s again turn back to the empirical data to test this.

As noted just above, the Higgs rest mass m,c’ = vy /2+2.0710.16 GeV is slightly above
the halfway point between zero and the Fermi vev v, =246.2196508 £0.0000633 GeV . Another

way to say this is that twice the Higgs mass is 2m,c” = v, +4.14£0.32 GeV , which exceeds the
Fermi vev by 4.14£0.32 GeV. Comparing ﬁ"u =m,c’ +mc’ +m,c’ =4.2773+£0.0004 GeV

from (3.10) we see that these two numbers match up within experimental errors. This means that
within  experimental errors, the Higgs mass is exactly halfway  between

ﬁ"u =4.2773£0.0004 GeV and v, =246.2196508 £ 0.0000633 GeV . Or, put differently, if we

now theoretically define the Higgs mass to be the average:

— 2 — Vi +fVU —
125.18%£0.16 GeV =m,c == =125.2485+0.0002 GeV

(14.3)
\/E (muc2 + mcc2 + m,cz) + mdc2 + msc2 + mbc2

2

of vp =v and —= vU =m,c’> +m.c’ +m,c’ using the data from (13.10) for the latter, we find that

this relationship m,c* = (vﬂ +EVU)/ 2 in (14.3) is true within experimental errors.

The question now becomes whether m,c” = (vﬂ +%VU)/ 2 above really is a relation of

genuine physical significance, or is just a coincidence. There are good reasons why this is a real
relation: First, a second maximum is required at some vy <@, <v,. Second, given this domain

for the maximum, it makes particular sense in the present context for the maximum to be
established right at the domain point where ¢, = (v + h) c*, as in (14.2). Third, it makes
sense for the maximum to be fairly close to the halfway point between v and v, , as @, =m,c’
is. Fourth, @, =m,c? is in fact precisely halfway between v, and - ~ vy within experimental errors

based on empirical data, which certainly qualifies as “fairly close” to the halfway point. Finally,
the Higgs mass itself and the related parameter A =m,fc4/2vﬂ2 have long been entirely

unexplained as a theoretical matter. Given that we now have good empirical data for the Higgs
mass, and that mhc2 = (vﬂ + f vy ) /2 is confirmed by that data within experimental errors, we now
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regard (14.3) to be a new, correct theoretical relation of physical significance. Finally, because
the empirical data on the right in (14.3) has a tighter error bound than the data on the left, we
further use (14.3) as a prediction that as the Higgs mass becomes measured even more tightly than

at present, it will be found to fit in the range m,c’ =125.2485+0.0002 GeV . Now let’s proceed
forward regarding m,c’ = (vﬂ +%vU ) /2 in (14.3) to be a true theoretical physical relation for the

Higgs mass.

Following (13.14) we noted using m,, m_,m, = F (md, m,, HCZI) that we had squeezed one

degree of freedom from the isospin-down quark masses via the relation (13.13) for the CKM
mixing angle &.,, and these masses. With the discovery of (14.3), we now have a basis for

expressing the previously-undetermined number v; as a function vy = F (vﬂ, mh) . In other words,
given the Higgs mass and the Fermi vev, we may deduce v, = \/E(mdc2 +mc’ +mbc2) . This

means that if we choose to regard the Higgs mass as a “given” number, we have squeezed yet
another unexplained energy number out of the parameters which drive the natural world. So, we

can remove m, from the prior relation and now write m,,m_,m, = F (md, m,, GCZI). Together

with m,,m_, m, =F(v, 8.5, 6’C23), we have now eliminated five (5) out of the six unexplained

quark masses and “explained” them insofar as they relate to 8,.,,, 8., , 8.,,, v, and m, . Of course,
this does not “explain” why the five numbers &.,,, 8., 6.,, v, and m, have the empirical values

that they have. But we have explained how these are related to the quark masses and so have
rendered five of these six mass numbers into the status of “redundant” data. “Explaining” why
these five numbers have their observed values, should an expected by-product of a successful GUT
theory and its stages of symmetry breaking down to observable energies.

Again turning to the square roots of masses, if we write (14.3) as:

(o 7)) + (P 192¢) =(2m, ) . (14.4)

we see a Pythagorean relation amongst M /c, \/E /4/2¢ and \/2m, , with the former two on the

legs of a right triangle and the latter on the hypotenuse. This can be used to define an angle:

v 132, Ju /e i (14.5)

sing, =*——=——; cosf = ; tan@ =

\/2m, 2m, ' @\M ’

such that 8, effectively measures the magnitude of each vacuum in relation to one another and the

Higgs mass. Using the data from (13.10) and (14.3) we calculate that the central value for this
angle is 8, =6.308519°. This can be represented in the rather simple geometric Figure below:
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\J2m, =\/vﬂ +gv fe= V2x125.2485+0.0002 GeV /e

v /\Ec=\/m(,+mi +m, =\/6.0491GeV/\/5c :\/\/E(mucz+m(\£‘2+ml(:2)+m‘,c2+ms(:2+mbc2 /e

6 =6.308519° \/; lc= ,{\/E(m” +m, +m,)=,/246.219 GeV /¢ >

U
Figure 5: Vacuum and Higgs Mass Mixing in Quark Rest Mass Space

=

This is important, because in Figure 3 (M /c)/ {2 was the hypotenuse which was

projected into each of three isospin-up mass roots and in Figure 4 \/E /4/2¢ was the hypotenuse

projected into each of three isospin-up mass roots. This means that (14.4) is the bridge between
the two spaces in Figures 3 and 4, in a square root mass space that is overall six dimensional. So,
with the coefficients and square roots as shown, one starts with the Higgs mass m, axis which is
the diagonal in Figure 5. That is projected into the two orthogonal axes, represented with 1 and
U for the isospin-up and isospin-down vevs v, and v;. Then, in three of the six dimensions v, is

further projected into the masses for the top, charm and up quarks as shown in the (not to scale)
Figure 3, and in the other three of six dimensions v; is projected into the bottom, strange and down

masses. The azimuthal and polar angles in the former, and the azimuthal angle in the latter, then
provide three the real angles for CKM mixing.

Once we advance m,c’ = (vﬂ +%VU)/ 2 in (14.3) to a meaningful relation between the

mass of the Higgs boson and the two vevs, we also may deduce that the long-undetermined
parameter A in V =1.°@,*+LAg,* +..., in view of (14.5), is theoretically given by:

2 4 v, +Lvyp ?
A=c _(n ﬁzu) =1e 20 =L an ) =0.129240.0003. (14.6)
2v, 8v, 8 2v,) 8

So physically, A is now understood as another measure of how the energy equivalent of the Higgs
rest mass is distributed into the two quark vevs in accordance with Figure 5, with these two vevs
then parceling out their energies into the rest energies for each quark in their sector.

Now, with the theoretical relation (14.3) which relates mhc2 to v, and v, we have all the

ingredients we need to revise the potential in (14.1b) with the higher-order terms necessary to
provide the usual first minimum at ¢, =v, =v and the usual first maximum at ¢, =0, as well as

a second minimum at ¢, = v, and a second maximum at ¢, =m,c’>. We start with V' =dV /dq,

and build in these minima and maxima by defining:
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24

m-c
I = h 2_ .2 2_ 2.4 2_ 2
V=A 2.2 A (ﬂh Vo )(Qh m, ¢ )(ﬂh vy )
n
24 .(14.7)
— h 2.2 2 4 2.2 2 2 4 2 2 4 3 _ 2 2 2 4 5 7
—A—v2 ( V'V mhc¢]h+(vﬂ vy tvym et tvym, e )(qh (vﬂ Ty, tm e )qh +¢]h)
f

This is constructed so that the leading terms (mhzc4 / 2vﬂ2)¢fh (qhz —vﬂz) in the top line above

precisely match the usual V' in (14.1b). We also include an overall coefficient A which we will
use to make certain that when we momentarily integrate (14.7), the leading @,” term of V in

(14.1b) will continue to be +m,’c*@?, with all changes to V be introduced at higher order. It will
be seen by inspection that the top line in the above will be zero at all four of @, =0, @, =m,c’,
@, =v, and @, =v,. The first two will provide maxima and the latter two will provide minima

for Vitself, or vice versa, depending on the overall sign in A.

Next, we easily integrate the bottom line above. For the leading term to match Lm,’c*q,’

in V from (14.1b) we must set A=1/ vuzmh2c4. Also based on matching (14.1b) as an “initial

condition,” we discard any integration constant. We then consolidate and reduce to obtain:

2 4( 2 2 2 2 2 4

1 1 m, ¢ \v,” tyy 1(v,"+v,”"+m c 1 1

V(%) = _thzc4¢fhz +§{1+ V(ZV 2 )}%4 _E( - VU2V 2 - thﬁ +_—2¢th
(1) (I

| N N | m’ct| ., 1 vﬂ2 + VU2 +m,’c* s 1 1 e
=——m,c +— @, +=|1+ -— +——
4 h Qh 8 Vﬂ2 h 8 VU2 Qh 12 VHZVUZ Qh 16 VﬂZVUZ Qh

Comparing with V in (14.1b), we indeed see the original ¢, and @, terms. We also see some
new ¢, terms, and as expected, some new ¢,° and @,° terms. These new terms, of course, are
the ones which will deliver the second maximum and minimum as specified via (14.7).

To simplify calculation, it is very useful to segregate those terms which contain the Higgs
rest energy m,’c* from those that do not, and then to use m,c’ = (vﬂ +f"u)/2 from (14.3) to

replace the Higgs mass with the vevs. Doing so, we find:

2 2 2 2
lvﬂ +VU a1 1 qheJ_{_[l 4_ivﬂ +VU ()+L

1
% 24| _1 2 8
(%) m, ¢ ( 4¢fh + SQh 12 Vﬂ2VU2 A, 16 vﬂzvuz Qh] (14.9)

8 vﬂzvu2 " _E vﬂzvu2
2
A R N R D RUSE A TRIPRES [ SRS BN ) DSOU I SR I S S
= L2 " || -= +— - +| = - R ——
[ 2 4% 8 vﬂzvu2 A 12vﬂzvu2 A 8% 12 vﬂzvu2 A 16 vﬂzvu2 A

So, the behavior of V ((g,) is entirely driven by the two energy-dimensioned numbers in (13.10).

The first is the Fermi vev v, =v which establishes the usual minimum, and which we have learned
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here is related to the sum of the isospin-up quark masses via v, =~/2 (muc2 +m.c’ + mtcz) . The
second is the second vev v, which establishes a second minimum and is related to the sum of the
isospin-down quark masses via v, = V2 (m L +mc’ + mbcz) . Additionally, the Higgs mass itself
establishes a second maximum, but the new relation m,c’ = (vﬂ +ﬁ"u)/2 uncovered in (14.3)

means that only two of these energy numbers are truly independent of one another.

It is pedagogically-useful to graph the potential V (qqh ) in (14.9) using the numerical values
of v, and v in (13.10). Substituting these into the bottom line of (14.9), reconsolidating terms at

each order, and rounding the coefficient at each order to four digits, we obtain:

V(@,)=-3918¢,> +53.69¢," —0.002868¢,° +2.818x107°¢,". (14.10)

Keeping in mind from following (11.3) that V (%) is a term in part of the Lagrangian density and

so has physical dimensions of quartic energy, and that ¢, is linear in energy, (14.10) produces:

V(@) Gev* ]
m,c’ =125.25 GeV |
‘ | L frfﬂﬁ—— — 4‘\—(247.92: Gev)' | A [GeV]
-300 -200 -100 | 100 200 ! 300
v, =6.05 GeV |
i
|
|
|
i
|
|
[
i
|
— Bt </ (498.46 GeV)'
|
v=v, =246.22 GeV

Figure 6: Lagrangian Higgs potential — wide view

Above we see the usual minimum at ¢, =v [1246.22 GeV , where along the y axis we have
V(g,) 0-(498.46 GeV)'. But we now have a new maximum at ¢, = m,c> 0125.25 GeV based
on (14.3), and at this maximum, V (g,)0(297.92 GeV)". Closer to the origin is the usual

maximum at ¢, =0 and the new minimum at ¢, =v; [16.05 GeV . But by comparison, these are
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relatively extremely small, and impossible to see in Figure 6. So, it is also useful to also magnify
the domain from —10 GeV < ¢, <10 GeV from Figure 6, as is shown below:

1% (Q,,)[Gew]

-10

fffffffffffffff (1636 GeV)'
|
v, £6.05 GeV

Figure 7: Lagrangian Higgs potential — magnified view

Here, the usual maximum at V((qh =O) =0 is readily apparent, as is the new minimum at

@, =v, 06.05 GeV where V (g, ) 0-(16.36 GeV)". The above is simply an extremely magnified

view of the region in Figure 6 close to the origin.

But even with Figures 6 and 7, the energetic behavior of particles in these wells and the
impact of the new maximum are not brought out as much as they could be, because ¢, is linear

in energy while V is quartic in energy. So, it is also useful to reproduce Figures 6 and 7 by taking
the fourth root ¢V ((/fh) , and also by scaling the energies along the ordinate and the abscissa to
match one another precisely. Of course, the fourth root of +1 has the quartic roots 1, —1, i, and —i,
and below the x axis, to connect everything together, we wish to display what is really —4/=V (gqh)

using 1 for the quartic root. So, taking the fourth root along the vertical axis in Figure 6 and scaling
what are now linear energy numbers in each axis to one another, we obtain the plot below:
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Figure 8: Lagrangian Higgs potential fourth root — wide view

Above, we are able to see both minima and both maxima in the same plot, although the central
region is still rather small. Therefore, in Figure 9 below, we also magnify Figure 8 over the domain
—-10 GeV <@, <10 GeV . This Figure 9 is equivalent to the fourth root of the magnified view of

the potential in Figure 6.
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Figure 9: Lagrangian Higgs potential fourth root — magnified view

These two plots in Figures 8 and 9 help provide a deeper understanding of how quarks
behave in the Higgs fields. First, it will be seen with energies linearized along both axes and scaled
at 1:1, that the potential wells are very deep and steep. Moreover, it will be seen that the maximum

at 'V (qqh = O) =0 is not smooth as one might conclude looking at Figures 6 and 7. Rather, when

comparing energies to energies to scale, this maximum is very steep, effectively coming to a sharp
upward point with a slope that is infinite at the origin. Second, it is apparent, most clearly from
Figure 8, that the v, potential well establishes a local minimum while the v, potential well

presents a global minimum. The v, local minimum has an energy depth of —16.36 GeV and the
v, global minimum has a depth of —498.46 GeV, about 30.46 times as large. Third, we see that

there is high barrier between the two wells set by the new maximum which has a height of +247.92
GeV. Using m,c’ =125.2485+0.0002 GeV as refined in (14.3), it should be noted that the ratio

247.92/125.25=1.979, and so is slightly under twice the Higgs mass, and that the ratio
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498.46/125.25=3.980, which is slightly under four times the Higgs mass. All this will be
important shortly, to better understand the role of the Higgs field and boson in weak beta decay.

Now, let’s cross- reference this with Figures 1 and 2, in which ¢, = \/5@”. Recall how

each quark uses the Higgs boson to extract energy from the vacuum and acquires its rest mass in
accordance with (11.5) and (11.6). Figures similar to Figures 1 and 2 may be developed for all the
other quarks and leptons, but all have the same basic character so we will not take the space to do
so here. Also, recall as discussed after (13.10) that the rest energy extraction plots for the isospin-
down quarks draw rest energy out of the vacuum in the much-less-energetic well at ¢, =v,, versus

the isospin-up quarks drawing their rest energies in the more-energetic well at ¢, =v, with

vy /v, 040.70. For each quark, ¢, is plotted on the vertical axis of its own variant of Figures 1

and 2 and reaches minimum at V) / I’ =0 along the horizontal axis. Recall that Vis) = xOx'x* X

was defined at (9.22), and L’ is a constant of integration with dimensions of length to the fifth
power as an “initial condition,” emerging from the integration (9.20). Thus, the horizontal axes of

Figures 1 and 2 are established by space and time (including ¢’ ) coordinates, while ¢, sits on the
vertical axis of Figures 1 and 2. In contrast, in Figures 6 through 9 this exact same ¢, is plotted
on the horizontal axis. In short: ¢, on the vertical axes of Figures 1 and 2 is synonymous with

@, on the horizontal axes of Figures 6 through 9, so these may be cross-referenced.

So, in Figures 8 and 9, we have also cross-referenced where the minima at the V(S) /=0

for each quark in their Figure 1 and 2 variants end up situating. First, in Figure 8, the up and charm
quarks barely perturb away from the v, vev minimum to extract the rest energy for their masses,

as is indicated by the upward-pointing arrow designating their V(S) /L =0 point of maximum

energy extraction from the vacuum. However, the top quark, plotted in Figure 1, has the entirely
unique characteristic of drawing almost all of the energy out of the vacuum, and this is from the
larger well with v, =v [1246.22 GeV . Via (13.10), what remains in the vacuum and is not drawn

out, is equivalent to the sum of the charm and up rest energies. Thus, for the top quark energy
extraction in Figure 8, we see the top quark V(S) /L’ =0 point perturbed so far to the left that it

becomes nested in the v, energy well. This crossover characteristic is unique to the top quark.
Then in Figure 9 which has a closeup view of the v, well, we see the down quark barely perturbed
and the strange quark slightly more perturbed from the v; minimum of this well, while the bottom
quark is extremely perturbed almost to ¢, =0, “hugging” the x axis. But in this v; well, we also

have the top quark which is a “visitor” from the v, well because of its exceptionally large mass.

Now, it has long been understood — at least in general if not specific terms — that the Higgs
boson and associated fields are the responsible mechanism for giving rest masses to elementary
particles, including fermions. What Figures 8 and 9 show is that the Higgs bosons and fields are
also centrally involved in the mechanism for weak interaction beta decays between isospin-up and
isospin-down quarks. Experimentally, this also means that close observations of beta decays may
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provide another good way to study the Higgs boson. It is helpful for the ensuing discussion of this
to refer to the nine empirical components of the CKM mixing matrix V., , such as may be found

at [12.27] of PDG’s [39].

Looking at Figure 8 and its centrally-magnified view of Figure 9, we see that there are two
steep energy wells which, by design starting with (14.7), bottom out along the horizontal axis at
@, =v, and @, =v,. And by the same design there is also a high barrier between the wells which

peaks at ¢, =m,c”. But only the down and strange quarks nest in the v, well, because the top
mass is so large that its Figure 1 minimum at V(S) /L’ =0 has nested in the vy well.  So, the v

well detailed in Figure 9 naturally nests the down, strange and bottom, as well as the top quark.

Beta decay, of course, only occurs between isospin-up and isospin-down quarks. For a
decay event between an up or charm quark and a down, strange or bottom quark, the decaying
quark must acquire enough energy to “jump” over the barrier peak at ¢, =m,c’. But uniquely,

for a decay event between a top and any of the down, strange or bottom quarks, there is no need
for the requisite energy to jump the barrier, because both the top and bottom quarks are nested in
the same well, owing to the unique crossover properties of the top quark. This would suggest that
for same-generation transitions the same-well diagonal CKM element V, =0.999105 +0.000032

ought to more energetically-favored thus substantially closer to 1 than either of the well-changing,
barrier-jumping V.. =0.97359% 0001 or V,, =0.97446£0.00010, which in fact it clearly is by a
ratio of just under 30-to-1 in both cases. (Note different use of V than for the Lagrangian potential.)

Now let’s take a closer look at the well-changing transitions, in which a charm or up quark
beta-decays into a down, strange or bottom quark, or vice-versa. All of these transitions — which
are in the top two rows of V., in [12.27] of [39] — cannot happen without the fermions drawing

sufficient energy out of the vacuum via the Higgs fields and bosons to “jump” over the Lagrangian
potential maximum at 4V’ (gqh = mhcz) 0J247.92 GeV . Given that fermions acquire their masses
from the Higgs field drawing energy out of the vacuum in accordance with the upper equation
(11.5), it seems that the energy to jump this barrier at ¢, =m,c> would come from the very same

source: the Higgs field and bosons. This is where the vertical heights of both the wells and the
new maximum in Figures 8 and 9 come into play.

First, start with an up or charm quark in the v, well. As noted earlier the energy deficit at
the bottom of the v, well is —498.46 GeV. And as seen in Figure 8, the up and charm quarks for

all practical purposes nest at the bottom of this well, which is an energetically-preferred state.
Ignoring the error bars for the moment, with m,c* [0125.2485 GeV ratio 498.46/125.25=3.980.

So, the energy equivalent of just under four Higgs boson masses is needed just to get from the
bottom of v, to V =0. Then, with a height of +247.92 GeV and 247.92/125.25=1.979, the

energy of just under two additional Higgs bosons is needed to scale the wall and beta decay from
an up or charm in the v, well, to any of a down, strange or bottom in the v, well, from right-to-

left in Figure 8. So even if these quarks utilize all of their rest energy to clear the well barrier, they
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still need an energy boost from a total of six Higgs bosons. Additionally, because all of m, <m,
and m, <m_, and m,K <m,, any beta decay that starts with the up quark will require the new quark
at the end to retain for its new rest mass, some of the energy that was used to boost it over the well
wall. For the charm quark with m_ >m, and m_>m_but m_ <m,, after the barrier transition some

of its rest energy is released back into the vacuum for the former two transitions, but for charm-
to-bottom, some of the barrier-jump energy will be retained for additional rest mass.

Now, let’s start in the v, and go the opposite direction left-to-right. As noted, top to bottom

and vice versa decays are intra-well and so occur most freely, which is why

V, =0.999105+0.000032. For inter-well transitions we start with one of down, strange or bottom

and need to hop the barrier in Figure 8. Here, the energy deficit at the bottom of the well is only
—16.36 GeV, which is much less than the energy deficit of the v, well. For all practical purposes,
the strange and the down quarks nest at the bottom of this well, which is an energetically-preferred
state. To raise these two quarks to the V =0 level, because 16.36/125.25 =1/7.66, one needs to
extract a little more than 1/8 of the energy of a Higgs boson from the vacuum. But from there, one
still needs the energy of 247.92/125.25=1.979 Higgs bosons to scale the barrier and transition
into an up or charm quark in the v, well. Even if the strange or down quark was to apply all of its
rest energy to getting over the barrier, they would still need an assist from a total of three Higgs
bosons to get over the top of the well barrier, because they start at about —16.36 GeV. In all cases
a bottom quark will release energy into the vacuum following the decay because it will end up
with a lower mass, a strange quark will need to retain some energy if it is to become a more-
massive charm but release energy if it becomes a less-massive up, and a down quark will release
energy if converted to an up but retain energy if converted to a charm.

In the same way the top quark is unique insofar as it is a visitor in the v; well, the bottom
quark is also unique insofar that it hugs the vertical axis so closely that its V(S) /L’ =0 energy in

the Lagrangian potential is raised all the way up from —16.36 GeV to -2.468 GeV, as shown in
Figure 9. Additionally, the bottom quark itself has a mass of m,c> =4.18" 0t GeV [35] which can

be contributed to scale the barrier. So it only needs the energy equivalent of two, not three Higgs
bosons to help it over the barrier to become a charm or up quark. Once the bottom quark does
decay into a charm or an up quark, it relinquishes most of its energy back into the vacuum because
m, >m,_ and m, >m,_ .

So to summarize, it takes the energy from six Higgs bosons to facilitate a u — d, s, b ora
¢ - d,s,b decay from the v, — v, well, it takes energy from three Higgs bosons to facilitate a

d > u,c ora s - u,c decay from v, - v;, and it takes energy from two Higgs bosons to
facilitate a b - u, ¢ decay from v, - v,. And in all these cases, after the decay, some of the

energy used to jump the barrier is either released back into the vacuum or retained by the quark,
depending respectively on whether the quark has lost or gained rest mass during the decay. Finally,
t & b decays require no additional energy to jump the barrier because they both nest in v;.

However, because the top quark rest energy is about 169 GeV larger than that of the bottom quark,
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any b — t transition will need to be facilitated by two Higgs bosons — not for a barrier jump, but
simply for the extra rest energy. However, this still takes less energy than the 247.92 GeV height
of the well barrier, which again is why V, =0.999105 +0.000032 is the closest to 1 of all the CKM

matrix components, by a substantial margin.

So, the picture we obtain for beta decay is that in the vicinity of a quark about to decay,
some number of Higgs bosons — either two, three or six — spontaneously arise as fluctuations in
the Fermi vacuum. The quark about to decay draws the energy out of the rest masses of these
Higgs bosons in order to jump the barrier and / or acquire the additional rest energy needed to
change its identity into a different type of quark. Then, once the decay is complete, the excess
energy beyond what is needed for the new rest mass is released back into the vacuum.
Additionally, given the structure of baryons with three quarks, and of mesons with quark-anti-
quark pairs, these numbers of Higgs bosons needed to power beta decays appear to be no
coincidence. Noting that Higgs bosons are their own antiparticles, if two Higgs bosons are needed

to trigger a beta decay, these can each be supplied by a 6]5 fluctuation inside a hadron. If three
Higgs are needed, these can be supplied by each quark in a ggq baryon. And if six Higgs are
needed, each of the three quarks in a baryon can precipitate a qa fluctuation to supply a pair of
Higgs bosons. The Higgs bosons therefore operate as the mechanism to transfer energy from the

vacuum into both the rest energies of the fermions and the into barrier jump required for beta
decays of the fermions in all but t « b decays.

In addition to a v; — v, decay requiring facilitation by two or three Higgs bosons while
v, — v, decays draw on six Higgs bosons, it is important to keep in mind that the v, well bottoms
out at a global minimum with a depth of about —498.46 GeV while the v, well has only a local

minimum with a depth of about — 16.36 GeV, as seen in Figure 8. So, it is both easier to get from
vy — v, than the other way around, and it is easier to stay in v, after a v, — v, decay has

occurred. This suggests that isospin-up quarks are more energetically stable than isospin-down
quarks. Given that quarks are always confined in hadrons, and that baryons contain three quarks,
this may be part of the explanation for why free neutrons with a mean lifetime of about fifteen
minutes, decay into completely-stable free protons. It is energetically favored to become an up
and stay an up, than to become a down and stay a down.

Finally, ab initio, the Higgs field h itself represents quantum fluctuations in the Fermi
vacuum in which the scalar field ¢ is recast as ¢, =g, =f(v +h). But everything we just

described about beta decay entails Higgs bosons spontaneously arising in the Fermi vacuum while
drawing energy out of the vacuum for their rest energies, transferring these energies to a fermion
so it can jump the barrier and / or have the energy needed for its new masses in its new identity,
and the fermion finally releasing and depositing any excess energy back into the vacuum. But
these ongoing draws and deposits of energy from and back into the vacuum energy bank are simply
quantum fluctuations by another name. Consequently, every time there is a beta decay event, it is
accompanied by quantum fluctuations in which there is a quick withdrawal of energy from the
vacuum, followed by a quick redeposit of energy into the vacuum, in the energy magnitudes set
by the depth of the two wells, the height of the well barrier, and the rest mass of the Higgs boson.
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Finally, experimentally, it would be highly desirable to closely observe various beta decay
transitions associated with all nine components of the CKM matrix, in both directions, with a sharp
focus on energy fluctuations in the vacuum. For v, - v, decays, it may be possible to detect a

smaller energy withdrawal followed by larger redeposit. For v, — v, decays, it may be possible

to detect a larger withdrawal followed by a smaller redeposit. And for the uniquely-situated b ~ ¢t
transitions that do not require jumping the well barrier and have the -closest-tol
V, =0.999105+£0.000032, b — t is simply a withdrawal and ¢ — b is simply a deposit. So for

1
b ~ t decays, which involve smaller energies than all other decays because the requisite energies
are determined solely by the mass difference between these two quarks and their heights in the v

well and not by the larger magnitude of the well barrier height, it may be possible to detect smaller
energy fluctuations than in any other type of beta decay event, as well as only a withdrawal or only
a deposit of energy, rather than a withdrawal / deposit succession.

15. Theory of Fermion Rest Masses and Mixing: Electron, Mu and Tau
Charged Leptons

Having studied the quark masses and their mixing and beta decay mechanisms in relation
to Higgs fields and bosons, we now turn to the leptons. Just like quarks, it is well known that
leptons also mix generations during beta decays, utilizing the Pontecorvo—Maki—Nakagawa—
Sakata (PMNS) matrix which has an identical mathematical structure to the CKM quark mixing
matrix. The existence of a PMNS matrix with non-zero off-diagonal elements provides the central
empirical indication that neutrinos are not massless as was considered possible a generation ago,
but have an extremely small rest energy on the order of a fraction of a single electron volt (eV).
This is also borne out by cosmological observations of a slight but definite time delay between the
arrivals of photons and neutrinos from supernova events following a transit times of more than
100,000 years, such as described in [43]. However, direct observations as to what the masses of
these neutrinos actually are, or at least as to the mass ratios of the various neutrino types (electron,
mu or tau partner), are still wanting as of the present day. What has been established directly, are
upper limits on these neutrino masses, on the order of less than a single electron volt. By way of
comparison, the electron, which is the lightest charged lepton, has a rest energy of just over half a
million electron volts (MeV). In the discussion following, we shall utilize the PMNS matrix and
related leptonic mixing angles laid out in the most recent NuFIT data at [44].

Because the leptons are known to parallel the quarks insofar as they are both elementary
fermions and have identical weak isospin structures, we shall begin by seeing whether the results
for sections 12 through 14 for the quarks can be carried over in identical form to the leptons, with
the only difference being the numeric values of the various mixing angles and fermion masses.
However, now that everything that was developed for quarks will be replicated for leptons, let us
make some notational choices which will help avoid confusion as between quark parameters and
similar lepton parameters. First, starting at (12.8), we began to utilize three quark mass mixing
angles denoted &,,, 8,,, 8, which were later connected at (12.12) and (13.6) to the three real

CKM quark mixing angles denoted 8,.,,, 6,.,, and ,.,,. Here, for leptons, we shall postulate three

analogous mass mixing angles denoted 4, , &, and ,,, and will seek out a connection to the three
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real PMNS angles which we shall denote by 8,,,, 8,,, and 8,,,. Second, for the quarks, we found

as crystallized at (13.10) that there are two minima for the vacuum which play a central role,
namely, the well-known vev v, =v [1246.22 GeV established by the Fermi constant and a second

v, 06.05GeV. Importantly, each was shown to relate by v, =m,c’+mc’ +mc® and

%VU =m,c’> +m.c* +m,c’ to a sum of quark masses. For leptons, for notational distinctness, we

shall use u rather than v to denote any similar vacuums. Now we begin the calculations.

As at (12.7) we postulate a 3x3 charged lepton mass matrix Memc2 with all energy
concentrated in %”u for the upper-left component, with u; denoting a vev for isospin-down
leptons, that is, the electron and the mu and tau leptons. At the moment, the magnitude of u, is
yet to be determined. Then, as at (12.8) we perform a bi-unitary transformation
chz - M;mc2 =U TMMCQU on MMC2 using both the type I ‘“downward cascade”

parameterization and the type /I “distribution” parameterization. As a result, we arrive at relations
analogous to those contained in (12.8):

2 2

m,c =%uu Crim

M’ =5y € Sy (15.1a)
m,c’ = f”u SIU212 S1u322

myc® = ﬁuu C11U312 CuUsz2

m,c* =Fu Spum . (15.1b)
m,c* = ﬁuu S1111312 CuUszz

These sines and cosines are associated with the leptonic mass mixing angles &, , &, and 3,

Next, we define a relation amongst each of the lepton masses m, , associated dimensionless

couplings G, and the vev u in the customary form as follows:
mc’ = FGuy. (15.2)
Using these in (15.1) then yields:

— 2
Gr - C1U32

G, = SIU322 C1U212 ’ (15.3a)

_ 2 2
G, =83 Siyn
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— 2 2
Gr _CuUsz C11U31

G, = SIIU322 . (15.3b)

— 2 2
Ge - C11U32 S[1U31

From either (15.3a) or (15.3b), we use the trigonometric identity ¢* +s> =1 to find that:
G, +G,+G, =1. (15.4)
Then, using (15.2) in (15.4) we find that:

%uu =mc’ +myc2 +m,c’ =1883.029+0.120 MeV . (15.5)

These are identical in form with analogous relations (13.10) earlier found for the quarks. The
numeric value of this vev is computed to three decimals using empirical data from [36], namely:

m,c® =0.5109989461+0.0000000031 MeV;

. (15.6)
muc2 =105.6583745 £ 0.0000024 MeV; m.c’> =1776.86+ 0.12 MeV
Next, we restructure (15.3) to isolate sines and cosines, then use (15.4) to obtain:
C1U322 = GT
CIU212 = Gﬂz = G'u - = Gﬂ = Gﬂ s (1573)
Sjuz. 17C 176G, G,u +G,
SIU212 S1U322 =G,
c 2 - Gr — Gr — Gr — Gr
s C11L1322 1- S11(1322 1-G, G, +G,
S11U322 =G, . (15.7b)
SIIUSI2 C11u322 =G,
Finally, we use (15.9) in (15.7) and combine with (15.4) and (15.5) to obtain:
2 2
e 22 = m.c _mc
1432 T mrcz +mﬂC2 +meC2 f“u
G 2 2 2
C1U212 _ L myc _ m,c - m,c ’ (15.8a)

- 2 2 2 2 2\ _
G,*+G, m,c +mc (m,c +m,c +mec) m

2 2
s 2 s 2 _ G = mec _ mec
1021 Pry32 — Ye T -

2 2 2
m.c-tm,cttmet sy
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2 2 2
2 G, m.c m.c m.c
Cuyst = = 2 2 = 2 2 2 7" 1 2
G, +G, mc +tmgc (myc +m.c” +m,c )—mﬂc Uy Tmyce
m,c’ m,c’
2 _ — u _ "
Sy =G, = = . (15.8b)

2 2 2 1
m,c-tm,ct+tmce puy

2
m,c m,c

2 2
S c =G, =
my3lr ~mys2 e 2 2 2 1
m.c”+m,,c”+mc Nl

Proceeding from here, we use the mass data in (15.6) and the sum in (15.5) together with
the relations for c,mz, cmlz, cmm2 and s,,m2 to calculate that:

9,15, =0.23974+0.00001 rad =13.73605 % 0.00045 °
345 =0.23915+0.00001 rad =13.70231%0.00045 °
9,y =0.06943 %0 rad =3.97816%0° '
345 =0.01696 £0 rad = 0.97155 +0.00003 °

(15.9)

Then we are ready to compare this to the empirical data for the PMNS mixing angles.

The data in [44] lays out a best fit at both a 10 and 30 range. These spreads will become
important momentarily. Therefore, without having more specific data we also estimate the 20
spread by taking the average of the 10 and 30 spreads. We then show the central observed value
followed by successive ranges also shown for each of 10, the estimated 20 as just mentioned,
and 30, respectively. Presented in this way, the four PMNS parameters, in degrees, are:

- +0.78 +1.605 +2.43 o
9P12 - 33'62—0.76 -1.48 -22
G,

— +0.15 +0.295 +0.44 o
P13 _8'549—0.15 -0.3  -045

— +19 +3.1 +43 o
91923 - 47'2—3.9 -54 6.9

5 :234+43 +91.5 +140 o
P

-31 -60.5 -90

(15.10)

Based on what we saw for the quarks, it is ,,, =3.97816° and &, ;, =0.97155° for which we

would anticipate a match. But comparing with (15.5) there is nothing close. So at least one of the
suppositions we used to obtain a correct data match for the quarks, does not apply to the leptons.

Taking a close look at final term in each of the six relations (15.8) and referring to (15.5),
we see that each numerator contains a specific lepton mass, while each denominator contains the

sum —-uy =m,c’ +m,c’ +m,c’ =1883.029£0.120 MeV . Because u is what we are postulating

is a vev for the charged, isospin-down leptons, and because the angles deduced in (15.9) do not
come anywhere near the empirical data in (15.10), we conclude that this postulate — although its
analogue worked for the quarks — is incorrect for leptons. In other words, we conclude based on
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the failure to obtain an empirical match that u; as specified in (15.5) is in fact not the correct vev
to be using when it comes to the charged leptons. So if u is not the correct vev, the question now

becomes, what is the correct vev? More precisely there are two questions: First, denoting an
energy difference by 9, is there some other vev denoted u;, and defined such that:

Luy =u, + 8, =mc’ +m,c’ +mc’ +0; =1883.029£0.120 MeV + I MeV (15.11)

which does allow at least one of &, , or &,,, to fit the empirical data in (15.10), and even better,
which allows both of these to fit the data? Second, if there does exist some f“'u which fits the

data, this would initially be an independent, unexplained energy number not based solely on the
separately-known data m,c” +m,c* +m,c®, but rather on m,c* +m,c* +m,c* + ;. Therefore, can

this new %u'u be connected to other known data of independent origins, for example, the Fermi

vev once again, so that we will not have added any new unexplained data?

Because the angles of interest are &,,, and &, ,,, let us use these angles as shown in
(15.8), but base them on uh defined in (15.11) rather than on u, by defining two new angles

', and &', 5, according to:

2 2
s L MC B m,c
cos” & = =
L' —mc? Lu, +0, —-mc’
NI LWy Toe T m; (15.12)
2 2
2 ar = er _ er
cos”J 3= =

1, 2 1 _ 2
sy —m,c ﬁuu"'du m,c

Then, we simply use the known mass data in (15.5) and (15.6), and sample various values for J;
using a spreadsheet or the like, until the values deduced for #,, or &, appear to bear a

statistically-meaningful relation to the empirical data in (15.10).

Because error-bars are important in this calculation, let’s us briefly comment on how we
will approach these. The u; in (15.12) is related to the sum of the three charged lepton masses.

Because the error spread for each of the masses is independent of the other two, there are 3x3x3=27
different ways of calculating u, for each individual lepton being high, medium or low on its error

spread. But the muon mass is known about 50,000 times as precisely as the tau mass, and the
electron mass is known just shy of 40 million times as tightly as the tau mass. Therefore, to keep
maters simple, we regard the electron and muon masses to be precisely at the center of their error
spreads, and use the + 0.12 MeV spread in the tau mass as the basis for calculating the spread in

uy . This is why there is a £0.120 MeV spread shown in (15.11), and also in (15.5), with one

decimal place added.
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Working from (15.12) and sampling various J;, we find that when we set

0, =39.642 MeV  thus ﬁub =1922.671+£0.120 MeV, we are able to obtain

' 5= 8.5490+0.0003°, with a center conforming precisely with the center of the empirical

6,,, =8.5497)13 103 114t ° in (15.10). Simultaneously, with this same J; =39.642 MeV we are

P -0.15 -0.3 —0.45

able to obtain #',,=31.65230£0°. The empirical data in (15.10) tells us that

6,,, =33.62707% 00 23 ° Given that the 30 error permits an angle as low as 8,,, =31.42°, we

conclude that d; =39.642 MeV matches 8,,, right at the center, and comes in at about 2.8 on

the low end of 8,,.

simultaneously match &' . - 6,, and &', « 6,, within 30 error bars for both items of data,

This is very important, because this means that in fact we are able to

and more closely if we move &', ;, upward somewhat from its center value.

For a second sample, we find that when we set JU =46.199 MeV thus

Sy =1929.229+0.120 MeV , we are able to obtain &', =33.62+0°, conforming precisely

with the center of the empirical 8,,, =33.6277% "9 733 in (15.10). Simultaneously, with this
same O =46.199 MeV we obtain J',;,=9.2096£0.0003°. The 30 data puts the
corresponding angle at &,, =8.989° on the high side, so this value for J; puts us above 30 data.

But now we have a basis for interpolating between these two samples.

Because the first J; sample gave us the center of 8,,; but produced a low value for &, ,,
while the second sample gave us the center of &,,, but produced a high value for 8,,, it appears
as if the actual 8,,, is below the center and the actual 8, is above the center of what is shown
in (15.10). So, for a third sample we take the following approach: Find a J; which places the
6,,, match below center and simultaneously places the &,,, match above center by exactly the
same statistical spread. That is, find some & for which x0(6,,,)=x0(6,,,) above and below

respectively, with xo <30 and preferably with xo <20

In accordance with this prescription, it turns out that when we set 9, =42.018 MeV thus

+uy =1925.047£0.120 MeV, we simultaneously obtain &', ,,=8.7945£0.0003° versus the

empirical 6, =8.549%3 ©03” B4i°, and &',;,=32.39£0° versus the empirical

6,,, =33.627)7% 1195 43 o Estimating linearly between center values and 30 values, we find

that J',,, isabout 1.670 above the 8,, center and &', ,, is about 1.670 below the 8,,, center.

Accordingly, regard this threading of the needle whereby for a lepton vev of

+uy =1925.047£0.120 MeV (15.12) is able to simultaneously connect both 6,,, and 8,,, within
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about 1.670 of their respective experimental centers, as a physically meaningful relation.
Consequently, based on this connection to the experimental date, we now establish:

iy =—suy + 0, =mc’ +m, e’ +mc’ +9; =1925.047 £0.120 MeV | (15.13)

as the vev which governs lepton masses and weak interaction beta decay mixing. Moreover, we
also now use ', =8.795° and &', =32.39° to establish both a connection with, and new

center value for, the lepton mixing angles. We represent this, with the empirical sigma spreads
left untouched except as they are adjusted from these new centers, as:

= qf — —0.096 +0.050 +0.195 o
- 19 31— 8'795—0.396 -0.546 —0.696

6

P13

— q' _ +2.01 +2.83 +3.66 o
0P12 =J 21— 32-39+0.47 -0.25 -0.97

(15.14)

This is another way of showing that each of these is about 1.670 away from their previous centers,
with the former moved up thus leaving a larger downside range, and the latter moved down thus
leaving a larger upside range.

With these results, we answer the first of the two questions posed at (15.11): Yes, the vev
in (15.3) does allow both of &, ,, and 3,5, to fit the empirical data in (15.10), within about 1.670

for each, as precisely shown in (15.14). But now we have a seemingly-disconnected vev in (15.13),
and this brings us to the second question whether this can be connected to other known data of
independent origins. Because %u'u =1925.047+0.120 MeV in (15.13) no longer is set by

m.c* +m,c* +m,c® since it differs from this by J; =42.018 MeV, the most obvious energy of

comparison for (15.13) is the Fermi vev v, =v =246.2196508 + 0.0000633 GeV given in (13.10).
So, we simply calculate the ratio of these, and find that:

vy /f”ﬁ =127.9032+0.0080. (15.15)
This numerical result is extremely pregnant, because it is well known that “at Q> = M, the value
[of the electromagnetic running coupling @ | is ~1/128,” see note " in PDG’s [21]. The closeness
of (15.15) to this other empirical data raises the question whether —uj =v,a (Q2 =M W2c4) may

be another relationship of genuine physical meaning. So, let us review the evidence in support:

First, the angles (15.14) originating in (15.10) are distinctively related to weak interaction
beta decays between the electron and the mu and tau leptons, and their respective neutrino partners,
and the mixing (so-called neutrino oscillations) which crosses from one generation into another.
Second, while electroweak interactions are mediated by both neutral-current Z bosons and charged

W* bosons, it is the latter, with a rest energy of ch2 =80.379 (12) GeV (again see [21]), which

is the sole mediator of these weak interaction beta decays. Third, the e, ¢/ and 7T leptons are the
quintessential units of charge for the which interaction strength is set by
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a (Q2 :0):1/137.035999139(31) in the low energy (fine structure constant) limit, and in
general by the running a(QZ). Fourth, because the e, & and 7T leptons and the W* boson both

carry electric charge, a (Qz) is in fact distinctly relevant to the strength of the electromagnetic

interaction which occurs during the beta decay. Fifth, given that these beta decays are all mediated
by a W* which has arest energy M, c’, the pertinent energy scale at the decay event is not Q° =0

but rather Q* =M, c*, and so the pertinent electromagnetic coupling is a(MW2c4) ~1/128.

Consequently, the unanticipated appearance of the number 127.9032 in (15.15) does not look to
be a simple coincidental appearance of some other number that happens to be close to 128. Rather,
this supports the conclusion that this is in fact, yet another physically-meaningful connection.

Therefore, we now connect these two numbers, and conclude that the vev which is pertinent
to leptons is in fact given by:

1, 1
—_—Uu, =
J2 Y 127.9032 +£0.0080

vy =1925.047£0.120 MeV =a (M, )v, | (15.16)

In the process, we tighten our knowledge of a (sz) to a (sz) =1/(127.9032+0.0080). This
result has the extremely beneficial consequence of being able to express 9, directly from the sum

m.c* +m,c* +m,c’ and Fermi vev and a (M Wz). Referring to terms of (15.11), this means that:
o Zﬁu'u -m,c’ —m#c2 -m,c’ ZCJ’(MWZ)Vﬂ -m,c’ —mﬂc2 -m,c’> =42.018 MeV . (15.17)

Here, J; no longer needs to be expressed as the energy difference which allows each of 4, and
&, to fit the PMNS data in (15.10). Rather, to answer the second question posed at (5.11): No,
this vev difference J; does not add any new unexplained data, because it is entirely specified by

the other known data in (15.17), namely, the charged lepton mass sum m, +m, +m,, the Fermi
vev, and the running a(M Wz) which is the strength of the electromagnetic interaction at the

lepton-to- W* beta decay event (Feynman diagram vertex). It is also helpful to write this as:
mc +m,c +mc = a(M,*)v, =9, (15.18)

wherein the mass sum m, +m,+m, is seen to be a function of the independently-known
parameters a(M Wz) and v, but also of J; about which we do not yet have independent

knowledge. As we shall see in the next section, 9, is in fact directly driven by the neutrino masses

and — of all things — the Newton gravitational constant.
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Recalling the importance of the square roots of the various rest energies and vev energies
reviewed in Figures 3 through 5, we see that (15.17) lends itself to a geometric representation in

the manner of Figure 5, with |J-uj :\/E(sz)ﬂlvﬂ :\/mrc2+mﬂc2+mgc2+5U on the

hypotenuse, and with \/XU and \/%uU :\/mrc2 +m,c* +m,c’> on each of the legs. Because
a =k’ /hc where k, is Coulomb’s constant and e is the charge strength of a single charge
quantum (such as a charged lepton and such as the W* bosons which mediate the beta decay,
Ja (M Wz) =k, /hce (M Wz) is a direct measure of the electric charge strength at the beta decay
vertex. Based on the numeric values from (15.13), (15.17) and (15.5), the small angle which we
refer to as the charged lepton rotation angle and denote as § , has a value of § =8.496°. This
may be illustrated as shown below:
\/J—ETJ:\/&(MWE)M: [u, +6,
:\/a(Mwl)vn -m.c’ —myc2 -mc’ =/42.018 MeV

7 8.496° JEu = me? +m,e’ +mct = [1883.020 Mev
>
Figure 10: Projection of the Lepton vev onto the Lepton Mass Sum

Viewed in this light, the energy difference taken in its square root form ./J, rotates the

\/f w, = \/ m,c® +m,c* +m,c® vector which is purely a function of the charged lepton masses,

through an angle 6, =8.496°, into \/ﬁ ), = \/mrcz +m,c* +m,c’ + 0, which is a function of the
charged lepton masses as well as ;. While it also happens that ﬁuh =a (M Wz)vﬂ from (15.16),

again, it will be important to acquire independent knowledge about 9, .

It is also very helpful to obtain mass relationships analogous to (12.14) and (13.14) which
directly relate the charge lepton masses particularly to the two angles in (15.14). Solving the
simultaneous equations which are (15.12), then using (15.14), for the tau and mu leptons we obtain:

2 .« 2 ) 5

m.c? :Lu, cos*@,,sin" G, m o= 1 i 6,,cos* 8,

T \/_ U 1- 29 P 9 B U \/— U 1— 29 3 9 .
2 COS Up 3 COS™ Upyy 2 COS " Up 5 COS™ Upyy

(15.19a)

But because of the rotation (15.17) illustrated in Figure 10, the electron mass is not a direct function
of thee angles. For this mass, we need to use (15.3) and (15.2), then use (15.19a), to deduce:
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2 2 2 — 2 2
m,c” =mc”tan” 5 =m ¢ tan” I,

1 , sin’f,,cos’6,, . (15.19b)

tan’ 9, ,,

2 s 2

_ 1 08 6,,,sin" 6,,
Uq_ 2 2

J2 1-cos’8,,c08% 6,

2
tan” & =—u
st J2 v 1-cos’8,, cos’ B,

Finally, let’s take stock of all the reparameterizations we have found to this point.
Following (14.3) we noted that we had reparameterized the six quark masses as

m,,m.,m =F(v,6.,,6.,) and m,, m,m, =F(m,,m,6.,) with v, =v, leaving only m,
unconnected to some other known observed empirical energy or mixing angle. But at (13.7) we
also made use of the relation 3(m, —m,)/(2n)"" =m, separately discovered by the author in 2013

[40], [41]. So, having reparameterized the up mass in m ,m_,m, =F (v, 8., 6’C23), and knowing

the electron mass, this 2013 relation allows us to reparameterize m, = F (m ), that is, to

reparameterize the down mass as a function of the electron mass. Therefore, we effectively used
m,,m.,m,m,,m,m, =F(v,6., 6, 6. m,m,) toreparameterize all six quark masses. But
one of these parameters, m,, is effectively “kicked down the road” to our study of the charged
leptons, which is now just completed. So, let us see what we now know about the electron mass.

From what we learned in (15.16) and (15.19) the mu and tau masses
m,,m, = F(6’P13, HPIZ,H(MWZ), v) with v being the same Fermi vev used as a parameter in the

quark relations. But from (15.18), the mass sum m ¢’ + mﬂc2 +m,c’ is not yet expressed in terms
of other independently-known parameters, because 9, is not yet independently-understood. We
only understand J; in terms of its having been determined by fitting two of the PMNS angles to

the three known charge lepton masses. So all told, we now have:

u?

{m,,mc,m mb,ms,md,mﬂ,mr,me}=F(v,mh,HC31,6’C23,6’C21,9P13,9P12,0(MW2),me), (15.20)

in which the set of nine elementary fermion masses exclusive of neutrinos which we will next

examine, are functions of eight independently-known v, m,, &,,,, 6C23,GCZI,HPB,HM,O'(MWZ)

energies, angles, and couplings, plus — once again — the electron mass. So, we have taken nine
seemingly-independent masses, and boiled them down to only one seemingly-independent mass,
namely, that of the electron. But once again, m, is the outstanding parameter. This of course begs
the question: how does one finally reparameterize the electron mass? As we shall now see,
reparametrizing the electron mass is “kicked down the road” yet again. Last time it was kicked
from quarks to charged leptons. Now it is kicked yet again from the charged leptons to the
neutrinos.
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16. Theory of Fermion Rest Masses and Mixing: Prediction of the Neutrino
Mass Sum and of the Individual Neutrino Masses

The neutrinos are unique among the elementary fermions. Not only was it believed for a
long time that these were massless fermions — which was disproved by neutrino oscillations which
we are in the midst of studying here — but there remains debate to this day as to their fundamental
character, that is, whether they are Dirac fermions in the same way as all other fermions, or have
distinct Majorana properties which render them of a fundamentally different character. From a
practical standpoint, there is one very striking difference which affects how we approach the
question of neutrino masses: while upper limits have been established for the neutrino masses, we
have no empirical data available which tells us what the precise neutrino masses actually are. So,
whereas our approach with the quarks and the charged leptons has been to start with their known
masses and connect this to the CKM and PMNS parameters and other known data, our approach
with neutrinos must necessarily be inverted: we must start with other data, and use this to infer and
predict the neutrino masses. Moreover, as noted on page 11 of PDG’s [45], “determining, or
obtaining significant constraints on, the absolute scale of neutrino masses” remains a very
significant research problem at the present time.” But as noted in [46], “somewhere between 10
MeV and 2eV is our playground.” And on page 12 of PDG’s 2018 review [45], it is reported that
the sum of the neutrino masses is 2 ,m; <0.170 eV at a 95% confidence level.

Starting with (15.20) which shows the parameters we have utilized so far, let’s simply take
inventory of the masses we are looking to ascertain and the parameters still available for doing so.
As with the quarks and charged leptons, the neutrinos come in three generations, and so their
masses represent three different energy numbers to be reparameterized. There are three PMNS
angles, but two of these — 8,,, and 8,,, — were already used at (15.14) to parametrize the charged

lepton masses. So, we have one angle left — 6,,, =47.2"} 2 "7 ° from (15.10) — to utilize for

the neutrino masses. Given this, we will need to identify two more parameters from which to
uniquely deduce the neutrino masses.

One of these two more parameters must determine the energy scale for the neutrino masses,
that is, it must independently yield an energy close to, but somewhat less than, .2 eV. So let’s start
here. One of the striking features of what we do know about neutrino masses, is that these masses
are so immensely-small in comparison with other fermion masses. With the lightest non-neutrino
fermion — the electron — having a mass of just over half a million eV, the largest possible mass for
a neutrino is over a million times smaller than the electron mass. And this ratio is even larger
relative to other fermions. For the GeV scale fermions, this ratio is 10° or larger. As stated also
on page 12 of [45], “it is natural to suppose that the remarkable smallness of neutrino masses is
related to the existence of a new fundamental mass scale in particle physics, and thus to new
physics beyond that predicted by the Standard Model.” Indeed, the only natural energy ratios
which come to mind as able to produce a mass scale this small, involve the Fermi vev

v=v, =246.2196508 £ 0.0000633 GeV relative to M ,c* =1.220910%10” GeV, which is the

Planck energy. The former of course is a proxy for the Fermi constant G,., and the latter for the
Newton gravitational constant G.
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In this regard, when we look at (15.20) and take inventory of parameters, we see of course
that the Fermi v is one of the parameters already used, which means that G, has already been

used. But the Newton constant G and its associated Planck energy M ,c’ with the Planck mass

defined by GM ,> = hic is not yet used. Given the need for a very small energy ratio to bridge the

chasm from other fermion masses to neutrino masses, we proceed from the viewpoint that the
dimensionless ratio v/ M ,¢* =2.018194x107" may provide the basis for supplying the requisite

very small energy ratio. And in view of the important role that square roots of energy numbers
appear to play in connecting masses to mixing angles and other parameters — for example, see the
Pythagorean axes in Figures 3, 4, 5 and 10 and all the prior equations which contain energy square

roots — we also consider using the ratio v/ M ,c* =4.492431x10™” . Then, we need a baseline

energy against which to apply this ratio.

Now, the energy parameter 0y =42.018 MeV deduced in (15.17) to fit the charged lepton

masses to two of the PMNS mixing angles is brand new. Aside from its origin as a necessity to fit
this empirical data, we still have no independent knowledge about its direct physical meaning,
which is also why the electron rest mass it still in need of independent reparameterization. In
contrast, all the parameters in (15.20) do have separate status as physical quantities with well-
understood, independent meaning. So, supposing that J; is, perhaps, the baseline energy against

which to use v/ M ,c* =4.492431x10™ , we simply do the exploratory calculation:

1%

) =42.018 MeV %x4.492431x10™ =0.189 eV . (16.1)

2

M ,c

This is a bullseye! Not only is this number at the right order of magnitude to describe the neutrino
masses based on the knowledge we have to date of these masses, but within the correct order of
magnitude, it is at the correct ~2 eV upper limit which empirical data has placed on the sum the
neutrino masses. It seems highly unlikely that arriving at 0.189 eV from across nine orders of
magnitude when our target energy is .2 eV is merely a coincidence. As a result, we conclude that
this is no coincidence, and regard this as a relation of true physical meaning. So now, we need to
make a formal assignment of the result in (16.1) to the neutrino masses.

In (12.3), (13.10) and (15.15), the vevs in relation the respective mass sums are
vy = \/a(muc2 +mcc2 +mtcz) » Yy = \/E(mdc2 + msc2 +mbcz) and u; = \/a(mrc2 + mﬂc2 +mecz) .
So, for the neutrino sum we likewise define u, = V2 (mve +m,, +mw)c2. The question now is
whether the numeric result 0.189 eV in (16.1) should be assigned to this new u, or to the mass
sum (mVe +m,, +m, ) ¢?. That is, where do we use the /2 factor? Given that for the neutrinos,

2.m; = (mw +m,, +m, )02 <0.170 eV with a 95% confidence level, this empirical data suggests

that the appropriate assignment should be to the neutrino vev, namely:
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U E\/E(mw +m,, +mw)c2 =9 v/MPc2 =0.189 ¢V, (16.2a)

which means that for the mass sum we have:

Lu, =(m,, +m,, +m, )’ =LF\v/M,c* =0.133eV <0.170 eV | (16.2b)

clearly fitting the empirical data [45]. Were we to assign (mw +m,, +mw)c2 =0.189 eV we
would be well outside the 95% zone. Moreover, we will momentarily see this is theoretically
consistent with the quark assignments in Figure 10 and the J2 appearance in the Higgs mass

= (vﬂ +%VU)/C2 . It is also helpful to write (16.2b) and (16.2a) in terms of J; as:

8, =u\M,c* 1v =2 (m,, +m,, +m, ) \[M,c* v =42.018 MeV . (16.2¢)

The above (16.2b) is a theoretical prediction about the true sum of the physical neutrino
rest masses, and a definition of a vev u, for the neutrinos which parallels the previous (12.3),

(13.10) and (15.5) for quarks and the charged leptons. And, with (16.2c), we now have an
independent understanding of d; =+/2M ,¢* /v (mVe +m,, +m, ) ¢?, and see that this is a function

2m

of the neutrino masses and the Newton gravitational constant in GM ,* = hic . Indeed, with (16.2¢)
we update Figure 10 to display this new understanding, as seen below:

o \/uﬂqu vty o= Fujle =J(I(Mw2)vﬂ e
N C =,Ju,\/M, ctlvie
‘ ! \/,)2M},L /v m  Hm,, +m,, +m@+mﬂ+mrlc ‘?

\/JZM,,C /L m +m,, +m,,
f =+2x962.524 MeV /¢
=\],J2M,,c /vx0.133 eV /c=+/42.018 MeV /¢

8, =8.496° Sy le=Jm +m,+m, =[1883.029 MeV /¢

U
Figure 11: Charged Lepton and Amplified Neutrino Masses, and Rotation of the Charge
Lepton Mass Space Vector

Above, we see the isospin-down and isospin-up leptons on orthogonal axes, labelled as
such with 1 and U. Except for the “neutrino mass amplifier” factor /M »c>1v, and the

hypotenuse aligned toward isospin-down rather than up, this is identical in form to Figure 5 for

quarks. This includes the J2 appearing as a multiplying factor for the isospin-up mass sum and
not the isospin down mass sum, which shows theoretical consistency in addition to empirical
confidence in the use of this factor in (16.2). Note also that the hypotenuse mirrors the Higgs mass

relation 2m, = (vﬂ +%VU)/ c® (14.3) as well, up to the neutrino mass amplifier. We see that the

99



Jay R. Yablon, September 4, 2018

relation %uh =—uy + 9, in (15.11) — which does not have an analogue for quarks — effectively
causes a rotation of the horizontal vector /% u, for isospin-down charged leptons, toward the

vertical vector ,/u, for isospin-up neutrinos, with amplification.

At this point, having a predicted value (mve +m,, + mw)c2 =0.133 eV for the sum of the

neutrino rest masses, we follow the approach previously used for quark and charged lepton masses.
Just as at before we postulate that all of the rest mass for the neutrinos starts off on the tau neutrino,
and then is subjected to a bi-unitary transformation leading to relations which mirror (15.1).
However, because (15.9) did not match (15.10) we were required to rotate the vev via
%uh E%uU +0; in (15.11) which led to what is now Figure 11 above. Given that this is what

allowed us to fit 8,, and 8,,, at (15.14), but that &,,, has yet to be fitted, we must consider that

the same type of rotation is also required for neutrinos, i.e., that we need to first postulate an extra
energy 9, associated with neutrinos, and use these in a relation analogous to (15.11), namely:

I — — 2 2 2 _
FUy EFuy t0 =my,c” tmy et +m, "+, =0.133eV+ieV. (16.3)

Of course, for the quarks and the charged leptons we knew the empirical masses in advance.
For the neutrinos we do not have that luxury. Our goal here is to predict the individual neutrino
masses. The relations to do so turn out to be analogous to (15.19a) for the mass mixing angles,
but now contain the two angles &', , J' ., in the form:

2 qf <2 qr
2 - 1 Cos 79 IIﬂ.’slSln l9 IN21
m,c” =| —=u; +0, — —
\/5 1=cos™& 1131€08 J 21

2 qQf 2 qr
[ 1 b5 |50 2 1131€08" T o)
mV/Jc - [2 uﬂ il 1_ 279! 219: 4
cos Ilﬂ_’leOS IN21

2 _ _ 2 _ 2
m,,c” =0.133 eV -m,c” —m,¢c

(16.4)

with the electron neutrino mass obtained via (16.2b). We have seen this basic form before not
only in (15.19a), but also in (12.14) and (13.14). Now, we need to connect one of these angles to

B,,, =47.255 T, T ©, while the other angle is a “leftover” in the manner of 8,,, in (13.6). This
raises the question what to associate with the leftover angle, and also how to ascertain Jﬂ , because

without both angles as well as a value for the new Jﬂ , we cannot predict the neutrino masses.

The question of the leftover angle returns us to the discussion at (15.20) regarding
reparameterization, and requires us to make an educated guess about a suitable parameter for the

leftover angle. We first note the relation (15.16) in which & (M W ) v, became a key number. The

parameter a (M Wz), in particular, is a quintessential electroweak number, because it tells us the
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value of the electromagnetic running coupling at Q> = M,,*c* which is the rest energy of the weak

vector boson responsible for all beta-decays. The fact that we have a leftover angle tells us that
the suitable parameter should also be an angle. Combining these two pieces of information leads
us to look for an angle that in some way is electroweak in nature, and that we have not otherwise
used already. And the most apparent and obvious candidate for this is the Weinberg electroweak
mixing angle which relates the two boson masses via cosf, =M, /M, and relates the

electromagnetic and weak charges via sin8, =e/ g, .

So, we now take an educated guess, and make the hypothesis that the leftover angle in
(174) is to be associated with 8, . Empirically, we will use sin” g, =0.2223+0.0021 from

CODATA'’s [47]. Finally, irrespective of the value of 9, , because 8, =28.13+£0.14° is smaller
than 6,,, =47.27;% 7, "7 °, and noting that the denominators are the same in each of (16.4), it is
clear that associating the smaller angle with &', will produce a larger mass for the tau neutrino

versus the mu neutrino, and that vice versa will give the muon neutrino a larger mass. Finally,
therefore, we impose the requirement of “normal ordering” so that the tau neutrino has the largest
mass of all. So, in accordance with all of the foregoing, we now make the assignments:

d =6, =28.13£0.14°

31—

' _ _ +1.9 +3.1 +43 o
J n21— 9P23 - 47'2—3.9 5.4 -6.9

(16.5)

And with this, subject to also setting d, which we shall review momentarily, we can use (16.4) to

predict the neutrino masses. For 8,,, we will employ the entire 30 spread.

To keep things simple, before we take on how to determine 9, , let use first set d, =0 just

to gain a sense for the masses that come from (16.4). Using (16.5) in (16.4) we obtain:

m,c* (6, =0)=0.0877 %" eV
m,,c* (8, =0) =0.021;00% eV , (16.6)
m,c’ (6, =0)=0.02575) eV

Note the reverse order of error bars for the mu neutrino, because m,,c* =0.133 eV —m,c* —=m, ¢’

imposes an overall constraint which makes the mu smaller when the tau is larger and vice versa.

If we postulate that m,,c* >0 is to be a nonzero, positive mass, thereby ruling out negative
mass, we can also put an upper bound on 9, by calculating the value of &, which will cause
m,,c> =0 at the bottom of its error bar. Then, a similar calculation shows that for J, =0.027 eV

I

thus ﬁuﬂ Z%Ltﬂ +0, =0.160 eV , we obtain:
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m,.c* (8, =0.027 eV) =0.105% %3 eV
m,c* (8, =0.027 eV) =0.026.0% eV, (16.7)
m,c* (8, =0.027 eV) =0.003700> eV

So, from (16.6) and (16.17), we can already constrain the three masses such that:

0.079 eV <m,,c* <0.109 eV
0.017 eV < mchz <0.038 eV, (16.8)
0eV<m,c’<0.026 eV

Having established these boundaries for the neutrino masses, we now turn to the question
of how we might constrain J,. One’s first though might be to look for yet one final independent

parameter. But as it turns out, it is Figure 11, when compared with its quark relative Figure 5,
which points toward a trigonometric condition that will fix the value of J, . Specifically, in Figure

5,the N1 vector containing the (square root) isospin-up quark masses and vevs is orthogonal to the
U vector with the isospin-down quark masses and vevs. Likewise, in Figure 11, notwithstanding

the amplifier factor /M ¢’ /v, the 1 vector is orthogonal to the U vector. From this we may

discern the general rule that vectors which contain { vevs are orthogonal to those which contain
U vevs. But Figure 11 rotates the u, vector into a u; vector which was unnecessary for quark

masses, and it is J; which is responsible for the rotation. This was needed to fit the quark mass

data to two of the three real PMNS angles within under 20. And at the moment, we are
considering how to determine J, which is responsible for a similar rotation of u, to u, in (16.3),

and which is presumably required to connect the neutrino masses to the third PMNS angle and the
weak mixing angle..

Given that u, is orthogonal to u, it appears safe to impose the constraint that u, must
also be orthogonal to uy . In other words, the vevs ﬁ“'u E%uu +0; defined in (15.11) to fit the
charged lepton masses to two of the PMNS angles, and ﬁu% Eﬁuﬂ +0, similarly defined in

(16.3) to analogously fit the neutrino masses to the remaining PMNS angle and the weak mixing
angle, must be orthogonal to one another, as are u, and u; to one another. And with this single

constraint, by geometric construction we can fix the value of J, and therefore make an exact

prediction for the three neutrino masses, within the experimental errors in the input parameters.
Let us now review in detail, how this is done.

Although Figure 11 is similar to Figure 5 in many ways, it differs in one important respect,
namely, that it contains the \/M ,¢* /v amplifier for the neutrino masses, which amplifier brings

about the angle Hu =8.496°. Now, let us draw a similar figure, but without the amplifier. Rather,
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in Figure 12 below, on the horizontal axis we show ,/%uU /¢ based on (15.5) for the charged

leptons, and on the vertical axis we show M / ¢ based on (16.2a) for the neutrinos. It will be

appreciated that this now identical to Figure 5, including all appearances of the J2 factor, merely
with a direct replacement of isospin-up quarks by isospin-up leptons and of isospin-down quarks
by isospin-down leptons. (This is another confirmation of the use of this factor starting at (16.2a).)

Likewise — which was not required in Figure 5 — in Figure 12a we also show the rotated /% uy/c
of (15.11) and the rotated M/c of (16.3), taking care to make sure not only that /ﬁ“u /c and
M /¢ are orthogonal, and also that /% w, /c and M /¢ are orthogonal, which is the

constraint we introduced in the previous paragraph. Because the mass sum for isospin-up quarks
is much larger than for down quarks, while this is definitively reversed for leptons, the only

difference between Figure 12 and Figure 5 is one of form: In Figure 5 the T masses are on the
horizontal axis while in Figure 12 the |} masses are on the horizontal axis.

Because the ratio ~/1883.029 MeV/0.189 eV =99815.41 is extremely large, the
horizontal leg and , /% uy / ¢ of the triangle in Figure 12 would extend to the right for almost a mile

if drawn to their ends and to scale, based on the 0.189 eV leg being drawn at about a half an inch
in height. At the end of the triangle about a mile to the right of the page, the height is \/XU /c.

Also, there is a hypotenuse of length  [u, + f”u / ¢ formed from vertical and horizontal legs. But

this is indiscernible from «’f”u / ¢ because the hypotenuse has tan & =1/99815.41, that is, an
angle §=0°0'2.066463". This effectively makes u, ~0 when calculating the hypotenuse.

8, =8.496°

 — Lu, Je=Jm tm, tm. =/1883.029 MV /
Mlg _ uﬂ +J§5ﬂ /e ok C \/ﬂ?(l mﬂ 1, \/ c C
Figure 12a: The Lepton Rest Mass Space

What most interests us in Figure 12a it the tiny triangle enclosed in the circle, which is
magnified in Figure 12b below. In particular, by trigonometric construction, based on the

foregoing requirement to keep /% u; /c and M / ¢ orthogonal, also using the formal similarity

of the triangles in Figure 12a, we can immediately read off from Figure 12b that:

) 3
tan’ (8.496°) =+/2 L =24 . (16.9)
Uy Uy
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The unknown that we wish to find is 9, , so we rewrite this and use (16.2b) to calculate:

9, =L u, tan® (8.496°) = 0.133 eV x tan” (8.496°) = 0.002968 eV . (16.10)

Ly
U
We then use the above and (16.3) to calculate:

j— +0, =m, ct+m, c +m,,c +5 =0.136 eV. (16.11)

6, =8.496°

Figure 12b: Magnified view of Key Trigonometric Relations in Figure 2a

Now, with (16.10) in hand, we again use (16.4) to obtain the neutrino mass predictions:

c*(8, =0.002968 V) =0.0897%0s eV
c* (8, =0.002968 V) =0.022700% eV
c*(8, =0.002968 eV) =0.022705) eV

) (16.12a)

We may also write these as in (16.8), together with the mass sum (16.2b), as such:
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0.081 eV <m,c* <0.092 eV
0.017 eV <m,c* <0.032 eV

2 (16.12b)
0.020 eV <m, ¢’ <0.024 eV

2 2 2
my,c” +m,c”+m,c”=0.133 eV

The broad ranges above are mainly an outgrowth of using the 30 data 40.3°<6,,, <51.5°. We
observe that the tau neutrino in all cases is heavier than the electron and muon neutrinos. But
normal ordering between the electron and the muon occurs only with a smaller 8,,,. So, if one
gives weight to the hypothesis that neutrinos should exhibit a normal mass ordering, this would
mean that the actual 8,,, is toward the low end of the 8,,, range. For example, with &,,, at 20

below its center, i.e., with 8,,, =41.8°, the masses have the normally-ordered —20 values
My, c* (6,y, =41.8°) =0.083 eV;m,,c* (6,,, =41.8°) =0.029 eV; m, c* (6,,, =41.8°) =0.021 eV . (16.13)

In general, note that all three masses are relatively close to one another in comparison to the mass
patterns for quarks and charged leptons.

Now, it is often stated that neutrino oscillations are the most direct evidence we have that
neutrinos are not massless. In view of the foregoing, this statement can be refined in a more precise
way: Suppose that neutrinos were massless. Then, in view of the foregoing, what would be

different? First, from (16.2c), we would have J, =2 (mVe +m,, +mw)c21/M »c/v=0. This
means that (15.11) would become ﬁ”'u = ﬁ”u . And this would mean, combining (15.9), (15.10)
and (15.14), that the PMNS mixing angles would be centered at 8,, =&, ;=5 =0.97155°
and 8,, =, =5,, =3.97816°, rather than the observed 8,, =8.795° and &, , =32.39°.

So, if the neutrinos were massless, there would still be generation-changing beta-decays
for leptons, but the angles would be much smaller. In short, the neutrinos having mass turns a
0.97155° angle into 8.795°, and turns a 3.97816° angle into 32.39°. So, a more accurate
statement is that the very liberal mixing of generations during leptonic beta decay versus the
relatively homogeneous mixing for quark generations, is the most direct evidence we have for
neutrinos having mass. But even if neutrinos were massless, there would still be some mixing, but
the mixing angles would be much smaller. Another way to state this is that the failure of (15.9) to
match (15.10) — which required introducing the extra energy J; in (15.11) — was in fact evidence

that neutrinos have mass. If they were massless, no calculation would have been needed beyond
(15.9), because (15.10) would have been different and would have matched (15.9).

Stepping back to take the broad view, it will be seen that at this point we have added three
more parameters to those reviewed at (15.20), namely 8,,,, 8, , and the Planck mass M, which

we characterize in terms of the Newton gravitational coupling G. At Figure 11, when we used G
to obtain the vertical leg with J,, we implicitly reparameterized the electron mass, because
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m, +m, +m, =0.133 eV/c® thus m, could now be deduced from the triangles in Figure 11
assuming that one knows the neutrino mass sum m,, +m,, +m,, related to J; by (16.2b). So now,

it is the 0.133 eV /¢” neutrino mass sum number which needs to be reparameterized, because it is
a function of the electron rest mass via (16.2b). Then, given m, tm, +m, = 0.133eV/c?, and
also using 8,,,, 6, , we reparameterize two more neutrino masses, but only know these to the

extent we know the new energy surplus 9, introduced as a new parameter at (16.3). Itis by finally
imposing the requirement in Figures 12 that /% u; /c and M / ¢ must be orthogonal, that we

are able to deduce J, via (16.9) and (16.10), and thus the individual neutrino masses.

Supplementing (15.20) with all of the above, and using G,. and G as proxies for the Fermi

vev and the Planck mass, the complete reparameterization of all twelve fermion masses is:

{m,,mc,m mb,ms,md,mﬂ,mr,me,mw,mvﬂ,mw}

u?

) , (16.14)
=F (G’ Gromy, Oeays 00055 Bcpys Bpi35 Gpiys G503, By a(MW )’ m, +m,, +ml/e)

So finally, there is only one parameter that is kicked down the road, and that is the neutrino mass
sum m, +m,+m, =0.133 eV/ ¢’. Tt is not that we do not know the value of this parameter,

because now we do. It is that this parameter is only known because of our knowledge, among
other things, of the electron rest mass. So the final “kick down the road” of the open
parameterization lands in this neutrino mass sum.

17. Prediction of a Second Leptonic Higgs Boson, and its Mass

Back at (4.3) we showed how the mass of the Higgs boson can be described within

experimental errors by m,c” = (vﬂ +ﬁvu)/ 2 in relation to the Fermi vev v, =v and the sum of
isospin-down quark masses —=v; =m,c* +mc* +m,c* from (13.10). And in Figure 5, it was
shown how ‘/vﬂ +f"u /c=4/2m, actually specifies the hypotenuse of the orthogonal mass

spaces for v, and v;. Although we cannot see the analogous hypotenuse ., /u, +f“u /¢ in Figure

12a because its angle with the horizontal triangle leg is a just over a scant 2 as noted, the parallels
formulated throughout between the quark and lepton masses spaces is highly suggestive that there
exists a second Higgs boson denoted /42 associated with leptons, having a mass defined by the
analogous form:

u, +-u
mc =i 1 1, =941.515£0.060 MeV | (17.1)

2 22
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where we have used (15.5) to supply the empirical data. This differs from the proton and neutron
masses M, =938.272081+0.000006 MeV and M, =939.565413+0.000006 MeV [48] by only

a few MeV, in the former case by 3.243 MeV, and in the latter by 1.950 MeV.

In general, there are three types of predictions that can be made for empirical data. First,
there is retrodiction, in which empirical data which is already known is explained in relation to
other known data. This reduces the number of independent data numbers in our physical theories,
and is often accompanied by better theoretical understanding of the observed physics. This is
exemplified here generally, by (16.14). Second, there is tuning prediction, in which a prediction
is made about how the experimental error bars for already-known data will be affected as it
becomes possible to obtain tighter measurements of this data, owing to better experiments and / or
better theory. This is exemplified here by (13.11) and (13.12) for tighter top and strange quark
masses, (14.3) for a tighter Higgs mass, and (15.14) for re-centered 8,,, and &,,, values. Third,

there is outright prediction, in which data which is known to exist but has not yet been successfully
measured is predicted, or in which some data which is not even known to exist is predicted to exist,
along with a prediction as to how it will be measured. This is most important, because absent
theoretical information telling us where to target our detection efforts, experiments to detect such
data are often carried out “scattershot” over a broad range of possible values.

Here, (16.12) and (17.1) contain outright predictions of four mass values which at present
are not known. In (16.12) we are now told exactly the energies at which to look for the three
neutrino masses and their mass sum. And in (17.1) we are told not only that a new Higgs boson
exists, but we are told that to find it, one should be looking in the zone of energies just a few MeV
higher than the protos and neutron rest energies. Experimental efforts to pinpoint neutrino masses

. . . 2 2 2 -
can now be carried out focused on confirming the mass sum m, ¢* +m,,c” +m,c” =0.133 eV, and

focused on finding the separate neutrino masses in (16.12), see also (16.13). And of course, finding
a second Higgs boson at m,,c> =941.515+0.060 MeV, just above the proton and neutron rest

energies, would be entirely new, because the very existence of such a new particle — much less its
mass value — is entirely unanticipated based on present knowledge.

18. The Two-Minimum, Two Maximum Lagrangian Potential for Leptons,
and the Role of the Second Higgs Boson and its Mass in Weak Beta-Decay

To be added — developed to parallel section 14

19. Why Hermann Weyl’s U(1) Gauge Theory of Electromagnetism is a
Direct Consequence of Dirac-Kaluza-Klein Theory, so that Massive Vector
Bosons Acquire their Mass Just as they do in the Standard Model

To be added
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20. How the Dirac-Kaluza-Klein Metric Tensor Resolves the Challenges faced
by Kaluza-Klein Theory without Diminishing the Kaluza “Miracle,” and
Grounds the Now-Timelike Fifth Dimension in Manifestly-Observed Physical
Reality

Now let’s review the physics implications of everything that has been developed here so
far. As has been previously pointed out, in the circumstance where all electrodynamic interactions
are turned off by setting A,; =0 and what is now ®, =0, then (3.13) reduces when g,, =77, to

diag (Gyy ) = (+1,-1,-1,~1,+1) with |Gyn|=—1. And we saw at (6.3) that this result does not
change at all, even when A,; # 0 and ) 4 #0. But in the same situation the usual Kaluza-Klein

metric tensor (1.1) reduces to diag(Gyy) =(+1,-1,-1,-1,0) with a determinant |G,,,|=0. This
of course means the Kaluza-Klein metric tensor is not-invertible and therefore becomes singular
when electrodynamic interactions are turned off. Again, this may be seen directly from the fact
that when we set A, =0 and =0, in (1.1) we get G* =g, ,A"A? +1/¢7 =0+c0. This

degeneracy leads to a number of interrelated ills which have hobbled Kaluza-Klein as a viable
theory of the natural world for a year shy of a century.

First, the scalar field @ carries a much heavier burden than it should, because Kaluza-Klein

theory relies upon this field being non-zero to ensure that the five-dimensional spacetime geometry
is non-singular. This imposes constraints upon ¢ which would not exist if it was not doing “double

duty” as both a scalar field and as a structural element required to maintain the non-degeneracy of
Minkowski spacetime extended to five dimensions.

Second, this makes it next-to-impossible to account for the fifth dimension in the observed
physical world. After all, the space and time of real physical experience have a flat spacetime

signature diag (/7 w ) = (+1, -1,-1, —1) which is structurally sound even in the absence of any fields
whatsoever. But what is one to make of a signature which, when g, =77, and A, =0, 1is given
by diag (7, ) = (+1, -1,-1,-1, (az) with |7,,,| = =¢" ? How is one to explain the physicality of a

G = ¢ in the Minkowski signature which is based upon a field, rather than being either a timelike

+1 or a spacelike —1 Pythagorean metric component? The Minkowski signature defines the flat
tangent spacetime at each event, absent curvature. How can a tangent space which by definition
should not be curved, be dependent upon a field @ which if it has even the slightest modicum of

energy will cause curvature? This is an internal logical contradiction of the Kaluza-Klein metric
tensor (1.1) that had persisted for a full century, and it leads to such hard-to-justify oddities as a

fifth dimensional metric component Gy =¢ and determinant |7, |=-¢ which dilates or

contracts (hence the sometime-used name “dilaton”) in accordance with the behavior of ¢ .

Third, the DKK metric tensor (3.13) is obtained by requiring that it be possible to
deconstruct the Kaluza-Klein metric tensor into a set of Dirac matrices obeying (3.1), with the
symmetry of full five-dimensional general covariance. What we have found is that it is not
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possible to have 5-dimensional general covariance if G, =G,, =0 and Gy =¢ as in (1.1).

Rather, general 5-dimensional covariance requires that G, =Gy, =@ and Gy =1 +¢ in (3.13).

Further, even to have spacetime covariance in four dimensions alone, we are required to gauge the
electromagnetic potential to that of the photon. Without these changes to the metric tensor
components, it is simply not possible to make Kaluza-Klein theory compatible with Dirac theory
and to have 5-dimensional general covariance. This means that there is no consistent way of using
the usual (1.1) to account for the fermions which are at the heart of observed matter in the material
universe. Such an omission — even without any of its other known ills — most-assuredly renders
the KK metric (1.1) “unphysical.”

Finally, there is the century-old demand which remains unmet to this date: “show me the
fifth dimension!” There is no observational evidence at all to support the fifth dimension, at least
in the form specified by (1.1), or in the efforts undertaken to date to remedy these problems.

But the metric tensors (3.13) and (4.22) lead to a whole other picture. First, by definition,
a 5-covariant Dirac equation (5.6) can be formed, so there is no problem of incompatibility with
Dirac theory. Thus, all aspects of fermion physics may be fully accounted for. Second, it should

be obvious to anyone familiar with the ), and ), =-i),),),); that one may easily use an
anticommutator /7y E%{ VM,VN} to form a five-dimensional Minkowski tensor with

diag (I7MN) = (+1,—1,—1,—1,+1) , which has a Minkowski signature with two timelike and three
spacelike dimensions. But it is not at all obvious how one might proceed to regard ;, as the
generator of a truly-physical fifth dimension which is on an absolute par with the generators )y, of
the four truly-physical dimensions which are time and space. This is true, notwithstanding the
clear observational evidence that ), has a multitude of observable physical impacts. The reality
of ). is most notable in the elementary fermions that contain the factor %(1 * }/5) for right- and
left-chirality; in the one particle and interaction namely neutrinos acting weakly that are always
left-chiral; and in the many observed pseudo-scalar mesons (J " =07") and pseudo-vector mesons
(J" =17 and J™ =1"") laid out in [49], all of which require the use of ), to underpin their
theoretical origins. So J; is real and physical, as would therefore be any fifth dimension which

can be properly-connected with y .

But the immediate problem as pointed out in toward the end of [11], is that because
G,; = ¢ in the Kaluza-Klein metric tensor (1.1), if we require electromagnetic energy densities to

be positive, the fifth-dimension must have a spacelike signature. And this directly contradicts
making ), the generator of the fifth dimension because ),), =1 produces a timelike signature.

So, as physically-real and pervasive as are the observable consequences of the ), matrix, the
Kaluza-Klein metric tensor (1.1) does not furnish a theoretical basis for associating ), with a fifth

dimension, at the very least because of this timelike-versus-spacelike contradiction. This is yet
another problem stemming from having @ carry the burden of maintaining the fifth-dimensional

signature and the fundamental Pythagorean character of the Minkowski tangent space.
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So, to summarize, on the one hand, Kaluza-Klein theory has a fifth physical dimension on
a par with space and time, but it has been impossible to connect that dimension with actual
observations in the material, physical universe, or to make credible sense of the dilation and
contraction of that dimension based on the behavior of a scalar field. On the other hand, Dirac
theory has an eminently-physical ), with pervasive observational manifestations on an equal

footing with y, , but it has been impossible to connect this ); with a true physical fifth dimension

(or at least, with the Kaluza-Klein metric tensor (1.1) in five dimensions). At minimum this is
because the metric tensor signatures conflict. Kaluza-Klein has a fifth-dimension unable to
connect to physical reality, while Dirac theory has a physically-real y, unable to connect to a fifth

dimension. And the origin of this disconnect on both hands, is that the Kaluza-Klein metric tensor
(1.1) cannot be deconstructed into Dirac-type matrices while maintaining five-dimensional general
covariance according to (3.1). To maintain general covariance and achieve a Dirac-type square
root operator deconstruction of the metric tensor, (1.1) must be replaced by (3.13) and (4.22).

Once we use (3.13) and (4.22) all these problems evaporate. Kaluza-Klein theory becomes
fully capable of describing fermions as shown in (5.6). With Gy, =1+ ¢ the metric signature is

decoupled from the energy requirements for ¢, and with |GMN | = |gMN | from (6.3) the metric tensor

determinant is entirely independent of both A,, and @. Most importantly, when A, =0 and

=0 and g,y =/, because diag (GMN ) = (+1’ -1.-1-1, +1) = diag (%{ W yN}) =diag (,7MN ) )
and because of this decoupling of @ from the metric signature, we now have a timelike
Nss = V.¥s =+1 which is directly generated by ).. As a consequence, the fifth dimension of
Kaluza-Klein theory which has heretofore been disconnected from physical reality, can now be
identified with a true physical dimension that has ), as its generator, just as ), is the generator of
a truly-physical time dimension and J; are the generators of a truly-physical space dimensions.

And again, ), has a wealth of empirical evidence to support its reality.

Further, with a tangent space diag (UMN) = (+1, -1,-1,-1, +1) we now have two timelike

and three spacelike dimensions, with matching tangent-space signatures between Dirac theory and
the Dirac-Kaluza-Klein theory. With the fifth-dimension now being timelike not spacelike, the
notion of “curling up” the fifth dimension into a tiny “cylinder” comes off the table completely,
while the Feynman-Wheeler concept of “many-fingered time” returns to the table, providing a
possible avenue to study future probabilities which congeal into past certainties as the arrow of
time progresses forward with entropic increases. And because ; is connected to a multitude of

confirmed observational phenomena in the physical universe, the physical reality of the fifth
dimension in the metric tensors (3.13) and (4.22) is now supported by every single observation
ever made of the reality of ), in particle physics, regardless of any other epistemological

interpretations one may also arrive at for this fifth dimension.
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Moreover, although the field equations obtained from (3.13) and (4.22) rather than (1.1)
will change somewhat because now G,, =G,, =@ and Gy, =1+ ¢’ and the gauge fields are fixed

to the photon A, =A,, with only two degrees of freedom, there is no reason to suspect that the

many good benefits of Kaluza-Klein theory will be sacrificed because of these changes which
eliminate the foregoing problems. Indeed, we have already seen in sections 7 and 8 how the
Lorentz force motion is faithfully reproduced. Rather, we simply expect some extra terms (and so
expect some additional phenomenology) to emerge in the equations of motion and the field
equations because of these modifications. But the Kaluza-Klein benefits having of Maxwell’s
equations, the Lorentz Force motion and the Maxwell-stress energy embedded, should remain fully
intact when using (3.13) and (4.22) in lieu of (1.1), as illustrated in sections 7 and 8.

Finally, given all of the foregoing, beyond the manifold observed impacts of ), in particle

physics, there is every reason to believe that using the five-dimensional Einstein equation with the
DKK metric tensors will fully enable us to understand this fifth dimension, at bottom, as a matter
dimension, along the lines long-advocated by the 5D Space-Time-Matter Consortium [18]. This
will be further examined in the final section to follow, and may thereby bring us ever-closer to
uncovering the truly-geometrodynamic theoretical foundation at the heart of all of nature.

21. Conclusion — Pathways for Continued Exploration: The Einstein
Equation, the “Matter Dimension,” Quantum Field Path Integration,
Epistemology of a Second Time Dimension, and All-Interaction Unification

Starting at (7.6) we obtained the connection Y in order to study the I:f,"s term in the

equation of motion (7.4), because this is the term which provides the Lorentz Force motion which
becomes (7.29) once @ is understood to be a luminous field with d@/dr =0 as in (8.1). The

reason this was developed in detail here, is to demonstrate that the DKK metric tensors (3.13) and
(4.22) in lieu of the usual (1.1) of Kaluza-Klein do not in any way forego the Kaluza miracle, at
least as regards the Lorentz Force equation of electrodynamic motion. But there are a number of
further steps which can and should be taken to further develop the downstream implications of
using the DKK metric tensors (3.13) and (4.22) in lieu of the usual (1.1) of Kaluza-Klein.

First, it is necessary to calculate all of the other connections fx'B using (7.3) and the metric

tensors (3.13) and (4.22) similarly to what was done in section 7, then to fully develop the
remaining terms in the equations of motion (7.2), (7.4) which have not yet been elaborated here,
and also to obtain the five-dimensional Riemann and Ricci tensors, and the Ricci scalar:

RQMN = aMrANB _aNrAMB + rAMierB - rANirzMB
Rgy= R;MT = aMrTTB _aTrTMB + rTMZrzTB - rTTZrzMB . (21.1)
R= Rzz: GBMRBM: GBMaMrTTB _GBMaTrTMB +GBMrTM2rzTB _GBMrTTzrzMB

Once these are obtained, these may then be placed into a fifth-dimensional Einstein field equation:
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~K T,y = Ryn 2GR (21.2)

with a suitably-dimensioned constant K related to the usual & to be discussed momentarily. This
provides the basis for studying the field dynamics and energy tensors of the DKK geometry.

The development already presented here, should make plain that the Kaluza miracle will
also be undiminished when the DKK metric tensors (3.13) and (4.22) are used in (21.2) in lieu of

the usual Kaluza-Klein (1.1). Because [*, which we write as [%; =1n*’¢@’kF,  +... contains the

electromagnetic field strength as first established at (7.13), we may be comfortable that the terms
needed in the Maxwell tensor will be embedded in the (21.1) terms housed originally in

A z A z . .
sl e ~T 7wl “we-  Moreover, because the electromagnetic source current density

HUJ" =0,F*, we may also be comfortable that Maxwell’s source equation will be embedded in

the terms housed originally in 9,,l*z =9, *,,s. Moreover, because (I%MN —%GMNIAQ)AM =0

which via (21.2) ensures a locally-conserved energy fMN;M =0 is contracted from the second

Bianchi identity Ry + Royen + R =0, We may also be comfortable that Maxwell’s

magnetic charge equation 0., F,, +0 F, +0,F, =0 will likewise be embedded. In short, we

may be comfortable based on what has already been developed here, that the Kaluza miracle will
remain intact once field equations are calculated. But we should expect some additional terms and
information emerging from the field equation which do not appear when we use the usual (1.1).

Second, the Ricci scalar R is especially important because of the role it plays in the
Einstein-Hilbert Action. This action provides a very direct understanding of the view that the fifth
dimension is a matter dimension [18], and because this action can be used to calculate five-
dimensional gravitational path integrals which may be of assistance in better understanding the

nature of the second time dimension #° . Let us briefly preview these development paths.

The Einstein-Hilbert action reviewed for example in [50], in four dimensions, is given by:
s=[((1726)R+ L, -gd'x . (21.3)

The derivation of the four-dimensional (21.2) from this is well-known, where R =R’_. So, in
five dimensions, we immediately expect that (21.2) will emerge from extending (21.3) to:

$=[((172K) R+ £ W=Gdx = [((1/2K) R, +(1/2K) R, + £, N=Get'x . (21.4)

using R=R 7+ R 55 from (21.1) and the G already obtained in (6.3), and where K = Ak contains

some suitable length A to balance the extra space dimensionality in d’x versus d*x. In Kaluza-
Klein theory based on (1.1) A is normally the radius of the compactified fourth space dimension
and is very small. Here, because there is a second time dimension, this should become associated
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with some equally-suitable period of time=length/c, but it may not necessarily be small if it is
associated, for example, with the reduced wavelength A = ¢/ w of the scalar deduced in (8.14),
and if that wavelength is fairly large which is likely because these scalars ¢ have not exactly

overwhelmed the detectors in anybody’s particle accelerators or cosmological observatories.

However, the energy tensor 7#” in four dimensions is placed into the Einstein equation by
hand. This is why Einstein characterized the R =4 g"’R side of his field equation as “marble”

and the —«T*" side as “wood.” And this T#" is defined from the Lagrangian density of matter
by:

0.
r,=-2 J{gﬁ\‘d" +8.,ly - (21.5)

Therefore, in the Five-Dimensional Space-Time-Matter view of [18], and referring to (21.4), the
“wood” of L, is discarded entirely, and rather, we associate

L, =(1/2K)R”, (21.6)

with the matter Lagrangian density. As a result, this is now also made of “marble.”

Then (21.4) may be simplified to the 5-dimensional “vacuum” equation (see [51] at 428
and 429):

$=[(1/2K)RV-Gd’x, 21.7)
and the field equation (21.2) derived from varying (21.7) becomes the vacuum equation:
0=R,\,—1G,R. (21.8)
And we anticipate that the variation itself will produce the usual relation:

~ _ OR _OR°,  OR’,
RMN - 5gMN - 5gMN JgMN

(21.9)

for the Ricci tensor, but now in five dimensions.

So, in view of (21.5) and (21.6), what we ordinarily think of as the energy tensor — which
is now made of entirely geometric “marble,” — is contained in those components of (21.8) which,

also in view of (21.9) and R=R 7+ R 55, and given the zero of the vacuum in (21.8), are in:
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R 1 . » OR°, 1 _. ., OR°, 1 _. ..
- GMNR_W+§GMNR ”z_WJrEGMNR .. (21.10)

In four dimensions, the salient part of the above now becomes (note sign flip):

. OR°, 1. .,
KT ,= s ~ Gk 21.11)

We then look for geometrically-rooted energy tensors that emerge in (21.8) and (21.11) using
(21.1) which contain field configurations which up to multiplicative coefficients, resemble the
Maxwell tensor, the tensors for dust, perfect fluids, and the like, which is all part of the Kaluza

miracle. And because T is an energy-density, and because the integral of this over a three-

dimensional space volume is an energy which divided by ¢’ is a mass, from this view we see how
the fifth dimension really is responsible for creating matter out of geometric “marble” rather than
hand-introduced “wood.”

In a similar regard, one of the most important outstanding problems in particle physics, is
how to introduce fermion rest masses theoretically rather than by hand, and hopefully thereby
explain why the fermions have the observed masses that they do. Here, just as the five spacetime
dimensions introduce a “marble” energy tensor (21.11), we may anticipate that when the five-
dimensional Dirac equation (5.6) is fully developed, there will appear amidst its Lagrangian

density terms a fermion rest energy term m'c>WW in which the mc” in (5.6) is occupied, not by a
hand-added “wood” mass, but by some energy-dimensioned scalar number which emerges entirely

from the five dimensional geometry. In this event, just as we discarded LA:N, in (21.4) and replaced
it with (1/2K)R’; at (21.6) to arrive at (21.7) and (21.8), we would discard the mc’ in (5.6),
change (5.6) to ihcl™ad,,W =0 without any hand-added “wood” mass, and in its place use the

m'c’ emergent from the geometry in the m'c> WY terms.

Third, the action S = I(l / 2/() R\/-Gd’x , like any action, is directly used in the quantum
field path integral, which using (21.7) is:

Z=[ DG,y exp(iS /1) = [ DG,y exp((i/7) [ (1/2K) RV=Gd'x) . (21.12)

Here, the only field over which the integration needs to take place is G,,, , because this contains
not only the usual g, , but also the photon A,, and the scalar ¢. But aside from the direct value

of (21.12) in finally quantizing gravity, one of the deeply-interesting epistemological issues raised
by path integration, relates to the meaning of the fifth time dimension — not only as the matter
dimension just reviewed — but also as an actual second dimension of time.

For example, Feynman’s original formulation of path integration considers the multiple
paths that an individual field quantum might take to get from a source point A to a detection point
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B, in a given time. And starting with Feynman-Stueckelberg it became understood that negative
energy particles traversing forward in time may be interpreted as positive energy antiparticles
moving backward through time. But with a second time dimension 7’ , the path integral must now
take into account all of the possible paths through time that the particle may have taken, which are
no longer just forward and backward, but also sideways through what is now a time plane. Now,

the time #° that we actually observe may well become associated with the actual path taken
through time from amidst multiple time travel possibilities each with their own probability

amplitudes, and #° may become associated with alternative paths not taken. If one has a
deterministic view of nature, then of course the only reality rests with events which did occur,
while events which may have occurred but did not have no meaning. But if one has a non-
deterministic view of nature, then having a second time dimension to account for all the paths
through time which were not taken makes eminent sense, and certainly makes much more intuitive
and experiential sense than curling up a space dimension into a tiny loop. And if path integral
calculations should end up providing a scientific foundation for the physical reality of time paths
which could have occurred but never did, this could deeply affect human viewpoints of life and
nature. So, while the thoughts just stated are highly preliminary, one would anticipate that a
detailed analysis of path integration when there is a second time dimension may help us gain
further insight into the physical nature of the fifth dimension as a time dimension, in addition to
how this dimension may be utilized to turn the energy tensor from “wood” into “marble.”

Finally, Kaluza-Klein theory only unifies gravitation and electromagnetism. As noted in
the introduction, weak and strong interactions, and electroweak unification, were barely a glimmer
a century ago when Kaluza first passed his new theory along to Einstein in 1919. This raises the
question whether Kaluza-Klein theory “repaired” to be compatible with Dirac theory using the
DKK metric tensor (3.13) and its inverse (4.22) might also provide the foundation for all-
interaction unification to include the weak and strong interactions in addition to gravitation and
electromagnetism.

In ordinary four-dimensional gravitational theory, the metric tensor only contains
gravitational fields g,, . The addition of a Kaluza Klein fifth dimension adds a spin one vector

gauge potential A, as well as a spin 0 scaler @ to the metric tensor as seen in (1.1). The former

becomes the luminous A,, of (2.11) and the latter becomes the luminous ¢,, of (8.14) for the

DKK metric tensor (3.13) and inverse (4.22). So, it may be thought that if adding an extra
dimension can unify gravitation with electromagnetism, adding additional dimensions beyond the
fifth might bring in the other interactions as well. This has been one of the motivations for string
theory in higher dimensions, which are then compactified down to the observed four space
dimensions. But these higher-dimensional theories invariably regard the extra dimensions to be
spacelike dimensions curled up into tiny loops just like the spacelike fifth dimension in Kaluza
Klein. And as we have shown here, the spacelike character of this fifth dimension is needed to
compensate for the singularity of the metric tensor when @ — 0 which is one of the most serious
KK problems repaired by DKK. Specifically, when Kaluza-Klein is repaired by being made
compatible with Dirac theory, the fifth dimension instead becomes a second timelike rather than a
fourth spacelike dimension. So, if the curled-up spacelike dimension is actually a flaw in the
original Kaluza-Klein theory because it is based on a metric degeneracy which can be and is cured
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by enforcing compatibility with Dirac theory over all five dimensions, it appears to make little
sense to replicate this flaw into additional spacelike dimensions.

Perhaps the more fruitful path is to recognize, as is well-established, that weak and strong
interactions are very similar to electromagnetic interactions insofar as all three are all mediated by
spin-1 bosons in contrast to gravitation which is mediated by spin-2 gravitons. The only salient
difference among the three spin-1 mediated interactions is that weak and strong interactions
employ SU(2) and SU(3) Yang-Mills [52] internal symmetry gauge groups in which the gauge
fields are non-commuting and may gain an extra degree of freedom and thus a rest mass by
symmetry breaking, versus the commuting U(1) group of electromagnetism. Moreover, Yang-
Mills theories have been extraordinarily successful describing observed particle and interaction
phenomenology. So, it would appear more likely than not that once we have a U(1) gauge field
with only the two photon degrees of freedom integrated into the metric tensor in five dimensions
as 1s the case for the DKK metric tensors (3.13) and inverse (4.22), it is unnecessary to add any
additional dimensions in order to pick up the phenomenology of weak and strong interactions.
Rather, one simply generalizes abelian electromagnetic gauge theory to non-abelian Yang-Mills
gauge theory in the usual way, all within the context of the DKK metric tensors (3.13) and inverse
(4.22) and the geodesic equation of motion and Einstein equation machinery that goes along with
them. Then the trick is to pick the right gauge group, the right particle representations, and the
right method of symmetry breaking.

So from this line of approach, it seems as though one would first regard the U(1) gauge
fields A,, which are already part of the five dimensional DKK metric tensor (3.13), as non-abelian

SU(N) gauge fields G, = T'G' » With internal symmetry established by the group generators T

which have a commutation relation [T LT/ } = jf¥T* with group structure constants f” . Prior

to any symmetry breaking each gauge field would have only two degrees of freedom and so be
massless and luminous just like the photon because this constraint naturally emerges from (2.10).

Then, starting with the metric tensor (3.13), one would replace A, — G, = TiGiy everywhere

1%
this field appears (with ) now understood to denote, not a photon, but another luminous field

quantum), then re-symmetrize the metric tensor by replacing G, ,G,, - %{ ny,GyV} because

these fields are now non-commuting. Then — at the risk of understating what is still a highly
nontrivial problem — all we need do is discover the correct Yang-Mills GUT gauge group to use

for these G,,, discover what particles are associated with various representations of this group,

discover the particular way or ways in which the symmetry of this GUT group is broken and at
what energy stages including how to add an extra degree of freedom to some of these G,, or

combinations of them to give them a mass such as is required for the weak W and Z bosons,
discover the origin of the chiral asymmetries observed in nature such as those of the weak
interactions, discover how the observed fermion phenomenology becomes replicated into three
fermion generations, discover how to produce the observed G USU(3).xSU(2), xU(1),,

phenomenology observed at low energies, and discover the emergence during symmetry breaking
of the observed baryons and mesons of hadronic physics, including protons and neutrons with
three confined quarks. How do we do this?
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There have been many GUT theories proposed since 1954 when Yang-Mills theory was
first developed, and the correct choice amongst these theories is still on open question. As an

example, in an earlier paper [53] the author did address these questions using a G=SU(8) GUT
group in which the up and down quarks with three colors each and the electron and neutrino leptons
form the 8 components of an octuplet (I/, (ug.dg.dy).e.(dgug u, )) in the fundamental

representation of SU(8), with (MR,dG,d 3) having the quark content of a neutron and (d rolGU B)

the quark content of a proton. Through three stages of symmetry breaking at the Planck energy,
at a GUT energy, and at the Fermi vev energy, this was shown to settle into the observed
SUQ3).xSU(2), xU(1),, low-energy phenomenology including the condensing of the quark

triplets into protons and neutrons, the replication of fermions into three generations, the chiral
asymmetry of weak interactions, and the Cabibbo mixing of the left-chiral projections of those
generations. As precursor to this SU(8) GUT group, in [41] and [54], based on [40], it was shown
that the nuclear binding energies of fifteen distinct nuclides, namely ?H, *H, *He, “He, °Li, 'Li,
"Be, *Be, !°B, °Be, '’Be, !'B, !!C, '2C and “N, are genomic “fingerprints” which can be used to
establish “current quark” masses for the up and down quarks to better than 1 part in 10° and in
some cases 10° for all fifteen nuclides, entirely independently of the renormalization scheme that
one might otherwise use to characterize current quark masses. This is because one does not need
to probe the nucleus at all to ascertain quark masses, but merely needs to decode the mass defects,
alternatively nuclide weights, which are well-known with great precision and are independent of
observational methodology. Then, in [7.6] of [55], the quark masses so-established by decoding
the fingerprints of the light nucleon mass defects, in turn, were used to retrodict the observed
masses of the proton and neutron as a function of only these up and down quark masses and the
Fermi vev and a determinant of the CKM mixing matrix, within all experimental errors for all of
these input and output parameters, based directly on the SU(8) GUT group and particle
representation and symmetry breaking cascade of [53]. So if one were to utilize the author’s

example of a GUT, the A, —> G, = T'G yu in the DKK metric (3.13) would be regarded to have

an SU(8) symmetry with the foregoing octuplet in its fundamental representation. Then one would
work through the same symmetry breaking cascade, but now also having available the equation of
motion (7.2) and the Einstein equation (21.8) so that the motion for all interactions is strictly
geodesic motion and the field dynamics and energy tensors are at bottom strictly geometrodynamic
and fully gravitational.

In 2019, the scientific community will celebrate the centennial of Kaluza-Klein theory.
Throughout this entire century, Kaluza-Klein theory has been hotly debated and has had its staunch
supporters and its highly-critical detractors. And both are entirely justified. The miracle of
geometrizing Maxwell’s electrodynamics and the Lorentz motion and the Maxwell stress-energy
tensors in a theory which is unified with gravitation and turns Einstein’s “wood” tensor into the
“marble” of geometry is tremendously attractive. But a theory which is rooted in a degenerate
metric tensor with a singular inverse and a scalar field which carries the entire new dimension on
its shoulders and which contains an impossible-to-observe curled up fourth space dimension, not
to mention a structural incompatibility with Dirac theory and thus no ability to account for fermion
phenomenology, is deeply troubling.
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By using Dirac theory itself to force five-dimensional general covariance upon Kaluza-
Klein theory and cure all of these troubles while retaining all the Kaluza miracles and naturally
and covariantly breaking the symmetry of the gauge fields by removing two degrees of freedom
and thereby turning classical fields into quantum fields, to uncover additional new knowledge
about our physical universe in the process, and to possibly lay the foundation for all-interaction
unification, we deeply honor the work and aspirations of our physicist forebears toward a unified
geometrodynamic understanding of nature as the Kaluza-Klein centennial approaches.
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