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1 Introduction

Some time ago a result obtained in String Theory [1] has lead some field theorists
to study a deformed version of Quantum Electrodynamics [2], as well as other field
theories [3]. Since then it has been generally assumed that such theories could be
relevant to the understanding of physics at the Planck scale [4].

In the context of Noncommutative Quantum Theories the ordinary spatial coor-
dinates xi are replaced by a set of operators, the noncommutative coordinates x̂i,
satisfying a commutation relation of the form:

[x̂i, x̂j] = iΘij , (1)

where Θij is a constant, real-valued, antisymmetric matrix.

2 Quantum Mechanics on a Noncommutative Plane

Geometry: The noncommutativity of the Moyal plane is described by the commuta-
tion relation [5]

x̂ŷ − ŷx̂ = iθ , (2)

where θ is a real parameter.
With the aid of Fourier analysis the elements of the noncommutative plane can

be written in terms of the noncommutative coordinates (x̂i) as:

ψ̂ =
1

2π

∫ ∞
−∞

∫ ∞
−∞

ψ̃(~k) ei(k1x̂+k2ŷ) , (3)
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where ψ̃(~k) is the Fourier transform of the complex valued function

ψ(x, y) =
1

2π

∫ ∞
−∞

∫ ∞
−∞

ψ̃(~k) ei(k1x+k2y) , (4)

Kinematics:
The action of the noncommutative momenta p̂i on wave functions is defined by

p̂1(ψ̂) =
~
θ

[ŷ , ψ̂] , p̂2(ψ̂) = −~
θ

[x̂ , ψ̂] . (5)

Dynamics: Time evolution is governed by the Algebraic Schrödinger Equation [6],[
(p̂21 + p̂22)

2m
+ V (x̂, ŷ)

]
ψ̂ = i~

∂ψ̂

∂t
. (6)

2.1 Weyl Correspondence

The Weyl correspondence (W) maps the noncommutative element ψ̂ of Eq. (3) into
its ordinary counterpart ψ(x, y), given by Eq. (4):

ψ̂
W7−→ ψ . (7)

The product ψ̂φ̂ gets mapped into the Moyal product [7], that is:

ψ̂φ̂
W7−→ (ψ ? φ) , (8)

where
(ψ ? φ)(x, y) ≡ ψ(x, y) e

iθ
2 (
←−
∂x
−→
∂y−
←−
∂y
−→
∂x) φ(x, y) , (9)

or equivalently, by expanding the operatorial exponential in Taylor series,

(ψ ? φ)(x, y) =
∞∑
n=0

(
iθ

2

)n n∑
k=0

(−1)k

k!(n− k)!

∂n−k

∂xn−k

(
∂kψ

∂yk

)
∂k

∂xk

(
∂n−kφ

∂yn−k

)
. (10)

2.2 The non-commutative Schrödinger equation

Applying the Weyl Correspondence in both sides of Eq. (6) we find the basic differ-
ential equation of NCQM [7], that is,

− ~2

2m
∇2ψ + V (x, y) ? ψ = i~

∂ψ

∂t
. (11)
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3 The probability density problem

3.1 Probability density in Quantum Mechanics

Let ψ(x, y, t) be the solution of the Schrödinger equation, with a potential energy
V (x, y). The ordinary probability density reads:

ρ0(x, y, t) = ψ(x, y, t)ψ(x, y, t) . (12)

The probability conservation is guaranteed by the continuity equation, that is,

∂ρ0
∂t

+∇ · ~J0 = 0 , (13)

where the probability current density ~J0 reads

~J0 =
~

2mi

(
ψ∇ψ − ψ∇ψ

)
. (14)

3.2 Probability density in the noncommutative plane

Difficulty: Eq. (12) cannot be interpreted as the probability density of NCQM, since
it does not satisfy the continuity equation [8].

In order to try to solve the above problem it seems to be natural to replace the
punctual product in Eq. (12) by the Moyal product. There are two nonequivalent
possibilities:

ρ′θ(x, y, t) = ψ(x, y, t) ? ψ(x, y, t) (15)

and
ρθ(x, y, t) = ψ(x, y, t) ? ψ(x, y, t) . (16)

Difficulties: Definitions (15) and (16) are not positive-definite. Besides, the formula
(15) does not satisfy the continuity equation.

In spite of the above difficulty, it is crucial to note that Eq. (16) fulfills the
continuity equation, that is,

∂ρθ
∂t

+∇ · ~Jθ = 0 , (17)

where
~Jθ =

~
2mi

(
ψ ?∇ψ −∇ψ ? ψ

)
. (18)
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3.3 Effective probability densities

The commutation relation (2) leads to a Heisenberg-like uncertainty relation, that is,

∆x∆y ≥ |θ|
2
, (19)

so that the exact knowledge of x prohibits the knowledge of y, and vice versa. In
view of the above problem we propose to look for a probability density which is a
function of just one of the spatial coordinates. So we introduce

ρ1(x) =

∫ ∞
−∞

ψ ? ψ dy ; ρ2(y) =

∫ ∞
−∞

ψ ? ψ dx . (20)

By integrating Eq. (17) we can show that Eq. (20) satisfy the one-dimensional
continuity equation, that is:

∂ρ1
∂t

+
∂j1
∂x

= 0 ;
∂ρ2
∂t

+
∂j2
∂x

= 0 , (21)

where

j1(x, t) =

∫ ∞
−∞

Jx(x, y, t) dy, and j2(y, t) =

∫ ∞
−∞

Jy(x, y, t) dx , (22)

where Jx and Jy are the Cartesian components of ~J .
Besides, one can also show that Eq. (20) are both positive definite, so that ρi can
be interpreted as the physical probability densities of NCQM. It is also important to
notice that all the results of this work can be generalized to higher dimensions.

4 Results and conclusions

The definitions proposed in this work, Eq. (20) and Eq. (22), can be respectively
interpreted as the probability densities and probability currents associated to the
measures of the non-commutative spatial coordinates, since they are compatible with
the conservation of probability and positive definite. The formalism developed can
be useful to the formulation of the boundary value problem in NCQM.
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