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Abstract  

The existence of smooth periodic solutions for Navier-Stokes three dimensional equations for a given periodic initial 

velocity vector field with positive viscosity is proved. The equation is solved by considering Fourier series 

representation of periodic initial velocity vector fields and predicting the velocity vector field at all times. The 

solution discovered here can also be used as counter example for clay mathematics millennium prize problem. 

1. Introduction 

Navier-Stokes equation is partial differential equation relating velocity vector field, scalar pressure field and external 

force vector field acting on fluid having viscosity. The equation is derived in 1845 by C.Navier and G.Stoke. The 

solution for three dimensional version of the equation resisted mathematician for centuries. Due to its great 

importance for the theory of differential equations and fluid dynamics, the proof for existence and smoothness of 

solutions of Navier-Stokes equations is clay mathematics institute millennium prize problem. 

The solution is derived by representing periodic initial velocity vector field as the sum of sine and cosine series with 

properly chosen argument and coefficients. This paper describes all conditions required for the solution to be 

physically reasonable as posted by clay mathematics institute, drive solutions for the problem and prove results 

fulfill all conditions described.  

1.1 Statement of the problem 

For a given ܽ, ܾ, ܿ elements of real number and ࢏, ,࢐ ,ݔ be unit vectors in the direction ࢑ ,ݕ  .respectively ݖ

 𝑈⃗⃗ : is velocity vector field on Euclidean space depending on space coordinates and varying in time.   𝑝: is scalar pressure field function of also four variables. 𝐹  : External force field acting on the fluid in which on this paper set to be zero to follow clay mathematics 

conditions. U⃗⃗ ଴: Initial velocity vector field at time zero function of only three space variables. ⃗⃗׏ 𝑔ሺݔ, ,ݕ ሻݖ = ܑa + bܒ + = c                                                                                                               ሺͳ.ͳ.Ͳሻ R⃗⃗ܓ ܑx + yܒ +                               z                                                                                                                             ሺͳ.ͳ.ͳሻܓ

Navier-Stokes equations are shown below.  𝜕𝑈⃗⃗ 𝜕ݐ + (𝑈⃗⃗ ∙ = 𝑈⃗⃗( ⃗⃗׏ 𝜈׏ଶ𝑈⃗⃗ − p ⃗⃗׏ + F⃗                                                                                                ሺͳ.ͳ.ʹሻ  
𝜕𝑈⃗⃗ 𝜕ݐ + ௫ݑ) ݔ�𝜕� + ௬ݑ ݕ�𝜕� + ௭ݑ (ݖ�𝜕� 𝑈⃗⃗ = 𝜈׏ଶ𝑈⃗⃗ − p ⃗⃗׏ + F⃗                                                              ሺͳ.ͳ.͵ሻ 

Divergence free velocity vector field.   ⃗⃗׏ ∙ U⃗⃗ = Ͳ                                                                                                                                           ሺͳ.ͳ.Ͷሻ 
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Initial condition, velocity vector field at time zero is given.  𝑈⃗⃗ |𝑡=଴ = 𝑈⃗⃗ ଴                                                                                                                                        ሺͳ.ͳ.ͷሻ 

Periodic Nature of initial velocity vector field is showed.  U⃗⃗ ଴ሺݔ, ,ݕ ሻݖ = U⃗⃗ ଴ሺݔ + ܽ , ݕ + ܾ , ݖ + ܿሻ                                                                                       ሺͳ.ͳ.͸ሻ 

Periodic nature of Velocity vector field at all times.  U⃗⃗  ሺݔ, ,ݕ ,ݖ ሻݐ = U⃗⃗  ሺݔ + ܽ , ݕ + ܾ , ݖ + ܿ,  ሻ                                                                                  ሺͳ.ͳ.͹ሻݐ

External force is periodic with period vector 𝐴 .     𝐹 ሺݔ, ,ݕ ,ݖ ሻݐ =      𝐹 ሺݔ + ܽ, ݕ + ܾ, ݖ + ܿ,  ሻ                                                                                  ሺͳ.ͳ.ͺሻݐ

Velocity vector field and scalar pressure are defined for all real positions and positive time.   𝑈⃗⃗  , 𝑝 א 𝐶∞(𝑅𝑛 × [Ͳ,∞ሻ)                                                                                                               ሺͳ.ͳ.ͻሻ 

1.2 Initial condition 

Let 𝑔ሺݔ, ,ݕ ,ݔ ሻ be a scalar function of three variablesݖ ,ݕ  having gradient of constant vector which is the same as ݖ

period vector of initial velocity vector field given.  For any position vector R⃗⃗ , the function 𝑔ሺݔ, ,ݕ  ሻ can be writtenݖ

as follows. 𝑔ሺݔ, ,ݕ ሻݖ = 𝑅⃗ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ  ሻݖ

Any periodic vector field having period vector of  ⃗⃗׏ 𝑔ሺݔ, ,ݕ  ሻ can be written as infinite sum of sine and cosine seriesݖ

by properly choosing the argument and coefficients. The vector field can be represented as Fourier series by 

considering the whole function  𝑔ሺݔ, ,ݕ  ሻ as one variable. Due to linearity of vectors all components can beݖ

represented as Fourier series sum. 

 U⃗⃗ ଴(𝑔ሺݔ, ,ݕ (ሻݖ = U⃗⃗ ଴ ቀ𝑅⃗ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ  ሻቁݖ

For the function is periodic with period vector ⃗⃗׏ 𝑔ሺݔ, ,ݕ ,ݔ𝑔ሺ ⃗⃗׏ + ሻ replace 𝑅⃗  with 𝑅⃗ݖ ,ݕ ሻ   U⃗⃗ ଴ݖ ቀ𝑅⃗ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ ሻቁݖ = U⃗⃗ ଴ ቀሺ𝑅⃗ + ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ ሻሻݖ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ  ሻቁݖ

U⃗⃗ ଴ ቀ𝑅⃗ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ ሻቁݖ = U⃗⃗ ଴(ሺ𝑅⃗ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ ሻሻݖ + ሺ⃗⃗׏ 𝑔ሺݔ, ,ݕ ሻݖ ∙ ,ݔ𝑔ሺ ⃗⃗׏ ,ݕ  (ሻሻݖ

To simplify the problem we get rid of the variables  ݔ, ,ݕ ∙ and work with one variable 𝑔 only. U⃗⃗ ଴(𝑅⃗ ݖ (𝑔 ⃗⃗׏ = U⃗⃗ ଴(ሺ𝑅⃗ ∙ 𝑔ሻ ⃗⃗׏ + ሺ⃗⃗׏ 𝑔 ∙ 𝑔ሻ) U⃗⃗ ଴ሺ𝑔ሻ ⃗⃗׏ = U⃗⃗ ଴(𝑔 + ሺ⃗⃗׏ 𝑔 ∙  (𝑔ሻ ⃗⃗׏

From the above relation we can state our periodic vector field is one variable and periodic with a period of ⃗⃗׏ 𝑔 ∙ 𝑔 ⃗⃗׏ =  𝑔|ଶ ⃗⃗׏|
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Therefore we can represent any periodic vector field with Fourier series by properly choosing the coefficients and 

arguments. U⃗⃗ ଴ሺݔ, ,ݕ ሻݖ = a⃗ ଴ + ∑(a⃗ n cos ሺʹ𝑛𝜋 𝑔ሻ + b⃗ n sin ሺʹ𝑛𝜋 𝑔ሻ)                                                     ሺͳ.ʹ.Ͳሻ∞

𝑛=ଵ  

a⃗ ଴ = ͳʹ ͳ|⃗⃗׏ 𝑔|ଶ ∫ U⃗⃗ ଴ሺ𝑔ሻ|⃗⃗׏ 𝑔|2
𝑔|2 ⃗⃗׏|− ݀𝑔 

a⃗ n = ͳ|⃗⃗׏ 𝑔|ଶ ∫ U⃗⃗ ଴ሺ𝑔ሻ cos ሺʹ𝑛𝜋 𝑔ሻ|⃗⃗׏ 𝑔|2
𝑔|2 ⃗⃗׏|− ݀𝑔 

b⃗ n = ͳ|⃗⃗׏ 𝑔|ଶ ∫ U⃗⃗ ଴ሺ𝑔ሻ sin ሺʹ𝑛𝜋 𝑔ሻ|⃗⃗׏ 𝑔|2
𝑔|2 ⃗⃗׏|− ݀𝑔 

Initial velocity vector field is divergence free 

∙ ⃗⃗׏ U⃗⃗ ଴ሺ𝑔ሻ = 𝑔 ⃗⃗׏ ∙ ddg U⃗⃗ ଴ሺ𝑔ሻ 

Because ⃗⃗׏ 𝑔 is constant vector the above equation can be rewritten as 

∙ ⃗⃗׏ U⃗⃗ ଴ሺ𝑔ሻ = ddg ሺ⃗⃗׏ 𝑔 ∙ U⃗⃗ ଴ሺ𝑔ሻሻ 

We can use now the divergence free vector field idea  

Ͳ = ddg ሺ⃗⃗׏ 𝑔 ∙ U⃗⃗ ଴ሺ𝑔ሻሻ 

This shows the dot product   ⃗⃗׏ 𝑔 ∙ U⃗⃗ ଴ሺ𝑔ሻ is constant number. 

Dot product of the equation (1.2.0) with ⃗⃗׏ 𝑔 results only one constant number ⃗⃗׏ 𝑔 ∙ a⃗ ଴ the other is variable function. 

Since the dot product ⃗⃗׏ 𝑔 ∙ U⃗⃗ ଴ሺ𝑔ሻ is constant the dot product of variable term with ⃗⃗׏ 𝑔 has to vanish. ⃗⃗׏ 𝑔 ∙ U⃗⃗ ଴ሺ𝑔ሻ = a⃗ ଴ ∙  𝑔 ⃗⃗׏

And  

Ͳ = ∑(a⃗ n ∙ 𝑔cos ሺʹ𝑛𝜋 ⃗⃗׏ 𝑔ሻ + b⃗ n ∙ 𝑔sin ሺʹ𝑛𝜋 ⃗⃗׏ 𝑔ሻ)∞

𝑛=ଵ  

2. Solution of Navier-Stokes equation in the absence of external force. 

From the initial velocity vector field we predict the velocity vector field at any later time.  

Let  ݈ሺݔ, ,ݕ ,ݖ ሻݐ = 𝑔ሺݔ, ,ݕ ሻݖ + ݇ሺݐሻ 

To avoid bulky equations we will use ݈ in place of  ݈ሺݔ, ,ݕ ,ݖ  ሻݐ
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U⃗⃗  ሺ݈ሻ = a⃗ ଴ℎሺݐሻ + ∑(a⃗ n cos ሺʹ𝑛𝜋 ݈ሻ + b⃗ n sin ሺʹ𝑛𝜋 ݈ሻ)Hሺn, tሻ ∞

𝑛=ଵ                                                        ሺʹ.ͳሻ 

Split Navier-Stokes equations in to different parts and substitute the above solution ሺʹ.ͳሻ to each. 

First time derivative of the velocity vector 𝜕𝑈⃗⃗ 𝜕𝑡 , is simplified to the following expression. 

𝜕𝑈⃗⃗ 𝜕ݐ = a 0 ݐ�𝜕� ℎሺݐሻ + ∑(a⃗ n cos ሺʹ𝑛𝜋 ݈ሻ + b⃗ n sin ሺʹ𝑛𝜋 ݈ሻ) ddt Hሺn, tሻ∞

𝑛=ଵ+ ∑ ʹ𝑛𝜋(−a⃗ n sin ሺʹ𝑛𝜋 ݈ሻ + b⃗ n cos ሺʹ𝑛𝜋 ݈ሻ)Hሺn, tሻ∞

𝑛=ଵ
ddt kሺtሻ 

The next term(𝑈⃗⃗ ∙  .𝑈⃗⃗  , is simplified to the following equation( ⃗⃗׏

௫ݑ) ݔ�𝜕� + ௬ݑ ݕ�𝜕� + ௭ݑ (ݖ�𝜕� 𝑈⃗⃗ = 𝑈⃗⃗ ∙ 𝑔 ⃗⃗׏ ∑ ʹ𝑛𝜋(−a⃗ n sin ሺʹ𝑛𝜋 ݈ሻ + b⃗ n cos ሺʹ𝑛𝜋 ݈ሻ)Hሺn, tሻ∞

𝑛=ଵ              ሺʹ.͵ሻ 

௫ݑ) ݔ�𝜕� + ௬ݑ ݕ�𝜕� + ௭ݑ (ݖ�𝜕� 𝑈⃗⃗ = ∑ ʹ𝑛𝜋(−a⃗ n sin ሺʹ𝑛𝜋 ݈ሻ + b⃗ n cos ሺʹ𝑛𝜋 ݈ሻ)ℎሺݐሻ𝐴 ∙ a⃗ ଴Hሺn, tሻ∞

𝑛=ଵ         ሺʹ.Ͷሻ 

The final term ׏ଶ𝑈⃗⃗  , is simplified to the following expression. 

𝜈׏ଶ𝑈⃗⃗ = − ∑(a⃗ n cos ሺʹ𝑛𝜋 ݈ሻ + b⃗ n sin ሺʹ𝑛𝜋 ݈ሻ)𝜈ሺʹ𝑛𝜋ሻଶ|⃗⃗׏ 𝑔|ଶHሺn, tሻ∞

𝑛=ଵ                                     ሺʹ.ͷሻ 

Collecting all results of simplification we get the following equation. 

p ⃗⃗׏− = a 0 ݐ�𝜕� ℎሺݐሻ + ∑ሺddtHሺn, tሻ + 𝜈ሺʹ𝑛𝜋ሻଶ|⃗⃗׏ 𝑔|ଶHሺn, tሻሻ ቀ(a⃗ n cos ሺʹ𝑛𝜋 ݈ሻ + b⃗ n sin ሺʹ𝑛𝜋 ݈ሻ)ቁ∞
𝑛=ଵ+ ∑ ቆ⃗⃗׏ 𝑔 ∙ a⃗ ଴ℎሺݐሻ + dkሺtሻdt ቇHሺn, tሻ ቀʹ𝑛𝜋(−a⃗ n sin ሺʹ𝑛𝜋 ݈ሻ + b⃗ n cos ሺʹ𝑛𝜋 ݈ሻ)ቁ∞
𝑛=ଵ                 ሺʹ.͸ሻ 

One of many possible solutions is where the scalar pressure is non-periodic. As a result the component with 

oscillating term shown above in the equation ሺʹ.͸ሻ has to vanish. 

(ddtHሺn, tሻ + 𝜈ሺʹ𝑛𝜋ሻଶ|⃗⃗׏ 𝑔|ଶHሺn, tሻ) = Ͳ                                                                    ሺʹ.͹ሻ 

ቆ⃗⃗׏ 𝑔 ∙ a⃗ ଴ℎሺݐሻ + dkሺtሻdt ቇ = Ͳ                                                                     ሺʹ.ͺሻ 

Solving equation ሺʹ.͹ሻ the following is the solution  Hሺn, tሻ = e−υ|⃗⃗׏ 𝑔|2ሺଶ𝑛𝜋ሻ2t 
Similarly solve equation ሺʹ.ͺሻ results the following 
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kሺtሻ = −∫ 𝑔 ⃗⃗׏ ∙ a⃗ ଴ℎሺ𝜏ሻ݀𝜏𝑡
଴  

3. Summary of result 

Therefore smooth periodic velocity vector field and scalar pressure field solutions are  

U⃗⃗  ሺݔ, ,ݕ ,ݖ ሻݐ = a⃗ ଴ℎሺݐሻ + ∑(a⃗ n cos ሺʹ𝑛𝜋 ݈ሺݔ, ,ݕ ,ݖ ሻݐ + b⃗ n sin ሺʹ𝑛𝜋 ݈ሺݔ, ,ݕ ,ݖ ,ሻሻ)Hሺnݐ tሻ ∞

𝑛=ଵ                           
−𝑝ሺݔ, ,ݕ ,ݖ ሻݐ =  a 0 ∙ 𝑅⃗  𝜕𝜕ݐ ℎሺݐሻ                                                                                                                                                   

Where  

a⃗ ଴ = ͳʹ ͳ|⃗⃗׏ 𝑔|ଶ ∫ U⃗⃗ ଴ሺ𝑔ሻ|⃗⃗׏ 𝑔|2
𝑔|2 ⃗⃗׏|− ݀𝑔 

a⃗ n = ͳ|⃗⃗׏ 𝑔|ଶ ∫ U⃗⃗ ଴ሺ𝑔ሻ cos ሺʹ𝑛𝜋 𝑔ሻ|⃗⃗׏ 𝑔|2
𝑔|2 ⃗⃗׏|− ݀𝑔 

b⃗ n = ͳ|⃗⃗׏ 𝑔|ଶ ∫ U⃗⃗ ଴ሺ𝑔ሻ sin ሺʹ𝑛𝜋 𝑔ሻ|⃗⃗׏ 𝑔|2
𝑔|2 ⃗⃗׏|− ݀𝑔 

݈ሺݔ, ,ݕ ,ݖ ሻݐ = 𝑔ሺݔ, ,ݕ ሻݖ − 𝑔 ⃗⃗׏ ∙ a⃗ ଴ ∫ ℎሺ𝜏ሻ݀𝜏𝑡
଴  

Hሺn, tሻ = e−υ|⃗⃗׏ 𝑔|2ሺଶ𝑛𝜋ሻ2t limt→∞ |hሺtሻ| < ∞ , ℎሺͲሻ = ͳ     
4. Conclusions  

1. Any periodic vector field can be represented as the sum of sine and cosine series with proper vector 

constant coefficients and properly chosen arguments. 

2. For any periodic initial velocity vector field represented as the sum of sine and cosine series there exist 

solutions for Navier-Stokes equations as shown above. 
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