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ABSTRACT. I derive identities for some surd numbers, involving gamma func-
tions; thence, I have represented them as infinite products.
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1. INTRODUCTION

In present paper, I derive the identity below
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P(ﬁ‘l'%)l:cl;[l r(£+£+2)

n
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which enabled me to prove the following infinite products
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_k:O 4k +2 Ak +40+2 )

35_2/3_1?[ e +304+1\[9%k+30+4\[/9%k+30+7
_k:O 9k +3 9k +6 Ok +90+3 )

46—3/4 — 226—3/2 —

_ﬁ 16k + 4041\ 16k +40+5\ [ 16k +404+9\ [ 16k +4(+13
B 16k +4 16k 48 16k + 12 16k + 16 +4 )

k=0
55_4/5_1"—"[ 25k +50+1 \[ 25k + 5046\ [ 25k + 50+ 11
N b \ 25k +250+5 25k +5 25k + 10
25k + 50416 \ [ 25k + 50+ 21
25k + 15 2k+20 )’
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and so on; more specifically, I get

oy (443N [4k+5
ﬁ_kl;[ (4k+2)(4k+6)
357 9 11 13 15 17
2 6 6 10 10 14 14 18 7

3 9k +4\( 9%k +7\( 9%k +10
Vi= H(9k5—|—3)(9k+6)(9k‘—|—12)
K 7 10 13 16 19 22 25 28

"3 6 12 12 15 21 21 24 30 7

B o1 ((16k+5\ [ 16k 49\ [ 16k + 13\ [ 16k 4 17
Vi=v2= kl:[O(16k+4)(16k+8)(16k+12)(16k+20)

-5 9 13 17 21 25 29 33

T4 8 12 20 20 24 28 36 7

%_ﬁ 25k +6 \ [ 25k + 11 \/ 25k + 16 \ [ 25k + 21\ [ 25k + 26
o P 25k +5 J\ 25k +10 J\ 25k +15 )\ 25k 420 /\ 25k + 30
6 11 16 21 26 31 36 41 46 51

~5 10 15 20 30 30 35 40 45 55 7

and so on.
On the other hand, I derived the following infinite sum formulas for some loga-
rithm constants

111_2_5": 407 4 (8k +4)0 +1
2 — (2k+ 20+ 1)(4k + 20+ 1)(4k + 20 + 3)
and B

In3 i 81K%(60 — 1) + 18k (180% 4214 — 1) + (6¢ +11) (30 + 1)*
3 &= (Bk+30+1)(9% +30+1)(9% +30+4) (9% +30+7)
more specifically, I get

e e}

In2 8k+9
2 £~ (2k+3)(4k +3)(4k +5)
9 17 25
=335 5.7.9 7.11.13
and
n3 — 405k2 + 684k + 272
T (3k +4) (9% +4) (9% + 7) (9% + 10)
979" 1361 3260

:4-4-7-10+7-13-16-19+10-22-25-28

2. PRELIMINARIES

[ use the following classical formula, [1, Section 12.13; 2|, which is a Corollary
of the Weierstrass infinite product representation for the gamma function:



Corollary 2.1. If k is a positive integer and ay + as + ... + ap = by + by + ... + by,
where the a; and b; are complex numbers and no b; is zero or a negative integer, then

H (l+ar) - E—I—ak) L(br)-...-T'(bk) (2.1)
g (Cbr) - (0 by) -~ T(ay)-...-T(ag) '
Proof. See [1, Section 12.13]. O

The Gauss multiplication formula for gamma function assures me that

Theorem 2.2. (Gauss)

Vz ¢ {—%: me IN}: h F(z + %) = (2m) =D/ 2pl/2 2] (n 2), (2.2)

where T'(2) denotes the gamma function.

Proof. See [3]. O

3. THE MAIN THEOREM

3.1. The numbers of form n*~! . ¥/n like the finite product of gamma
functions.

Theorem 3.1. If { €N and n € Ny, then
re+5) 7 IE)

n

F<£+%)k:1 F<§+§+§>

n

nt~1.%/n = (3.1)

Proof. From Theorem 2.2, I obtain with a bit of manipulation

r)[] F(z + %) — (2m)n=D/21/2= 2y )

1:
= I Z—FE :(27T)(n—1)/2n1/2—nzr n )
n

( (3.2)
I'(z)

T(¢++)

i(53)
F(z ! ) (3.3)
- T2
= _ (27T)—(n—1)/2n—1/2+€+1/n non )
T(6+)
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From right hand side of the Thoerem 3.1 and the right hand side of (3.3), it
follows that
L) T _ D) TLAT()
( )= F( ) r(fa) ET(R )
1 .
[ (n-1)/2,, —1/2+é+1/nr<_+?>-| _ 1—[1 F(ﬁ) (3.4)
[ ree) | i\

n—1
:(27T)—(n—l)/Zn—l/Z-i—Z—i-l/nH F(E)
n
k=1

On the other hand, replace z by 1/, let £ tends to infinity in both members of
(3.2)

n—1 n
r(x
lim F<1+ﬁ>: lim (2w)<"—1>/2n1/2-"/f¥. (3.5)
{— 00 - - f n {— 00 F(_>
k=1 ?
Note that
. 1 k k
)L%f(ﬁz)—F(E)’ (36)
Zlim nt=1 (3.7)
and =
(2
hm(—f)—l. (3.8)
e—mr(_) n

From (3.5), (3.6), (3.7) and (3.8), I conclude that

()

n
k=1

Now, from (3.4) and (3.9), it follows that

_ N
€+ H ) = (27r)—(n_1)/2n—1/2+z+1/nH F(ﬁ)
<n ) k=1 ( +iy2 ) 1Ir(;
:(271')_("—1)/2n—1/2+é+1/n{ (271')("—1)/2n1/2}
n
{4+1/n
:n - :ne_l-%’

which is the desired result of the left hand side of the Theorem above. This completes
the proof. O

4. SOME SURD NUMBERS AND INFINITE PRODUCT REPRESENTATION

4.1. The v/2 and some multiples of the form 2¢~1/2,



Corollary 4.1. If (€ Z™, then

2&@__II(4k+2€+1)<4k+2€+3).

P 4k +2 4k + 40+ 2 (4.1)
Proof. Set n=2 in Theorem 3.1 and find
T 1 N
26 1,\/5 (f+21) - (3) :
]X5+22115+F+z) (4.2)
s ol=1/2 F(f+§) 1;(5)
1 3N
I'(3+7) T(3+7)

Note that

satisfy the condition a; 4 as = b1 + be; k =2 is a positive integer; the a; and b; are

J
complex numbers and no b; is zero or a negative integer. From Corollary 2.1 and
( .

4.2), it follows that
[e'e) l 1 ¢ 3
| ktsta\(ktat3
s \ k04 k+ 5

:ﬁ <4k+2£+1)<4k+2£+3)

U\ "2 \th+a0+2

which is the desired result.

Example 4.2. Let /=1 in Corollary 4.1 and encounter

=TT () ()

_3.5. 7.9 1113 15 17
26 6 10 10 14 14 18
Example 4.3. Let /=2 in Corollary 4.1 and encounter
4k +5 4k +7
2v2 = H <4k+2)<4k+10>

5791113151719

"2 10 6 14 10 18 14 22

Example 4.4. Let {=3 in Corollary 4.1 and encounter

4k +7 4k +9
we=I1 (53 ) (e

79 11 13 15 17 19 21

4.2. The %/3 and some multiples of the form 3¢~2/3
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Corollary 4.5. If (€ Z™, then

_fi Ok +304+1\( 9k +30+4\[9%+30+7 (4.3)
i 9k +3 9k +6 9%k +90+3 ) '

Proof. Set n=3 in Theorem 3.1 and find

g Tl
3£ ' \/_ 1 k )4 1
RER] ey "

2 _T(+g) T TG

=3 3=
P(s+g) T(5+3) T5+3)

/—

w|

3

Note that
1 1 2 ¢ 1 ¢ 4 ¢ 7
(g2t 2t 2 0
T3T3T3T3 93T 3Ty
satisfy the condition a; + as+ as=0b1 + by + bs; k=3 is a positive integer; the a; and
b; are complex numbers and no b; is zero or a negative integer. From Corollary 2.1

and (4.4), it follows that

9] ¢ 1 l 4 )4 7

35_§:H<k+341r§><k+§j§><k+§+1§>
= k+ k+ = k+ 0+

_H 9k +30+1 9k +30+4 \( 9k +30+7

B 9k +3 9%k +6 9% +90+3

k=0

which is the desired result.
Example 4.6. Let /=1 in Corollary 4.5 and encounter

3 Ok +4\ [ 9k +7\ [ 9k + 10
V3= II<9k+3)(9k+6)<9k+12)

4710131619222528

T3 6 12 12 15 21 21 24 30

Example 4.7. Let {=2 in Corollary 4.5 and encounter

3 9k +T7\( 9k +10 \( 9k +13
V3= H<9k+3>< 9k +6 )<9k+21>
710713 16 19 22 25 28 81

3 6 21 12 15 30 21 24 39

Example 4.8. Let /=3 in Corollary 4.5 and encounter

5= 1r (9K +10\/ 9k +13\ [/ 9k +16
9\/§_H ( 9k +3 )( 9% +6 )<9k+30)

1073 16,19 22 25 28 31 34
3

6 30 12 15 39 21 24 48

4.3. The /4 and some multiples of the form 4¢—3/4



Corollary 4.9. If (€ Z", then

4€ 3/4 _ 22€ 3/2 _

:ﬁ (16k+4€+1)(16k+4£+5)<16k+4€+9)(16k+4€+13) (4.5)

16k + 4 16k + 8 16k +12 16k + 16044

Proof. Set n=4 in Theorem 3.1 and find

(-1.4 L(e+3) 1 r(3)
B | oy o)
o g0-3/4 F(€+Z) . F(%) ( ) F(%)

P(i+) T(i+a) T

Note that
1,1,2 3 ¢ 1 ¢ 5 ¢, 9 (¢ 13
S R R e e T I TR TRV T

satisfy the condition a; + ag + as + a4 = by + by + by+by; k=4 is a positive integer;
the a; and b; are complex numbers and no b; is zero or a negative integer. From
Corollary 2.1 and (4.6), it follows that

00 L 5 L 9 L 13 l 1
i\ ke k+2 k+2 PR
:>4Z 3/4 _ 22@ 3/2 _
_ﬁ 16k + 4041\ 16k +40+5\( 16k +40+9\ [ 16k +4( +13
i 16k +4 16k +8 16k + 12 16k +160+4 )’

which is the desired result. O

Example 4.10. Let /=1 in Corollary 4.9 and encounter

i~ = 17 (16k+5\[16k+9\ [ 16k+13Y\/ 16k +17
\/Z_ﬁ_kljo(16k+4)(16k+8)(16k+12)(16k+20)
5 9 13 17 21 25 29 33

T4 8 12 20 20 24 28 36

Example 4.11. Let /=2 in Corollary 4.9 and encounter

i 1 [(16k+9\ [/ 16k +13\ [ 16k +17 [ 16k + 21
4\/1_4\/§_H<16k+4)( 16k + 8 )(16k+12)(16k+36)
9 13 17 21 25 29 33 38

T4 8 12 36 20 24 28 52

Example 4.12. Let /=3 in Corollary 4.9 and encounter

s 16k +13 \ [ 16k +17 \ [ 16k +21 \ [ 16k + 25
16V1=16v2= H < 16k + 4 )( 16k + 8 )<l6k+12)<16k+52)
13 17 21 25 20 33 37 41

T4 8 12 52 20 24 28 68
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4.4. The ¥/5 and some multiples of the form 5¢%/5,
Corollary 4.13. If (€ Z™, then

5Z_4/5_1°—°I 25k +50+1 \( 25k +50+6\( 25k +5(+11
L\ 25k + 25045 25k +5 25k +10

(4.7)
25k + 50+ 16 \[ 25k + 54+ 21
( 25k + 15 )( 25k + 20 )
Proof. Set n=>5 in Theorem 3.1 and find
5-1.8/5 — (£+l) ﬁ F(g)
1 E ¢ 1
F(5+3)ic D(5+5+5) (4.8)
e P0s)  T(5) r(z) r'(z) I'(z)
=5 :FZ 1'Fzﬁ r(: 11'F1z 6\ (L 21
(5+%) TG+s) TG+s) Tty TE+5)
Note that
6112346166611616621
totrtetodto=ctartetactetortetartet

5 5 5 5 5 5 25 5 25 5 25 5 25 5 25

satisfy the condition a; + as + as+ ag + a5 = by + by + b3+bs+bs; k=5 is a positive
integer; the a; and b; are complex numbers and no b; is zero or a negative integer.
From Corollary 2.1 and (4.8), it follows that

5@_4/5:ﬁ(k+é+$><k+éﬁ%><k+éié—é)(Hégé—?)(k%ti—é)
ico \ k+l+3 k+ k+: k+ k+z
:ﬁ(25k:+5£+1)(25k+5€+6)(25k:+5€+11)
1\ 25k +250+5 25k + 5 25k + 10

(25k+5€+16)<25k+5€+21)

25k 415 25k +20
which is the desired result. U
Example 4.14. Let /=1 in Corollary 4.13 and encounter
%:ﬁ (321;+6)(25k+11)(25k+16)(25k+21)(25k:+26)
6 +5 J\ 25k+10 J\ 25k + 15 J\ 25k + 20 /\ 25k + 30

6 11 16 21 26 31 36 41 46 51

"5 10 15 20 30 30 35 40 45 55

Example 4.15. Let /=2 in Corollary 4.13 and encounter

5%_13"[ 25k + 11\ [/ 25k +16 \ [ 25k +21 \[ 25k +26 \ [ 25k + 31
- i 25k +5 25k +10 J\ 25k +15 /\ 25k +20 /\ 25k + 55
11 16 21 26 31 36 41 46 51 56

~5 10 15 20 55 30 35 40 45 80




Example 4.16. Let /=3 in Corollary 4.13 and encounter

255\/5_10—01 25k +16 \[ 25k +21 \ [ 25k 426 \ [ 25k + 31 \( 25k + 36
N 0 25k +5 25k +10 J\ 25k 415 J\ 25k +20 /\ 25k + 80

5 10 15 20 80 30 35 40 45 105

5. EXERCISES

Exercise 5.1. Using the Theorem 3.1 and Corollary 2.1, prove that

6g,5/6_1°—°[ 36k +60-+1 \[ 36k +6(+7\( 36k +6(+13
2 \ 36k +360+6 36k +6 36k + 12

36k + 6019\ / 36k + 60 +25\ [ 36k -+ 6¢+ 31
36k + 18 36k + 24 36k+30 )’

7#6/7,1"—"[ 49k +T70+1 \[ 49k + 70+ 8\ [ 49k +7¢ + 15
_k:O 49k +49¢+ 7 49k +7 49k + 14

A9k + 70422 \( 49k + 70429 \ [ 49k + 70+ 36 \ [ 49k + 70 + 43
49k + 21 49k + 28 49k + 35 49k + 42 ’

8‘3*7/8:235*21/8:10_0[ 64k +80+1 \[ 64k +80+9\ [ 64k +8(+17
L1\ 64k +640+8 64k + 8 64k + 16

(64k+8€_—|—25)(64k+8£+33>(64k+8£+41)

64k + 24 64k + 32 64k + 40

64k + 80449 \ [ 64k + 80+ 57
64k + 48 64k + 56 ’

ge,s/gzﬁ (81k+9£+1 )(81k+9€+10)<81k+9€+19)
LA BTk +810+9 81k +9 81k + 18
81k +90+28\ [ 81k 49+ 37 \ [ 81k + 90+ 46
( 81k + 27 )( 81k + 36 )( 81k +45 )
81k 490455\ [ 81k +90464 \ [ 81k +9(+73
< 81k + 54 >< 81k + 63 >< 81k + 72 >

10@_9/10_1"—"[< 100k +10¢+ 1 ><100k+1oe+11)<100k+10£+21)
+4 \ 100k +100¢ + 10 100k + 10 100k + 20
100k + 10£ + 31\ ( 100k + 10¢+ 41\ ( 100k + 10£ + 51\ ( 100k + 10¢ + 61
( 100k + 30 )( 100k + 40 )( 100k + 50 )( 100 + 60 )
(10()l<:+10£+71><100k+10€+81)(100k+10€+91)
100k + 70 100% + 80 100k + 90

and

o 121k + 1214+ 11 121k +11 121k + 22
121k + 116434 \ [ 121k + 114445 \( 121k 4+ 114456 \ [ 121k + 114+ 67
121k + 33 121k + 44 121k + 55 121k + 66

121k + 110+ 78 121k + 116489 \ [ 121k +11£+ 100 121k + 1144111
121k + 77 121k + 88 121k +99 121k +110

11“0/11_ﬁ< 121k 411041 ><121k+11€+12><121k+11€+23)

(5.2)

(5.3)

(5.5)
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Exercise 5.2. Prove that
6 36k +7 36k + 13 36k + 19
Vo= H (36k+6)<36k+12>(36k+18)
36k + 25 36k + 31 36k + 37
36k + 24 36k + 30 36k + 42

7 13 19 25 31 37

"6 12 18 24 30 42 7
B 1"—"[ 49k + 8\ ( 49k + 15\ [ 49k + 22
_k:O 49k +7 J\ 49k + 14 J\ 49k +21
49k + 29\ [ 49k + 36 \ [ 49k + 43 \ [ 49k + 50
49k + 28 J\ 49k + 35 )\ 49k + 42 )\ 49k + 56

8 15 22 29 36 43 50

7 14 21 28 35 42 56 7
8/8 = H 64k +9 \( 64k + 17 \ [ 64k + 25
64k +8 J\ 64k +16 /\ 64k + 24
64k+33 64k + 41\ [ 64k 449
64k +32 J\ 64k +40 /\ 64k +48
64k + 57 \ [ 64k 465
64k +56 J\ 64k 472
9 17 25 33 41 49 57 65
8 16 24 32 40 48 56 72 7

9 o (81k+10\/ 81k +19\/ 81k + 28
@_]}:[(J<81k+9 )<81k+18><81k+27)
81k +37\ [ 81k +46 \ [ 81k + 55
<81k+36)<81k+45)<81k+54>
<81k+64)<81k+73)<81k+82>
81k +63 J\ 81k +72 J\ 81k +90
10 19 28 37 46 55 64 73 82
9 18 27 36 45 54 63 72 90 7

10 100k + 11/ 100k + 21/ 100k + 31
ViD= H (100k+10)<100k+20)<100k+30>
100k 441/ 100k + 51 { 100k + 61\ ( 100k + 71
100k + 40 J\ 100k +50 /\ 100k + 60 /\ 100k + 70
100k + 81/ 100k + 91\ / 100k + 101
100k +80 /\ 100k + 90 /\ 100k + 110

11 21 31 41 51 61 71 81 91 101

10 20 30 40 50 60 70 80 90 110
1 121k +12 \ [ 121k + 23 \ [ 121k + 34
Vil= H (121k—|—11)<121k+22)(121k+33>
121k+45 121k +56 \( 121k +67 \( 121k + 78
121k 444 J\ 121k 455 J\ 121k 4+ 66 J\ 121k + 77
121k 489 \( 121k +100 \( 121k + 111 121k + 122
121k + 88 121k +99 121k 4110 /\ 121k + 132

12 23 34 45 56 67 78 89 100 111 122

11 22 33 44 55 66 77 88 99 110 132

and

(5.9)

(5.10)

(5.11)

(5.12)
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6. SOME LOGARITHM CONSTANTS AND INFINITE SUM REPRESENTATION

6.1. TheIn2/2.
Corollary 6.1. If (€ Z", then

oo

111_2_2 402+ (8k+4)0+1
2 L (2k+20+1)(4k +20+ 1)(4k +20+3)

(6.1)

Proof. The logarihtmic differentiation of the Corollary 4.1 with respect to ¢ give
me the desired result. U

Example 6.2. Let /=1 in Corollary 6.1 and encounter

(e e}

In2 8k+9
2 &~ (2k+3)(4k+3)(4k+5)
9 17 25

=335 5.7.9 7.11.13

Example 6.3. Let /=2 in Corollary 6.1 and encounter

o0

In 2 16k + 25
(2k +5)(4k+5)(4k+7)
25 41 57

=557 74%11+9-ny15+”‘

6.2. The In3/3.
Corollary 6.4. If (€ Z", then

hl3__j§i 81k2(6¢ — 1) + 18k(1802 + 210 — 1) + (60 4 11)(30 + 1)?

3 £ (3k+ 30+ 1)(9% + 30+ 1)(9k + 3¢ + 4) (9% + 30+ 7)

(6.2)

Proof. The logarihtmic differentiation of the Corollary 4.5 with respect to ¢ give
me the desired result. U

Example 6.5. Let /=1 in Corollary 6.4 and encounter

In3 jii 405k + 684k + 272
3 — (3k +4)(9k + 4)(9k 4 7) (9% + 10)
272" 1361 3260

:4-4~7~10+7~13~16~19+10-22~25~28

Example 6.6. Let /=2 in Corollary 6.4 and encounter

Elg__jii 891k? + 2034k + 1127
3~ 2 (3k+7)(9k + 7)(9% + 10) (9% + 13)
1127 4052 8759
=7.7.10-13 1 10-16-19-22 T 13-25-28-31
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7. APPLICATION FOR THE DiviSION BETWEEN GAMMA FUNCTIONS

Theorem 7.1. Ifa€Z>s, bEZ>3, a<b and k€ N, then

a?

(2>’f a’/b F(k—l- )T ( ‘|‘b12> ‘a—l r(%) .b—1 F(%—l—%—{—%)
b ba F(k+3)r<;+i) v=1 F<§+§+%> 44 re) :

where T'(2) denotes the gamma function.
Proof. In Theorem 3.1, replace n by a, ¢ by k and k by v

(%)
T ) (7.1)

i D(k++) &
et

In (7.2), replace a by b

B R/p = O(k+ 5 1:[ f) . (7.2)
F(b 5 ) (555

a—1 F(g)
<a)k_ vi/a F(kJr%)F(%JF%) _ o r(+it )
)X Dkl mor 6
a F(k‘—i- )F<a+a2> Hy:1r(%+§+b%)
=i (s)
j(g)k: a’/b F(k+%)F(%+b—12> _ Meir(4+5+3%)
b/ ba r(m%)r(hri?) 1-i0(5)
(R )
(2} 5. (b +D0(5+5) TEOATEAT(5+45+ )
bl Wa Tk r(E+ L) DTS+ 5)
k v k
j(g)k: /b F(’”%)F(zﬂ—lz) O F(;*fr%)
b) ~ 1/a p(k+%)r<§+%) e F<§+§+%> BN )
which is the desired result. O
Corollary 7.2. [ have
Y3 EITEINEING) -
- 2 3 5 8\ "
LTI (5)r(S)
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Proof. Set a=2 and b=3 in Theorem 7.1

(2 - 38 TG G G )
3) Ve (e D

| I

For k=1 in (7.4), I obtain
2rv3 _ (5 ()0(5)

BTG) "

Multiply the numerator and the denominator in the right hand side of (7.5) by
(2/9)'(5/9)I'(8/9) and apply the Euler’s reflection formula for gamma function
e, I')Ir1-z)=

= /sin(mz),

2rv/3 _ T(g)0(5)0(
V3

| =[]

FE)rErE)0E)

:jr(%)r(g)r(g)r(g):4;%V§. (7.6)

9 9 3

NGOG

Multiply the numerator and the denominator in the right hand side of (7.5)
by I'(2 /3) and apply the Euler’s reflection formula for gamma function, i. e.,
L'(z)'(1—2)=mn/sin(nz)

I\ (4o 6 \of 7 _ 4n° D
=15 (@ ) (5) -5

Divide (7.7) by (7.6) and encounter the desired result

Corollary 7.3. I have

m@k+$®k+®@k+&
+1)(9k+4)(9k+6)(9k +7)
11 12 14 17

Proof. I use the Corollary 2.1 in the right hand side of the Corollary 7.2
Corollary 7.4. [ have

O

(7.9)
16 16 1_)
Proof. Set a=3 and b=4 in Theorem 7.1
BV _sVT [3 (ke e rGa e )
4 ?{/_ L (L (E L O\p(E LT . ( )
P(k+ PP (5+5)T(5+5)T(5+5)
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For k=1 in (7.10), I obtain

W8 [ TN () -
sV 2 PN (E)0G)

Multiply the numerator and the denominator in the right hand side of (7.11) by

I'(2/3)I'(15/16)I"(11/16)I'(7/16)I"(3/16) and apply the Euler’s reflection formula for
gamma function, i. e., I'(z)['(1 — z) =7 /sin(7z),

A3 [Br DTN ()T () () (&) () (E)r)
e T () (TSN ()N ()T ()r(2)
6 7 1 5
(@)F(ﬁ

At

Multiply the numerator and the denominator in the right hand side of (7.5) by
['2/90G5/9(@®/9)I'(3/4) and apply the Euler’s reflection formula for gamma
function, i. e., I'(z)I'(1 — 2z) = /sin(7z),

84 [ TN TN rEr()
WV 2 T RO RN GG
2 3 5) 8 5) 9
=3 (E)r G (s (s e e () 7
32nty/7T/3
_W.
Divide (7.12) by (7.13) and encounter
R OO NS NES N Ve e INE] -
OO RO N E NEAREs e ey
From Corollary 7.2 and (7.14), it follows that
1 D) ()T () ()0 (55)
2 P()P ()P ()P () (55)
o PTG () ()T ()
P (35)0(56)P (36T (55)0(55)
which is the desired result. 0]

Corollary 7.5. [ have

- ﬁ (16k + 3)(16k + 4)(16k + 7)(16k 4 11)(16k + 15)
L (T6k + 1)(16% +5)(16k + 9)(16k + 12)(16k + 13) (7.15)
34 7 11 15 19 20 23 27 31

15 9 12 13 17 21 25 28 29



Proof. I use the Corollary 2.1 in the right hand side of the Corollary 7.4.

8. EXERCISES

Exercise 8.1. Use the Theorem 7.1 and prove that

e T () ()2
NESVERVERVEE ey
T A e e
R VN YR N AN E T EY
TN r ()
NEANEANENVENVESVENVESVETY
v ays TEIT T TN () r()
ATV E T e ES e EA T ES LD
o7 T ()G (2)r(2)
SN EANEA NN EIVENVE AL EIY
V108 =
() P (2 (2 (Sr()r(2)r (2 ()
TESTESTENE SVE A VE S TE S KA ATEY

and so on.

Exercise 8.2. Use the Corollary 2.1 and prove that
855 H ((25k +4)(25k 4 5)(25k + 9)(25k + 14)(25k + 19)(25k + 24)
k=0

25k + 1)(25k + 6)(25k + 11)(25k + 16) (25K + 20)(25k + 21)

T = Y/ =
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