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Abstract

Structural health monitoring (SHM) has grate economic value and research value because of the application of
finite element model technology, structural damage identification theory, intelligent sensing system, signal processing
technology and as so on. A typical SHM system involved three major subsystems: a sensor subsystem, a data
processing subsystem and a health evaluation subsystem. It is significance of sensor data fusion for the data processing
subsystem. In this paper, considering the fuzziness and reliability of the data, the method based on Z-numbers is
proposed in the damage information fusion for decision level, which is a softer method and avoids the severe effect of a
small data on the fusion result. The result given by the simulation example of space structure shows the effectiveness
of this method.

Keywords
Z-number, Structural health monitoring, Information fusion, Decision making, Ordered weighted average

Introduction decision fusion method is based on the principle of fuzzy

o ) ) S transformation and the principle of maximum membership
Civil engineering structures will inevitably be damaged byegree, and synthetically considers all factors relatetido
various natural and human factors during long-term ugga|yation object to realize the fusioB7 3§ However,
[1-4]. Structural damage is the changes in the material agith information collected by sensors is not just fuzzy. The
geometric properties of the whole or parts of the structurgznsor may not accurately detect the actual data when
these changes may affect the future use of the structusgected by natural or human factors. We must consider
system b-7]. For example, the degradation or declinghe partially reliability and fuzziness of the information
of a str_ucture in terms of stiffness, strength, boundari§§nchronously 39-44]. Thus, it is more objective and
connection. Therefor, in order to avoid heavy casualti&s agcientific for modeling the structural damage information
property losses, it is necessary to detect and predict t,W introducing the concept of Z-number. A Z-number is
structural damage in time. an ordered paitZ = (A, B), where A is an fuzzy number

The structural health monitoring (SHM) is to monitoplaying a role of a fuzzy constraint on values that a random
the physical mechanical properties of the structure, noonitvariable X', and B is a fuzzy number with a membership
the whole behavior of the structure in real time, diagnoganction np : [0,1] — [0,1], expresses the reliability of
the damage position and damage level of structure, makg32]. The concept of Z-number is a step that formalizing
the intelligent evaluations of service condition, rellapi the extraordinary ability of human beings to make rational
durability and carrying capacity. A typical SHM systentecisions in imprecise and uncertain environmei-{7].
involves three major subsystems: a sensor subsystem, a diathis paper, a structural damage information decisionehod
processing subsystem and a health evaluation subsy8temlpased on the Z-number is proposed. In this model, the data
A typical SHM processing includes four main stepscollected by sensors is represented by the Z-number, and
damage detection, damage location, damage classificatimfer to the evidence combination used soft likelihood aluhi
and damage severity evaluatidh-]L1]. In the SHM system avoids just one low value for any evidence will greatly
of large and complex engineering structure, the type aneduce the final fusion resulé]. The ordered weighted
number of sensors are quite large, include temperatureeraging (OWA) aggregation operator plays an important
sensors, force sensors, strain sensors, displacemeptsensole in this method. The OWA aggregation operator is a
vibrating sensors and as so on. How to model and fuse ttienensional vecto#d, which elementsu; are referred to
data from a large number of different types of sensors ams the OWA weights, such that; € [0,1]; >, w; = 1 and
critical to structural damage decision makiigf22].

In many practical cases, structural damage is a fuzzy
state, because there is no obvious and clear grading maristitute of Fundamental and Frontier Science, University of Electronic
in the actual health monitoring2]. There are many Science and Technology of China, Chengdu, 610054, China
methods to model uncertain information, such as probgbilit | . _

s . ponding author:
distribution |24], Dempster-Shafer evidence theoaB{-ZS], Yong Deng, Institute of Fundamental and Frontier Science, University of
fuzzy set pP9-31], Z-numbers BZ], rough sets 33] etc. Electronic Science and Technology of China, Chengdu, 610054, China.
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whereOW A(ay, - -+ ,an) = Y., wiaxg) With ay;) is the &) A isa convex fuzzy set;

ith largest value of,; [49]. Other weighting operators CaIB)

also be used in different environmen$§[51]. .
The main critical problems that naturally arises in tR the support of A isbounded,

proposed method are computation and reasoning with Z-yhereqa-cut of 4, A% = {z € X, pa(z) > .

numbers. Rafi k A Alievet al. developed a universal Let A, B C R be two fuzzy numbers anddenote any of
approach to compute with Z-number 5 52]. It is +,—,-,/, for eacha € (0, 1], thea-cut of A + B is [29,45,
characterized by propagation restrictions. The Z-numbgj.

algorithm is not only the "mechanical sum” algorithm of

probability algorithm and fuzzy algorithm, but also the (A% B)™ = A% % B, (5)

cooperation of these algorithms. In probability algorithm

the well-known probabilistic arithmetic is used. Fuzzyvhen =/, 0 ¢ supp(B). The fuzzy numberA « B is

arithmetic deals with possibility constraints, which dése defined as

the object as a class with "unsharpened” boundd#gy. [In AxB= U a(Ax B)®. (6)

this paper, we mainly use the addition, multiplication and «€[0,1]

ranking of Z numbers. , , Let A and B are two fuzzy number and their-cut, A,
The rest part of this paper is organized as follows. Thga 5.0 B5):

definition and arithmetic of probability distribution, fey

number and Z-number are briefly introduce in Section 2. The A% = a1, a3]; B = [by, byl

OWA operator is also introduced in this section. Section 3

introduced the structural damage information fusion basedThen addition:

on Z-number. Section 4 presents a simulation example of

SHM. Finally, this paper is concluded in Section 5. (A+ B)* = [a1,a2] + [b1,b2] = [a1 + b1, a2 +ba]. (7)

a-cut of A, A~ isaclosed interval for every o € (0, ];

L . Subtraction:
Preliminaries

The arithmetic of probability distribution (A= B)* = a1, as] — [b1,b2] = [a1 — b2, a2 — b1]. (8)

The problem of arithmetic of probability distribution is  pytiplication:

widely appeared in engineering problems. When random

variable is numeral, numerical methods are used and (A-B)* =ay,as] - [by,ba] = a1 - b1,ag - by].  (9)
analytical solutions are used when random variable is not

numeral. In this subsection, we only consider the numericalDivision:

methods for arithmetic of probability distribution. Fordw

probability distributiong, p2, on random variables; and (A-B)* = a1, az] - [b1,b2] = [a1/ba,a2/b1].  (10)
xo respectively, for several typical binary operatio4,p3):
Addition pio = py + pa: The arithmetic of Z-number
_ 4 } Definition 2. A Z-number is an ordered pair of fuzzy
po@ = >, pi(@pa(es). @) umbers 7 — (A, B), where A is a fuzzy number playing a

T=21i+T2j

role of a fuzzy constraint on values that a random variable
Subtractiorpy2 = p1 — po: X may take:

pi2(z) = Z p1(z15)p2(z2;). 2) XisA
| and B is a fuzzy number with the membership function
up :[0,1] — [0, 1], playing a role of a fuzzy constraint on

pra(z) = Z p1(21:)pa(22)- 3) the probability measure of A:

T=T1i"T2j

Multiplication p12 = p1 — pa:

P(A)isB,
Division p12 = p1 — pa:
where P(A) = [, pa(z)p(z), P(A) € supp(B) with
p12(£17) = Z P1 ($11‘)p2 (ij)' (4) p(l’) is the probablllty distribution ofX.
T=x1;/T2; LetZ; = (41, B1) andZ; = (A, B3) be two Z-numbers
_ _ and Zio = (A2, B12) = Z1 + Za = (A1, B1) + (Az, Ba).
The arithmetic of fuzzy number Their Z*-numbers areZ;” = (A, R1), Z5 = (A, Ry)

Fuzzy setis new mathematical tool for dealing with uncerta@nd Z5 = (A2, Ri2), R plays the role of the probability
information introduced by Zadet2§]. Before introducing distributionp. The sum operation over Z-numbers is defined
the arithmetic of fuzzy number, we review the definition o@s following (9:

fuzzy number.

A=A+ A 11
Definition 1. Let universe, X € R, whose elements are 12 = A1+ A, (11)
denoted z. A fuzzy subset A on X with membership function
pa s X — [0,1] isafuzzy number if [29] Prytis (V) = DRy + PRy (12)
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For a Z-numberZ = (A, B), convertingZ into fuzzy

numbers 7).
Iip1s (P12) = 5UP,, b, (1B, ( / fia, (w)p1 (w)du)\
R 13) o = ()l (21)
o[ aa@pa(u)du) S ()
R « represents the weight of the reliability.
HUB1o (w) = SUPp,, (Mplz (p12))7 (14)
VAR {< T, LA (:E) > |/LA‘3‘ (:E) - O‘MA("E)VT € [05 1]}
staw = / Ay ,p12(uw)du. (15) (22)
R
The multiplication operation over Z-numbers is defined as ) x
following [45]: 7' ={<z pz(x) > |pz (z) = MA(\/—a)vl’ € [0,1]}.
(23)
A1z = Ay - Az, (16)  Ranking the fuzzy numbers after converting =
[a7 b’ C7 d7 w] [58]'
PRy-R2\V) = PRy " PR»» 17
Ri-R2 (V) = PR, " PR (17) o S wp(x)de (24)
Z S wlz)dz
fiprs (P12) = sup,, . (15 (/ poa, (W)p1 (w)du) A x%, represents the horizontal centrdfd andz?, € [0, 1].
sP2 1 = x
Z! |do
2 2 \U u)du — w 25
1B (/RMA (u)p2(u)du)) Ve = T Glda” (25)
. here|Z’,| is the length ofx-cuts of Z’, y3, is the vertical
— 19y W Z
181 (W) = 5Py, (Hps12(P12)), (19) centroid ofZ” andy3, € [0, w].
s.taw = / tA,,p12(u)du. (20) iz =dist(d—a) =1|d —al, (26)
R
For any Z-numbersZ,, Z», andZs, have 5] iz is the distance along-axis froma%, andiz € [0, 1].
(1) (addition associative law) iy =Yy, (27)
A, B Ay, B As,B3) = (A1,B
EEA;’B;; i EA?BE%%'JF (45, Ba) = (A1, Br) + iiz is the distance along the verticgdaxis fromy3, and
(2) (multiplication association law) iiz: € [0,1].
((A1, B1) - (A2, By)) - (A3, Bs) = (A1, B1) - . )
((Az2, B2) - (As, Bs)); Sz =1z X iy (28)
(A1, By) + (A2, B2) = (A2, B) + (A1, By);
(4) (multiplication commutative law) CPSz(Z) =zl x y} _
= ’ Yz X (1 SZ’)- (29)
(A1, B1) - (A, By) = (A2, B) - (A1, By); .
(5) (addition identity law) CPSz(Z') € [0,1].
(A1, B1) +0= (A1, By); If CPSz(Za)>CPSz(Zg), then Z, is greater than
(6) (multiplication identity law) Zp.
(A1, B1)-1= (A1, By). If CPSz(Za) < CPSz(Zp),thenZ, is lesser thaik 5.

If CPSz(Z4) =CPSz(Zp), thenZ 4 is equal toZ .
There are many methods to rank Z-numbers, such as z(Za) z(Z5) 4 f o

comparison of Z-numbers on t_he base of FPO princip@rdered weight averaging operator
proposed by 55 and the multi-layer methodology for
ranking Znumbers from 56]. The first method suggest to Ordered weight averaging (OWA) operator is widely used in
consider a Z-number as a pair of values of two attributedata fusion due to it allows assign weights according to the
one attribute measures value of variable, the other ofigantifiers.

measures the associated reliability. Then it will be ad&®uayefinition 3. An ordered weight averaging operator of

to compare Z-numbers as multi-attribute alternatves.[ ,, gimension is a mapping OW A : [0, 1] — [0, 1], which
The second method is to transform the Z-numbers infQsonting vector 17 is [49] ’ o

fuzzy numbers, then rank the transformed fuzzy numbers.

The second method is simpler, but equally effective. This wy
paper mainly used the second method to rank Z-numbers. W
This method consists two main steps: converting Znumbers W =

into fuzzy numbers and ranking the fuzzy numbers after

converting p6]. Wn
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such that Simulation Example
w; € [0,1], Zwi =1, Taking a space structure as an example, the change of
i—1 deflection (/;) and the change of strainU{), predicts

damage values by SVMJg) and modal curvature raté/f)

— n . . 1 . H .
and wher€W A(ay, -+, an) = 3y wiaxa) Withaxay IS 0 ihs main parameters accurately reflect the structural

theith largest value Ody, - -~ , an. damage information and they are easy to collect. The
factor set isU = {U;,Us,Us,Us}. The structural health

Structural damage information decision status is divided into 4 grades: intadt;§, minor damage

model based on the Z-number (V2), moderate damagé’{), and severe damag®(. The

_ _ . decision set isV = {V;, V5, V3,V,}. Assume the OWA
In the structural damage information decision model, the{gtor isTy — 0.2,0.25,0.4,0.15]. The Z-numbers relation
areq influencing factors of the structure construct the factQf¢rix is construc:[ed a7s ’

setU = {Uy,Us,---,U,}. The decision set is denoted as

V = {4, Vs, -+, V,}. The data fusion process of the model 7 Zis Zis  Zaa
is shown in Figurel. | Zor Zos Zos Zoa | _
Step 1: The data collected by sensors construct the Z- R= Z31 Zso Zsg Zsa |

numbers decision matrig: Za1 Zao Zus Zua

Zu Zv - Zin ([0,0.002,0.005], sure) ([0.1,0.225,0.3], very sure)

7. 7 . Zon ([0,0.110,0.155], sure) ([0.886,0.967, 1], sure)

Z = 2t _22 2 ([0,0,0], very sure) ([0,0,0], very sure)
Zij ([0,0,0], sure) ([0,0,0], sure)

qu qu an
fuzzy number of theV; is determined according t&;,  ([0-110,0.209,0.298], very sure) ([0,0.057,0.1], sure)
its membership functiony4,, : [0,1] — [0, 1], the fuzzy ([0.35,0.5,0.55], sure) ([0.4,0.5,0.6], sure)
numberB;; expresses the reliability of,;, its membership ([0.8,0.955,1], very sure) ([0,0.191,0.223], very sure)

function,yu,; : [0,1] — [0, 1].
Step 2: RankZ;;, (i =1,--- ,4)forall j=i=1,--- 4
to obtain index functior;.

wheresure is the fuzzy numbej0.6,0.7, 0.8], very sure is
the fuzzy numbef0.8,0.9, 1].

A; is an index function so thak; (k) is the index ofkth b CaI.CU|a|EteCIi‘S_YZZ(S)ZiJ;I)_J0r ! :I%Z 2, i’ 4 an.djT:b%éQ’ 3,4
largest Z-number associated with decision alternatives y using Eq. £1)-(29). The resultis shown in Ta
Thus the Z-numbe¥ \(;); is the kth largest Z-npmber pf Table 1. CPSz(Zi;)fori—1,2,3,4and j = 1,2,3, 4.
Zj1,%j2),- - , Zjq. Here we used the method in Section . . _ .
to determine the order of Z-numbers. CPSz(Ziy) =1 =2 =3 =4
Step 3: Calculate the product of thé&argest Z-numbers. 0.00065 0.06171 0.19658 0.02897

Using the index function; we let 0.02357  0.25678 0.06117  0.01419
0 0 0.12288 0.13167

0 0 0.27204  0.04056

A WN B

Prod; (i) = T Zix, ) (30)
k=1

. ~ Thus, we can obtain the index functian:
Prod;(i) is the product of the largest Z-numbers. It is A1) =2,0(2) =1, (3) =3, A\ (4) = 4.

obvious thatProd; (i + 1) = Prod;(i)Z(;41);- Ao(1) =2, 02(2) =1, A2(3) = 3, Ao (4) = 4.
Step 4: Calculate the fusion results Z-numbers of eachAg(l) =4,23(2) =1,A3(3) = 3, A5(4) = 2.
decision alternativé’; with OWA operator. Aa(1) =3, 04(2) = 4, M4 (3) = 1, M4 (4) = 2.

The fusion result Z-number oV; based on an OWA  Then, CalculateProd;(g) for g=1,2,3,4 and j =
aggregation with weighting vectd¥” andProd; (i) denoted 1 9 3 4 by using Eq. 80). Taking an example wittProds:
as Z;w. W is the ¢ dimensional OWA weighting vector,
consists of the weighty; for j = 1,---, ¢ such thatw; € Prods(1) = Zs4,

[0,1] and} "7 | w; = 1[49].

Using OWA weighting vector, the fusion result Z-number

of decision alternativé; is defined as Prods(2) = (Aps2, Bps2) = Zza - Z1.

Z;w = OWAw (Prod;(1),---, Prod;(q)). (32) Prods(3) = (Apss, Byss) = Zsy - Zs1 - Zss.

Itis means that we need to rafikod; (1), - - - , Prod;(q).
Step 5: Rank the fusion result Z-numbers of all decision
alternatived/; to find the final decision. Prods(4) = (Apsa, Bpsa) = Zza - Z31 - Z33 - Z3a.

Prepared using sagej.cls



’—~| Damage levels } J

‘ Sensor system 1 } } Z-numbers of vector 1 ‘ ~ ~ ~
‘ Sensor system 2 } —} Z-numbers of vector 2 ‘ 3 E :%
Civil = =8 gj
engineering § % %
‘ Sensor system q } } Z-numbers of vector q ‘ = w d
\—~{ Prior knowledge } {
= g g
= = = % g % g g g
Figure 1. The model of structural damage information decision based on the Z-number.
The membership functions ofsy, B34 andAs;, Bs; can .
express as: pa1 = L e‘%
z— 0.8 V23
0.955 — 0.8’ 0.8 <z <095 From the definition of z number, It can be known
HAzy = 1
- 0.955 < & < 1
1—-0.955’ - - 1 170.2552
—_— 2734 dx 18Bsy.
rz—0.5 / Az, (2) STI e 8 34
——— 0.5<2<0.735 supp(Asa) v 2llosg
o = ) 07305 =T ’
3L 09—z
—— 0.735<2<0.9. 2
9_0. ’ -7 = 1 _ —-0.735
0.9 -0.735 / fing, (@) e 2% dz isBay.
supp(Asz1) V 21_[0’31
r 08 g <09
_ _)09-08 T 7 The relationship betweesupp(Bs,) andos, is shown in
MUBsy = UWB3, = p
“"4 “"4 l-w 09< <] Figure.2(a), the relationship betweenpp(Bs;) andos; is
1-0.9’ o T T shown in Figure2(b).
So,
A%y = [2(0.955 — 0.8) + 0.8,1 — (1 — 0.955)],
A% = [a(0.735 — 0.5) + 0.5,0.9 — a(0.9 — 0.735)]. Prs2 = N(iaapisn, \ 13403 + 13,03, + 03403:).
Using Eq. ©) we can obtain: i o
A%, = [((0.955 — 0.8) + 0.8)(a(0.735 — 0.5) + Thus we can geB,,s» by using Eq. {8)-(20), it is shown
in Figure.3(b).
0.5), (1 — a(1 — 0.955))(0.9 — (0.9 — 0.735))]. In o
Ay, is shown in Figure3(a) In the same way, we can gBtrods(3) shown in Figure4

For simplicity, we consider normal distributions, takingndF’rods(4) shown in Figures. _
into account thaty;; are fixed due to compatibility Finally, Using the OWA vecto#V to calculate the fusion

conditions. result Z-number,Zs - of Vs. The result is shown in
1 71:720.2552 Figure.6.
P34 = \/T—O'Me 34 Similarly, 1w, Low, La,w are shown in FigureZ-9.
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Figure 3. Prods(2) Figure 5. Prods(4)

Conclusions
Then,CPSZ(Zl,W) =~ (0.0030, CPSZ(ZQ,W) ~ 0.0587,

CPSz(Zsw) ~ 0.1340,CPSz(Zs,w) ~ 0.0263.Itcanbe In SHM system, the numbers and kinds of sensors are very
seenZs is maximum, so the moderate damage is judged large. This has led to a lot of data that engineers need to
occur, which is consistent with the actual situation. deal with. The real-world information is characterized by
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Figure 7. Ziw Figure 9. Zyw

fuzziness and partial reliability. In order to better modetl more information than other methods of expressing the
fuse the data collected by a large number of sensors, wecertain information. We also used a softer method to fuse
proposed the structural damage information fusion modiéle sensor data represented by Z-numbers, which avoids
based on Z-numbers. Z-numbers have a great advantagéhim severe effect of a small data on the fusion result.
presenting the real-world information. Z-numbers contaidditionally, the method is more flexible by instructing the
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OWA operator. The method also involves a lot of arithmetidd 1] Staszewski W, Boller C and Tomlinson GR (2004)
of Z-numbers. Fortunately, the theory of Z-arithmetic is
comprehensive, self-contained and has been studied in many
existing literatures. We must point that many uncertain
information models, such as probability distribution, Zyz
number and D-S evidence theory, their arithmetics are mu?]
simpler than computing with Z-numbers.
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