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Abstract Traditional explanation for the white dwarf star is based on the ideally
degenerate Fermi electron gas to produce the pressure against gravity. This theory
predicts the upper mass limit of the white dwarf star is 1.44 Mo although the Fermi
electron gas is calculated at the temperature T of absolute zero. In this research, first
considering the electron-electron interaction in the high-density Fermi electron gas at
T=0 K, this interaction causes the pressure 2/137 time less than the original value.
However, the pressure of the Fermi electron gas should have something to do with
temperature at 10’ K. Then we estimate the temperature effect using statistical
mechanics and find the total pressure depends on temperature weakly at the given
particle number N and volume V. According to this, the relationship between radius and
mass of the white dwarf star is obtained and it mainly depends on temperature, electron
mass, and proton mass. An unknown parameter 6=34.75 is calculated by using an
example of a white dwarf star with the mass of our sun and the radius of Earth. Because
the temperature effect is weak at 107 K, the relationship between mass M and radius R
of the white dwarf star mainly depends on Fermi energy and neutron mass. This
relationship is useful for estimating the inner temperature of a white dwarf star. The
lowest limit of M/R® depends on neutron mass, electron mass, and temperature.

Keywords: white dwarf star, degenerate Fermi electron gas, pressure, upper mass limit, electron-electron
interaction

l. Introduction

The white dwarf star has been investigated many years and it was named first in 1922
[1]. It usually has very high density with the mass similar to our sun but the volume
small like Earth. The reported largest mass seems to be the one found in 2007 which is
1.33 times as large as our sun [2]. The white dwarf star is thought to be the type of the
low to medium mass stars in the final evolution stage [3-6]. The early theory to explain
its mass upper limit is based on the ideally degenerate Fermi electron gas [6-11]. The
calculation adopts all electrons like free particles occupying all energy levels until to
Fermi energy as they are at zero temperature. It is surprising that even in the high-
temperature and high-pressure situation, the ideal Fermi gas still works. It makes the
curiosity to discuss the temperature effect by statistical mechanics.

Actually, the Fermi electron gas is at 107 K, the temperature effect in pressure should
be considered. Some special problems about the rotating and charged black hole have
been discussed [12,13]. According to statistical mechanics, we first build the pressure
produced by the Fermi electron gas at given number of electrons N and the total volume
V. Then we discuss the temperature effect on the electron pressure. Next, the

relationship between the mass M and radius R of the white dwarf star is obtained. Finally,
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based on this relationship, the lowest limit of M/R? is given.

1. The Degenerate Fermi Electron Gas For The White Dwarf Star
First, we review the calculation of the upper mass limit for the white dwarf star. It
adopts the ideally degenerate Fermi electron gas and considers the relativistic kinetic

energy in the calculation [8,9]. Because the electron has spin s= +

N |-

, each energy state

permits two electrons occupied. Each electron has the rest mass me and its relativistic
kinetic energy E at momentum p is

211/2
E, = m,c? “1 + (mpc) l - 1}. )

The Fermi electron gas with the total number N and total volume V has total kinetic
energy
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where h is the Planck’s constant and pr is Fermi momentum defined as
1/3

pe=h(c) 3)

Considering the mass m, of a proton and the mass m, of a neutron, the total mass M of
a white dwarf star mainly consisting of helium nuclei is

E, = 2m,c?

Ipl<pF

2Vm,c? (PF "
= T dp47'[p
0

M = (me +m, + mn)N ~ 2m,N =~ 2m,N. (4)

If we define the parameter

ho 3N\Y3
=22 (5)
mec 2myc \8nV
then Eq. (2) becomes
8mmicdV 1
Ey = h—z [f(xp) - §x§], (6)
where
XF
f(xp) = f dxx?[(1 + x?)V/2]. (7)
0
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The pressure produced by the ideal Fermi electron gas is [8]

Po=—a o _ Bmmec [—xp 142~ f(xp)l (8)

It is almost 1000 times larger than the pressure of the helium nuclei [9]. Further
discussions give the relationship between the radius R and mass M of the star for the
relativistically high-density Fermi electron gas

1/2

—  2/3
_ _ M
R = M?/3 [1—(M—0> ] , €))
where
— 2mm,c
R= (Z0) 10)
_ 97 M
M = 8 (11)
n
and
_ 27m\3/2 hc 3/2
Mo = (%) (27er,21> ' (12)

In Eq. (12), G is the gravitational constant and ¢ is a parameter of pure number. Some
considerations [9] give the upper mass limit Mo in unit of the mass Mo of our sun

M, ~ 1.44Mg, (13)
which is also the upper limit for appearance of the white dwarf star.

I1l.  The Correction of The Electron-Electron Interaction For The White Dwarf
Star
The ideally Fermi electron gas has been widely discussed in solid state physics. The
ground state energy of non-relativistically high-density Fermi electron gas has been
calculated by the Hartree-Fock approximation [14,15] and the energy per electron at
T=01is

Eqr 221 0916
N 12 Ts

Redberg)

+ 0.0622Inr; — 0.096 ( ,
electron

(14)

where Enr is the total energy of the Fermi electron gas, and rs is defined by using the
Bohr radius as



Vv 4 .

N =377 (15)
The first two terms are dominate terms and the ratio of the first term to the second one
is proportional rs or N*3, As N increases, the first term increases faster than the second
one. Actually, the calculation of the first term at the right-hand side in Eq. (14) should
use Eg. (6) because of the relativistic electrons. Considering x.>>1 in the relativistic
region, then Eq. (6) becomes

Ey 2mmgccV , 4 1
N% 3 NXF 1——+—2 . (16)

The second term consider the Feynman diagram of the oyster type, so this correlation
energy Ei is [14,15]

E; Z  4mK,e? y 16m* fpr p1d3p2
D1,P2=

—_——x—x[ ] X
N N 2 1(2nr)3 |4 _51p1 — P
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= 2TeC e 17
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where Ke is the Coulomb’s constant. Using Eqs. (16) and (17), the pressure Pnr of the
Fermi electron gas at T=0 is

Pyp = — v

2mrmic’ 2K, e? 2mrmic’ 2

= 3}:” <x§ —XI% -2 ¢ > :—e (x;f—x,%—ﬁx,?), (18)
where 2nKee?/hc is the fine structure constant [16-19]. It means that the electron-
electron interaction causes the pressure about 2/137 time less than the original value.

IV.  The Temperature Effect On The Pressure of The Ideal Fermi Electron Gas

The central temperature of a star is usually about 107 K, and the upper mass limit in
Eq. (13) calculated at T=0 should be improved. Otherwise, it cannot reflect how the
relationship between the radius and mass of the white dwarf star varies with temperature.
Then we consider the case for T>>0, and the grand partition function in statistical
mechanics [9] is

q(T,V,z) =InZ = Y In[1 + z - exp(—BE})], (19)

Where E is the kinetic energy, f=1/ksT, and z=exp(uf) with u the chemical potential
of the Fermi electron gas. Since the energy eigenstates are treated as arbitrarily close to
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each other in a very large volume, the grand partition function becomes

InZ = foodEg(Ek) In[1 + zexp(—BE;)].
0

Integrating it is by parts, then we have [9]

AV B [ dE, 1
InZ=g——=| p3dp )
h3 3 ), dp z lexp(BE;) + 1

where g=2s+1 is the degeneracy factor and

2
pZ = _IZC + ZmeEk

Substituting Eq. (22) into Eq. (21) and considering mec?>>p, it gives

243/2

2m

InZ =g—5— .
1 I3h3c3 0 k Z‘lexp(BEk) +1

Using the Taylor series expansion to the first-order term, then we have

BE)? |1+ 3 (Emee
3h3c3ﬁ3j; d(BE) Zk_le[xp(ﬁEE)ﬁ-FE’i )]

InZ=g

It can be written as

AmV
InZ ~ gﬁ [r(4)f4(z) +3 ( o >r<3)f3<z)]
where we define

(BE )™

W = |, 4080

(20)

(21)

(22)

(23)

(24)

(25)

(26)

The corresponding Fermi energy Er is roughly 20 MeV [8] and 1/(2mec?f)~1/1000. The
chemical potential x~Er so z=exp(fu)~exp(20000). When z>>1, the approximation of

Eq. (16) [9] is

(ln Z)"

fa(2) =

so the ratio of the first term to the second term is

(27)



mec?\ I'(3) f3(2) 5 mec?\ 1/3 1
3<kBT>I"(4)f4(z) - 3<kBT>lnz/4~ 100° (28)

According to the relationship InZ=pV/kgT, the pressure causing by the Fermi electron
gas is

8r(kgT)*
Pelectron = chg) lr(4’)f4(2) +3 <

gas

T ) r@)fs (Z)l- (29)
B

Then we calculate particle number N(T, V, z) using the similar way in statistical
mechanics. It gives

N(T,V,2) =g ”Vfoopzdp
h3 z lexp(BE,) + 1

1/2

2m,c? mec?
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Using Taylor series expansion to the first-order term, then we have

2 2y 2
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Further calculation gives

8V (kzT)3

N(T,V,z) = Py

2\ 2
F(S)f3(2)+2< >r<2>fz(z)+(’ze;> fl(z)]- (32)
B

kgT

Combing Eq. (29) with Eq. (32), it gives the relationship between Peiectron gas, T, V, and
N, that is,

NkBT|[ Ir®fu(2) +3 ( )F(B)fs (2)

Petectron =
gas 3V

]
e
|

@R+ 2 (") rf@ + (29 i)

Further rearrangement gives
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Here we use the relationship [9]

~ Er |1 (kBT) 35
It explicitly tells us that the total pressure depends on temperature weakly at the given

particle number N and volume V. The pressure of the Fermi electron gas should have
something to do with temperature as we see in Eq. (34).

After obtaining the pressure of the degenerate Fermi electron gas varying with
temperature, then we can estimate the relationship between mass and radius of the white
dwarf star. The relationship between V and R is

4 3
v =5nR. (35)

Using Egs (4), (10), (11), and (35), it gives [8]

N 3M ( 3 )(8mn><2nmec)31\7l_ 8mm3c3\ M 36
V"~ 8mm,R3®  \8mwm,/\ 9n h R3 \ 3hn® JR¥® (36)

The equilibrium condition [8] is

8mm3c3kgT <11 ) 1+ 1/ myc? \|M _K,1\7I2 37
3h3 i 3\ksTInz)|R® = R+ (37)
where
K = 10) G (8mn>2 <2anC)4 38
" 4m om h ' (38)



In Eq. (38), o is a parameter of pure number and G is the gravitational constant [9].
Substituting Eqg. (38) into Eq. (37), then we have

M  AmkgT [ 27 h 1 1(/ mgc?
g ( )( )(—mz) 142
R 6G \64m3/ \2mm,c/ \4 3\kgTInz

_<27 )( 2h )[1k - ]1+1 mec? 39
~\6466) \mzm,c/ 48" "7 3\kzTInz)| (39
Further arrangement gives
M—( > )[1k Tl ]1+1 mec” 40
R~ \26Gm,) [a"B" "7 3\ksTnz)| (40)

It explicitly tells us that the relationship between M and R mainly depends on T and mh.
For example, a white dwarf star with mass M=Msn=1.99x10% kg and a radius
R=6.378x10° m the same as earth is used in Eq. (40). Then some constants [20],
G=6.67259x10" m3kgls? m,=1.67493x10%" kg, ks=1.38066x102% J-K*,
T=1.16x10" K, and z=exp(20000.0), are also substituted into Eq. (40), and we have
M _ 1085 X107 3.12 x 10% (41)
R ) '
which gives 6=34.75. This is a reasonable value and Eq. (40) can help us to estimate
the inner temperature of a white dwarf star. Because the ratio of M/R is real, then
according to Egs. (35) and (40), it gives

1 7Tz(kBT>2>o 42
12\E, ) =7 (42)

The nonrelativistic Fermi energy is [8,9]

h2 (3N \?/® R 3aM \¥®
Er =om, (an) ~ om, (64n2mnR3) ' (43)
where Eqg. (36) is used. Then substituting Eq.(43) into Eq. (42), we obtain
L (44)
F = 2\/§ '
Eq. (44) gives a new limit for M/R3, that is
2 3/2
ﬂ > 64m“m, <nmekBT) (45)
R3 3 V3h

This ratio depends on neutron mass, electron mass, and importantly, temperature.
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V. Conclusion

In summary, the calculation from statistical mechanics shows that the temperature
effect is at 10’ K and the ideally degenerate Fermi electron gas has to be corrected at
high temperature. First the electron-electron interaction is considered at T=0. The
calculation considers the relativistic electrons and the result shows that this effect
causes the pressure is 2/137 time less than the original value. Because the electron gas
is at very high temperature about 10 K, the temperature effect has to be considered and
the pressure needs to be calculated by statistical mechanics. Then from the deduction,
the pressure produced by the Fermi electron gas depends on temperature weakly at the
given particle number N and volume V, and it is reasonable for Fermi electron gas at
107 K. Finally, from the equilibrium condition, we obtain the relationship between M
and R which mainly depends on T and mn. An example of a dwarf star uses the mass of
our sun and the radius of Earth to calculate an unknown parameter 6=34.75. Because
the dependence of temperature is weak at 107 K, the relationship between mass and
radius of the white dwarf star mainly depends on Fermi energy and neutron mass. This
relationship can help us to estimate the inner temperature of a white dwarf star. The
lowest limit of M/R3 depends on neutron mass, electron mass, and importantly,
temperature.
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