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Abstract The explanation for the pressure against gravity in the white dwarf star is
based on the ideally degenerate Fermi electron gas at the temperature of absolute zero.
It predicts the upper mass limit of the white dwarf star is 1.44 Mo. However, more
conditions have to be considered like temperature and charges. In this research, first we
use the grand partition function in statistical mechanics to build the expressions of the
electron gas pressure and the particle number depending on temperature and find the
electron gas pressure is weakly temperature dependence at 107 K. At this temperature,
there is about 1.50x10 of total electrons exceeding the Fermi energy. Because some of
this Fermi electron gas are the relativistic electrons, then we consider that those
relativistic electrons can escape the gravity resulting in a positively charged star. These
rest positive charges produce the strong repulsive force and the pressure to against
gravity. Furthermore, due to quantum effect, some electrons can tunnel the potential
barrier even their energy is less than the maximal potential. From theoretical
calculations, the 75 GeV electrons escaping to infinity can gradually accumulate
through 5 billion years resulting in 2.067x10%° C positively charged star as long as the
attraction force is strong enough. This positive-charged effect makes the upper mass
limit higher than the previous value to 4.073 Mo when the radius of the white dwarf
star is twice that of Earth.

Keywords: white dwarf star, degenerate Fermi electron gas, pressure, upper mass limit, Coulomb’s
interaction

l. Introduction

The white dwarf star is thought to be the type of the low to medium mass stars in the
final evolution stage and it was named first in 1922 [1]. Its density is usually very high
with the mass similar to our sun but the radius as small as Earth. The nucleus of the
white dwarf star sops the nuclear-fusion reaction and cools down. It is believed that the
pressure of the degenerate Fermi electron gas mainly support the balance with the
gravitation so as to the mass upper limit exist [2-7]. The calculation is based on the
assumption that all electrons like free particles occupy all energy levels until to Fermi
energy as they are at temperature T of absolute zero. It is surprising that the ideal Fermi
electron gas still works in the high-temperature and high-pressure situation even some
electrons have kinetic energy higher than the Fermi energy.

To deal with the general relativity, some appropriate metrics have been found such
as the Schwarzschild metric, the Kerr metric, and the Kerr-Newman metric [7-11].
Especially, the rotating and charged star can be described by the Kerr-Newman metric.
Some special problems about the Kerr-Newman black hole have been reported [12,13].
From astronomical observations, most stars are rotating and might be easily charged
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because the relativistically massive particles can escape the gravitational
attraction. According to the calculations of statistical mechanics [2-6], the relativistic
electrons have more possibility to escape gravity than helium nuclei at the same
temperature. Because of this factor, we consider the positive charged star and the
Coulomb interaction existing in the rest positive charges, and further calculate the
pressure produced by these rest charges. The Coulomb force also an important one
against gravity so the upper mass limit of the white dwarf star should be higher.

1. The Degenerate Fermi Electron Gas For The White Dwarf Star
The calculation of the upper mass limit for the white dwarf star adopts the ideally
degenerate Fermi electron gas at and considers the relativistic kinetic energy [3,4]. Each

energy state permits two electrons occupied because of the electron spin s= + Each

electron has the rest mass me, and its relativistic kinetic energy E at momentum p is
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The Fermi electron gas has total kinetic energy
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The pressure produced by the ideal Fermi electron gas is [4]

0E 8 c>[1
P =~ 200 BT [ /1+x%—f(xp)], @)
where
8nme
By = e ) — 54, (5)
flxp) = fxpdxxz[(l + xz)l/z], (6)
0



and

Dr h <3N )1/3

Xp = = 7
F meCc 2myc \8nV ™

A white dwarf star mainly consists of helium nuclei so the total mass M is
M = (m, + m, + my)N = 2m,N ~ 2m,N, (8)

where m, is the mass of a proton and mn is the mass of a neutron. Then the relationship
between the radius R and mass M of the star is
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In Eq. (10), ¢ is a parameter of pure number and G is the gravitational constant. Further
calculations [4] the upper mass limit Mo is given by

M, ~ 1.44Mp,. (13)

I1l.  The Temperature Effect On The Pressure of The Ideal Fermi Electron Gas
The inner temperature of a star is usually about 107 K, and the upper mass limit in

Eqg. (13) is calculated at T=0 which seems to be unreasonable and necessarily improved.

Then we consider the grand partition function for T>>0 in statistical mechanics [4] is

q(T,V,z) =InZ = Y In[1 + z - exp(—BE})], (14)

where Ex is the kinetic energy, f=1/ksT, z=exp(uf), and x the chemical potential of the
Fermi electron gas. The grand partition function can change to the integral from

InZ = foodEg(Ek) In[1 + zexp(—BE;)]. (15)
0
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When integrating it by parts, then it gives [4]

L 4nVBj‘ dE, 1 iy
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where
p%c? = E} + 2m,c?Ey (17)

and g=2s+1 is the degeneracy factor. Substituting Eq. (17) into Eq. (16), it gives
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Using the Taylor series expansion to the first-order term, then we have
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Similarly, we can obtain the expression of the total number N(T, V, z) is
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A useful function in both above integrals is
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where x = fEr. When z>>1, Eq. (21) approximates [4]
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For example, the calculation of In Z can be written as
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where /Tn) is the gamma function. The chemical potential depends on T and it is
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Further calculations in Eq. (20) give
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The results in Egs. (23) and (25) can also be applied to neutron when the electron mass
is changed to the neutron mass, so we can also use the similar way to discuss the neutron
star.

IV.  The Improvement of The Upper Mass Limit Considering The Escaping
Particles

However, above discussions are based on the neutral star condition that the negative
charges balance the positive charges. The relativistic electrons have possibility to
escape the gravity of a star much higher than the nuclei, so the star would very be the
positively charged star. In the classical statistical mechanics, the Maxwell-Planck
velocity distribution tells us the most probable, the mean, and the root mean square root
absolute velocities v*, (v), and /(v2) in the ideal gas are

. [2kgT 26
viE = (26)
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and
3kpT
Jw?) = "’j . (28)

Although we deal with the indistinguishable quantum particles, in the ultrahigh-
temperature case the classical results still are good references. All those three velocities
for the Fermi electron gas are very close to ¢, but they are only 7.3x10%c, 8.2x10™c,
and 8.9x10*c for helium nucleus at the same temperature. Even for the hydrogen
nucleus, its average velocity is still much less than electron. According to these, some
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electrons escape the gravitation of the star and the star is reasonably positive-charged
stellar. Especially, the evolution period is usually 5-10 billion years, the accumulation
escaping electrons more and more because the fusion reaction provides enough energy
to heat electrons. A similar phenomenon is the well-known solar wind raising from the
surface of the star and moving outward to the space.

Then considering the total negative and positive charges are -Q and Q+AQ.
Supposing the rest positive charges AQ distribute homogeneously in the star, then the
density p,q of the rest positive charges is

A
paQ = 4_Q (29)

§T[R3

The self-energy Eserr Of this charged sphere is
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The pressure Pag produced by the rest positive charges is
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Using Egs. (5), (11), and (12), then we have
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This rest-positive-charges pressure has to be also considered into the contribution of
the total pressure. When we consider the Fermi electron gas in metal, the rest charges
stay in the surface because of the zero electric field inside the perfect metal. However,
the solar system is consisting of high-temperature and viscous plasma, and the
convection continuously happens. The homogeneous distribution is theoretically
reasonable assumption as long as the time is enough to reach this situation.

Next, we combine Po with Pag as the main pressure Pmain against the gravitation in the
star

_ _ 1 _
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Actually, the pressure of the Fermi electron gas has a tiny decrease because of the
escaping electrons. It has to add a factor (1-AQ/Ne) accompanying with Po where e is
the charge of a single electron, so the main pressure becomes

4.5 i4/3  72/3 2 1 a3
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Using these data [20], Ke=8.987x10° N-m?/C?, h=6.626x103* J-m, c=2.998x10® m/s, and
N~6x10% for our sun [3], the third coefficient can simplify to

[uny
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= (%N) ~ 2.341 x 104(AQ)2. (35)

When AQ=2.067x10% C, this coefficient is 1.0. This effect is caused by (2.067

x10%%)/(1.602x101%)=1.29x10* electrons escaping the star. It only occupies about 10

Fermi electron gas so the ratio (1-AQ/Ne) approximates 1.0 in Eq. (34). This
approximation also satisfies the common case. Similar to Eq. (9), we obtain

M 2/3 1/2
(ﬁ) - (36)

Using the conservation of energy between the kinetic energy and the electric potential,
we can estimate the maximal number of electrons escaping to infinity. As we know, the

R=m*3{|1

1
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Coulomb’s interaction is much larger than the gravitational interaction for two protons
or electrons at the same distance, so we only consider the Coulomb’s interaction here.
The electric potential at infinity is zero as a reference. Supposing the minimum kinetic
energy for escaping the Coulomb’s interaction is Emin, then we have

K,(A e
(¥ — Dmec? = Epy 2 e(QTgmax. (37)
where y is the relativistic factor for the massive particle with velocity v
1
(38)
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Let (AQ)max=(AN)maxe, using the Fermi-Dirac distribution gives

EminR
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where x=pEx, z=exp(fu) and u is the chemical potential very close to Er. Then choose
the lowest limit is zero, the right-hand side of Eq. (39) is equal to the total electron
number N. Using Eg. (20), first we can estimate the ratio of the particle number above
Er. Then we divide the three parts of the integral in Eq. (20) into two integrals for each
part, and these integrals are
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and
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The ratio of the second integral to the whole integrals in Egs. (40a)-(40c) is
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where SE~20000.0. It means that there are 1.50x10 of the total electrons above Fermi
energy at T=1.16x10" K or ksT~1000 eV. When the total number of electrons is
N~6x10%, there are 9.0x10°2 electrons above Fermi energy in our sun.

Next, we want to obtain the electron number above energy Emin in EQ. (39). The
integral in Eq. (39) can be divided into two parts. Then we have the
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where 7(n,y) is the incomplete Gamma function [19]. Substituting Eq. (43) into Eq.
(39), it becomes
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Using Eq. (42) in Eq. (44), it is simplified to
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The incomplete Gamma function has another expression [19]
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Substituting Eqg. (46) into Eq. (45), then we obtain
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Then we substitute some constants [20] into Eq. (47) to obtain Emin and (AQ)max. The
radius is R=6.96x10® m of sun, Ke.=8.987x10° nt-m>C? e=1.6022x107"° C,
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ks=1.38066x102 J-K, T=1.16x10" K, Er=20 MeV [3], and z=exp(20000.0). After
substitution, it gives

Emin(ev) i
= (9.0 X 1052)e~BEmin—Er), 48
2.069 x 10-18(eV) ( Je (48)

According to Eq. (48), the condition of Emin IS
Emin = Ep + 6.44 x 10* (eV). (49)

It means that the electron with kinetic energy 6.44x10* eV more than Er can escape the
Coulomb’s attraction to infinity. Furthermore, the maximally positive charges are

(AQ)yax S 1.554 x 106 C. (50)

Because we deal with the electron as a quantum particle, quantum mechanics tells us
that particles can tunnel the potential even its energy is less than the potential. Using
the concept of the tunneling effect in quantum mechanics, we can further estimate the
possible number of escaping electrons or the rest positive charges. Then we consider a
model that the Fermi electron gas is in the symmetric three-dimensional quantum
barrier with the Coulomb potential, gravitational potential, or both at r>R as shown in
Fig. 1. The potential is chosen as which one is maximal. The ratio of the attracted force
on one electron causing by one Coulomb positive charges to the gravity of the sun on
its surface is

() () o

It means that only few charges the Coulomb’s interaction can cause the force on one
electron is much larger than the gravity from the sun. This tunneling model is the same
as alpha-decay model and the tunneling probability for the nonrelativistic case is [17,18]

IT|? =e%. (52)

According to this model, when the kinetic energy of an electron is over the maximal
potential energy at r=R, the electron moves like free particle. Then

2 1/2 .p 1/2
f _ > <87Th;ne> f dr (Ke(ﬁQ)e _ Ek) ) (53)

R

where b is the turning point determined by
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From Eq. (53), it gives

1/2 1/2 1/2
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Combing Egs. (52) and (55) with the Fermi-Dirac distribution, the ratio of the tunneling
electrons to the total electrons can be calculated, that is,

2
(x)zl1+2<k T)1+(”,;‘66T2) izl
[ et T x
ANtunnel Ejow _1exp(ﬁEk) + 1

(56)
[r(swz) +2(R ) r@Re + (55 f1<z>]
V()
E
0 R b d

Fig. 1 The potential barrier for the electrons tunneling.

However, as more and more electrons tunnel the potential, the rest positive charges
AQ also increase. Light passing through the diameter of the sun needs 4.64 seconds and
the propagation velocity of light in plasma should be slower than it in free space. As
we know, the propagation velocity of the electric force is the same as light.
Theoretically speaking, the delay time for the escaping electrons affected by the rest
positive charges should be in the order of 10 seconds. The escaping electron has
velocity high enough to tunnel the potential and avoid to return back due to the
Coulomb’s attraction. According to this delay time, we can build an equation describing
the relationship between (AQ)max and Ex

Ke (AQ)maxe _ R Ke (AQ)maxe
Ei +10=— Pk (57)
C v
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where v is the velocity of electron. Using Eq. (38) in Eq. (17), it gives

2m,c? 1/2
v (EZ + 2m,c2E,)Y/? B (1 + Ex )
c Ey + m,c? 1+m562
k
2 2\ 2
mecC 1 (m.c
1+ E, 7( Ey )
~ > (Ex » megc?). (58)
1+ D€
Ey
Substituting Eqg. (58) into Eq. (57), then we have
2
Ke(AQ)maxl mecz
= ~ 10c —R. 59
Ee (eV) 2\ Eg ¢ 59

When the maximal charges (AQ)max is 2.067x10%° C, Eq. (59) gives
E, = 7.50 x 101° (eV). (60)

If the rest positive charges can continuously accumulate without loss, the average
accumulation rate is 1.31x10? C/s for the period of 5 billion years. It means that there
are 8.18x10% electrons per second tunneling the potential barrier to infinity. The total
energy of the escaping electrons is at least

8.18 x 102° x 7.50 x 101% = 6.136 x 103! (eV). (61)

Using the mass-energy equivalence in the special relativity, we can estimate how much
mass (Am) provides this total energy in Eq. (61) during the nuclear-fusion process in
the sun. Itis

_ (6.136 x 103%) x (1.6022 x 10719)
B (2.998 x 108)2

Am =1.094x10"*kg. (62)
It is only about transferring mass of 0.1 g per second for producing 1.31x10? C escaping
electrons. This lost mass occupies the nuclear-fusion reaction per second very tiny and
theoretically speaking, to produce 1.31x10% C electrons of which each one has kinetic
energy at least 75.0 GeV is possible. As long as the accumulation is continuous and the
attraction force is strong enough, after 50 billion years the sun will have rest positive
charges 2.067x10%° C. In this case, Eq. (36) gives the upper limit of M

M = 23/2M, = 2.8284M,. (63)
Then we have the new upper mass limit M§¢"as it in Eq. (13)
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MPew = 23/2 x 1.44Mg = 4.073M,. (64)

However, during this period, the star is over positively charged and it provides the
positive nuclei like hydrogen ones escaping the Coulomb’s and gravitational
interactions so the rest positive charges decrease. Even the decrease of the rest positive
charges takes place, the tunneling effect continuously happens. There is another
possible way to quickly accumulate the rest positive charges. After supernova, it is
possible to produce so many high-energy electrons tunneling the potential barrier and
the gravitational force is possibly strong enough to keep these positive charges until it
becomes a white dwarf star.

V. Conclusion

In summary, the calculation from statistical mechanics shows that the temperature
effect is very weak on pressure at 107 K. However, the Coulomb interaction should be
considered because the relativistic electrons easily escape gravity to infinity. According
to our calculations, the maximally positive charges in the star has relationship with the
radius. By this condition, we can calculate the pressure produced by the rest positive
charges due to the Coulomb force. When this term is significant and comparable with
the degenerate Fermi gas pressure, the number of the positive charges is about 10%° C.
The number of electrons exceeding the Fermi energy is about 9.0x10° and the maximal
charges is about 1.55x10° C for the sun,. However, the electron has the quantum effect
and can tunnel the potential barrier even the kinetic energy is less than the maximal
potential. The theoretical calculations show that the 75 GeV electron escaping to
infinity can gradually accumulate the positive charges to 2.067x10%° C after 5 billion
years when the escaping rate is 1.31x102 C per second and it only exhausts 0.1 g mass
from the sun. This case results in the upper mass limit of 4.073 Mo when the radius is
twice as large as Earth. The contribution of the rest charges is significant and makes the
upper mass limit over the traditional value of 1.44 Mo. The calculation results tell us
that when we consider the pressure of the white dwarf star, we should not ignore the
contribution from the Coulomb’s interaction.
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