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Abstract
This article consists of two parts.
In the first part A we present in a concise form the present approaches to the quantum gravity, with the ADM
formulation of GR, the Ashtekar and the Kodama ansatz at the center, and we also derive the 3-dimensional
Ashtekar-K odama constraints.

In the second part B , we introduce a 4-dimensional covariant version of the 3-dimensional (spatial)
Hamiltionian, Gaussian and diffeomorphism constraints of the Kodama state with positive cosmological
constant A in the Ashtekar formulation of quantum gravity.

We get 32 partial differential equations for the 16 variables E*Y ( E-tensor, inverse densitized tetrad of the
metric g,,) and 16 variables A, (A-tensor, gravitational wave tensor). We impose the boundary condition: for
r—o g(E"")—> g, i.e intheclassical limit of larger the Kodama state generates the given asymptotic
spacetime (normally Schwarzschild-spacetime) .

For A->0 in the static (time independent) the tetrad decouples from the wave tensor and the 24 Hamiltonian
equationsyield for A, the constant background solution. The diffeomorphism becomes identically zero, and
the tetrad can satisfy the Schwarzschild spacetime and the Gaussian equations for all {r,0}, i.e. it the Einstein
equations are valid everywhere outside the horizon.

At the horizon, the E-tensor couples to the A-tensor in the 24 Hamiltonian equations and the singularity is
removed, thereisinstead a peak in the metric .

In the time-dependent case with a A- scaled wave ansatz for the A-tensor and the E-tensor we get a
gravitational wave equation, which yields appropriate solutions only for quadrupole waves: as required by GR,
the tetrad is exponentially damped , only the A-tensor carries the energy.

We examine spherical and planar gravitational waves, derive their wave component relations, and calculate the
reflection and absorption ratios.

The validity of the Einstein power formula for gravitational waves is shown for abinary black hole (binary
gravitational rotator).

From the horizon condition we derive the limit scale (Schwarzschild radius) of the gravitational quantum
region: rg=30pm , which emerges as the limit scale in the objective wave collapse theory of Gherardi-Rimini-
Weber.

We present the ener gy-momentum tensor, which is in agreement with the corresponding GR-expression for
small wave amplitudes and is consistent with the Einstein power formula

In the quantum region r<=ry , the Ashtekar-Kodama gravitation the theory becomes a gauge theory with the
extended SU(2) (four generators) as gauge group and a corresponding covariant derivative.

In the quantum region we derive the lagrangian, which is dimensionally renormalizable, the normalized one-
graviton wave function, the graviton propagator, and demonstrate the calculation of cross-section from
Feynman diagrams at the example of the graviton-electron scattering.
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Introduction

In our opinion, there are six requirements, which a successful quantum gravity hasto fulfill :

-it must have adimensionally renormalizable lagrangian, i.e. the lagrangian must have the correct dimension
without dimensional constants, and a covariant derivative with a gauge-group

-the static version of the theory must deliver the exact GR, except at singularities

-the static theory should remove the singularities of GR

-the time-dependent version of the theory must give a mathematically consistent classical description of
gravitational waves (i.e. a graviton wave-tensor) with basic quadrupole symmetry (as required by GR)

-the corresponding energy-momentum tensor must give the Einstein power formulafor the gravitational waves
and agree with the GR version for small amplitudes

-the quantum version of the theory must deliver arenormalizable lagrangian, and a quantum gauge theory ,
which, within Feynman diagrams yields finite cross-sections in analogy to quantum electrodynamics

The Ashtekar-Kodama (AK-) gravity, which we present in Part B, satisfies all six requirements, thereforeitisa
good candidate for the correct quantum gravity theory.

The starting point of the AK gravity are the 3-dimensional AK constraints. They can be derived from the
Ashtekar version of the ADM-theory plus Kodama ansatz (chapter A7) or from the Plebanski action of the BF-
theory , which isageneralized from of GR (chapter A9). Essential for the solvability and non-degeneracy of
the AK-constraints is the existence of the positive cosmological constant A . It guarantees that the operator of
the hamiltonian constraint (also known as the Wheeler-DeWitt -equation) is non-singular and invertible.

The 3-dimensional AK constraints can be generalized to 4 dimensions including time in a mathematically
consistent and unique way, simply by generalization of the 3-dimensional antimetric tensor &;j in the spatial
indices (1,2,3) to the 4-dimensional tensor g, in the temporal-spatial-indices (0,1,2,3), i.e. in the coordinates
(t,r,0,0) , using spherical spatial coordinates.

The 4-dimensional AK equations are 32 partial differential equations for the 16 variables E*” ( E-tensor,
inverse densitized tetrad of the metric g,,) and 16 variables A,” (A-tensor, gravitational wave tensor). We
impose the boundary condition: E**E".= g** /(—det(g))** for r—»w g(E")— g,, i.e.intheclassica limit of
large r the Kodama state generates the given asymptotic spacetime (normally Schwarzschild-spacetime) .

The static equations (time-independent, i.e. without gravitational waves) in the limit 41—0 degenerate in the 24
hamiltonian equations: for the A-tensor we get the trivial solution A,,” =constant half-antisymmetric,

the E-tensor solutions of the remaining 4 gaussian equations (the last 4 vanish identically) is the Gauss-
Schwarzschild tetrad (or the Kerr-Schwar zschild tetrad), which satisfies the Einstein equations everywhereinr,
so GRisvalid.

If we set the constant A-tensor A" :li , the modified Einstein-Hilbert action SzEJ‘(ApVA”) Ry/— gd*x
p T
becomes dimensionally renormalizable (chapter 4.1) .

At the horizon inthelimit r—»1 the E-tensor becomes very large and theterm 4 E*" not negligible any more,

the singularity is removed and becomes apeak g,, = L . From this condition results alimit for the quantum

JA
gravitational scale r, = IP\/% =3.1*10°m= 31um (chapter B3.3).

This quantum gravitational scale emerges in the objective wave collapse theory of Ghirardi-Rimini-Weber as
the critical wave function width r (chapter B8.7) , and the second critical parameter is the critical decay rate

2
2(r) =2
radius. This means that the quantum gravitational scale marks the limit of the quantum coherence length, in
other words, it is the border between quantum and classical regime.

Numerical calculation for strong coupling A=1 (chapter B5) showsthat in free fall from the distancero=10r,
from the horizon the maximum velocity is viax=0.6¢ , and then there is a rebound.

=0.19*10"'s™ , where m, istheelectron massand r, = 2.8*10"°m istheclassical eectron
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For the time-dependent Ak equations we make the A-scaled wave ansatz
v .o As” :

A =Ab +A - exp(—i k(r —t))

v
E™ = Eb™ + £ exp(<i k(r 1))
r

and solve the static part eqtoievnu3b for Ab ,Eb and the and the time-dependent part egtoievnu3w with the
factor exp(—ik(r —t) for As, Es.
With the multipole ansatz Es(r, 0)= Es(r)exp(i*Ix*0), As(r, 0)= As(r)exp(i*Ix*6)

eqgtoievnu3w boils down after variable eliminations to the gravitational wave equation for the variable Es10
(and identical for variables Esl11, Es12, Es13 )

eqgravixen =

krl (-2 ikrl) +lx*(1+ikrl) +1x® (-2i+4krl+3ik’r2? +1x( 1 Sikrl-4k’rl? 2ik’r1?) ) Esie r1
rl 1x? 1x*(2¢ Skrl c1lx (1 -3ikrl 6kirl? kel (2 ikrl 2k‘r1?  Esle r1
Pl f (21x* Sklxrl kel /( {+3krl | Esl@®’ rl) +rl (lx krl Esi@e ? ri

which is a differential equation of degree 3 in r=r1 with the parameters k (wave number) and Ix (angular
momentum).
This equation has feasible solutions only for /x>2 (at least quadrupole wave), asrequired in GR.
The overall solution is (chapter B4.3.1):
ar

-the E-tensor is exponentially damped with exp(— —3)

NE

-the A-tensor components AsO and Asl are pure quadrupole waves, As2 is alinearly damped quadrupole wave,

ar

As3 is exponentially damped with exp(— f)

This means that a classical wave source generates gravitational waves As viathe metric, the energy iscarried
away by the As-tensor and , when the wave is absorbed, it dissipates energy and generates again a (locally
damped) metric oscillation Es.

We examine spherical and planar gravitational waves, derive their wave component relations

Es, =0=Es, ,Es, =3ik(As,— As + As,),Es, = -3 k As,
As, =(As, - As + As,),

and calculate the reflection and absorption ratios

A _OA _ 3k _ (M)
A A k 2

S

We demonstrate this solution procedure at the example of the binary gravitational rotator (bgr= binary black

hole). The metric of bgr is a Kerr-metric with Kerr-parameter a , the corresponding (Eb , Ab)-solution is

Eb-tensor= the Gauss-Kerr tetrad Egk :

Eck = Ecs except (Eck )os= W_LMH , Ab-tensor Ab= A+ dAb perturbed half-antisymmetric background
r-<sin

AS00N0L(6)

0

, where r,(M) =Schwarzschild radius of the interacting matter M

Wedevelopinaseriesinr and ro and get in lowest order As00(r,6,r,) = , the 6-functions are

calculated numerically.

We derive the energy-momentum density tensor of the AK gravity in the form

24,2.2
P s

consistent (has the correct ro-dependence) with the Einstein power formulafor the gravitational waves of the
hc? r’ ( mm, jz
PZ I,05 m2 '

The lagrangian of the AK gravity is (chapter B8.2)

t,=D.A'D A hc(l;j , which isidentical to the corresponding expression in GR (chapter B7) and is

binary gravitational rotator P, =




=1 | H ) ' v A Has KKy 2 A M
L + = hc 4 Y ‘ 3 : (8 uh EA aK uv + 8#2/121(28 Zqu E 'A\Z,l/l H )
gr | =

+E, F, E%, FA"

Vil ey
curvature (field tensor) F,,“ =0, A" =0, A" + & xx, A, A" and A is generated by a scalar field @, with

the constraint @,¢@, = A . Thislagrangian is dimensionally renormalizable.
As A isgenerated by ascalar field, it is expected to be different in the quantum regime. We expect the quotient

o . . . _— .
—% ~10 asresults from the classical assessment of the ratio of the electrostatic and gravitational potential

a
13 ) Vv 2 17
for the electron and get for “quantum-A": A, = ﬂ,— =1.2*10"m
r

el gr

Ay =Agly ? =1.15*10° >>1 and we have avery strong coupling in the quantum AK-equations.

, with the spacetime

em

2 so dimensionless

In the quantum region of AK gravity r<r, = IP\/% = 31um we get for the energy normalized graviton wave

function Ag, (we demand that E(A,,) = 7ick) :

1/2

rg Al

(A, =Q, \/_\/_ (exp(-ik ® x) + exp(ik » X)) , where e, \/_

the gravitational fine structure constant and the photon-like wave function can be written

(Ay), =+Jag (A),” (chapter B8.4).

The covariant derivative of the AK gravity isthen

(D) =8, +(e,) v oy (A),"

where A is compl etely anal ogous to the photon wave function A. , and matrices (¢, )"« = &*ac a=0,1,2,3
and where the generators 72 =i g? satisfy the extended SU(2) Lie-algebra [72,7°] =i &**7° . Sothe
guantum AK gravity is afull-fledged quantum gauge theory with the extended SU(2) as the corresponding
Lie-algebra (chapter B1.1 , B8.4).
The propagator of the AK-gravity is the momentum-transform of the gravitational wave equation in analogy to
the electromagnetic wave equation:
i —1x)

D.(Asq?)=— =X

(AS.7) 121x2(q* +ig)
Based on these results, we can use for AK quantum gravity the full formalism of Feynman-diagrams of quantum
field theory.
We demonstrate this for the graviton-electron scattering cross-section in analogy to the Compton scattering
(photon-electron scattering). We get the result (chapter B8.6)

2 2

- O‘iij(l.ﬂm Ko 6,400+ . j 117

Ql

2

section o, = 0?12

with the reduced de-Broglie wavelength of the electron 2_ = h02 =0.38*10"m.
m.c

e

The overview of the chaptersin part B and their contentsis given below.

Chapter B2 describes the 4-dimensional AK equations and their properties.

Chapter B3 deals with the static solutions of the AK-equations, which yield the Schwarzschild, respectively the
Kerr metric solving the Einstein equations. At the horizon r=1 the metric has apeak , not asingularity , asin
GR.

In chapter B4 the resulting gravitational wave equation and its solution are described, and in subchapter B4.7 is
presented the compl ete half-analytic solution for the binary black hole.
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In B4.5 and B4.6 we present the spherical and planar gravitational waves.

In chapter B5 and 6 numerical solutions for special cases of the time-independent and of time-dependent
equations are discussed.

In chapter B7 the energy tensor of the Ashtekar-Kodama gravity is introduced.

In chapter B8 we present the quantum field version of the Ashtekar-K odama gravity and demonstrate the

caculation of cross-sections.

All derivations and calculations were carried out in Mathematica-programs, so the results can be considered
with high probability as error-free, the programs are cited in the literature index.

In the chapters B1-4, which deal with the solutions, every subchapter consists of a flow-diagram, which gives
the overview and atext part, which describes the corresponding program in detail and can be skipped at first
reading.
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Part A Quantum gravity
1. Motivation and problems

2. Classical mechanics and GR fundamentals

2.1. Lagrangian mechanics

2.2. Hamiltonian mechanics

2.3. Genera relativity

2.4. The concept of agraviton in GR and weak gravitational waves

3. Quantum field theory fundamentals
3.1. GR-Dirac formalism

3.2. The gauge group inQFT

3.3. Gravitationa scale

4. Semiclassical quantum gravity
5. Supersymmetry:quantum supergravity

6. The ADM-formulation (3+1 decomposition)
6.1. Hamiltonian form of the Einstein—Hilbert action

7. Canonical gravity with connections and loops (LQG)
7.1. Ashtekar variables

7.2. Discussion of the constraints

7.3. 3-dimensional Ashtekar-Kodama constraints

8. 4-dimensional Ashtekar-Kodama constraints

9. BF-theory

9.1. Palatini action as BF-theory

9.2. Plebanski action as BF-theory

9.3. From the Plebanski action to the Einstein-Hilbert action



7
Part B Ashtekar-K odama gravity

1. 4-dimensional Ashtekar-K odama equations and their properties
1.1. AK covariant derivative and its gauge group
1.2. Renormalizable Einstein-Hilbert action with the Ashtekar momentum A,

2. The basic equations
2.1 Theintegrability condition
2.2. Solvahility of static and time-dependent equations eqtoiv, egtoiev

3. Solutions of static equations

3.1. Solution limit A—0

3.1.1. The Gauss-Schwarzschild tetrad

3.2. Solution A # 0 with the half-logarithmic ansatz

3.2.2. Solvahility of the metric condition for the half-logarithmic solution
3.3. Behavior at Schwarzschild horizon

4. Solutions of time-dependent equations

4.1. The A-scaled wave ansatz for the A-tensor

4.2. Special wave solution A# 0

4.3. Wave eguation in Schwarzschild spacetime

4.3.1. Solutions of the gravitational wave equation

4.4. Gravitational wavesin General Relativity

4.5. Spherical gravitational wavesin AK-gravity

4.6. Planar gravitational wavesin AK-gravity

4.7. Wave equation in binary rotator spacetime

4.7.1. Wave equations for the binary gravitational rotator

4.7.2. Solution as a seriesin r-powers by comparison of coefficients
4.7.3. Solution of coef(1/r*) asaseriesinrg

4.7.4. Complete solution of the r-powers-series ansatz for ro=1

5. Numeric solutions of time-independent equations with coupling A=1
5.1. The metric in AK-gravity with coupling: no horizon and no singularity

6. Numeric solutions of time-independent equations with weak coupling and binary gravitational rotator
7. Energy tensor of the gravitational wave

8. Quantum AK-gravitation

8.1. Lagrangian of Hamiltonian equations

8.2. Lagrangian of remaining equations

8.3. Dirac lagrangian for the graviton

8.4. The graviton wave function and cross-sections
8.5. The graviton propagator

8.6. The gravitational Compton cross section

8.7. Therole of gravity in the objective collapse theory
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Part A Quantum gravity

Quantum field theory
Dy=0,—igA, Aux)= Af‘{.!c,‘li:"'.I
[Ta. Tb] - J'fab(,rc

L--1F

e e s 3D, -m )

B-F-theory
| Pleo _ J‘ abcd(B chl_%q)ijBabchdjj

. A
R — gt 4
?-me..z. / € dhed ( 5 A ,_b A e > &% A E_b MeS A ,_d)

v

4-dim Ashtekar-K odama
F, * =6HAK —6VAH’< +5”K1K2AHK1AK2
G" =0,E™+&"aA"E" 4cass

D, =E"VF, 4diffeo

A
K K
(uv) — F/Jv TS

H

pK . .
€ uup E”* 24 Hamiltonian

Genera Relativity

1
R;tv 5 gyv RO + Ag;tv = KT/:V

j(R 2A)/- gd*x

67T|

ADM 3+1 decomposition
NN — N 2 Ny
Guu = ( N, ab)
167G Sgn = / dt *r NVh(KaK® — K2+ GR —24)
M

= 167 (;abcdpabp“' %l’t B —2A)

16m(s * Hamiltonian

HE = —2Dyp,” diffeomorph
Ashtekar
_.'-]_:;_l (r) = ]__; (x) + .ffk-;[.f':l.
{A (), E® ()} =87Bl,°525,5(%, Y)

Ea ﬂ 0

u, OAY

DB 50 5 e o= FiEl ~ 05 g

| =95 F PR =0, I
Ha abk i =y 9 Hamiltonian

Ashtekar-K odama gravity

graviton tensor A"

gen. coordinates B

A->0 A" =const , GR valid except horizon

grwave: grwave-eq weg,( EY 6r3ElV)

A,"=quadrupole | > 2, E"" damped eXp(—4\F)
3

r<ry,=3um A#0QFT,D =05, —iA "

d=g,% [z2,7°] = iscabrc ext.SU(2) Lie-algebra

renormalizable lagrangian

1 K av X2 v 2 K P iy

-ZF, " F" -1 ‘(z: +E"0 & BT )

L =L +L =nd 4" 0Py + 8, A,
+E",F, "E*,F *

3-dim Ashtekar-Kodama i

YA = N exp(j:;l;dgxgabc tr(AaaaA: + % AaAbch]
g 5;1 523‘ (F 3/|\Pg""b°5/iqu’[A]:O

G, :aaEai-i-Sij A, E*¢ Gauss

D, =E° F,' diffeo

A
H(a,b)k :Fabk +§83bcEck Hamiltonian
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A1l. Motivation and problems

1. unification (successful StdModel)

-classical and quantum concepts (phase space versus Hilbert space, etc.) are most likely incompatible.
-semiclassical theory, where gravity stays classical but all other fields are quantum, has failed up to now
2. cosmology and black-holes

-initial big-bang state is a quantum state

- Hawking-Penrose black-holes are quantum objects

3. problem of time

-in quantum theory, timeis an external (absolute) element, not described by an operator (in special relativistic
qguantum field theory, the role of timeis played by the external Minkowski space-time).

-in GR, space-time is a dynamical (non-absolute) object

4. superposition principle

- in QM the fundamental equations are linear in the wave function and the operators, the solutions can be
combined additively(superposition principle)

- in GR the Einstein equations the Ricci-tensor is explicitly of order 2 in the metric g, and of additional

order 2 initsinverse g*”, the solutions cannot be combined linearly.
5. action and renormalization

The Einstein-Hilbert action has a dimensional interaction constant Zi , and therefore the action is
K

fundamentally non-renormalizable
6. In GR, there is no adequate description of gravitational waves. aspherical gravitational wave is ametric
oscillation, and satisfies the Einstein equation only for small amplitudes
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A2. Classical mechanics and GR fundamentals

2.1. Lagrangian mechanics

The non-relativistic Lagrangian for a system of particles can be defined by

-;p\l'r

1
L=T-V T_Egm‘*”%

Euler-Lagrange equations

aL .
L = Z (—aqj aaqj)
g , variational principle 6L =0

general formulation with parameters i ,..., 4, instead of time't

_Z“: A i oL 4
71| 9, ai 02y
axk
by partial integration and total differentiation for time:

ftchLdt i — 5q; fz oL d oL bq; dt
t dq; j! dq;  dt 9q, P

Lagrangian with constraints

C
= L(r].?r??"'?i‘l:ihiu"'?t} +Z‘:&3{t}ft{rk:t}
=1

Hamilton principle '

d 0L & Of:
ﬁLdt — e Ai—— | -0 dt =0
f,] Z::(an dtﬁrk+; ar) o
Eul er-Lagrange equations
oL d oL Z)‘ 6‘}2

ory. dt 31“;; —
2.2. Hamiltonian mechanics
Hamiltonian
pz
H=T+V , T=— , V=V(g
2m
Hamiltonian from Lagrangian
— L
Hamiltonian equations
M _ oM O o
dgi I Bp; ot ot
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2.3. General relativity

Equations

The Einstein field equations are Minkowski metric n=diag(-1,1,1,1) predominantly used in GR

uv

1
R, —EgWRJrAgW =Kl

where R, istheRicci tensor, Rthe Ricci curvature, k = 876

+ » T, Is the energy-momentum tensor, A isthe
C

cosmological constant
with the Christoffel symbols (second kind)

F/luv —E Ak ag’f# + agKv _ ag#"
ox” ox" ox*

2

and the Ricci tensor

_ M M pops _pops

uv ox” Ox? up = ov uv = op
The orbit equationsin vacuum (T,, =0) are:
2K u v
d“x L T* dx* dx 0

2> " da da x=0...3

with the usual setting A=t = proper time
For A=t we get for the line-clement ds=c dA= di and thereforetrivialy:

dx* dx"”
~1=0
9 47 da
The Kerr line element reads
rr 2rr.asin®o
—ds?={1-—————s  |(dt)? +| —=""""" |dtd
( r2+a200320j( ) (r2+azcoszej v

2 2 2
_(r 2+a cos f)drz—

r’—rri+a

rr.a®sin?o
rP+oa’+—=—"" " |sn’0dp?®—(r*+a?cos’0)\do*>
( r2+a200520j ¢ ( X )
2GM
where 1o =—
C
the dimension of adistance: [a]=[r] , and J is the angular momentum.
In the limit a—0 the Kerr line element becomes the standard Schwarzschild line element

2
—ds? = (1—£jczdt2 __ar

r r
r
Einstein-Hilbert action
Einstein-Hilbert action with boundary term and externa curvature K

isthe Schwarzschild radius, and a = Mic is the angular momentum radius (amr) , a has

—r?(do? +sin?0dop)

A
[ dir g (B —2A) — d—_H d*x VRE.
M 87l Jam

oA

167,

SgH =

the Einstein field equations are obtained,

, 1 8
{;u ¥ = Rul-’ - 39;”-’1? = T"ru IE "..Il".fllul-"
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2.4. The concept of agraviton in GR and weak gravitational waves
Mue = diag(—1,1,1,1) [13]

the Einstein equations in linear approximation yield the gravitational wave equation for f,,

o 4 ~f M J' 1
D.JT,I..:H = —167G {T,l..:z: - % j']"._“,T) N f,’.ﬂi-". = Ef o

—
T Do using the gauge condition
anal ogous to the el ectrodynamics wave equation
OA% = =477 with the Lorentz gauge dAY =0

Cph” =0) e, =0y

let us consider a plane wave, purely spatial and transverse (TT-gauge -
moving in the * 2! =7 direction

=t =k=w=>0k =k =0.

f.'--:zr = 2Re (E#::x{‘_iw(t_”)

there are 2 basic polarizations (not one, as for a spin=1 wave)

€204 = €3(€, ®ey —e, ®e;) .0, = eazley @ e: +e; Dey)

with circular right and left polarized states

(ep +ie,), ep= —ie, )

1 L,
ep = —= —(e
R V2ot
Under counterclockwise rotation by an angle 6, the circular polarization states transform according to

efh =e M . ef =effe.
, that isarotation by 260 with helicity =2 and +2
The corresponding left and right circularly polarized el ectromagnetic waves have helicity 1 and
—1, respectively.
The linearized gravity lagrangian for the above gravitational wave equation is

1
BT

lifw"o fgw_.cr — fre fmwt - fim'afcm,u

f " Nf.f" i + Ef.ﬂ:r Ufcrﬂ_ ,.;-} “HJTH::

the energy-momentum-tensor IS

ac
rn’-w’ = (}fa_.,” fcr:l H j?f-t:x-ﬂ-
v — .lrl.l' Jrl.l' 3
fc;:l ,l..:f Ly = ——— zi EQ'IJ‘EQ":T-
inTT-gauge t,, = 32 "L' “ Withthemeanvalue ' 16mG '
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A3. Quantum field theory fundamentals
3.1. GR-Dirac formalism

GR-Dirac formalism (i=c=1) [22]

__ A
Vudy = 3,4, +T% 4,
B _ v v kY
VuA" = 8,A" T4 A | o
GR covariant derivative
its commutator is the Riemann tensor

[Vp:vu]"!‘l = Rﬁuj_ﬂp

Rﬁu,\ = &I - aUI\ﬂl ~ e o + T T
Eﬂ Eﬂ —
thetetrad "+ uv

{r" ¥} =28""x)

. . yee®™ = pHix) .
the tetrad-Dirac matrices with the anti-commutator

the tetrad covariant derivative becomes

Pooab
'\7;.-,‘#3’ = (a,u, - Zw:; G'—ab)u} B |_ . ] .
where O'#V = 5 7/;1 Y, | are the Dirac o-matrices

and o the GR connection field in tetrad-expression
1 1
wjf’ = Ee"”(agef — 8.,&’3} + d—{e"‘”eba(ﬂg e, — ez ey — (@« b)
with these denominations the GR-Dirac equation becomes
(ihy*(x)V,—mc)y (X) = 0 and the GR-Dirac Lagrangian

Lo =9 (R-20) 4G (iner* (0V ey

2K
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3.2. Thegauge group inQFT
structure constants and the generator algebra of the gauge Lie group [22] with n = diag(1,—-1-1-1)

[ra’ Tb] — I-fabc_rc
we introduce the covariant derivative with the connection A, :
Dy =08, —1g4,  Au(x) = AL (x)r°
The fermion field y; transforms under the Lie algebra
g _ { =it (x)z"
Wi(x) — Q) (x) $ijx) = (e );'J'
then the covariant derivative transforms like y; under Q (is gauge-covariant):
(Du¥Y = By —igAly'
= Q8,¢ + (8¢ — iSALQ‘J’
= 0D,y

(Du¥Y _ QD,¥

in order to achieve this, y; and A, infinitesimally transform like
_ l be b

3A;1 = —§3#9“ + fareg Ai

dyr = —ightriy . . o
, Which results from the ansatz above for the covariant derivative
We define the field tensor F,,? from the commutator

F

i
py = E[D;&:Dv]

= a,u.Av - auApL - ‘.g[A;u Al

= (0,45 — 3,A% +gf ™ ALAT)T°

a a a abc b c
F. =0,A"-0,A +gf™A" A
The gauge field action becomes

§= f d*x (— %Tr FM,F“") = f d*x (—%Fij‘”‘”)

and the fermion action coupled to thefield is
S :fd4x Vi P — mypr
, where D =y“D,, isthe covariant “Dirac dagger”

the lagrangian

L =—%FwaFa‘” +;(IVK(W”D,1 -m )
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3.3. Gravitational scale
qniver%\[ scale: Planck-scale

=

Ip = L."IF—ET o 162 % 107 em,

[ | RS _
o |

h (He

mp ===\ G~ 218 % 107% g == 1.22 » 10" QeV /&
. 2 i
Tp = 2 2 141« 109 K,
kg
L] S o B
=P asx10 :
PP IFE . crm®

; ] —_ _—
Qp = '.,.-'mPfPf_P =+ Gmp = v ke,
P

e = \.‘.-'I'E':':_._-IP 0085 Q]:-

G"i‘.l‘ig 7T 2
Chg = —5& = (i) = 501 % 107,

fine structure constant of gravity he "E

mean gravity scale ry, = IP\/% =3.1*10°m=31um

mean gravity scale r, =/l \/% =3.1*10°m= 31um with the corresponding energy scale

* -34 1ok % 8
E, =c2M,, = ¢ _LOSTI0 IS STIOMIS ) 51649021 — 6,34+ 10 %ev
r 3.1*10°m

ar
A- energy scale

2 12,6 \V3 3,123 \3

£ - (M_Cj _ (M_C) - 15Mev
G |

with the corresponding length scale

| hc  1.05% 10 * 6.24*10"%eV * 3* 10°m

" E, 15* 10°eV

=1.31*10"m
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A4. Semiclassical quantum gravity

('nP.EJP + ﬂ) Wwiz) =0,
Dirac equation f with Minkowski metric n=diag(-1,1,1,1) used in quantum gravity
(ihy*o, —mc)y (X) =0 with A=1c=1: (iy*0, —my(X) =0 withy=diag(1,-1,-1,-1) used in QFT

1 1 H P- v = Pr:l'p+ If’:r'r" =2 o
with commutation relations for y* b7 =1 L m

[ R | _
'F;.:'Ev = B
SH = gp.p'__,u
oo rel
£, = &

now we introduce the tetrad (vierbein)
{r* ' =28

pret =) : :
and local (x-dependent) (X) with commutation relations

Dirac-matrices y*
with thislocal y* we formulate the covariant derivative

V¥ =@, - 0l ahy i
where o, = E[ya’}/b]

and the connection

1 . 1 .
W = — e (D00 — B0} + Ee“ﬂe‘*‘“(aﬂ.e; — B, — (@ — b)

(iy*V, —mhpr =0
the GR-Dirac equation is now
and the lagrangian

== SRR BT, mY
with € = detel, =/ —g.

L :%H(R—ZAH en?(ihc;/”vy - mcz)y
K

grD

For an observer, with linear acceleration a and angular velocity o :
anon-relativistic approximation with relativistic corrections is then obtained by the standard Foldy—

Wouthuysen transformation, decoupling the positive- and negative energy states. This leads to (writing S
the Schrédinger equation

) &]n.'.
At — Hewih
1 BT FWH

A A P 1
Ame* + —p” — p' + Am(a x) foax ik ) (_)
Hew= _( 2m- Smoc B ) —w(L+8) (znp 5 ]:r+_1 nglax pi ) i

Semiclassical Einstein equations

1 Bxls
R_p,,. - 55‘_,—_...-3?"‘&5‘;_.., = ".'I‘ll-{pl |"]:rl'-

o By
fim =-——V - 'I" 2F — : 2
‘Schrodi nger— Neawton equatl on’ ' it Em. W= m c WAD = AnGm|y|®

5 II: | q r y ﬁg III [ .'- f‘
iﬁ.—dﬂr |:.:-: ) ——Vi(x, ) — Gm® [ d%y —lt' Y, 5 Wr(x, t)
ot Zm ' [x—v

from original

=°)
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Ab. Supersymmetry:quantum supergravity

Supergravity (SUGRA) is a supersymmetric theory of gravity encompassing GR. [13]

Supersymmetry (SUSY) is a symmetry which mediates between bosons and fermions viaN generators.

the (N=1) simple SUGRA action is the sum of the Einstein—Hilbert action and the Rarita—Schwinger action for
the gravitino (spin 3/2),

1 1
S = — __fu (dete? ,.R+3f1.r R » S

167

P S S - .
. n det e™ = =7, g = 1779
withthetetrad € u | g :

Dy =8 — 1 w0,
GR covariant derivative and A=0

extended action
ct ab a A b d
sugra __ Hvpo c a c 4
S _—jg gabcd(Rw e, e —Eeu e e e jd X

C4

1 [ a. b 4
_ uvpo -
j (Zwyma "Dy, 4|Pwyy5yaybev e v, ld X

action Sis genera-covariant, Poincare-invariant and also SUSY -invariant under SUSY -transformations

fj(?::-l = E W Jltrfnﬂ?.:zlj'{'

1
Rl L
Wi = Tero re

which transform fermions into bosons and vice-versa

A special roleis played by N =8 SUGRA. As mentioned above, N = 8 is the maximal number of SUSY
generators.

The theory contains an irreducible multiplet that consists of massless states including the spin-2 graviton, eight
spin-3/2 gravitinos, 28 spin-1 states, 56 spin-1/2 states, and 70 spin-0 states.

The complete four-loop four-particle amplitude of N = 8 SUGRA. is ultraviolet finite.

This allows the speculation that the theory isfinite at al orders. If thiswere true, N = 8 SUGRA would be a
perturbatively consistent theory of quantum gravity.
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A6. The ADM-formulation (3+1 decomposition)
Arnowitt, Deser, Misner 1962

Foligtion M = R(t) x Z(X,)

space—time metric g,, nduces a three-dimensional metric on each ¥, according to
by = Qe + i, (4.39)
where n, denotes again the unit normal to X, with n*n, = -1

one can decompose t* into its components normal and tangential to X

L L T ) )
' Nnf + N , Nisthe lapse and N the shift vector
. 1
N = —ttn,, © oVt
we can write ' s0
the four-metric can be decomposed into spatial and temporal components,

Jﬂ.,_.'a Ne _ _.-1.,_.'2 _.-1.,_.'&
e = N how |

s

theinverseis

1 N
”f-ﬂ — E-".f-lfi-"”:-r e (._."' _._."

b -
h*hy. = 62

h® isthe inverse of the three-metric and

- _h e
By =1,V oo is the embedding (external) curvature of X(x3)
its spatial version Ky, can be interpreted as the' velocity’ associated with hy, .

K = f{q“ =h*K_,=:0
itstrace

- 1 ¢
-[ria,b = == Jri!a,.'_-,. — -Da-'ﬂ"'rb- — _Db_."ﬁ."a
Kap can be written as 2N ( )

6.1. Hamiltonian form of the Einstein—Hilbert action
The ‘ space-time component’ Gjo of the Einstein equations reads expressed in embedding curvature

K?— K K+ BRp =0,
DyK*® — DK =0.

_ 1, nm - ik
.D.;_,: == t],'.t — E \A.,-“ I‘:Tﬂ_ﬂ-l ';"I"'Ia.z_;i — F.ii_;l t?a

with the covariant derivative " connection

these constraints for " =t Kea)

on aboundary 2 determine uniquely the solutions of the Einstein equations
interconnection theorems ( Kucha™r 1981 ):

1. If the constraints are valid on an initial hypersurface and if the dynamical evolution equations G4, = O (pure
gpatia components of the vacuum Einstein equations) on space-time hold, the constraints hold on every
hypersurface. Together, one then has all ten Einstein equations.

2. If the constraints hold on every hypersurface, the equations Gz, = 0 hold on space-time.

In electrodynamics, for comparison, one has to specify A and E on X satisfying the constraint Gauss's law
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VE=0.
One then gets in space-time a solution of Maxwell’ s equations that is unique up to gauge transformation.

v — i = N \./E
For the volume element we get
The reformul ated Einstein-Hilbert action becomes the ADM action after Arnowitt, Deser, Misner 1962:

167G Sgy — f dt Az NvVh(KK® — K2+ BIR —24)
M
= / dt d®z N (Ga’bc‘iﬁ_gﬁﬁ_ed + \/ﬂ[ (B — 23_-'1]) ,
M

87l,° _81G

. , 167G = 2xc*, where G*™K LK, =K K® —K?
C C

here x =

) h
Gebed = ‘”f—PUa"'Ch + h*?h* — 2Rr*"heT)
2 (DeWitt-metric)

We get for the spatial metric hay, and the canonical spatial momenta p™
aLe Vi
ab rabeod ab -pab
= — G KL K* — K}
b= i, T T6nG = TonG | )
and for the action
. R . Jr ( I:E:IR - '2_"1\ .
HE = 16FCGN G pgp™op°d — N ﬁl‘ 9N, (D ™)
16wy :
16mG Spg = / dt 3z (p"'bfaa{, — NHT — _-""."‘"’HE)
where
i f
HE = 167G Gapeap™p™ — Vi (R —24)
167G Hamiltonian constraint
) = —" A & - - .
Ho = —2Dwp, diffeomorphism constraint
Variation with respect to the Lagrange multipliers N and N? yields the constraints
L h
'Hf_ = 167 {’_w'a.g,cdp“&jfd 1:: (IR — 2, Aj=0

HE = — ';'.'_D.bp : ~=
4 pdegs 2. order in r, 6 for 6 symmetric ha” and 6 symmetric ps’
If non-gravitational fields are coupled, the constraints acquire extraterms.

2G ot " = 16mGT ,ntn" = 16mGp.

ab _ocd V/]r_

H, = 167G Gy )
L= T Habedl ] 161G "

with the energy density o =T,,,n*n’

(IR — 2A) + VRp = 0.
Hamiltonian constraint

Ho = —2Dpp + VRI, =0, _ .
diffeomorphism constraint with external current

Ja = h a,“ T.'.n:z.r ”fy

where . isthe gravitational Poynting vector
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A7. Canonical gravity with connectionsand loops (LQG)

7.1. Ashtekar variables
definition of the (inverse) triad g®

=€€. e, = —n,=Nt,

E? istheinverse densitized triad Eg(x) = Vh(z)et(r), VI = |det(ef, ).

- Ki(z) = Kup(r)e™(z), _ | .
the extrinsic curvature IS the canonical conjugate to E;

K

KisEn — Bab s piapiv) _ Bab (500 | pavgy)

2vh 2V h
h o, . . o
= —_£ {fi‘“{’ - K h‘“&} Shoy = —8TGp®P8h,, . .
2 with 87G = kc
_ . Gi(r) = e K (x) EF (x) = 0,
resulting Gauss constraint Gi(2) kel )
. N . vt = i'.‘it"f? .- Dat'i = 0, i'-‘i + ‘.‘"‘:aij?lj y
the covariant derivative for avector field C s
wr. =Tk ek 1= efel il — elel Gaet
with the GR connection IR \here ’ I 77 srethe Christoffel
symbols (Levi-Civita connection)
D,ei =0, _
thetriad is covariant consistent : ~ © © ' in analogy to Daftpe =0
Parallel transport is defined by
Qe = —wf it Th— —dwpd®, S —Thde®, 4 — diaut
the Riemann curvature components are
R, = 201 + €, N1
R eb =0, Rle] = —Ri e Fetel = — R}, e%e™.

with the Riemann scalar
the generalized impulse was introduced by Ashtekar 1986:

i i _..".:.-r_\'- — -'::,.-_\-. Il.j-. -3 _-.\.'I
Ashtekar variables Az (X) Aa(z) =T (x) + 8K (),
parameter

A, and Ey are canonically conjugate
{A(X),E® (y)} = 87BI1,°525,5 (%, )
{A(0), A ()} =0

with dimension [A.]= 1/cm, B Barbero-Immirzi

| i B o
i.e. wecan replace E; by the operator Eo = - SAR
p |

7.2. Discussion of the constraints
: i =k
Gauss constraints G, = aaEia +8ijkAaJE . DaEia =0
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field strength tensor Fi = 5aA\i) —abAia + SijkAiAﬁ

i } .‘l_;'.K'F
H = _:E—“Eﬂ@gb

2 /[detEy| m| 31(4 —r)(y F‘)NO

Hamiltonian constraint
=-] Lorentzian , o=/ Euclidean

i
diffeomorphism Ho = Fo B = 0.

for ﬁzzz«/—_l

in the Lorentzian case

roni o H) =€ ERED =0,
the Hamiltonian constraint simplifies L abk=45 =4

5 pdegs order 1 inr, ® non-linear (quadratic) for 6 symmetric E% and 6 symmetric A%

7.3. 3-dimensional Ashtekar-K odama constraints

bf A - e
We construct a theory based on the densitized inverse tetrad E3(y) and the connection Aalx) with the
commutator
[4a(x), 7 (»)] = —8l5"0,00(x.y)f  where & = 8’;‘ _8C 4G =gl
o c’
. T A]
the operators act on the wave functional
Al (x)T[A] = AL (x)T[A]
5 &P[A] - 2 3 ,B
E°(»)¥[A4] = -8l 23— E°(Y)Y[A] = -871," == ¢"™F_
where A = 871,°A
A
: “oAL
the Gauss constraint becomes “
L 0
oA,

the diffeomorphism constraint becomes
and the Hamiltonian constraint with A=0 and f=1= \/—_1
2
dAL0A;
In the case of vacuum gravity with A#0, an exact formal solution in the connection representation was found by
Kodama 1990.

-
€77 Frab

The Hamiltonian constraint becomes for f=1=v—1
gijkiii- Fa — A € abe 5|< PIA] =
SA. A 3, oA

with the global wave function

P[A] = N exp[%jd&gab" tr[AaaaAc +%AaAbchj
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c 1 1
GhA 8zl .°A A
derived from the Chern-Simons action
1

SlAl = [d'xe ™ 1| AGA +SAAA |

z
€ o —EF
abc 5Ack A kab
results from the variation of the Chern-Simons covariant Lagrangian

Lo, =& (AZ&VAM Y 3AZlAZZAZ3)

3 KK oK

Olcs
SA °

P
The resulting constraints are [4] [5]
3 Gauss congtraints G, =0,E% +¢,“ A,'E%

_ oPVA
=& Fvio-

3 diffeomorphism constraints D, =E" F,,

3*3=9 Hamiltonian constraint H,,"“ =F,," + %gathc"

alltogether 15 pdeqs order 1 inr, 8 nonlinear (quadratic in E& and A

a
[ ]

cubicin both) , for 9 E% and 9 A3
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A8. 4-dimensional Ashtekar-Kodama constraints

We can transform the 3-dimensiona Ashtekar-Kodama equations uniquely into the 4-dimensional relativistic
form by generalizing the e-tensor from 3 spatial indices (1,2,3) to 4 spacetime indices (0,1,2,3), which is
mathematically uniquely and well-defined.

with 16 variables E" : inverse densitized triad of the metric g,,,

with 16 variables A," connection tensor

spatia spacetime curvature (field tensor) F,," =0 , A" =0, A" +& ", A" A
4 Gauss condtraints G* =0, E™ +&*«A"E" (covariant derivative of E*" vanishes)

4 diffeomorphism constraints |, =E*, F, "

— : « e A «
24 Hamiltonian constraints H , ;" =F,, +§g#vap

The expression (i, v) intheindex of H meansthat only pairs (u,v) where u=v in thefirst index yield different
constraints, astheright side is antisymmetric in (u,v) , that resultsin 6* 4=24 Hamiltonian constraints.

So we have 32 partia differential equations of degree 1, nonlinear (quadratic in E* and A" , cubic in both) in
{t, r, 0} for 32 variables, with the Eg"" =tetrad(g,,) boundary condition (r—) for E*" .
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A9. BF-theory
9.1. Palatini action as BF-theory

1 c*
Palatini action (Durka) (in the following the constant factor in the action o = 167G is skipped)
l I | abed .Elll!n. . o
5= Bdm & / ¢ Te J[RM“"‘:I"EP‘L’EUJ_EEJ.-:.;:E.:JDEP_'EU;E-JEM 7

Riemann tensor expressed by the GR connection oouab

al : al : al a C a e a ) a c
RM““-" — d”{-l.i'_p J—d_-,;-il.i'“ J+{J-i|“_ o] {-l.i'_-,; ! _w“ e {J-?H_ : R ] - {I-{-IJ '_;+{-l.f _-.-"-‘-.{-l.i' b

and tetrad derivatives

Tw' =D, e "—D. e, T = D"e" =de“"4+w ' ne’
a a a a a a bc d

T, =D,e"-D,e, D.e"=0,6" +&wa, €,

with the covariant derivative

Lesaeini[e,w] = /ll,_.h:;- A RF
¥ Vey 1.88

ir_ 1 kor _
I.I] = T8 TKLE, By Ll]n:lf.{ — ef E‘!é
*u Hodge- transformed w2 U= W=ty g

Faama J“.
JPalatini f £ abed (Et& Aedp B + Ft‘.& Aed met A Efd)

[5(35)] Lorentzian case
F.l@)=do+oro [14] ,

where w= (»,)® isamatrix-vector and Fu= (F#v)ab isamatrix-matrix or 4-degree-tensor
explicitly:

ab ab ab ab b
F. 0 (0,%)=do® +0® ro®=0,0,"-0,0," +0,"0,” -0, 0,
ab ab ab
F®(®)=R,
eom’s of Palatini action:

b

5' Pal ":"'Etn M EIB = U

. ab ab
=Ve* n e . solution A™ = o

where © 1s the SO(4) spin connection

corresponding derived Einstein equations

a

5eu

abed (€7 N P4+ Ae® A eP A e N e?) =0,
9.2. Plebanski action as BF-theory
origina Lorentzian Plebanski action Smolin [5] (26)

) ?[Bi A F — %C-':;.B‘ M B:"
| Plebansid— where 1 = +/—1 and ¢ij generates the cosmological constant

31 - 1
we add a Chern-Simons boundary term to the action Scs[A] = Tjdaxgab tr(AaabA\: +§ Aapbpkj
2

to enforce on theboundary F* = _% B
explicitly:
Pleb 4, . abcd i 1 o) 300 s an 1
I :zJ.d Xé& B, Fodi—E(Pi,-Bab B +7J'd xe®tr AaabACJrgAanA:
2
t.":’:'i = —A\; t,-':’|:'_;i| =1

theeom’'s are



Pleb

=2:%7(5 B, +¢,.A By

ipc " p

weget asolution ;= _EG Fi= _ng
and

if we set B equal to the self-dual tetrad field, we get By, = &, E°

Fabi — _AgabcECi

and finaly , which gives the Hamiltonian Ashtekar-K odama constraint
0=DAB=D,E?
the first eom becomes for spatial indices and by generalization for covariant 4 indices,
which gives the Gaussian constraint.
The Palatini action can be derived from the more general Plebanski action, setting
=-A Babi :eijkeajeok
and

9.3. From the Plebanski action to the Einstein-Hilbert action
the general ansatz for the Plebanski action is

ij

. o1 o LA - .
SI:_B,LU.LI:'J:I = [BIJ A Ffl_rl:-'_v';l — grfJJrJ;.l'L Bf'} A BhL _E (EEJ’.H{L + p ‘f'f.f.h'f.-) B n BEE,

From the resulting eom’s one get the new action with a parameter y=1/p , where B is the Immirzi parameter.

&L

Sle,w) = /[} +y)el el AFr—2e(AM14+~4% 4 2uy) .

: J J
and * isthe Hodge-operator * €,” = & % €,

is the “anisymmetrized tetrad” and
1

a.b_c_d
e__gabcdgywdey ev eK e/l

24

with the cosmological constant A=A1+77)+ 2ur.

Sle) = /'EIZIR —2A)+ve- R R
) . ) L e-R=&“PR,, o
¢ © HP7 =0 due to the Bianchi identity

we get the action and

el , SO we get the Einstein-Hilbert action with a cosmological constant
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Part B Ashtekar-K odama gravity

4-dimensional Kodama-Ashtekar equations
16 variables E*" : inverse densitized triad of the metric g,
16 variables A," connection tensor

spatial spacetime curvature F,* =0, ,A" =0, A" +& e, A" A"
4 Gauss constraints G* =0 E™+&*wA“E”

4 diffeomorphism constraints |, =E*, F, "

24 Hamiltonian constraints H

A
Ko K el pK
_va + quva

(1)

AK covariant derivative and its gauge group
- 8#tvl + & en, A#"ltv’f2
left spin-1/2 representation of the Lorentz-algebra with 4 generators
=T'i=123
=T +TH (T +TH+ T +T7°%

[TK’TA] Iglc/’Lu u

4 extended generators ©i satisfy the extended SU(2) commutator algebra with spacetime indices{0,1,2,3}

Renor malizable Einstein-Hilbert action with the Ashtekar momentum A,
Einstein-Hilbert action

j(R 2A)y/= gd“x ,K:S”'Pz

" 167 2 he
11-11
half-asymmetric background Av_ 1|11 1
P e N P
11-11

reformulated Einstein-Hilbert action with A=0

S_—J.(Aj A")Ry- gd*x isdimensionally renormalizable

variation with respect to g, yieldsthe Einstein equation as before

Ai LIINIX: )R\/_——16 Q,'TJ-g

This is =0 in the classical region, so the eom is satisfied.
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Solutions of static equations

Solution limit A—0 :

A-tensor becomes a constant half-antisymmetric background Apgy intheform

AO, = A0Oc{1,1,-1,1} , AL, = A10c{1,1-1,1} ,A2 = A20c{1,1,-1,1} ,A3 = A30c{1,1,-1,1}
E-tensor is the Gauss-Schwarzschild tetrad Egs, satisfying gaussian equations

69 E2v
T +
the metric generated by Egs is the Schwarzschild metric and the Einstein equations are satisfied

0.E™ =0, and the metric condition for all r>1 EnE'= g™ /(-det(g))¥*

Solution A # 0 with the half-logarithmic ansatz
solution Ein (rin, 6) , rm= 0+log(r)

_ Cuw Cay Ay (1) Cyq A, (1)
Et)lj(rvg)_iEhj(rth)+z L Abok(rth)AbSI(rth)+Z L exp(rth—9)+z L exp(r, —0)

+ Z%d Ay (1) Aby " (1, ) (1, — 0) + ZCiLkl Ay, " (1) Aby (1, ) (1, — 0)
metric condition: half-logarithmic Schwarzschild metric

Behavior at Schwar zschild horizon
Schwarzschild tetrad diverges

E 0,0 — 1
©  rJr—1sin¥4(0)

— o0, SO theterm %E“V becomes significant
1
Al/4 Sin3/4(0)
gravitational limit for the quantum realm becomes r = i \F =3.1¥*10"°m=31um
A

objective collapse theory links the spontaneous collapse of the wave function to quantum gravitation, this
puts the limit for quantum behavior at r <r

, the peak inthe metricis g, = L

ar=1+d , dr=+A ,i.e E00®)= =
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Solutions of time-dependent equations

A-scaled wave ansatz

v

14 \4 AS H
A" =Ab +A rﬂ exp(—i k(r —t))

Es*”
r

E® = Eb* +—— exp(—i k(r —t))

Wave equation in Schwar zschild spacetime: solutions

solution Ix=0 spherical wave: incoming wave, only zero solution
solution Ix=1 dipole wave: divergent, only zero soltion

solution Ix=2 quadrupole wave:

ar

-the E-tensor is exponentially damped with exp(— Tg,r)

-the A-tensor components AsO and Asl are pure quadrupole waves, As2 is alinearly damped quadrupole

wave,
As3 is exponentially damped with exp(— %)

e

Spherical waves

A-scaled wave ansatz
dAb ”

ASV
APV: r“ + A r" exp(—i k(r —t))

E* = Ebaw™ (r,0) +

dEb*” (6 Es* Er* ,
T ){ —+— jexp(—nk(r—t»

egtoiev — static & wave-equations
egtoievnu3b(dAb,dEb)
egtoievnu3w(As,Es,Er,dADb)

wave component relations

Es,=0=Es, ,Es, =3 k(As, - As + As,) ,Es, = -3 k As,
As,=(As,— As, + As)), free param. As; ={As;, As;, As,}
solution at infinity

dAb,, ={dAb,,dAb,;,dAb,,,dAb,,,dAD,;}

dAb,, = dAb,, (As,)

dEb,, (6) ={dEb,,,dEDb,,,dEb,,,dED,,,dEb,,,dEb,,,dEb,;}
dEb,, = dEb_, (As,,sin(0))
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Planar waves:

A-scaled wave ansatz
Alv = dAbHV + AASHV exp(—i k(x—1))

uv
E* = Ebew™ (X,0) + %Jr Es*” exp(—i k(x —1))
X

eqtoiev — static & wave-equations
eqgtoievnu3b(dAb,dEb)

egtoievnu3w(As,Es, dAb)

wave component relations

Es,=0=Es, ,Es, =3 k(As, - As + As,) ,Es, = -3 k As,
As, =(As, - As, + As,), free param. As, ={As,, As, As;}
solution at infinity

dAb, = dAb (As,)

dEbsoF{dEboo, dEb]_l, dEblz, dEb]_g}

dEbsol = dEbsol (ASO)

Wave forms
wave form planar wave in x-direction
As, 0
0
As= S Es= ,
0 Es, =3 k(As,— As + As))
0 Es,=-3 kAs,

tetrad Es has only transversal components (2,3) = (60,¢) =(z,Y)
metric wave has also only transversal components

EseneEs'=gs

S_(o o)

$=o os,

9%2:( Es,’ EswEsg]:( As/’ —(ASO—A%)Z/ZJ
Es,eEs, Es/’ - (A - As ) /2 - As,]

gauge cond. 2As, e (As, + As,— As ) +(As, - As ) =0
I.e. gs has the normal form of a GR metric wave
gs satisfies the linearized Einstein equations
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Reflection and absor ption of gravitational waves

r(M)
2r

at matter boundary the relative potential changes @ ~ —% S D=D+5D 5D =-—

r,(M) =Schwarzschild radius of the interacting matter M

k has ajump &k : with PR AU

\/Zros , k 2rs
so the reflected and absorbed amplitude ratio is approximately
%:%:rs(M) 5Aa: r,(M)
A k 2r, T A r

Wave equation in binary rotator spacetime

bgr described by Kerr spacetimewith o = %
0
eqtoiev A-scaled wave ansatz,
backgrund equation eqtoeivnu3b=egtoiv
standard solution:
Eb-tensor= the Kerr-Schwarzschild-tetrad Exs :
Ab-tensor Ab= A+ dAb perturbed half-antisymmetric background

wave equation eqgtoievnu3wdA = egtoievnu3wdA(As, Es, o , k)
solution of wave equation of bgr as a series in r-powers by comparison of coefficients

result: free parameter AsOO(r,0,r,) = AS0On01 + ...

0

Asl~As0, {As2,4s3}=0(1/r*), Es2= O(1/ r?), {EsO,EsL,Es3}=O(1/r) function(AsOOn01)

Numerical solutions

static eqtoiv with full coupling (4=1):
Ritz-Galerkin method with trigonometric polynomialsin 6
metric in AK-gravity with coupling: no horizon and no singularity

time-dependent eqtoiev with weak coupling (4=0.001) and binary gravitationa rotator (bgr) with ro=1
Ritz-Galerkin method with trigonometric polynomialsin ¢
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gravitational Ashtekar-K odama energy

AK grav. wave energy density t,, = DKAJKDAAAW{%}
r

IP s

GR t,, = ™ |2 Hkv( M“|e*|j

2
Einstein power formulafor bgr Por = he 5 r_s(ml j
21,7 1, m?

2
power AK-gravity for bgr P, = k,*As,,’ 47 hic (ﬁj

fn 1o _mm.m, _m
result: A —= with f_ =—T
RN o m

L agrangian of AK-gravitation

electrodynamics: Maxwell lagrangian L., = _% F, F*

diffeomorph lagrangian L, = .cC,C* = hcE™\, F, "E",, F*"

Vil oy
hamiltonian lagrangian L,, = —hc(% o F™e + ")A% (e"wEMO A, +e,, e ET A A )j

the complete AK lagrangian isthen

1 K v (ﬁ(p K v 7 K1Kp Ap 2
L Lol opd 2P F B E AL ey s BT A TALN)
g~ —H =
+E", F "EM, F A

Hicy

where 4 is generated by a scalar field ¢,
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B1. 4-dimensional Ashtekar-Kodama equations and their properties

We can transform the 3-dimensiona Ashtekar-Kodama equations uniquely into the 4-dimensional relativistic
form by generalizing the e-tensor from 3 spatial indices (1,2,3) to 4 spacetime indices (0,1,2,3), which is
mathematically uniquely and well-defined.

with 16 variables E" : inverse densitized triad of the metric g,,,

with 16 variables A," connection tensor

spacetime curvature tensor (fieldtensor) F,“ =0, A" =0, A" + & e, A A
4 Gauss condtraints G* =0, E™ +&*«A"E" (covariant derivative of E*" vanishes)

4 diffeomorphism constraints |, =E*, F, "

— : « e A «
24 Hamiltonian constraints H , ;" =F,, +§g#vap

The expression (i, v) intheindex of H meansthat only pairs (u,v) where u=v in thefirst index yield different
constraints, astheright side is antisymmetric in (u,v) , that resultsin 6* 4=24 Hamiltonian constraints.

So we have 32 partia differential equations of degree 1, nonlinear (quadratic in E* and A" , cubic in both) in
{t, r, 0} for 32 variables, with the Eg"" =tetrad(g,,) boundary condition (r—) for E*" .

E4" isthe solution of the original defining densitized tetrad equation E““E".= g*" /(- det(g))¥* orin
matrix-notation for d=4: En E'= g™ /(- det(g))¥* with the Lorentz signaturen = —diag(L,-1-1,-1) , whichis
generalized from the densitized triad equation for d=3: En E'= g~ /(-det(g)) with the scaling behavior

1

and
det(g)*

det(E)= Asis easily shown, the densitized tetrad has the same scaling behavior det(E )=

1
det(g)® -

for the scaling transformation with a scalar o g - a g follows E — Ez for both d=3 and d=4 .
a

For the (normalized with r&=1) Schwarzschild metric in spherical coordinates

1 1

——di 1-Z| - = 2 _r24n?
9. |ag[ rj[ 1j,r,rsme
1-=
r

the diagonal tetrad solution is

(Ex)" =diag( : 2 : = ]

Jr—1rsin@)¥* r2sin@)¥*’ r*2sin@)**’ r"’?sin(0)**

but, as the tetrad equation has 10 equations for 16 variables, there are 6 degrees of freedom (dof) left.

So we can enforce in addition the validity of the Gauss constraint: this can be achieved, and the solution
(Ecs)"” can be calculated in ahaf-analytical form.
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1.1. AK covariant derivative and its gauge group

Here the covariant derivative (of the SO(3) group as gauge group) acting on atensor t™ is
D#tv/1 = autv/1 + glKﬂQA KltVKz (Du)l’( = au + glw{ AlKl

u

K A A
Whel’e F,uv _[Du ’Dv ]

D,=0,-iA°T" ,where 7% =ig,", satisfy theextended SU(2) Lie-algebra
[T2,7°]=ie™7°

2
& %2 grethe dructure constants of the extended U(2) Lie-algebra

A well-known representation of this extended SU(2) Lie-algebra are the following 4x4 martices
r,=T'i=123

=T +TH-(T2+TH)+(T°+T7

The T,,T_ arecombinations of the 6 generators of the Lorentz group:

T.* :%(Jk +K)

of the 3 spatial rotators J* and the 3 boosts K* , which are 4x4 matrices derived from the 4-tensor generator

(M) o =—i(n*"s," —n"s8." ), J* =%s”kM” , K¥ =M% where 7 isthe Minkowski metric , e.g.

000 O 0100
Ji_y»_i0 00 Ckime_jt 000
000 -1 0000
001 0 0000

The T are the generators of the left spin-1/2 representation of the Lorentz-algebra SO(1,3) and T arethe
generators of the right spin-1/2 representation of the Lorentz-algebra SO(1,3),

the 3 generators 7' satisfy with spatial indicesi=1,2,3 : the ordinary SU(2) algebra
['|'+',T+‘]: igijka lT_',T_’J: igijkT_k l‘|'+i,T_jJ: 0
and the 4 extended generators t* satisfy the extended SU(2) algebra with spacetime indices u={0,1,2,3}

[TK ’Tl] = igK/'LuTu )
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1.2. Renormalizable Einstein-Hilbert action with the Ashtekar momentum A’

semiclassical Einstein equations

: '“...e|‘I‘

R.:l- - l,fnl.nl-R + -"1|'-fl'.||- = SF;:H {
‘ (Kiefer 1.37)

2

Einstein-Hilbert action

1
Szﬁ-/Rv—gd‘ix k= 87Gec ™ * 87T|P2

= S= R,-gd th lambd
K - 16ﬂl‘f\/_xmama.
j(R 2A)/- gd*x
67T|
11-11
. v 1734111 o,
setting A, = 1111 = IPQ“
11-11

(constant background in the Ashtekar-K odama equations) , one can reformulate the Einstein-Hilbert action with
A=0

S_—J.(Aj A")Ry-gd*x , which makesit dimensionally renormalizable , with the dimensionless

interaction constant g, =— . Variation with respect to g,, yieldsthen, asbefore, the Einstein equations:
T

1 . T
R, — > g,,R=xT, or equivalent R, = K(TW —5 gwj
From this we derive with A=0:

Vi T Vi
R=g"R, :K(T—Eg e

Now, variation with respect to A" givesthe Ieft side of the equation-of-motion (eom)

Z (A" AR/ g =-"C2A" T - g =-161,0,'T |-

The above expression is calculated as usually, dimensionless, with correct dimension we have
6 hc
(Ay A"YRY- _—16 Q, Ty~

ThlS is =0 in the classical region, so the eom is satisfied.

le . f=5.3* 10" for r<=3km (Schwarzschild of sun)
rS

It isinteresting to assess the dimensionless factor f, =

E
which is about theratio f ., = Egr ~10™ of the gravitational and electrodynamic interaction strength

em
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B2. The basic equations

AK equations

24 hamiltonian scheme Ae® A+ 0A+(A/3)E
4 gaussian scheme A®E+ OE

4 diffeomorphism scheme Ee Ae A+ E®0A
coordinates {t, r, 6}

derivatives order 1: 0;, Oy, O

egtocv static
derivatives order 1: &, , Og

rvars= A2i,E1i;

thvars=A11i,E21;

integrability cond.
—>

rthvars=A0i,A31;

avars=E@i,E3i;

egtocev time-dependent
derivatives order 1: 0;, Or , O

tvars= Ali,A2i,A31;E0i;
rvars= A2i,E1ij;

thvars=A1i,E21i;

eqtoiv static
derivatives order 1: O, , O

-. —;_a:_—:;le

rthvars=A0i,A31i,E31,E01;

24 hamiltonian AeA+ AeJA+
(A/3) (CE+E) or AeA+ OA+(A/3)E
4 gaussian AeE+ OE
4 diffeomorphism AeAeE+ EeCA

integrability cond.

rthvars=A01,A31;

avars=E31; «

—»

eqgtoiev time-dependent
derivatives order 1: &;, Or , Og

tvars= A1,A2,A3,EQ,E2;

rvars= A2, E1;
thvars=A1;
rthvars=A@8,A3,E0,E2;

avars=E3;

24 hamiltohian AeA+ AeOA+

(A/3)( OE+E) or A®A+ A®dA+A/3)OE

or AeA+ O0A+(A/3)E
4 gaussian AeE+ OE
4 diffeomorphism AeAeE+ Ee0A
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The Ashtekar-K odama equations (AKe) consist of
24 hamiltonian equations with the expression scheme A® A+ 0A+(A/3)E
4 gaussian equations with the expression scheme Ae®E+ OE
4 diffeomorphism equations with the expression scheme Ee Ae A+ E®0A
where ® represents multiplicative terms and 0 means derivatives for covariant coordinates, here the spherical
coordinates spacetime {t, r, 6, ¢}
u 1 1

0" =00, rag’ rsin@a"’)
We consider here only spacetimes with axial symmetry , i.e. d, =0 andthevariablesE"" and A,” are
functions of {t, r, 0}
2.1. Theintegrability conditions
In the static (time-independent) AKe equations eql..4 and eq13..16 contain resp. 6;A0i and GpAQi asthe only
derivative, also eq9..12 and eq17..20 contain resp. dpA3i and 6,A3i astheonly derivative.
Therefore we have to impose integrability conditions 0y ;A0i = &, 0pA0i and Oy 6:A31 = 0 OA3i .
This changes the expression scheme for in eq9..12, eql13..16 : AeA+ AeJA+(A/3)( OE+E)
Accordingly in the time-dependent AKe equations eq9..12 and eg21..24 are transformed.
Equations with integrability condition static (6;=0): egtoiv
Equations with integrability condition time-dependent: egtoiev

{+ eqtocv;

thvars=A11i,E21;

thvars=A01,A31;
ava E@i,E31
eqtoiv;
ars= A2i,E1i

thvars=A1i,E21i;

rthvars=A0i,A3i,E31,E01;

avars={}; changed eq9...12: no single DthA3, instead Dr, Dth all;
changed eq13...16: no single DthA®, instead Dr, Dth all
« eqtocev;
tvars= Ali,A2i,A3i;E0i;

rvars= A2i,E1i;
thvars=A1i,E21;
rthvars=A01i,A31;
avars=E31i; «)

(* eqtoiev;

tvars= Al,A2,A3,E0,E2;

rvars= A2, E1j
thvars=A1;
rthvars=A8,A3,E0,E2;

avars=E3;

The static equations egtoiv are 32 pdeq’s of first order inr, 6, quadratic in the variablesE*" and A,” inthe 24
hamiltonian equations and 4 gaussian equations and cubic in the variablesE*” and A,” inthelast 4
diffeomorphism equations.

The row-variablesin the A- tensor and the E-tensor have different derivative behavior:

A2, and E1; are purer-variables (only o, derivative present), AL and E2; are pure 6 -variables (only 0y
derivative present), (AOQ; , EG; , A3, E3; ) are r- 0 -variables (both J; derivative and 0y derivative present) .
The time-dependent equations egtoiev are 32 pdeq's of first orderint, r, 8, quadratic in the variables E*Y and
A, inthe 24 hamiltonian equations and 4 Gaussian equations and cubic in the variables E*Y and A,” inthe
last 4 diffeomorphism equations.

Here A2, and E1; arer-variables , Al; are 6 -variables , (AQ;, EQ; , A3, E2 ) are r- 0 -variables , (Ali , A2 ,
A3 ,EQ ,E2 )are t—variables (6; derivative present) and E3; areagebraic variables (no derivative
present) .

The overall scheme of the static equations egtoiv becomes

24 hamiltonian AeA+ AeJA+(A/3)( OE+E) or AeA+ 0A+(A/3)E

4 gaussian AeE+ OE
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4 diffeomorphism AeAeE+ Ee0A

The overall scheme of the static equations egtoiev becomes

24 hamiltonian AeA+ Ae0A+(A/3)( OE+E) or AeA+ AeJA+(A/3)0E or AeA+ 0A+(A/3)E
4 gaussian A®E+ OE

4 diffeomorphism AeAeE+ Ee0A

2.2. Solvability of static and time-dependent equations eqtoiv, eqtoiev

By setting the A-variables and E-variables with derivatives and the coordinatesr, 6 to random values one can
0 eq

o(0.A" ,0.E")

equations for the highest derivatives. This ensures, given appropriate boundary conditions, the solvability of

the partial differential equations system (pdeq) in avicinity of the boundary , according to the famous theorem

by Kovalevskaya.

determine the rank of the Jacobi derivative-equation matrix , I.e. the solvabhility of the

Theresult for egtoiv is: the rank of Jacobi matrix is 24, there are 8 free parameters (A2, , E1; )
The Jacobi matrix of egtoiev has full rank: the equations are solvable for the 32 derivatives
0p (AL , EC; , 402, A03), o (A3, EO , 423), 0: (AL, A2 ,EG ,E2 |, A33)
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B3. Solutions of static equations

3.1. Solution limit A—0

Solution eqtoiv. A—0 : Einstein equations valid, Schwarzschild & Kerr-spacetime

eqtoiv static

metric condition for »—
EnE'= g™ /(-det(g))*"

g=Schwarzschild or Kerr

hamiltonian= Ae A+ AeJA

A=unique sol (hamiltonian)
Al = {1, 1, -1, 1} Alec;
A@ = {1, 1, -1, 1} Aeec;

— | A2=(1,1, -1, 1} A20c;

A3 = {1, 1, -1, 1} A30c;

A= constant half-antisymmetric
background Anap

equationsfor E

eqdiff=0

eqgaus=0gE2-0,E1

metric condition: solvable for all r
EnE'=g™/(-det(g))*"

sol=Egs Gauss-Schwarzschild tetrad for g=Schwarzschild
sol=Ecx Gauss-Kerr tetrad for g=Kerr

1
W 0 0 0
EGS: % 0 EGs,llYl(g) Ees,1l’2(9) EGs,1113(9) +...
0 Egsi(0) Egsy"(0) Easy(6)
0 Eesi (0) Egsi"(0) Eosy(0)
Einstein equations satisfied for all r>1
GR exactly valid
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When 4=0, the tetrad E*" decouples in the hamiltonian equations from the graviton tensor A,,” , the 24
hamiltonian equations are in general overdetermined with 16 variables of the A-tensor. By stepwise
elimination we get the following solution:

Al = {1, 1, -1, 1} Allc;

A@ = {1, 1, -1, 1} Aelc;

A2 = {1, 1, -1, 1} A2@c;

A3 = {1, 1, -1, 1} A3@c;

eqdiff - B, eggauss DthE2 'rl +DrlEl1 - @
The A-tensor becomes a constant half-antisymmetric background Ana, intheform
A0, = A00c{1,1-1,1} , Al = A10c{1,1,-1,1} , A2 = A20c{1,1-1,1} , A3 = A30c{1,1,-1,1}

The diffeomorphism equations vanish identically, we are left with the 4 gaussian equations for the E-tensor
89 E2v
;

EnE'= g™ /(-det(g)**
Now with 16 variables both the Gaussian equations and the metric condition can be satisfied for all r>1,
so the Einstein equations are satisfied , and GRis valid not only in the limit r—infinity, but everywhere for r>1.
The only exception arises at the horizon (Schwarzschild or Kerr), where the E-tensor diverges, and the coupling
reappears in the hamiltonian equations. In this case there is no singularity, but only apeak for r—1 .

+0,E" =0, and the E-tensor has to satisfy the 10 equations metric condition at r— infinity

3.1.1. The Gauss-Schwar zschild tetrad
The metric condition for Schwarzschild spacetime has a diagonal solution , diagonal Schwarzschild tetrad
Egs =

JE—
1 Wo1erl 1 1

¥ B‘r B‘r a ¥ a} Ty =7} a ¥ B} B} B} =7

1 rl rlsin th 3 r1*sin|th ** r1*2 sin(th 34 r1*2sin th 7

For the Kerr metric, thereis a semi-diagonal Kerr tetrad solution Eq« with a non-zero (0,3)-element.
The solution of the gaussian and Schwarzschild metric equations, the Gauss-Schwarzschild tetrad Egs, can
be calculated from the series in 1/r*2 for r—inf

_ EGS,l(Q) + Ees,z(g) N Ees,s(e)

Ees=%5 s - , the coefficients Eg, (0) are calculated from the corresponding
r r r ’
degin 4.
It has the semi-diagonal block-matrix form
1

—_— 0 0 0

sin(@)**
EGS= I‘E’% 0 EGs,1l’l(9) Ees,llyz(g) EGs,ll’S(g) +...

0 Easi(0) Egsy"(0) Eesy(6)
0 Eosi (0) Egsi () Eosy(6)
The first coefficient function of the Gauss-Schwarzschild tetrad can be given in closed form
Ecs1(0)=

r1¥sin th ¥4

on ryperzeamesriezra |3, 1, 2 conpan 2] [singam 2] 772 51 coapem myperzesmesriczri[ 5, 1, 2 conien?] sangen 278 i Cozpam rygerzeamesricar [ 3, 1, 2 conpmni 2] (sinrem 2740
£ aapn mypergsmerriazea [, 1,2 csnreni?] (ssncem?) s oo mperzsmeracz [ 1,1, csaienr?] fsaeien®) £ Goapen mpergsmerriazea [, 7,2 csnreni?] (sincem?)
Sinpzn 77 sangen 77 sinzn 77

pa I

. . 7 3
31Cos[th] Hyper‘geometr‘lcEFi[ 1ge E,Cos [th] 2]

It contains the hypergeometric function
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The coefficients Egs2(0) and Egss(6) have been calculated numerically with Ritz-Galerkin method as an

power seriesin (sin@)"*, cos(8)) of order 8. The resulting order 1/r "?for Egs is sufficient to ensure the metric
condition exactly at infinity.
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3.2. Solution A # 0 with the half-logarithmic ansatz

eliminated (Eli , B2, E3i)

al variables half-logarithmic ansatz f(6+log(r))
new coordinate rin= 0+log(r)

sati sfies automatically gaussian equs

solution Ein (ren, 6)
b (r,6) = +Eb (1) + 3 2 Al (1) Aby (1) + 3

L eXp(rth - 9)
+ Z%d Aby (1) Aby " (1, )(ry, — 0) + ZCiLkl Aby, " (1) Aby (1, ) (1, — 6)

Cog AL, (1y)

Cow Ay '(1)
" ZT exp(ry, —0)

metric condition:
half-logarithmic Schwarzschild metric

1(9,,)=

7 (- det(g,, )
EeneE'=1(g,,)=9"/(-det(g))**
solvablefor ri—o0

100 0
P 1 0 00O
wl 7 o229y 0 0 0 0
0 00O

1

Eby, (1) —

exp(f’1 (e — 0))SN®(0)
if we demand

—(1—1j 0 0 0
e
g3 g3
0 - 0 exp(r,
9, = e-1 e-1 g ZM
&l c exp(0)
0o - 52(1+—j 0
c¢-1 c-1
0 0 0 g29n*(0)
(9,,)"
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We dliminate (EL; , E2 , E3;)) and make for the remaining variables the half-logarithmic ansatz f(0+log(r)) ,
which satisfies the gaussian equations automatically. The results are:

Ab1== AbO[th+Log[r1]] Ab2== Ab3[th+Log[rl]]

B, (1,0) = +E (1) + 3 % A, (1) Aby (1) + 3 ) 5 A ()

L exp(r, —06) L exp(r, —6)
Ca . Cyq -
+ Z L Ay (1) ALy " (1, ) (1, — 0) + z L Ay " (1) Aby (1, ) (1, — 0)
eg.
3 e TN Ab3e’ | rth)
Ebee rth| -
EbOO(r, 0)= L
tbol pth  BrthAb32(rth] Abe@’[rth|  6thAb32|rth] AbO@' [rth] 6 rthAb33 rth] AbO' [rth)
L r‘ 4 - - -
EbO1(r, )= L L L
6th Ab33 rth) Ab8@ rth] 6 rthAb82 rth) Ab3@ rth] 6thAb82 rth| Ab3@'|rth)
+ L L L
6 rth Ab®3 [ rth] Ab3® [rth] 6 thAbe3 rth] Ab30 [rth] 3 & "Th'th Ab31' | rth)
+ L L L

Thisisaspecial, not the general solution: the AK-equations are non-linear, so the general solution cannot be
built from basic solutions by linear combination. Here, all variables are functions of the coordinate

rin= 0+log(r) .
The solution has to satisfy the metric boundary condition for the Minkowski spacetime, so it is desirable to
bring the metric into asimilar form: a function of the coordinate ry, .

If we use functions of the form exp((-a+b i)( 0+log(r)))=exp(-a 0) (1/ ¥*) exp(i b log(r)) exp(i b 6), we can see
that these are polynomialsin 1/r with exponential angle-damping combined with almost-periodic functions.
Thereisno singularity inr , except at r=0, and no Schwarzschild-type singularity at r=1.

3.2.1. The half-logarithmic Schwarzschild metric and tetrad
The specia solution above has the form f(ry,) with the new coordinate ry,= 6+log(r)
Under the coordi natetransformation (r— rin, 80— 6) the Schwarzschild metric transforms

:—(1——)dt +—dr +12(do? +sin?(0)de?) into

11
r
1 exp(3(ry —0)) (4 > , o
ds? = —(1— di? ih dr,”—2dr,do +d 2r. —0))(d d
> exp(rm_e)) el r,—0)— 1( fin fyd0 +do )+exp( (r,, —0))(d6? +sin*(9)de?)
e e O g PP (. () N S
ds® =-(1 exp(rth—e))dt +exp(rth—9)—1(dr‘h 2drmd9)+exp(2(rIh 0))sin®(0)de” + exp(2(r,, — 6) eXp(rth—e)—lJrl do
T
€
3 3
0 £ _¢ 0
Qv = € él- e-1
0 _— 82(1-{- ¢ j 0
¢-1 -1 , where
0 0 0 £2sin(0)
_ exp(r h)

exp()

And the densitized inverse metric
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(9.,)"
|(9ﬂv):(_ - )_3/4:
{1/ I{S:i.n[E?]}rz E-g"rz]] {{ 1o » 9,89, 9}‘: {91 3 3 6_2’ B}, {B, E__g’ t___g’ B}», {B’ @, e, e2 sin[e]? }
__1 0 0 0
o
&
g v Gu) 1 o =1 1+1j 1
(9,,) = (_ det(g ))3/4 T e sin®2(0) € &) ¢
v 1 1
0 — — 0
& &
0 0 0 %
£“sn“(0)
[ _ 2 rthth |'I[—'-.2 Fthth | _ 3rthi2th (5 _rth _ _th
o 2 4 N

A erth _ cth Sin th)3/4 sinth)?®*
Ens= -
rtp 2ERE L rtn CERER B thithn
T 4 T 4 e 2
» a " BJ a 3 » @J @, e
sinth)?®* Sinth % Sin(th 7%
1
0 0 0
87/4 /8_1
_ 1 0 W\/—82+%_ 13 % 0
hs = = 374 € e g
sin”"(0) 5/4
0 0 £ 0
0 0 0 %
g7 °d8n(0)
The limit of g,, for ¢ »oo is in O(1/ ¢)
—(1—1j 0 0 0
e
0 32(1+1j —82(14-1) 0
9, = £ e
0 —82(1+1j 52(2+1j 0
£ e
0 0 0 g2sin®(6)
and the limit of 1(g,,) for e —oo is in O(1/&%)
—(1+1j 0 0 0
£
1
2= 1) 1
| B 1 0 £ (1+—j — 0
(gﬂv)—m P g) ¢
1 1
0 s s 0
0 0 0 %
£“sn“(0)
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and the limit of 1(gy.) for e — in O(1/e ) (Minkowski spacetime)

-1 0 O 0
0 % iz 0
1 71
I(gyv)z 202 sin3’2(0) 0 = = 0
e ¢
1
O 0 0 ——M—
£2s8in*(0)

3.2.2. Solvability of the metric condition for the half-logarithmic solution

-1 000
- 1 0O 00O
Inthelimit r we have | > :
e (9:) = g @)l 0 0 0 o
0 00O
So the Minkowski metric condition EeneE'=1(g,,) =g /(-det(g))**
can be satisfied , if we demand Eb,(r,) — 1 and all others the O-limit
9 : ~3/4
eXIO(Z(fm—H))Sm (6)

1
eXp(Z (ry, —0)) Sin3/4(0) lin

{ Eby; (ry,), Abg (ry,), Aby (1)} —
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3.3. Behavior at Schwar zschild horizon

At the horizon, the Schwarzschild tetrad diverges

E>’ = 1_ Si, > %, sotheterm AE“V becomes significant
rJr —1sin¥(9) 3
_ 1 , . 1
ar=1+JA , dr=vA ,ie EOO(9)=m , the peak in the metricis %=y

we set the gravitational scale for the quantum realmto berg and dr = :—P =JA -
or
1 A5
S0 1y, =,/lp X =3.1*10"m= 31um
gravitation has two scales:
in the classical region the A-scale (4 = 2.7 10°°m?): R, = % =6.09* 10®m

in the quantum region r, =3.1*10°m
electrodynamics has one scale, the classical electron radius r, = 2.8*10°m .

huge 4-scalein gravitation R, has consequences:

-decoupling of the A-tensor and the E-tensor, Einstein equations and the general
covariance are classically valid

-this *smears out’ local structure in the classical region, alowing for invariance against
arbitrary coordinate transformations,. i.e. thelocal symmetry becomes insignificant, the
symmetry is the unbroken symmetry of the metric, which isinvariant under arbitrary
coordinate transformations.

objective collapse theory links the spontaneous collapse of the wave function to quantum
gravitation, this puts the limit for quantum behavior at r <r,,




46

As aconsequence of the gravitational quantum scalery , we can characterize two regions of gravity:
-Classical region A=0 r>>ry

background equations egtoeivnu3b, where the hamiltonian equations eqham(Ab,04b) depend only on Ab
eqtoeivnu3b={eqham(Ab,04b), eqgaus (Ab,Eb,0Eb), eqdiff(Ab, 0Ab,Eb)}

wave equations eqtoeivnu3dw , where in the hamiltonian equations A eqham(As,0As,Es,Ab) A factors out,
eqtoeivnudw={ A eqham(A4s,0A4s,Es,Ab), eqgaus (Es,OEs,Ab), eqdiff(Es,Ab,04b)}

Ab;li makes EH-action S:@J.(A‘VA»”)RJ— gd“x dimensionally renormalizable
p T
metric condition for Eb issatisfied for all r

EbeneEb'=1(g,,) =9 "/(-det(g))** , and Eb=Egsresp. =Eck for g=Schwarzschild resp. Kerr

-gquantum region r<<rg

background equations egtoeivnu3b, where the hamiltonian equations eqham(Ab,04b,Eb) couple weakly to Eb
eqtoeivnu3b={eqham(Ab,0Ab ,Eb), eqgaus (Ab,Eb,0Eb), eqdiff(Ab,0Ab,Eb)}

wave equations eqtoeivnu3dw , where in the hamiltonian equations A eqham(As,0As,Es,Ab) A factors out,
and Ab isnegligible, Ab<<As

eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,0Es,Ab), eqdiff(Es,Ab,04b)}

A not zero, A>>1 Ab<<As, A~As=(almost) pure wave graviton
interaction via D /f =0, + £ e A, " covariant derivative, asin quantum el ectrodynamics

metric= Schwarzschild metric with fixed scale r&=rg
metric condition for Eb for —oo Schwarzschild g=gs: Eb=Egs; Gauss-Schwarzschild tetrad
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At the horizon, the Schwarzschild tetrad diverges

00 _
Ees

1
rdr—1sin¥4(6)

When the parameter dr=r-1 becomes dr = JA we get in the limit »—oo for the E-tensor and the A-tensor a
r-independent finite solution in the vicinity of r=1:

A0, = A00(0) {1,1,-1,1} , Al; = A10c{1,1-1,1} ,A2 = A20c{1,1-1,1} ,A3 = A30c{1,1,-1,1}

EO = E000) {1,1,-1,1}

The parameters of the solution are determined by the continuity conditionat r =1+ JA ie
EQ00(Q) =

— o, so theterm % E“" becomes significant, the coupling reappears.

: . 1
m y the peak n the metrIC IS 91’1 = ﬁ
This reappearance of coupling for dr =+/A (dimensionless) resultsin anew scale, at which the classical
character of gravity disappears and the quantum realm begins:

I I
we set the gravitational scale for the quantum reaAlmto berg and dr = = =+Ar,
r
or

0T, = IP\/% =3.1¥10"°m= 31um

So we can say that gravitation has two scales: in the classical region the A-scale (4 = 2.7 10™°°m?)

R, = L =6.09*10°m and in the quantum region ry, =3.1* 10°m . The eectrodynamics has, in contrast

JA
only one scale, the classical electron radius r, = 2.8*10™°m . The huge 4-scalein gravitation is responsible

for the decoupling of the A-tensor and the E-tensor in the classical region with the consequence that the
Einstein equations and the general covariance are classically valid, again in contrast to the electrodynamics,
which is only gauge-invariant, not general-covariant.

Therefore, one istempted to explain the validity of the general covariance in GR as the consequence of the
huge 4-scale, which ‘smearsout’ local structurein the classical region, alowing for invariance against
arbitrary coordinate transformations.

The situation is similar to the symmetry of a n-polyhedron approximating a sphere: in the limit n—oo the
symmetry becomes the spherical symmetry (the symmetry of the metric) and the local symmetry of edges and
vertices becomes insignificant. But thisis of course at best a heuristic explanation.

The objective collapse theory put forward by Penrose [19], links the spontaneous collapse of the wave function
to quantum gravitation, the limit being one graviton. If true, thiswould put the limit for quantum coherence at
r<r, .

or

As aconsequence of the gravitational quantum scalery , we can characterize two regions of gravity:
-classical region A=0 r>>ry

background equations egtoeivnu3b, where the hamiltonian equations eqham(Ab,04b) depend only on Ab
eqtoeivnu3b={eqham(Ab,04b), eqgaus (Ab,Eb,0Eb), eqdiff(Ab, OAb,Eb)}

wave equations eqtoeivnu3dw , where in the hamiltonian equations A eqham(As,0As,Es,Ab) A factors out,
eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,OEs,Ab), eqdiff(Es,Ab,04b)}

Eli makes EH-action SzEJ‘(AVVA”)RW/— gd“*x dimensionally renormalizable
p T

2Gm
CZ

thescaleis r, =

metric condition for Eb issatisfied for al r
EbeneEb'=1(g,,)=9"/(-det(g))** ,and Eb=Egsresp. =Ecx for g=Schwarzschild resp. Kerr
-quantum region r<<rg

and the Schwarzschild radius depends on the mass m of the gravitating object

background equations egtoeivnu3b, where the hamiltonian equations eqham(Ab,04b,Eb) couple weakly to Eb
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eqtoeivnu3b={eqham(Ab,04b ,Eb), eqgaus (Ab,Eb,OED), eqdiff(Ab,04b,Eb)}

wave equations eqtoeivnu3w , where in the hamiltonian equations A eqham(As,0As,Es,Ab) A factors out, and
Abisnegligible, Ab<<As

eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,OEs,Ab), eqdiff(Es,Ab,04b)}

A is much larger than inthe in the classical region 4>>1 (see B8.4) , Ab<<As, A~As=(almost) pure wave
graviton

the scale is constant = rg,

interaction via D Hl =0, + & e A" covariant derivative, asin quantum electrodynamics

metric= Schwarzschild metric with fixed scale rs=rg
metric condition for Eb for r—oo Schwarzschild g=gs: Eb=Egs: Gauss-Schwarzschild tetrad
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B4. Solutions of time-dependent equations

4.1. The A-scaled wave ansatz for the A-tensor

A-scaled wave ansatz dimensions: [A]= 1/cm [E]=1[As] = cn?
A" =Ab" +A ' exp(—i k(r —t)) eqtoiev — static & wave-equations
,wr —» eqtoeivnu3b={eqham(Ab,04b,Eb), eqgaus (Ab,Eb,0ED),
E* = Eb™ + 55 exp(-ik(r - 1)) eqdiff{Ab, 0Ab,Eb);
r eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus
(As,Es,0Fs,Ab), eqdiff(As,0A4s,Es,Ab,0Ab)}

classical case A=0 r>>ry
eqtoeivnu3b={eqham(Ab,04b), eqgaus (Ab,Eb,0Eb), eqdiff(Ab, OAb,Eb)}
eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,0Es,Ab), eqdiff(Es,Ab,04b)}

Ab;li makes EH-action SzEJ‘(AVVA”)Rq/— gd“*x dimensionally renormalizable
T

P
metric condition for Eb for al r

EbeneEb'=1(g,,) =g /(-det(g))*"*,

quantum case r<<rg
A not zero A<<] , Ab<<l A=As=pure wave graviton

interactionvia D," =0, + &%, A"
metric= Schwarzschild metric with fixed scale r&=rg

metric condition for Eb for r—oo Schwarzschild g=gs: Eb=Egs:1 Gauss-Schwarzschild tetrad

eqtoeivnu3b={eqham(Ab,04b ,Eb), eqgaus (Ab,Eb,0Eb), eqdiff(Ab,0Ab,Eb)}
eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,0Es,Ab), eqdiff(Es,Ab,04b)}
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The covariant derivative of the AK-gravitation is
A A A K14 VK A A K

D,utv :a#tv + & K1’<2Ay e D# :a# + & Kl.AH '
The gaussian equations have the form of the covariant derivative acting on the E-tensor

G" =D E™ =0, E"+¢"uA"E”
One can show, that the second term in the covariant derivative cancels out only if the A-tensor vanishes, i.e. the
covariant derivative is not background-independent.

Now, if we separate the static background and the wave component in the A-tensor:
A= Abg"' Avave , E= Ebg"' Ewave
we have to take account of the fact that in GR the gravitational wave interacts weakly with the metric, because
it interacts through the energy tensor, which appears on the right side of the Einstein equations with the small
factor k :

1
Ruv _E gyv R0 - Agyv = KTuv
Therefore, classically, we have to use some power of A as the factor in the ansatz above (setting c=1)

v

14 \4 AS . . . . .
A’ =Ab +A° T“exp(—l k(r —t)) , where Ab isthe (static) background , Asis the wave amplitude

In order to make Asinteract with E-tensor in the hamiltonian equations, we have to set p=1, the ansatz
becomes (/1-scaled ansatz for the A-tensor)

\%4

As
APV = Abuv +A r" exp(—i k(r —t)) and correspondingly for the E-tensor

v
E™ = Eb™ + £ exp(<i k(r —t))
r

This has some remarkabl e consequences: in the Hamiltonian equations we now have the background part of
order 1 for Ab and Eb and the wave part of order 4 for As, and Es.

In the A-tensor and the E-tensor we now have the background part Ab and Eb and the wave part As, and Es.
We insert thisinto the AK-equations, and separate the static part egtoeivnu3b in the schematic form
eqtoeivnu3b={eqham(Ab,04b ,Eb), eqgaus (Ab,Eb,0ED), eqdiff(Ab, 0Ab,Eb)}

and the wave part eqtoeivnu3w after stripping the wave factor exp(—i k(r —t)) in the schematic form
eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,0Es,Ab), eqdiff(Es,Ab,04b)}

where 0={0,0p} ist the differential operator for r and 6 .

Asthe dimensions are [A] =[ 1/r]=1/cm and [E] =1, we get for the A-amplitude the dimension [As]=[r?]=cn?
i.e. As becomes a cross-section, which is a sensible interpretation in the quantum limit.

In the quantum limit r<rg , the graviton interacts viathe covariant derivative, like the photon , and the metric
condition for Eb isfor the flat Minkowski metric (rs=Ip), 4#0 , the Einstein equation and the general
covariance are not valid anymore.

In the classical case A~0 , the AK-equations separate into the background part for Ab , Eb and the wave-part
with the wave factor exp(—i k(r —t)) for Es, As, Ab.

eqtoeivnu3b={eqham(Ab,04b), eqgaus (Ab,Eb,0ED), eqdiff(Ab, OAb,Eb)}

eqtoeivnudw={ A eqham(A4s,04s,Es,Ab), eqgaus (Es,OEs,Ab), eqdiff(Es,Ab,04b)}

The background part egtoeivnu3b has the metric condition at infinity, not everywhere, asin the static case. Then
other solutions {Ab,Eb} , other the trivial constant half-antisymmetric background A, are possible and these
influence viaEb the wave part equation egtoeivnu3w : this describes the interaction of the wave with matter.
The general solution of egtoeivnu3b in closed form is not available, but we can get an approximate solution
with the ansatz

Ab=MAc+dMAbg

where the constant half-asymmetric background MAc=

{Ae@c {1, 1, -1, 1}, Al@c {1, 1, -1, 1}, A28c {1, 1, -1, 1}, A3®c {1, 1, -1, 1}}
and the r-dependent correction dMAbg=

dMAbg = {{dAb@®[rl, th] / rl, dAbO1[rl, th] / rl, dAb®2[rl, th] / rl, dAb@3[rl, th] / rl}, {dAbl@[rl, th] / rl, dAbll[rl, th] / rl, dAb12[rl, th] / rl, dAb13[rl, th] / rl},
dAb20[rl, th] /rl {1, 1, -1, 1}, dAb3@[rl, th] /rl{1, 1, -1, 1}}
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Eb=Mgso +dEb(r,0)

with a genera 4x4 correction matrix dEb(r,0)
with asimplified Gaus-Schwarzschild tetrad M gs o=

2 E21n3" [ th 2E21n3[th E21n3"[th E21n3(th.  4/1 E21n3(th * Csc|th E21n3[th Csc(th /1 E21n3[th ? Csc(th
2@, @ , s 518y s s
r.liil rlE/Z rl!fl rl!,‘Z rlE/Z rl!,‘l

6,e,@, @

r132 sin th 4 3r132 N
3r1*2 41 E21n3(th 2

Aswe shall see below, thewave As carries the wave energy , and induces locally atetrad (metric) wave, which
is damped exponentially. The gravitational wave energy tensor depends on the wave amplitude As in asimilar
way as the electromagnetic wave energy depends on the photon vector A, . Also, it satisfies the Einstein power
formulafor the gravitational wave.
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4.2. Special wave solution A# 0

eqtoiev A-scaled wave ansatz

Ali=A0i A2i=A3i ,
eliminate (E1; , E2; , E3)

remaining variables AbQ;,Ab3;,EbQC;,ESD;
half-logarithmic ansatz f(ry,) , rin= 6+log(r)

solution

ESQi(r, 6)=f(As0i(0+log(r)), AbOi(0+log(r)), exp(2 i k
r), ExpintegralEi(-2i kr) )

free parameters AsOi(r,) , AbQi(ry) , Ab3i(ry,) ,
EbOi(rn)

The 12 free parameters { AbOi, Ab3i, EbOi} have to
satisfy the 10 equation of the half-logarithmic
Minkowski metric condition for ry, —oo
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We make the general ansatz A" = Ab," (r,0) + AAs,” (r,0) exp(-i k(r —t)) ,

E,” =Eb, " (r,0)+AEs," (r,0)exp(-i k(r —t)) , where Ab and As are the time-independent and the wave-

component of A", and correspondingly for E," .

The solutionisafunction of r and 6 + logr only, and has the form

A=A A=A

Ab={Ab,(0 +logr), Ab,(6 +logr), Ab,(0 +logr), Ab, (6 +1ogr)}

Eb= f(Eb,(0 +logr), Ab,(6 +logr), Ab,(6 +logr), Ab," (6 +logr), Ab,' (6 +logr))

As,=As, =0, As = As, , As, =1 AsG,(6 +logr)
Es, = f(As, (0 +logr), Ab, (0 +logr), As,' (6 +logr), Ab," (6 +1ogr))
e.g.

Es@l/rl, th] — 62 %™ 1 As®2cl th + Log rl] | ExpIntegralEi -2 i krl] Ab3@ th-Log rll | - 6c2 *™ r1As83cl th+ Log(rl] | ExpIntegralEi[-2 i krl) Ab38 th - Log/rl

62 % p1 Ab32 th - Log | rl] | ExpIntegralEi| -2 i krl] As@@cl’ th- Log rl 62 % p1 Ab33th - Log | rl] | ExpIntegralEi| -2 i krl] As@@cl’ th- Log rl

We set ALi=A0i A2i=A3i , eliminate (E1; , E2 , E3;)) and make for the remaining variables the half-logarithmic
ansatz f(ry,) with ryn= 6+log(r) , which satisfies the gaussian equations automatically. The results are:

ESOi(r, 6)=f(As0i(0+log(r)), AbOi(0+log(r)), exp(2 i k r), ExpIntegralEi(-2 i kr) )

with free parameters AsOi(r«) , AbOi(ry) , Ab3i(ri) , EBOI(ry) -

The functions f(0+log(r)) are exponentially damped or almost-periodic for r—oo .

The 12 free parameters { AbOi, Ab3i, EbOi} have to satisfy the 10 equation of the half-logarithmic Minkowski
metric condition for ry —oo (the metric condition is required only for the static part of the solution, not for the
wave part).

Asin 3.2., one shows that the condition can be satisfied.
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4.3. Wave equation in Schwar zschild spacetime

eqtoiev A-scaled wave ansatz

backgrund equation eqtoeivnu3b=egtoiv

standard sol ution:

A-tensor = constant background in the half-antisymmetric form
A0, = A00c{1,1-1,1} , Al = A10c{1,1,-1,1} , A2 = A20c{1,1-
1,1} , A3 =A30c{1,1,-1,1}

E-tensor= the Gauss-Schwarzschild-tetrad Egs .

resulting wave equation

eqtoeivnudw={ eqham(As,04s,Es,OFs),

eqgaus (Es0i, Esli,0FEsli,,0Es2i), eqdiff=0}

eliminate (EsO,ES3,Asl)

multipole ansatz Es(r, )= Es(r)exp(i*Ix*0) , As(r, 0)= As(r)exp(i*Ix*6)
eliminate Es2 and get the gravitational wave equation for Esl

gravitational wave equation for E-tensor

eqgravixen =

P (I (—6k P+ 3ikr+ D)+ hkr(=2k P +ikr+ )+ IS8 (=5kr+2i) - Ix) +
(e ) kr+ ) —ifs () Sklxr+kr3kr—i)+ 215 1)+

s (K Bikr+4kr-20+IxQik° P +4F 7 -5ikr-1)+

K (L +ikr)+hkr(=2-ikr)

at infinity eqgravixEninf=

2ik2Ix fs(r) — 2k>?r fs'(r) = 3ikr fs"'(r) +r fs"'(r)

solution at infinity: fs(r) = c, + ¢, exp(ikr) + ¢, exp(2ikr) , where the only feasible solution is

fs(r) =c, , i.e. thetota solution at infinity is the spherical wave.

For comparison, theradial (electromagnetic) wave equation for the wave factor fs(r) from
the ansatz

15,1,0) =22, (0,0) exp(-ik(r ~1)
Helmholtzwr=
—IX@+1x) fs(r) — 2ikr?fs'(r) +r>fs"(r)
solution at infinity: fs(r) = c, + ¢, exp(2ikr) , where the only feasible solution is
fs(r) =c, , i.e. thetota solution at infinity is the spherical wave.
The gravitational and the electromagnetic wave equation are equivalent at infinity.

In addition, we get the gravitational wave equationsfor the A-tensor variables AsOO , As30
depending on Es10

eqgravlxAo

3(1+11x) (Ix +kr1l)?Aas@@[rl] r1{{ 1:+1x*+21x( i +krl) ) Esi@ rl]
3 (1x +krl)2As@@ [P1] +rl((1-2ilx+21ikrl) Esi® [rl rlEslie” [rl1] )|

eqgravlxA3

6klx (1 +ikrl) As38r1] + (1+ikrl 2K2r12+1x (i kprl)) Esi® rl] -
rl{ 6klxAs3@ ril i( 1+1x+3krl) Es10 [rl] + r1Esi@” rl
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...................................................................

, , As "(r,0) , ,
A’ (tr,0)=Ab"(r,0)+ A%exp(—l k(r —t)) and correspondingly for the E-tensor

E*(t,r,0) = Eb"(r,0) + exp(—i k(r —t))

In the A-tensor and the E-tensor we now have the background part Ab and Eb and the wave part As, and Es.
We insert thisinto the AK-equations, let 4—0 , and separate the static part eqtoeivnu3b in the schematic form
egtoeivnu3b={egham(Ab), eqgaus (Ab,Eb), eqdiff(Ab,Eb)}

and the wave part eqtoeivnu3w after stripping the wave factor exp(—i k(r —t)) in the schematic form
eqtoeivnudw={ A eqham(A4s,04s,Es,0Fs,Ab), eqgaus (Ab,Es,0OFs), eqdiff(Es,OEs, Ab)}

where 0={0,0p} ist the differential operator for r and 6 .

egtoeivnu3b isidentical with egtoiv the static AK-equations, and the solutionisasin 3.1.

for the A-tensor the constant background in the half-antisymmetric form

AOQ = A0Oc{1,1,-1,1} , AL = A10c{1,1,-1,1} ,A2 = A20c{1,1,-1,1} , A3 = A30c{1,1,-1,1}

and for the E-tensor the Gauss-Schwarzschild-tetrad Egs . After inserting thisinto eqtoeivnu3w we get a new
version of the wave part equations egtoeivnudw in the form

eqtoeivnudw={ eqham(As,04s,Es,0Es), eqgaus (Es0i, Es1i,0Es1i,,0Es2i), eqdiff=0}
1
eql-S ((-3-31krl) As0@rl, th] «rl (31 kAs10[rl, th] + Es20[rl, th] +Es30(rl, th) - 3As00 ™ [r1, th) ||

Es"(r,0)
r

1
eq2 3 (13+31krl) Asl(rl, th) +rl (-3 1 kAsllirl, th « Es21(rl, th] + Es31[rl, th) -3 As0l L8 p1, th) |

1 1

eq5- (1+ikrl) As20(rl, th| - - rlEs0@(rl, th| - 5 rl1Es30(rl, th] - Asle B1p1, th) - rlAs28' 2% [pl, th)

1 . . 8,1 8,1 1,8 1,8
eq? 3 rl (-ikrlEs@@ rl, th| + i krlEsl@ | rl, th| - Es@@ "~ [rl, th| - Es208 **° [rl, th| + r1 Es@@ ™ [rl, th| - rlEsl@ ™ [rl, th] |

) 1 1 a1
eql3- i krlAs28 [ rl, th| - 3 rl Esl@ rl, th] + 3 rl1Es38 rl, th| + AsB@ 7 [rl, th]

1
eql? 3 [ (3+31krl) As3@[rl, th] -rl Es@@ rl, th| + Es28rl, th]| + 3 As30 Le rl, th] ||

1
eq21-3 (-1 krlEs@8 rl, th - (1-ikrl) Es18[rl, th] - Es20(rl, th) - r1Es10 L8 1p1, th] -r1Es20' 2% [r1, th))

eq25 -1 krlEs@@[rl, th] + (-1- i krl) Es1® rl, th] + Es20'®Y [r1, th] - r1Es10'¥? [r1, th)

€q29=0
Four consecutive equations contain consecutive variables of arow of the tensor As and Es, as shown in eql and
€g2 in the schematic form
eql=eql(As00,As10,Es20,Es30, 6,As00)
eq2=eq2(As01,As11,Es21,Es31, 6,As01)

Now we eliminate variables algebraically

EsOi from eg25..28

~kr1Es10(rl, th] « i (Es18(rl, th] - Es20 %1/ 1, th] - r1Es18' 128 [r1, th ~kr1Esl11l rl, th] - i [Es11(rl, th] - Es21'%1 [p1, th] - r1Es11' 12 [p1, th
Es@® rl, th] — , Esol rl, th] —
krl krl
~kr1Es12[rl, th] - i (Es12(rl, th] - Es22' %1 r1, th] - r1Es12'18 (1, th ~kr1Es13[rl, th] - i (Es13[rl, th] - Es23'®1 1, th] - r1Es13'1:8 [r1, th
Es@2(rl, th] — , Es@3/rl, th] —
kr1 krl
Es3i from egl..4
3As08 rl, th] - 31 (krlAse® rl, th| - krlAs10 rl, th] ) - r1Es20 rl1, th| - 3 r1Ase0' 18 [r1, th]
Es3@ rl, th] — N
r1
~3As01(rl, th] - 31 (kr1As@1 rl, th] - kr1As11l(rl, th]} - rl1Es21 rl, th] - 3r1As01' L% [r1, th]
Es31(rl, th] — N
ri
~3As02(rl, th] - 31 (kr1As@2 rl, th] - krl1As12(rl, th] | - rl1Es22 rl, th] - 3r1As02 5% [r1, th]
Es32(rl, th] — N
rl
~3As83(rl, th] - 31 (krlAs@3(rl, th] - kr1As13 rl, th) | - r1Es23[rl, th] - 3r1As83' 2% [p1, th]
Es33 rl, th] —
rl
Asli from eql3..16
3 (kr1Ase@ rl, th] - krlAs2@(rl, th] ) - i (-3As@@ rl, th] - r1Es1® rl, th] + r1Es20 r1, th] - 3As80 % [r1, th] - 3r1Asea'>? r1, th)
As10rl, th] —
3krl
3 (kr1As8l rl, th] - krlAs21(rl, th] | - i (-3As@1 rl, th] - r1Es11 rl, th] - r1Es21 r1, th] - 3As01 %1 [p1, th] - 3 r1As01 12 [p1, th)
As11(rl, th] -
3krl
3 (krlAs@2 rl, th] -krlAs22(rl, th] ) - i (-3 As@2 rl, th] - rl1Es12 rl, th] - r1Es22 rl, th] - 3As82 %1 [r1, th] - 3r1As02'H? r1, th)
As12(rl, th] -
3krl
N 3 (kr1As83 rl, th] - kr1As23(rl, th] | - i (-3As@3 rl, th] - r1Es13 rl1, th] - r1Es23 r1, th] - 3As03 %1 [r1, th] - 3r14s03' %% [r1, th)
As13(rl, th] -

3krl
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We get egtoievnubw : 4x4 equations for 4x5 variables {Esli, ES2i , As2i , As3i , AsOi }

Now we fix the angular momentum of the wave by setting

Esli(r, )= Esli(r)exp(i*Ix*6) and correspondingly for {ES2i , As2i , As3i , AsOi} ,

where [x=0,1,2,.. is the angular momentum of the wave: Ix=0 for a spherical wave, Ix=1 for adipole wave,
Ix=2 for aquadrupole wave.

In GR one can show that the gravitational wave must be at |east quadrupole waves, there are no spherical and
dipole waves.

In the following, we consider the equations eqgravix={eg5,eq9,eq17,eq21} , i.e. the four first equations from
the four equation groups, for the five first column variables {Es10i, Es20i , As20i , As30i , As00i }

Es10 rl, th 2 Asee %1 p1, th
As20 rl, th - ———* = . ZEs18 rl, th] - ——— %~ A<28'®Y 1) th
3k 3 krl
Es1e ®1 [ r1, th 21 Es2e'® [p1, th i Ases ®2 r1, th 10 r1Es10'1% [ r1, th iasee' L1 p1, th
rlAs20 — rl, th]
3k 3k krl 3k k
Es10 rl, th) 1 2 Esie &1 r1, th) 1 Es20' %1 k1, th
2 ZrlEsl@ rl, th) + = i kr1®Es18(rl, th) - —— "~ pr1Es10 %Y p1, th) - —— 2 —
3k 3 3 3k 3 3k
2 1 Eegp @ r, th Es2e 2 r1, th r1Es1e >? r1, th r1? £21058) (p1, th irl1Es1e' B (r1, th ir1Es2e' B (r1, th r1? Es18' 2% [r1, th
3 3k 3k 3k 3k 3k
Es10 rl, th 1 1 Es28 %1 [r1, th r1Es18'%:% r1, th
As3@(rl, th kr1As3@ r1, th) - ————— ——= . ~ r1Es10|rl, th ~ r1Es28 rl, th] - 2 r1As30 149 (p1, th) - ———— =22 2

egtoievnusws0[ 21] =

2 2 1 1 2 1
S Esteir, th 3 k r1Es1@[rl, th S Fs200r1, th S Es20 @1 p1, th 3 riesie L2 p1, th S r1Es20 L2 p1, th

The four second equations are identical to these in the four second column variables
{Es1li, ES21i , As21i , As31i , AsOli } etc.
Now we combine eqgravix[ 2] and eqgravix[4] to eliminate ES20 and get from eqgravix[4] the gravitational
wave equation for the variable Es10=fs,
eqgravixen =

(=62 +3ikr+ )+ kr(=2kr +ikr+2)+ I (=5kr+2i) - 1<) +
Pt (kr+ ) — i) Sklsr+kr3kr—i+ 21 +
s (I GBikr +4kr-20+IxQik*r +4kr -5ikr-1)+
(1 +ikr)+kr(=2—ikr)
At infinity
eqgravixeninf=
2ik2Ix fs(r) — 2k>r fs'(r) = 3ikr fs'"'(r) +r fs"'(r)
For bounded fs(r) we can neglect the first term and we obtain the equation
— 2K?r fs'(r) —3ikr fs'(r) +r fs"''(r) = 0 , which hasthe solution fs(r) = c, + c, exp(ikr) + c, exp(2ikr) , and
C; must be zero, because otherwise we would get an incoming wave, and ¢; must also be zero, because
otherwise we would get asimple oscillation, so the wave factor fs(r) = ¢, and we have a spherical wave as the
only solution at infinity.

For comparison, the radia (electromagnetic) wave equation for the wave factor fs(r) from the ansatz

fs(t,r,0) =2y, (0,0) exp(-ik(r ~1)

Helmholtzvvr:r

—IX@+1x) fs(r) — 2ikr?fs'(r) +r>fs"'(r)

with the solution ¢,,/r exp(ikr)J,...;, (kr) +C,+/r exp(ikr)Y,..,,(kr) ,whereJ andY; are Bessel functions of

the first and the second kind.
At infinity: for bounded fs(r) we can neglect the first term and we obtain the equation
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—2ikr?fs'(r)+r*fs'(r) =0 , which hasthe solution fs(r) = c, + ¢, exp(2ikr) , and c; must be zero, because
otherwise we would get an incoming wave, so the wave factor fs(r) = ¢, and we have, as expected, a spherical

wave as the only solution at infinity.
This means that the gravitational and the electromagnetic wave equation are equivalent at infinity.

In addition, we get wave equations for the A-tensor variables As00 , As20, As30
eqgravlxAez2
3(1+11x)1x (1x+krl) AseO rl

rlii{3k (1+11lx) (1x+krl) As20[rl {-1-2ilx+1x?>+2klxrl) Esl@ ril 31x?Asee’ ri 3klxrlAsee ri 3klxrlAs2e ri
3k?r12As2@ r1l] - r1Es1@ [rl] - 21 1xrlEsl@ [rl] - 2ikri1?Esie ri1] + r1?Esie” [rl

eqgravlxA3

6klx (1+ikrl) As30r1] + {1+ ikrl 2k2r12+1x (i krl)) Esi®(rl
rl{ 6klxAs3@ ril i( 1+1x+3krl) Es10 [rl] + r1Esi@” rl

and setting As20=As00

eqgravlxAo

3(1+11x) (Ix 1 kr1l)2as@@[r1] r1{{ 1 1x*+21x( i +krl) Esi@[rl

3 (Ix+krl)2Asee [rl] +rl ((1+-21ilx+21ikrl) Es1® [rl rlEsie’” [rl]) |

Equations eqgravixA0 , eqgravixA3 and eqgravixEn are homogeneous deq' s for the A-tensor variables AsOi ,
As3i , Esli . Now, if thereisasource, which generates an oscillation JEs of the metric (e.g. abinary
geavitational rotator), i.e. of thetetrad Es

eqgravixEn(Esl)= 6Es  ,wecan caculate Es/= Esl(0Es) , and from (eqgravixAQ(Esl) , eqgravixAO(Esl))
we caculate AsO= AsO(Es1(0Es)) and As3= As3(Esl(JEs)) .
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4.3.1. Solutions of the gravitational wave equation

solution Ix=0 spherical wave:

Es1@/rl] - e2 ™ r1C(1] « 2 ™ r1C[2) ExpIntegralEi[ - i rl]

generates an incoming wave, which is not feasible, therefore C1=0 and Es10=0,
solution Ix=1 dipole wave:

2 . 21rl 2irl
Es18 [ rl] — 5 1 r1C[1]| HypergeometriclFl 1- 1, 2,

3 ~C[2] MeijerG| {{}, (1+1)), {i@,1,, {1}, 3

diverges, therefore ES10=0

solution Ix=2 quadrupole wave:

Re(Es10) =
i r13C[1] HypergeometricPFQ| /2., [2, 21, 12 1 11 r11
Es1@ rl] — C[3] — 2 2 L . Zp1%C(2] MeijerG| (i@}, (-1}, e s U
342 2 27 2 2 2
Im(Es10) =
4 avrl 5 8 (-2,13p12' 3 Bessell %, 4\":_“ C[2] Gamma %
Es10 r1] — 2 &' 7,12 3Bessell -, ——— | C(1] Gamma - =
37 43 3 3 323
a4ry
{Es1a[r1; SsIcl|e V3 op512]]
at infinity; exponentially damped
As20c 2 th
As20[rl, th] — —
4 linearly damped
[ As20 As20c rl |
As@@[rl, th] — <2 th 25 i 252 ”1
T o quadrupole wave amplitude As20c
2
As20c 2 th (g 1
2rl .
As10[r1,th] — , @gain a quadrupole wave
4471
1Cle V7 49 - 64+/3 +/r1 - 96r1 - 288 r1?
As38 rl)
1728 r17 /12

exponentially damped wave

The overdl resultis;

ar

-the E-tensor is exponentially damped with exp(— ﬁ

-the A-tensor components AsO and Asl are pure quadrupole waves, As2 is alinearly damped quadrupole

wave,
N )

NE

This means that a classical wave source generates gravitational waves As viathe metric, the energy is

carried away by the As-tensor and , when the wave is absorbed, it dissipates energy and generates again

a (locally damped) metric oscillation Es .

As3 is exponentialy damped with exp(—
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For Ix=0 (spherical wave) we get the solution for ES10 :

[Es10(rl] -~ e?2 "' p1cCi1] + e?2 "t r1C(2) ExpIntegralEi[ i rl] |

which has the limit at infinity:
C1e?" ™ 240 r1+r1?

Esl®[rl]| —

The factor €®" generates an incoming wave, which is not feasible, therefore C1=0 and Es10=0,

and consequently As20=As30=Es20=0, thereis only the zero solution: there are no spherical gravitational
waves.

For Ix=1 (dipole wave) we get the solution for ES10 :

2irl . . 2irl;
+C[2] MeijerG {{}, {1+1 , 18,1, | y - -

2
Esl18 rl] — 5 1r1C[1| HypergeometriclF1 1 -1, 2,

with hypergeometric and Meijer functions, the limit at infinity is

21rl
Ser‘ies[rl Hyper‘genmetr‘ichl[l -1, 2, y {rl, Infinity, 3}
3 =
{ . { 21 1-1
2ir1 (15 = .y 1 ligp2i 32 54 1ig33 3300 g5 gy g ligdi 330 1 .4
1l 3 r1 + + + L0 = +
Gamma [1 - 1] Gamma[1- 1] rl Gamma |1 - i r1? Gamma (1 - i| r13 r1!
2i -1+ -
2 -5 iy foqy Lig2ii 32 124y foqay Liig 3 330 g5 L5y gy Liigdi 33 5 1.4
P N N N Lol =
Gamma |1+ i) Gamma 1- 1] rl Gamma 1+ 1] r1? Gamma[1l+ 1] r1® rl
21rl
s-er-ies[Meijer-ﬁ[{{}, {1+ a1}, ({0, 1}, {11, - , {rl, Infinity, 3}]
. _ - 2y -1-4 SRy -2-d
2.3r1E0i14 . 24 -4 1+1 3 2+1 I 15 _5 47 2 31 324 1 .4
rl -+ + + 0 —
3 rl r'\‘]_2 r\‘]_3 rl!

which diverges, therefore Es10=0, and, as before, thereis only the zero solution: theré areno dipole
gravitational waves.
For Ix=2 (quadrupole wave) we get the solution for the real part Re(Es10) :

1 r13 C[1] HypergeometricPFQ g » 2,% B % 1 1221 Meidert o 1 1 1 11 rl 1
—Er‘ (2] MeijerG | s - > 55 Lo > - 250

Es18(rl] — C(3] - —

342

and for the imaginary part Im(Es10) :

— 8 (-2117 pr12 7 Bessell i, % C[2] Gamma 4
13 .23 4 4n~rl, 2, 3 vz | 3
Es1@(rl] - -2 6 rl1° ~ Bessell - —, C[1| Gamma — -
3 g3 3! 3 323
calculation of the limit at infinity yields

_am
{Es1e[r1] SICl|e V3 p1%12

}

4,
-,

, i.e. ES10is purely imaginary and exponentially damped with exp(—

the sameisvalid for Es20 , for As20 we get

As28c 2 th

As20 rl1, th] —
ri

, I.e. alinearly damped quadrupole wave,
for AsDO we get

As@0 [ rl, th) —

2:ith | As28c As28c rl "-l
' 2-rl 2(2-r1) )

i.e. AsO0 is a quadrupole wave with the amplitude As;Oc :

for As10 we get
~ As2e@c e2ith k1

2rl
As10[r1,th] — , again a quadrupole wave,

for As30 we get an exponentially damped wave again:

44l

icle v3 [(-49-64-/3 +/r1 + 96 rl1 + 288 r12

As38 [ rl] —
1728 r17 /12

The overdl result is:
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ar

-the E-tensor is exponentially damped with exp(— _3r)

N

-the A-tensor components AsO and Asl are pure quadrupole waves, A2 is alinearly damped quadrupole wave,

ar

As3 is exponentially damped with exp(— f)

This means that a classical wave source generates gravitational waves As viathe metric, the energy is carried
away by the As-tensor and , when the wave is absorbed, it dissipates energy and generates again a (locally
damped) metric oscillation Es.
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4.4, Gravitational wavesin General Relativity
The gravitational wavesin GR are metric waves, i.e. adisturbance of the metric tensor g, ,for aplane wave

[2]:
huv = euy cxp(— 1k; x*)-
They satisfy the wave equation and, with the additional gauge condition
20" ) = 1Y
they satisfy the linearized Einstein equations for small amplitudes (but not the full Einstein equations)

]61[6( T )

Ohyy = — o pv — 5 Ny

They can be transformed by coordinate transformations
xP = x = x" 4+ e (x)

into the standard form for a plane wave in x-direction
00 0 O

00 0 O
(hﬂv): 00 e e exp(ik(x* —ct)) where g, =0 and e, =0 determine the two polarizations of a
1 2

00 €, —©y
tensor (spin=2) wave

=0 =T/2
(=0 ! LT
———— f” \\
- ~ad -’
P ~ ’ \

s ™, 4 |
/ A% ! |
{ - ;.

t
\ / 1 /
\ / ] Vi
o St=T/2 \ Ve
- - ) 4
_—d \ P
~
P

812:0 £|]:0

The Newtonian gravitation emerges from GR using the ansatz for the relative Newton potential energy of mass
min thefield of alarge mass M

E
o, = =—M—GN=—L , where rsisthe Schwarzschild radiusof M and
N me? r 2r

Il I
D =./gy —1= 1/1—75 ~lx -t =0y

So a Newtonian wave caused by an oscillation of @, isapproximately the component h,, of a GR metric
wave. Correspondingly, asmall static distortion of the metric component g,, caused by awave causes aradial
force.
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4.5. Spherical gravitational wavesin AK-gravity

A-scaled wave ansatz eqolev. — static & wave-
b ¢ As” ' eguations
A = ru T A rﬂ exp(—i k(r —t)) eqtoievnu3b(dAb,dEb)
——| eqtoievnu3w(As,Es,Er,dAb)
v dEb™(0) [ Es™  Er" .
= Eben " (r,0) + = 7 e k(r—

wave equation first order O(1)
egtoievnu3wl(As,Es)

wave equation second order O(1/r)
egtoievnu3w2(Er, dAb,As)

bgr equation
eqtoievnu3b(dEb(6),dAb,Aso)

wave component relations

Es =0=Es, ,Es, =3 k(As, — As + As)),
As, =(As, - As, + As)), free param.

As; ={Asy, As;, Asy}

Es,=-3 kAs,

solution
As = As, , A, = As, =0
Er = Er(dAb,,dAb,,dAb,,, dAb,,,dAb, ,)
Ab,, ={dAb,,,dAb,,,dAb,,,dAb,,,dAD,;}
dAbsol = dAb,, (dAh,, dAb,, dAb,,, dAb,,, dAD,,, As,)

solution at infinity
dAbsol = dAbsol (ASO)

dEb,, (0) ={dEb,,,dEb,,,dEb,,,dEb,,, dEb,,, dEb,,,dEb,,}
dEb,, = dEb,, (As,,sin())
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Gravitational waves are quadrupolar (or of higher multipolarity), as was shown in 4.3., and so are the resulting
metric waves, in agreement with GR. Spherical gravitational waves are a valid approximation for small
intervals of the polar angle 6 , and planar waves an approximation for large radii r and small 9 .
We start, as usual, with the A-scaled wave ansatz:

dAb As '’
A= ; L+ A rﬂ exp(=ik(r —t))

E* = Ebes™ (r,0) +

dEb*" (0 Es* Er* .
r3/2( )+( ; + (2 jeXp(_”((r_t))

Ebcs™ (r,0) isthe Gauss-Minkowski tetrad, which represents the background metric of the (empty)
dEb* (0)

3/2
r

Minkowski spacetime, isthe change in the tetrad induced by the wave, i.e. the interaction of the

wave with matter.
As,” and Es"" arethe (constant) wave factors of first order, and Er*" isthe wave factor of the tetrad of

second order.

The AK-equations separate into the background and the wave part
egtoievnu3b(dAb,dEb)

egtoievnu3w(As,Es,Er,dADb)

The wave equation first order O(1), i.e. a infinity, is
egtoeivnu3wl(As,Es) and the solution are the wave component relations

Es, =0=Es,,Es, =3ik(As,— As + As,),Es, = -3 k As,
As, =(As, — As, + As,), with the 12 free parameters
As; ={As), As;, As)}

We insert the solution into the wave equation of second order O(1/r) and get

egtoeivnu3w2(Er, dAb,Asy)

We know from the gravitational wave equation in 4.3 that all Es are exponentially damped, so we get from the
wave component relations the vanishing tetrad condition

As = As, , As, = As, =0 , which reduces the number of parameters Asto 4.

With this condition, egtoeivnu3w?2 has 28 equations for 16 Er and 16 dAb with the parameters As;
weeliminate 5 dAb and all Er :

Er = Er(dAb,,dAb,,dAb,,, dAb,,,dAb,;,)

dAbsol ={ dAb21' dAbzr dAbzz 1 dAb32 1 dAbss}

dAb,, = dAb,, (dAb,,dAb,,dAb,,,dAb,,,dAb, , As,)

Theresult isinserted into the background equation giving

eqtoeivnu3b(dEb(6),dAb, Asy)

It has 19 independent equations of order 4 in dAb* As with the variables:

7 dEb, (0) ={dEb,,,dEb,,,dEDb,,,dEDb,;,dEb,,,dEb,,,dEb,,;} ,

11 dAb, and the parameters As; and {E21c,E21cs} from Ebew ' (r,0) .

In principle, it is possible to solve the equations algebraically, but it is hopelessly complicated.

So we make a Ritz-Galerkin linear ansatz in Asy and { 1/sin(6),1/sin**(6) } ', and minimize the equations.
We get a half-analytic solution linear in Ay

d'A‘bsol = d'A‘bsol (ASO)

dEbsol = dEbsol ('A‘SO!SI I’](Q))

dEbs, represents the interaction of the wave with matter:

dEby and dEb;; generate a potential of aradia force, i.e. the wave exerts a pressure in direction of
movement, the remaining components represent a shear-stress tensor components in xy(=13), xz2(=12) and
yz(=32) directions. Asthose forces are linearly dependent on the wave components Asy , they are normally
unmeasurably small, but they should exist.
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4.6. Planar gravitational wavesin AK-gravity

A-scaled wave ansatz
A’ =dAb," + AAs,” exp(-i k(x 1))
dEb*Y

E"" = Ebeu ™" (X,60) + —5— + ES"” exp(—i k(x —t))
X

egtoiev — static & wave-equations
egtoievnu3b(dAb,dEb)
egtoievnu3w(As,Es, dAb)

wave equation first order in O(1)
egtoievnu3wl(As,Es)

dEbsoF{dEboo, dEb]_]_, dEblz, dEb]_g}

wave component relations
Es,=0=Es, ,Es, =3 k(As, - As + As,) ,Es, = -3 k As,

"I As,=(As,~ As + As,), free param.
As; ={As;, As;, A}
solution
wave equation second order O(1/r) dAb = dAb (As, )
egtoievnu3dw2(dAb,As) > f
bgr equation solution at infinity
eqtoievnu3b(dEbs,,dAby, dAb;) —» dEb,, =dEb,, (As,)

wave form planar wave in x-direction

As, 0

As= S Es= . 0
0 Es, = 3ik(As, - As + As))
0 Es,=-3 kAs,

tetrad Es has only transversal components (2,3) = (60,¢) =(z,Y)

metric wave has also only transversal components
EseneEs'=gs

gs_[o 0]
0 os,

o, - Es,” EseEsy|_ As,’ —(As, - As ) /2
* \EseBs, Es’ —(As-AsfI2 - A

gauge cond. 2As, s (As, + As, - As)) + (Ag, - As )" =0

i.e. gs hasthe normal form of a GR metric wave

gs satisfies the linearized Einstein equations
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reflection and absorption of gravitational waves:

at matter boundary the relative potential changes @ ~ —% S D=D+5D 5D=-— rS(zl\r/l)
r,(M) =Schwarzschild radius of the interacting matter M
Jio & (M)

khasajump ok: with k=—2Y>— |
J P 2r03 k 2rs

so the reflected and absorbed amplitude ratio is approximately

SA _k_r(M) oA _ (M)
Ak 2r, T A\ 1
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Planar gravitational waves are on Earth of course the only readlistic form to be measured. Asthe LIGO

observation show, their scaleisaround r, oc 100km and the induced relative metric strain & oc 10 , so for the
tetrad % ~ e 107,

We begin, as before, with the A-scaled wave ansatz
A’ =dAb," + AAs,” exp(-i k(x—1))
ng
E“*" = Ebev™ (x,0) + % + Es"" exp(—i k(x —t)) , where we use the same variables as before, except the
X
second-order wave factor Er .
Again, the AK-equations separate into the background and the wave part
eqtoievnu3b(dAb,dEb)
egtoievnu3w(As,Es,Er,dAb)
and the wave equation first order O(1), i.e. at infinity, is
egtoeivnu3wl(As,Es) and the solution are the same wave component relations, as for the spherical case:
Es =0=Es, ,Es, = 3k(As, — As + As,)  Es; = -3k As,
As, =(As, — As, + As,), with the 12 free parameters

As, ={As,, As,, As)}
The solution isinserted into the wave equation of second order O(1/r) giving
egtoeivnu3dw2(dAb,As) . Now we get a (trivial) solution if we set dAb to a half-antisymmetric background:

dAb._, ={dAb,(1,1,-11),dAb (11-11),dAb,(1,1,-11),dAb,(1,1,-11)} , which furthermore enforces the
vanishing tetrad condition As, = As, , As, = As, =0 . Thisis undesirable, since then the background equations
areidenticaly zero.

So we demand that the solution deviates from dAb,, and introduce the penalty-factor 1 inthe
|dAb - dAb,|

equations. Now again make alinear Ritz-Galerkin ansatz dAb; = ZozijkAsf « » Minimize an get the solution
k

dAl = dAR (As, )
Finally after insertion, we get the bgr equation in O(1) (at infinity)

egtoievnu3b(dEbsy,d2Aby, d2Ab;) where

d2Ab, ={dAb,, — dAb,;,dAb,, + dAb,,,dAb,, + dAhb,,dAb,, — dAl,} are the half-antisymmetric background
differences and

dEbsoF{dEboo, dEb]_l, dEb]_z, dEb]_g} , which depends on dAbo, dAb]_ only.
We minimize again with Ritz-Galerkin and get the solution

dEb, ; = Zaijk Asy,
K

With planar waves, there is again the radia pressure dEbgo, dEb1; , and the shear-stress in xy(=13) and
xz(=12) , but no other directions, asisto be expected.
We calculate now the form of planar waves. Originally, we have 3* 4 free parameters As, , so we get for a

planar wave in x-direction

As, 0
As= A5 Es= . 0

0 Es, =3 k(As, - As + As))

0 Es,=-3kAs,

the tetrad Es has only transversal components (2,3) = (0,¢) = (z,Y), as expected.
The form of the metric wave follows from the defining equation of the (inversed densitized) tetrad E
EseneEs'=gs
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0O O
gs= (O s, J and the wave exponential is exp(2ik(x" —ct)), i.e. the metric frequency is the double of the
2

source frequency o, = 2w , asiswell known.
9522:( Es,’ EszozEssJ:( As; —(Aso—Asl)Z/ZJ
Es,eEs, Es ~(As, - As) /2 - As)
Now if we impose the gauge condition 2As, e (As, + As, — As )+ (As, — As )’ =0, then gs has the normal form
of a GR metric wave

00 O 0

00 O 0
h, )= exp(2ik(x" - ct))
b, 00 & e

00 €, —€n

and therefore gs satisfies the linearized Einstein equations, see 4.4 above.

Finally, let us examine the reflection and absorption of gravitational waves. Let us assume, as a simplification,
that there is a sharp edge of the interacting matter, and at this boundary thereis ajump of the potential.
Thisisnot true, of course, and in fact we have to cal cul ate the background tetrad from the real backgound
metric.

But under this assumption, at the boundary the relative potential changes: ® = _2r_s 5> D=0+5D

;
ob =— rS(Zl\r/I) , where r,(M) =Schwarzschild radius of the interacting matter M

Thenk hasajump ok with k= L (sseB47), = M)
2r03 k 2r

S

If we consider the wave component relations, and require that the tetrad and the metric be coitinuous, the A-
tensor will have ajump so the reflected amplitude ratio is approximately

A _ &k _r(M)
A Kk 2r,
The absorption ratio results from the energy balance (T=energy, Ap,=amplitude):

To=A+(AA)* =T, = (A +AA)?,

so the absorbed energy is 2AAA, and 52" :\/Z'XAZ'Ab :\/rs(rM)
The approximation isonly valid if r (M) <<r, . If we apply it to the Earth with r,(M) = 9mm and the first
LIGO black hole merger event GW140915 with r, =r,(60M ,,,) = 180km, we see that the effect is currently

unmeasurable. But recently, echoes of reflection from the originating black hole in GW140915 have been
discussed [27] with an assessed amplitude ratio of «, ~0.05 , which is consistent with areflection from a

debris-spherewithamassof M ~3M,, .
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4.7. Wave equation in binary rotator spacetime
binary gravitational rotator: masses m; my, distancero , massratio u= my/my </ , total mass m=m, + m, ,

o

2r,°

Gm
2

T

described by Kerr spacetimein first order approximation for o <<1

Schwarzschild radius r = 2 , gravitational wave number k =

)
_(1_% 0 0 _asin*0
r r

1 0 0

S
r
re 0
r’sin“o
a ) exactly: a = 8 H
ry "B F (L+ ) (3+8iu—4u?)

The celebrated Einstein’ s power formulafor gravitational waves of the bgr :

32 , , G
P,=—m'm™m
gr 5 r05C5
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The binary gravitational rotator, abbreviated bgr, (two masses rotating around their center-of-mass in their own
gravitational field) isthe simplest source of gravitational waves, a single rotating mass (i.e. with axial
symmetry) does not emit gravitational waves.
Bgor has an axial symmetry and can be described by a Kerr-spacetime with an appropriate Kerr-parameter o,
which determines the power of the generated gravitational wave as shown in[11].
The exact formuladerived thereis
8r u

o= ,

5r,F (1+ )" (3+8ip — 4u?
and ro is the mean distance of the masses., masses my m, total mass m=m, + m, , Schwarzschild radius

2Gm

s C2

The celebrated Einstein’s power formula for gravitational waves of the bgr is[2]:
4

P, = §mlszmcj— or formulated with «
5 r, c’

AE, (l+im)a F

T ) 4n

) , Where F=1 isthe relativistic velocity factor, u = m <1 isthe massratio
m

r

P,= (3+8i—4u?)

The gravitational waves of the bgr have the (dimensionless) wave number k = ig , with dimension

2r,
ot

2r,°

In the following, we need only « = % with a constant ¢, and the bgr to be described by a Kerr-spacetime to be
0

(04
2

2
exact of order O(r ] .
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4.7.1. Wave equationsfor the binary gravitational rotator

eqtoiev A-scaled wave ansatz

backgrund equation eqtoeivnu3b=egtoiv
standard sol ution:

Eb-tensor= the Gauss-Kerr tetrad Egk :

_ _ (04

Eck = Egs except (Eck )os= Egyiig

Ab-tensor Ab= AnaptdAb perturbed half-antisymmetric background

egtoievnu3wdA = eqtoievnu3wdA(As, ES, a , k)
eliminate ES3, ESO, Esl , left 18 equs eqtoievnu3wdAs2s3 for 20 variables Es2, As
solution at infinity {Esi2i, AsiOi, Asili, Asi2i, Asi3i} , i.e. order O(1) inr-powers is

Es2@(rl, th] — @, Es21(rl, th] — @, Es22(rl, th] — @, Es23|rl, th] — @, As@@ rl, th] — AsB@ th], As@l[rl, th] — As@@[th], As@2(rl, th As@8[th], As@3 rl, th] — AsBe th],
As1@(rl, th] — As@@ th], As1l rl, th] — As@@[th], As12(rl, th As@8 th], As13(rl, th] — As@® th], As2@ rl, th] — ©, As21 rl, th] — @, As22 rl, th] — 8, As23(rl, th] — 8,
3 (Ase0e[th As@0’ [th 3 (Asee | th As@e’ [ th 3 (Asee | th As@e’ [ th
As31(r1, th] — @, As32rl, th] — 8, As33[rl, th] - @, Es@@ rl, th e Eseln, th] s Ese2, th e
r ~ ~
3 (Asee | th Ased’ [ th 3 (Ase8 | th As88’ [th 3 (Ase8 th As88’ [ th 3 (AsBe[th AsBe’ [ th
Es@3|rl, th] ———————————————, Esl1@(rl, th —————————————, Esl1(rl, th ————————————, Es12(ril, th _,
rl rl r1 rl
3 (Ased | th Asee’ [ th 3Ase8 th 3 As@e th) 3 Asee th] 3Ase0 th
Es13|rl, th —1, Es3@rl, th 711 Es31(rl, th| - 71, Es32 rl, th] — 71, Es33|rl, th 71
r r r r r

free parameter variable AsD0(6) , for thewave Asy(r,0) = AS"%(mexp(—ik(r ~1))

C
- and o =2 |,
2r, o

egtoievnu3wdAs= egtoievnu3wdAs(ro, ES2, AD, Asl, As2, As3)

with parameters k =

seriesin ro:
eqtoievnudwdAs= eqtoievnudwdAsO+ eqtoievnu3wdAsL/ro+ eqtoievnu3wdAsL/ro¥ 2+ ...
goal: calculate AsOO(r,0 ,rp) anayticaly in {6 ,ro} asaseries inr , then al others
(As00n10(g) + AS00NLL0) | ASOONL2(9) |

3/2 )
0 r‘O

ASOONOL(6) AsOOr;IC:Z(Q) e)e
fy lo r
AsO0N01(0)

o

As00(r,0,T,) = (ASOON00(6) +

result: AsOOn00(0) =0 ,i.e. for ro—o As00(r,0,r,) =

+ ...
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First, we make a /-scaled ansatz for the A-tensor

\%4

As
APV = Abuv +A r” exp(—i k(r —t)) and correspondingly for the E-tensor

y7A%
E™ = Eb™ + £ exp(<i k(r 1))
r
Then, calculate the tetrad of the Kerr spacetime, which satisfies the gaussian equation (Gauss-K err-tetrad)
EGK .

We start with the (dimensionless) Kerr spacetime with L33 , I.e. dimensionless (settingr=1) a <<1:
rS

origina line element withrs :

)
—ds? = (1-—”3 ej(dt)z {—2”3“5'” o jdt do

r? + a?cos’ r’+a?cos’6
r’+a®cos’6 ), ,
-l " -
r>—rr +a

r’+a®cos* 6
In matrix form dimensionless;

s 2
(1_ r j 0 0 rasin®é

2 51?2
(rz +a? +MJsin29dgo2 —(r? + a cos? 0)d6?)

r’+a®cos’ 6 r’+a®cos’ 6
r’+a’cos’ 0
—— 0 0
9, =- r’—r+a
~(r*+a’cos?0) 0
ra®sin®6
r’+a®cos* 6

—sin*0(r’ +a’ +

)

and in first order approximation for a <<1

;2
_(1_% 0 0 _asin®@
r r
11 0 0
IR =
r
r? 0
r’sin’o

Caculation of the Gauss-K err-tetrad with the metric condition
EnE'= g /(-det(g))¥* and satisfying the gaussian equations
69 E2v

+0,EY =0,
;

) (04
yields Eck = Egs except (Eck )os= g g

This non-diagonal element (Eck )o3 causes (in first approximation order) a perturbation dAb,, of the constant
half-antisymmetric background solution Anap, for the A-tensor. This perturbation is calculated from the static
part of the AK-equations egtoievnu3b (see4.3.) , inserting Eb=Egk and Ab= Anap+dADb .

The result for the perturbed solution Ab is

alphax alphax alphax alphax
AbBE | rl, th — ABBc « P 2% ab@1 r1, th) - ABBC + ——Po Ab@2 r1, th] - - ABOC PaX  Ab@3 | rl, th) — AB@c « ——Pl2X
r13 r1? r1? r13
Ab1® rl, th| — Alec, Ab11l(rl, th] — Al8c, Ab12 rl1, th] — -Al@c, Ab13 rl, th] — Al@c, Ab2@|rl, th| — A28c + 1 Csc th], Ab21 rl, th] — A20c - 1 Csc th],
Ab22 r1, th] — -A28c + i Csc[th], Ab23[r1, th] — A28c - 1 Csc[th], Ab3@ r1, th] — 1 - A38c, Ab31 rl, th] — 1+ A38c, Ab32[rl, th| — 1 - A38c, Ab33[rl, th] — 1+ A38c

with constant parameters Aijc={A00c,A10c,A20c,A30c} and alphax=a
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dAbO=2% | dAb2=—— , dAbl=0 , dAb3=1
r sin@

After inserting this result into egtoievnu3w the wave part of the AK-equations, we get new equations

egtoievnu3wdA , which do not depend on the constants Aijc, only on As, Es, a., k :

3rl1? (-1-ikrl) As@®(rl, th] +3 i krl®Asl® rl, th| - 6 alphax As1l rl, th| + 6 alphax As13[rl, th| - rl® Es2@ rl, th| - r1®Es3@[rl, th| + 3 rl® Ase@' %2 |[rl, th

eql
a 3r1*
3+3:1krl) As2@[rl, th] +6irlAsll|rl, th] Csc|[th] -6 rlAs13 rl, th] Csc[th] -rlEs@@ rl, th| +rlEs3@(rl, th] + 3 As18'%Y [rl, th] -3 rlAs20'%% [rl, th

eq5s
3r1?

1
eqd -~ (-6 1 krlAs2L(rl, th) -6 1 krlAs23(rl, th) -6k rlAs3l(rl, th) Csc(th) ~6krlAs33(rl, th) Csclth) + i krlEs@d(rl, th) - i krlEs0(rl, th -6Asll B3k, th) - 64513 k1, th) -
r

Es@@ > [r1, th] - Es20 @1 (1, th] - 6r1As21 2% [p1, th] - 6r1As23 2% [p1, th] -6 i rl1Cscth] As31'%® [p1, th) - 61 rlCsc th) As33 2% [r1, th. - r1Es@® % [r1, th] + r1Es10 ° [p1, th

3 krl®As28(rl, th) - 6 alphax As21(rl, th| - 6 alphaxAs23 [ rl, th -6 r1® As@1[rl, th] Csc|th] -6 | r1? As@3(rl, th) Csc|th| - rl® Es1@(rl, th] - r1® Es30 (rl, th] - 3 ri2 AsE8 ®1 [rl, th

eald 3r1?
17 -6rlAsll[rl, th] +6rlAs13[rl, th] -3 As38[rl, th] -3 i krlAs30[rl, th] + r1EsB@ rl, th] + rl Es2@[rl, th] + 3 rl As38'%2 [pl, th)
eq -
3r1?

eq2l (6r1® (-1- 1 krl) AsBl(rl, th] +6r1® (1- i krl) AsB3(rl, th] -6 i krl* Asll(rd, th] -6 i k r1* As13rl, th] -

r1®
24 alphax As31 rl, th| + 6 1 alphax k r1 As31 rl, th| - 24 alphax As33[rl, th| - 6 1 alphaxk rlAs33[rl, th| - 1 k r1* Es00 rl, th] - r1® Es10 rl, th) + ik r1* Es10 rl, th] +
r1? Es2@(rl, th] - 6 r1* AsB1' %% [r1, th] - 6 r1* As83'? [r1, th] - 6 alphax rl As31' %% [r1, th] + 6 alphax rl As33'%% p1, th] - r1* Es10' %% [r1, th) - r1*Es28 %% [rd, th

1
eq25 — - krl® Es@8 rl, th| « 2 alphax Es@1|rl, th| - 2 alphax Es@3 [rl, th| - r1? Esl@ rl, th) -
rl
i kr1? Es18 (rl, th] -2 i r1® Csc[th] Es21(rl, th| =2 r1® Csc[th] Es23[rl, th) -2r1% Es31(rl, th] «2r1® Es33 r1, th) - r1? Es28' %Y [r1, th] - r1® Es18' %% r1; th

3 alphax (Es1@[rl, th| - Esll[rl, th] + Es12|rl, th] + Esl3[rl, th]

eq29 o

eqie 3 alphax (Es@@ | rl, th| - Es@l rl, th +Es82|rl, th| +Es@3[rl, th
r1®

eq31=0

eq32=0

For ssimplicity, we show only the first equation of a4-group , but here the symmetry
column-index—group-index compared to the egtoievnu3w in 4.3. islost,

e.g. eql=eql(As00,As10,As11,As13,Es20,Es30) dependsalso on {Asl11,As13} , not only on As10,

asin eqtoievnu3w .

We eliminate Es3, ESO, Es1 from equations{1...4}, {5...8}, {13...16}
and are left with 18 equs eqgtoievnu3wdAs2s3 for 20 variables ES2, As
eql...8, eql3...16, eq31...32 vanish identically,

we show here resp. the first equation from the respective 4-group

As20(rl, th] ikAs20(rl, th 6alphaxAs2l(rl, th] 2 alphaxkAs21(rl, th 6alphaxAs23(rl, th] 21 alphaxkAs23(rl, th
eqd - - +21 kAs21(rl, th] - - ~21ikAs23(rl, th] + + ~2kAsBl(rl, th] Csc[th] +
ri? rl r1* r1? rit ri?
21 Asli(rl, th] Cot[th] Csc(th] 21 As13(rl, th] Cot th] Csc(th
2kAs@3(rl, th] Csc|th| -2k Asll rl, th) Csc(th - 2kAsl3[rl, th] Csc[th] - 2k As31rl, th] Csc(th| - 2k As33[rl, th] Csc[th] + 1 - 1 -
r r
As16'®1 [r1, th] 2 alphaxAsll'®Y [rl, th] 2As11/®% [rl, th] 27 Csc[th] As11'®Y [rl, th] 2alphaxAs13/®1 [r1, th] 2As13'® [rl, th] 21 Csc(th] As13'%% [rl, th] As20/% [rl, th]
r1? - r1* N rl - rl N r1* - rl N rl - r1? -
1kAs20'S1 (rl, th]  As18'%2 [rl, th Le Le Le Le Le As20'L2 [r1, th
1 - vy -2 Cscith| As@l'™® [rl, th] -2 i Csc(th) As@3'»® [rl, th] -2 Csclth] As11'P® [rl, th| -2 Csclth) As13'D® [rl, th] - i kAs20 ™9 [rl, th) - 1
r r r
e 2 alphax As21' %2 [rl, th Lo 2 alphax As23 %% [rl, th Lo Lo As10'%Y [rl, th]  As20'%Y (rl, th 20
24521 Pl th) " L 2As23'M% 1, th) - " —— .2 i Csc[th] As31'%% [rl, th] - 21 Csc[th] As33'%% (rl, th + - As20'%
ra? ri? rl rl
As@@ rl, th 2 alphax As11rl, th 2 alphax As13 [rl, th
eql7--i kAsB@[rl, th - —————— + i kAsl@[rl, th] + 2As1l(rl, th] - ———————— ~2As13|rl, th] + ————————— i kAs28(rl, th] -
ri r1* r1#
As20(rl, th As30(rl, th) As10/%:1 [rl, th 1e 1o 10
= kAS38[rl, th) - —— 21 Asli[rl, th] Csclth] -2 As13rd, th) Csc(th] - ———————— - As00'%% [r1, th] - As20 B€ [r1, th] ~As30'MC e, th
r r r
24508 rl, th] i kAs@@(rl, th 24s01(rl, th 2As03rl, th] ikAsl@(rl, th 8 alphaxAsllirl, th 8 alphax As13(rl, th
eql ———  ————————— 2 ikAs@lrl, th) - —————— + 21 kAs@3[rl, th - ——————  — " .2 ikAsll[rl, th| s ———— ———— 2 i kAs13[rl, th - ————
1z rl 1 1 rl r1® r1*
8 alphaxAs2lrl, th| 2 alphaxkAs2l(rl, th] 8alphaxAs23(rl, th] 21 alphaxkAs23(rl, th] 8alphaxAs31(rl, th| 2 i alphaxkAs31(rl, th] 8alphaxAs33(rl, th] 2 alphaxkAs33(rl, th
ri* r13 r1* r13 ri* r13 ri* r13
21 As@l(rl, th] Csc(th 21 AsB3[rl, th] Csclth 2As00'%1 [rl, th kAsB@ %1 [rl, th
2kAs@1[rl, th Csc(th] + ———————————— - 2k As@3[rl, th] Csc(th] - ————————————— - 2kAsll[rl, th] Csc[th] - 2k As13[rl, th Csc(th +
vl rl r12 vl
kAs10%Y [r1, th Lo 2As00' L% [r1, th] 1o 1o 1o X 1o Lo
kA M e, th) - ————— = 2461 [, th) -2 Cscth) Ase1'M? [r1, th) - 2As3 % (e, th <21 Cscth] Ase3™M® [p1, th) - 1k As10 T (n, th) -
v =
2alphaxAstl M® (r1, th| 2alphaxAs13 B® (rl, th)  2alphexAs2l %® (rl, th) 2slphaxAs23%® [r1, th| 2alphaxAs31 %© rl, th)  2alphaxAs33 b® (el th AsBO ™' [rl, th)  oh, o
+ + - - + - - Asee ' r1,
ri? r1? r1? ri? r1? ri? rl
N 6As88 (r1, th] 91 kAsed(rl, th 6 alphax As@1(rl, th] 6 i alphaxkAs@l(rl, th] 6As@l(rl, th 6alphax As@3 [rl, th] 6 i alphax k As@3 [rl, th
eq25 6 k? As6O |1, th) - - <6 i kAs@1(rl, th) - - + -6 kAs@3(rl, th] « -
r1? ri r1* r1? = e Y]
64583 [rl, th N 24 alphax? As18 [rl, th] 24alphaxAs1@(rl, th] 3 ikAsle[rl, th) 12 alphax? As11(rl, th] 24alphaxAsll(rl, th] 12alphaxAsll(rl, th
——————— _6k*As10[rl, th - - -6 kAs1l(rl, th) - - -
=1 r1® r1? rl r1¢ r1* re?
6 i alphax k As11(rl, th 12 alphax? As13 [rl, th] 24alphaxAs13(rl, th] 12alphaxAs13(rl, th] 6 ialphaxkAs13(rl, th)] N 61 kAs20rl, th) 18alphaxAs2l[rl, th
— ' .61 kAsl3[rl, th - - - <6 k?As20[rl, th] - +
r1? r1® r1* r1? r1? ri r1*
18 alphax As23 (rl, th 6 i As@l(rl, th) Csc[th 6 As@3(rl, th) Csc(th] 24 1alphaxAsl@[rl, th] Csc[th
e . 6kAs@l[rl, th] Csc[th] - ———————————— 6kAs@3[rl, th] Csc[th] + + +6kAs11(rl, th) Cscth] -
r1* - r1 r1 r13
12 i alphax As11(rl, th) Csc th 12 i alphax As13[rl, th] Csc|th X Es20(rl, th) 2 alphax Es21(rl, th
—  6kAsl3[rl, th Cscith] - ——————— 3 kEs20(rl, th] - —————— . 2Es?1(rl, th] - ————————— 2 Csc[th] Es21(rd, th] -
ra? r1? rl r1?
2 alphax Es23[rl, th 6As80 %1 [rl, th| 31 kAs@8'®Y rl, th] 3ikAs18'%l [rl, th] 6alphaxAs11®?! [rl, th 6 alphaxAs13'® [rl, th
2Es23(rl, th) - ——————2—— .3 Csc(th Es23(rl, th) - - - - +
r13 r1? rl rl r1# r1*
Es20/%1 [r1, th 1o 6As00':® [rl, th 1o 6 alphax As@1 %:° [r1, th 1o 1o 6 alphax As@3 L° [r1, th
. 9ikAs@0 M [rl, th] s ———— —— 6As01 % (Pl th) - ———— " . iCscth] Ase1'™® [r1, th) 6As83 M [p1, th] - — 7
rl rl 13 ST
1o 1o 6 alphax As11'%:% [r1, th| 6 alphax As13'%° [r1, th 1o 1o 34500 L1 [r1, th e
6iCsclth) Ase3'™® [r1, th) -3 ikAs1e'™® [r1, th ve - - +61kAs20'® [pl, th) - Es280 ™ [rl, th] - o ~3As00 % [rl, th
r r
3 As08[rl, th 3As81(rl, th 3As02(rl, th
€a29-3 1 kAs6O[rl, th) » ——— = -3 i kAs@Lrl, th - —— - ——— -3 1 kAse2(rl, th| - —— ———— -3 ikAs03[rl, th) -
r r r
3As83[rl, th 12 alphax As11(rl, th 12 alphax As13[rl, th
3 ikAslairl, th] .3 1kAsllrl, th 7f73 kAs12(rl, th] + 3 i kAs13(rl, th ,+,3 kAs20[rl, th] -3 i kAs21(rl, th] -
r r r
12 alphax As21(rl, th 12 alphax As23[rl, th
— -3 1kAs22 rl, th] -3 1 kAs23[rl, th] « — +12 i As@1(rl, th) Csc th) -12 | As@3[rl, th)| Csc|th| - Es20 rl, th| - Es21 rl, th| - Es22(rl, th] -
r r
3As00'%1 [rl, th] 3As@l®l rl, th, 3As2 %1 [rl, th 3As03'®1 [rl, th 1o 1o 1o 1o
Es23(rl, th - - n - n ~3as00 %% [p1, th) - 3As01 V2 [rl, th) - 3As02' %% [r, th] -3As03 2 [rl, th
r r

The solution at infinity {Esi2i, AsiOi, Asili, Asi2i, Asi3i} , i.e. order O(1) inr-powers is

rl, th
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Es20 rl, th] - @, Es21(rl, th| - @, Es22 rl, th] - @, Es23 rl, th] - @, As@@[rl, th| - As@@ th|, Asel rl, th] - Ase@ th|, Ase2 ril, th As@@ th|, As@3 rl, th) — Ase@ th),

As1@[rl, th| - Ase@ th|, Asll rl, th] - As@@|th), As12 rl, th| - ~As@@ th|, As13 rl, th] - Ase@ th|, As2@(rl, th, - @, As21(rl, th] - @, As22(rl, th) @, As23(rl, th] - @, As3@(rl, th] - @,

3 (As@@[th) - Ase0’[th 3 (As@@ th| - Ase@’ [th 3 (As@@ th| - Ase@' [th
As31(rl, th] - @, As32(rl, th] 8, As33(rl, th) - @, EsBO(rl, th) ~ ——— ——————, Es81(rl, th L EseirL th) - S
" s I

3 (As@8 | th Ase8’ [ th 3 (AsBO[th AsB0’ [ th
Es@3|rl, th] ——————————————, Es1e(rl, th ———————————, Es11(r1, th
r1 rl rl r1

3 (Asee th As@®’ th 3 As@e th) 3 Asee|th 3 As@e|th 3 As@0|th]
Es13|rl, th —1, Es3@ rl, th] — 71, Es31/rl, th 711 Es32(rl, th 71, Es32(rl, th| — 71
r r r r r

3 (AsBe[th AsBe’ [ th 3 (As@8  th As88’ [ th
——————————, Esl12(rl, th] _,

with the free parameter variable AsO0(6) , which describesthewave Asy(r,0) = A (0) exp(— ik(r— t))
r
generated by the bgr.

Now we insert for the parameters k = - and a= % , SO the equations depend now only on

2r, 0
the bgr-parameter ro
egtoievnu3wdAs= egtoievnu3wdAs(ro, ES2, AD, Asl, As2, As3)
and in powers of rq the dependenceis
eqtoievnu3wdAs= eqtoievnu3wdAsD+ eqtoievnudwdAsl/ro+ eqtoievnudwdAsL/re®+ ...
the parameter variable As00(r,6 ,rp) hasto satisfy the equationsalsoinrg .
Our goal in the following subsection is to calculate AsOO(r,8 ,rp) anayticaly in {0 ,ro} asaseries inr , and al
other variables, too .

ASOONLY(9) | ASOONL2(6)

(AsOON10(0) + ; a2 )
0

ASOO(r, 0, 1,) = (ASOON0O(6) + ASOO:‘OW) 4 ASO0N020) |y . =
0 r0

Thefirst term in AsOO describes the wave at infinity and the dependence of the amplitude on the parameter rg of

the bgr. An important result of the following subsection is:

As00(r,6 ,ro)
As00N00(0) = 0, i.e. infirst approximation for ro—oo  As00(r,6,r,) =

As00N01(6)
r.O

+ ...
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4.7.2. Solution asa seriesin r-power s by comparison of coefficients

we transform »—1/z and develop in aseriesin zaround z=0:
Es2@(z, th] — K1n® th] + zKlnl[th] + zZK1n2 [th] - z° K1n3[th] - z* K1n4 th]

As33 z, th] — K20n@ th] - zK2@nl th] - z2K2@0n2 th] - z® K20n3 th] - z* K20n4 th]

{K1n0(0),..., K20n0O(0)} isthe solution at infinity {ESi2i, AsiOi, Asili, Asi2i, Asi3i} from above
equationsin aseriesin z and get 5 groups of equations, each for a coefficient of 2, k=0,1,2,3,4
eqtoi evnu3wdAzK cnO= coef(2)
eqtoi evnu3wdAzK cnl=coef(Z)
eqtoi evnu3wdAzK cn2= coef(Z)
eqtoi evnu3wdAzK cn3= coef(Z)
eqtoi evnudwdAzK cnd=coef(Z")
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In order to develop the 20 variables {ES2i, AsOi, Asli, As2i, As3i} and the equationsin a series in r-powers
around r=o0 , we transform r—1/z and develop in aseriesin zaround z=0':

Es20z, th] — K1n@[th| + zKInl th] - z? K1n2 th] - z° KIn3 th] - z* K1nd th]

As33(z, th] — K20n® th] - zK2@nl th| - zZK2@n2[th| - z° K2@n3[th| - z* K2@n4 [ th]

{K1n0(6),..., K20n0O(A)} isthe solution at infinity {Esi2i, AsiOi, Asili, Asi2i, Asi3i} from4.7.1.

Then we develop the equations in a series in zand get 5 groups of equations, each for a coefficient of 2,
k=0,1,2,3,4

eqtoi evnu3wdAzK cn0= coef(Z°)

eqtoievnu3wdAzK cnl= coef(Z)

eqtoi evnu3wdAzK cn2= coef(Z)

eqtoi evnu3wdAzK cn3= coef(Z)

eqtoi evnu3wdAzK cnd= coef(Z")

egtoievnu3wdAzKcnO vanishes identically, because the ansatz already solves the equations at infinity.

The remaining 4 equation groups have to be solved consecutively and the solution inserted in the next equation
group, until egtoievnu3wdAzKcn4 is solved.

The solution of eqtoievnu3wdAzKcenl

rKvardAnl=

31 Ase@ - 3kK18nl th| - 3kKénl th| 3 (-1 As88 - kK18n1 th| - kKénl th] 3 (-1 As@® - kK1@nl th| - kKénl|th)

Kinl th] — , K2n1[th] — , Kan1 [th)] , KSn1[th] — —K1@n1 th] - K6n1 th] - K9n1 th],
i+ Csc th] i - Csc[th] i - Cscth
Cscth] (i As@@ - kK18nl th] - (21 -k +2Csc th] Kénl[th] - 2 i K8nl th] - 2 Csc th] K&nl|th]
K12n1 th] — K1@n1[th| - Kénl th] - K8n1 th], K13n1 th] — )
k (i+Csclth
K1amy 4 . Ss€lth) (1As@9 . (-2 -k-2Cscith ) K10nl(th) + (21 -k-2Cscith]) Kénl(th - 21KBnl th| - 2Cscth| K8nl th) - 21K9nl[th] - 2 Csc th| K3nl th)
n N
T k (i-Csc th ’
31 As00 - i K3nl th! - 3kK7nl[th Cscith] (iAsB@ - (21 -k-2Csc(th]) K18nl th]| - kK6nl(th]| - 2 (i - Csc[th]) K9n1[th]
K15n1 th] — K11n1[th] - , K16n1(th] — R
3k k (i-Csclth|
As@8 — i kK18nl th] + i (21 - k- 2Csc[th]) Kénl [th] - 2K8n1 th] - 2 i Csc th] KBnl[th]
K17n1 th] — R
k (1 Csc th
K18l th AsBB - i (21 +k-2Csc(th)) Kl@nl[th| - (2+ ik 21 Csc th ) Kénl th] - 2K8n1[th| - 2 i Csc(th| K8nl th| + 2K9n1[th| - 2 i Csc|th] K9n1 th
n - >
B k (1 + Csc[th]
i K3n1[th AsB® - 1 (21 +k+2Csc|th K1enl th] - 1 kKénl th] - 2K9n1[th] - 2 1 Csc[th] K9n1 th
K19n1 th] ~ —————— K2@n1[th] — S - - S - -
3k k (i+Csclth
{K3n1l[th|, Kénl th|, K7nl1[th], K&nl th|, K9n1[th|, K18n1 | th]|, K11nl th]
i (As@® - i kK10nl[th i (As@® - i kK1lnl th
K6nl [ th) ~ ————— ——————, K7nl[th] -~ - ——————————, Kanl th| -0,
3kK1@n2(th] 3kkenz th 1
Kin2 th] - - - 3 (-8 1 AsB@ - 8AsR Csc(th| - As@® Cot [th| Csc(th] - i As@@k Cot [th| Csc(th] «
: i - Csc th i+Cscith] 4k (i-Cscith) |2
i As@@ Cot [th| Csc th|? - 8kK10nl th| - 8 i k Csc(th] K18n1 th] - i kCot th| Csc th| K18n1[th| - k? Cot th| Csc|th| K10nl th| - k Cot [th] Csc(th|?K1@nl th| -
ik Cot th] Cscith] K8nl(th] - k? Cot th Cscith] K8l th] - k Cot[th] Cscth]?K8nl(th] + 2 i kCot th] Cscith] K3nl(th] - 2kCot th] Cscith]?Konl(th] |,
K2n2(th) - 2KK1en2 th)  3kK6n2 th) 1 3| 81As00  8As@Q Csc th) - As@@ Cot[th] Csc th) + i AsB@k Cot[th] Csc(th] - i As@@Cot[th] Csclth)? -
i - Cscth i+Cscith] 4k (i-Cscith])?
8kKlenl th] - 8 i kCsc th] K18n1 th] - i kCot [th] Csc[th] K18n1 th] - k? Cot[th] Csclth] K10nl th] - k Cot[th] Csc thi?Kienl(th] -
i kCot [th] Csc(th) K8nl[th) - k Cot th] Cscth] K8nl th] - k Cot [th] Csc th]?K8n1 th] - 2 i k Cot th] Csc(th] K9n1[th| - 2kCot th] Csc(th?K9nl[th
K302 th) O 1ASER - KKUINLIEh ) k) 3 kKISn2 th] - 31 kK72 th), Kdn2 th) _ - SKK1On2(Eh] 3 kKEn2(th e
K i~ Csc th) i Csclth 4k (i-Csclth])?
3 (-8 1 As@8 - 8As@ Csc th) - Ase@ Cot[th] Csc th) - i As@e k Cot [th] Csc th) - i AsB@ Cot [th] Csc(th)? - 8kK1@nl th] - 8 i kCsc(th] K1@nl[th] - i k Cot th] Csc(th] K18nl th) - k? Cot [th] Csc(th
K1enl th) - kCot[th] Csc th 2K1@nl[th] - i kCot th] Cscith] K8nl th) - k? Cot[th] Csc[th] K8nl[th| - k Cot th] Csc(th]|?K8nl(th] - 2 i kCot th Csclth] K9nl[th] - 2k Cot [th] Csc th]2Konl th] |,
20 (K1@nl th) - K9nl th 20 (iAs@® - kK10nl th) - kK8nl th)
K5n2 [ th] - K18n2[th] - K62 th] - =~ - K9n2 th|, KER2 [th| — ~K10n2 th - K12n2[th) - K6n2 th - = B
K13n2 th) -
Cscith) (21 -k=2Cscith) ) Klen2(th] 2Cscith) K12n2(th Cscith] Kén2 th
k (i - Csc(th] K i - Csc(th)
ﬁ 16 As00 Csc [th] - 8 i As@B k Csc | th] - i AsB8 k Cot [th] Csc|th| - As@8 k? Cot [th] Csc[th] - 32 i AsB@ Csc [th]2 + 8AsB8 k Csc[th|? - As@B k Cot [ th] Csc th|? -
413 (i« Csc th)

16 AsP@ Csc [th]> - 16 1 kCscth] K18n1[th| - 8k? Cscth] K18n1 th| - k% Cot [th] Csc(th| K18n1 th| - i k® Cot [th] Cscth] K1@nl [th] - 32k Csc th]?K1@nl[th| -
81 k?Cscith)2K1@nl [th] - i k? Cot th] Csc th]2K18n1 th] - 16 i kCsc th] *K1@n1 th] - 16 i kCsc th] K8nl th| « k% Cot [th] Csc th] K&l th] - i k® Cot (th] Csc th] K8nl[th] -

32kCsclth; 2K8nl th| - i k? Cot th] Csc th|2K8nl th| - 16 1 kCsc th] *K8n1[th| - 2k? Cot (th] Csc th] K9n1[th] - 2 i k? Cot [th] Csc(th]2Kg9nl th
Csc(th] K1@n2(th] 2Csc(th] K12n2(th] Csc[th] Kén2[th 1 2
K14n2 [ th] - = - = - — - ~16As00 Csc[th] + 8 1 As@@ k Csc(th] - i Ase@ k Cot [th] Cscth] - Ase@ k? Cot [th) Csc(th) +
i+ Csclth k i+ Csclth] 4K3 (1~ Csclth))?
32 1 As@® Csc th|? - 8Ase@ k Csc th]? - As@@ k Cot [ th] Csc(th)? - 16 As@8 Csc (th> - 8k? Csc th] K1@nl th| - 3k? Cot [th] Cscth] K18n1 th) - i k® Cot [th) Csc[th] K1@nl th| - 8 i k% Csc [th) 2Kl1enl th] -
31 k?Cot[th] Csc(th]?K18n1[th] - 16 i k Cscth] K81 th] + k? Cot[th] Csc th] K8n1[th] - i k> Cot [th] Csc[th] K8n1 th] - 32k Csc[th]2K8n1[th] - i k? Cot [th] Csc[th]?K8n1 th] +
2Cscith] K9n2[th
16 i kCsc th|>K8nl[th| - 16 i kCsc[th] K9n1 th] - 2k? Cot th] Csc[th] K9n1 th| - 32k Csc[th| 2K9n1 [th) - 2 i k? Cot [th] Csc[th|2KOn1 th] - 16 i kCsc [th]>KOn1[th]| - %,

Cscithl (21 - k-2Csc(th]) K18n2 th] Csc(th] Kén2 th 1 B
K16n2 th) — - - 81 As@@Csc th] - 3 1 AseO Cot [th] Csc(th] - As@@ k Cot[th] Csc(th) - 8 As@® Csc th]? +
k (i-Csclth i+ Csclth ak? (1 -Cscith))?
3As00 Cot th| Csc(th]? . 161 Csc(th] K10n1[th| - 8k Csc th) K18n1 th| - k Cot[th] Csc[th| K1@n1 th] - i k? Cot [th| Csc(th| K1@nl[th| - 32 Csc th 2 Klenl|th] -
8 i kCsc(th]2K18n1[th| - i k Cot [th] Csc[th]2K1@n1 th] - 16 i Csc[th]|*K1@n1 th] - 3k Cot [th] Csc[th] K8n1[th] - i k¥ Cot[th]| Csc[th| K8n1 th] - 3 i k Cot [th] Csc[th]2K8n1 th] -

2Cse th] K9n2[th)

16 i Csc[th] K9n1 th] - 2k Cot [th] Csc[th) K9n1[th] - 32 Csc th]2K3n1 th] - 2 i k Cot (th] Csc th]2K3n1 th] - 16 i Csc[th]>Konl th P
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Cscth] (21 -k-2Cscith]) K16n2 th] Csc(th] K6n2[th 1 2
K16n2 th] - - - 81 As00 Csc th) - 31 As00Cot th) Csc(th] - As@@k Cot|th| Csc[th] - 8 AsB@ Csc th]? -
k(i Cscith i+ Cscith 4k? (1 +Cscith])? ) )
3As00 Cot [th] Csc(th]? + 16 i Csc[th] K16n1 th| - 8 kCsc th] K16n1[th| « kCot th Csc(th] K1@n1 th] - i k? Cot[th] Csc(th] K16n1[th| - 32 Csc[th)? K16n1 th] -
81 kCsc th 2K18n1 th| - i kCot th] Csc th 2 K1@n1 (th| - 16 i Csc[th) > K1enl th| - 3k Cot[th] Csc th] K8n1 th| - i k? Cot[th] Csc(th| K8nl th] - 3 i k Cot th] Csc(th]2K8&nl[th| -
2Csc th] K9n2 th
16 i Cscth] K9n1/th] « 2k Cot[th] Cscth] K9n1 th] - 32 Csc[th]2K9nl(th] - 2 i k Cot [th] Csc th]2K9nl th] - 16 i Csc th]>Konl th]| - %,
2+ik-2iCscith]) Kien2(th] 2iK12n2(th]  iKén2|th 1
K17n2(th] - - - + - ~16 1 As80 - BAs@0 k - 32 As60 Csc[th] - 8 i AsBO k Csc th] - i As@@ k Cot [th] Csc[th] -
k (i~ Csc(th] k i+Csclth] 4k3 (i-Csclth])?
As@0 k? Cot (th| Csc th] - 16 1 As@8 Csc th % - As@@ k Cot [th) Csc(th]? - 16 kK1@nl[th] - 8 1 k? K1@n1 th| - 32 i kCsc[th] K1@nl[th] - 8k? Csc|th] K1@nl th] -
k? Cot [th] Cscth] K10n1 th]| - i k% Cot [th] Csc[th] K1@n1 th| - 16 k Csc th|2K18nl th]| - i k® Cot [th| Csc[th]|®K16nl th] - 16 kK8nl th| - 32 i kCsc th| K8n1 th] -
k? Cot [th] Csc th] K8n1 th] - i k’ Cot th| Csc|th] K8n1[th| - 16k Csc [th]| 2 K8n1 th]| - i k® Cot [th] Csc[th|>K8n1[th| - 2k Cot th] Csc th] K9nl th| - 2 i k* Cot [th] Csc [th|®K9nl[th] |,
i K10n2 [ th] 21 K12n2[th i K6n2 [ th 1
K18n2 [ th] - - " - " - " - 161 As@O - 8As00 k - 32As00Cscth] - 81 As@@k Cscth] - 1 As@@k Cot [th] Cscth] - As@@ k? Cot [th] Csc(th) -
i - Csc th k i~Cscith]  4k® (i-Cscith])?
16 1 As@O Csc [ th|? - As@B k Cot th] Csc th]? - 81 k* K1@nl th]| - 8k? Csc[th] K1@nl [th| - 3k? Cot [th| Csc th] K1@nl[th| - i k® Cot [th| Csc th] K1@nl[th| -
21 k®Cot th] Csc(th >K1@n1 th] - 16 kK8nl th] - 32 i kCsc th] K8n1 [th| + k? Cot[th) Csc(th] K8n1[th] - i k® Cot th] Csc th] K8n1[th| - 16k Csc th 2 K8nl th] -
21 K9n2 th
i k? Cot [th] Cscth]2K8nl th] - 16 k K9n1 ~ 32 i kCscith] K9n1[th| - 2k?Cot th] Csc th] Konl ~16kCscth) 2K9n1(th] -~ 2 1 k? Cot [th] Csc th]2K9nl(th|| - +
2 (As0 - i kK1Inl th i (21 +k-2Cscith) Kien2[th i K6n2 [ th)
K19n2 (th] - - 2o = 2ot0s S0 K11n2(th] - K15n2 th] « K7n2(th], K20n2 th] — - . -
k2 k (i-Cscith i~ Csclth
1
W@ cac tn |BAS00 - B1As00Cscith] -3 iAs00Cot th Csclth) - As0OkCotith! Csclth] - 3As00 Cotith! Csclth Z.16K10nl th] - 81 kKlenl th] - 32 i Csc(th] K1@nl(th] - 8 kCsc th] K1@nl(th] -
4K% (i - Csclt
kCot [ th| Csc(th] K18n1 th| - i k? Cot[th] Csc|th] K16n1 th| - 16 Csc[th]?K18n1 th] - i k Cot[th] Cscth|2K18nl th] - 3k Cot th| Csc(th] K8nl[th] - i k? Cot th] Cscth] K8nl[th] -
21 K9n2(th
34 kCot[th] Csc(th]?K8nl th] - 16 K9n1 [th] + 32 i Csc th] K9nl th] « 2k Cot [th] Csc(th] K9nl th] - 16 Csc[th]2K9nl th] - 2 i k Cot [th] Csc th)?Konl th]| - +

remaining free variables KvardAn12f

{K8n1[th), K9n1[th|, K16n1 th|, K11nl th], Kén2 [th]|, K7n2 th], K9n2[th], K18n2[th], K11n2[th], K12n2[th], K15n2|th]

The solution of eqtoievnu3wdAzKcn3
rkvardAn31= 3variables K9n2(0), K10n2(9), K11n2(6)

K9n2 [ th] — |zaAsee rox® - 192 A5 rex® - 384 i AsBB r@x® Csc|th] - 192 As@8 r@x® Cscth|? - 12 i /2 rex® 2K12n2 [th| - 48 r@x® K12n2[th] - 12+/2 réx> ? Csc th] K12n2[th] - 96 i r@x® Csc th] K12n2 th] -

_ _ — /2 K13n3|th
48 r@x> Csc[th] 2K12n2 [th] - 4K12n3[th] - 8 i /2 r8x> 2K12n3[th] - 4 i Csc [th] K12n3 th] - 16 /2 r@x> % Csc [th] K12n3[th] - 8 1 ¥2 réx> 2 Csc[th]2K12n3[th] - ‘\ﬁ -
r@x
/2 K17n3 th /2 Ksn3 th
4K14n3(th] - 4 i Csc[th] K1an3 th) « — =M% B0 4 kagn3 th) « 4 i Csc(th] K18n3[th) - — == Lt
rox? 2 rox? 2
48 i r8x> Csc [th] K8n1 [th] - 192 /2 r@x? 2 Csc th] k8n1 th] + 96 1 2 rex” 2 Csc(th)2k8n1[th] - 12 i V2 rex’ 2 K9n1 th] - 96 i /2 rex® 2Kon1[th] - 192 /2 rex® ? Csc th] K9n1[th] -
i V2 K9n3[th]

rex? %

~aKén3([th) - 41 Csc|th] Kén3 [ th] « 48 r8x> K8n1 th] - 96 i /2 rex® 2 k8n1 th] -

32 Coc[th] K9n3 th] - 8 1 2 rex® 2 Csc[th|ZK9n3 th 6- 480X - 96 i rx> Csc[th) - 48
J

96 1 /2 réx? 2 Csc [ th] 2 Kon1[th ~8i+/2 rex*2kon3 th] - 162

K1en2(th| - |24 As00 rox® - 192 As08 rex® - 384 1 As@0 rox® Cscth] - 192 As@0 rox® Csc(th]? - 12 i /2 rex® 2K1@nl th] - 96 i 2 rex® 2K18nl th| - 192+/2 rex® 2 Csc th] K1@nl th] -

i \/2 K18n3 [ th

96 1 /2 réx® 2 Csc[th] 2 K10n1
rex’ 2

- 812 réx> 2k10n3 th] - 16 /2 reéx’> Z Csc[th] K18n3 [th| - 8 i v2 réx® 2 Csc[th)2K18n3 th] - 12 i /2 ré&x® 2K12n2 th) - 48 rex® K12n2 [th] +

122 rex® 2 Csc(th) K12n2[th| - 96 i r@x Csc|th) K12n2[th| - 48 r@x> Csc th|2 K12n2[th| - 4K12n3 th] - 8 i \/2 r®x® 2K12n3 th] - 4 i Csc|th] K12n3[th| - 16 V2 r@x> 2 Csc|th] K12n3 [th] -

- /2 K14n3 [ th /2 Kk18n3[th /2 k6n3 th
812 rex® 2Cscith|?K12n3(th] - 4K13n3 th| - 4 i Csc th] K13n3 th) - — =" F _ 4¥17n3 th| - 41 Csc(th] K17n3(th] - — = ~"""_" _ 4Ksn3 th] - 4 i Csc th] KSn3[th] - — == T
rox? 2 rox? 2 rox? 2
48 r&x3 K8n1[th| - 96 i V2 r@x® 2K8n1 th] - 48 i rex’ Csc | th] K8n1 th| - 1922 r@x® 2 Csc|th] K8n1 th| - 96 i /2 rex® 2 Csc th)?K8nl th 6 - 48 r@x> + 96 1 r@x> Csc|th)| - 48 r@x> Csc(th) 2],
]
1n2 th 24 As@0 r8x 2 - 12 1 +/2 rex® K11n1 th] - i /2 K11n3 th] + i /2 K15n3 th] - i v/2 K19n3 th] - i \/2 K7n3|th
n --
6 rox®?
rkKvardAn32= 4 variablesK15n2(0), K12n2(6), K6n2(0), K7n2(6)
1 =
K102 (th) ~ 1 4/2 rex>? (K11n1'[th] - K11nl N
K12n2 th] — (i /2 K12n3 th] - 24 i \/2 r0x? K12n3 th| - 48 /2 r@x® Csc th| K12n3[th| + 24 i +/2 r8x” Csc[th|?K12n3[th| - 4r0x* 2K13n3 [th] - 8 i /2 r@x? K13n3[th| - 4 i r@x® ? Csc [ th] K13n3|th| -
162 r@x® Csc th] K13n3 (th| - 8 i V2 rex® Csc(th) 2 K13n3 th] - 4 rex> 2K14n3 [th] - 8 i V2 rex> K14n3 th] - 4 i r@x> 2 Csc(th] K14n3 th] - 16 /2 r@x> Csc [th] K14n3 th] -
812 rex® Cscth|2K14n3 th| - i /2 K16n3 th] - 8 i V2 r@x> K16n3 [th| -~ 16 /2 réx> Csc [th] K16n3 th] - 8 i V2 r@x® Csc th|2K16n3(th] - 4r8x> 2K17n3(th] - 8 i \/2 rox® K17n3 th] -
44 rex® 2 Cscth] K17n3 th] - 162 r@x Csc th] K17n3 th] - 8 1 /2 r@x> Csc th] 2 K17n3 th] - 4 réx® 2 K18n3 th| - 8 i V2 rex> K18n3 th| - 4 i rex® % Csc th) K18n3 th] -
162 rox® Cscth] K18n3 (th| - 8 i V2 r@x> Csc th 2 K18n3 th| - i \/2 K2@n3 th| - 8 i 3/2 r@x®K20n3 th] - 16 /2 r@x> Csc th] K28n3 th| - 8 i /2 r@x> Csc th 2 K28n3 th] - 4 rex’ 2K5n3 th] -

812 rex® Ksn3 th] - 4 i rex® 2 Csc[th] K5n3 th] + 16 v/2 rex’ Csc(th] K5n3[th| - 8 1 +/2 r@x® Csc th] 2K5n3(th) - 4r@x> 2K6n3 th] - 8 i \/2 rex® Kén3 (th| « 4 i rex® 2 Csc[th] Kén3 [ th] -
162 r@x> Csc th] K6n3 [th] - 8 i V2 réx® Csc(th]2K6n3 [th] - 12 1 /2 r@x’ K8nl1 th| + 288 i /2 réx® K8nl th] - 57612 rex® Csc(th| K8n1[th| - 288 i /2 rex® Csc(th|2K8n1 th] -
i V2 K8n3 [ th] « 812 rex> K8n3[th| + 162 réx> Csc(th| K8n3[th| - 8 i V2 réx> Csc|th|2K8n3 th 6rox>? (1-24arex’ - 48 1 rex® Csc(th] - 24rex’ Csc(th| 2| |,
K6n2(th| — - | (Sin th] [-3+/2 As80 r@x® Cot[th| Csc|th] - 18 i As80 r8x® % Cot th] Cscth| - 72 /2 AsBO rOx® Cot [th]| Csc|th] - 432 i As80 r@x*® % Cot [th| Csc th| - 18 As80 r8x? 2 Cot [th| Csc[th ? -
144 i /2 As80 rex® Cot [th| Csc(th|? - 1296 As8B rax!> 2 Cot [th| Csc(th|? - 72 \/2 As8@ rex® Cot th) Cscth)® - 1296 i AseB réx!> 2 Cot [th] Csc(th|> - 432 As@8 rex'> 2 Cot [th] Csc(th|* -
31 rex’ 2 Cot[th] Csc th] K1@nl th] - 9+/2 rex® Cot th] Csc th) K18n1 th] - 72 i rex’ 2 Cot[th| Csc th] K1@nl th) - 2162 rex® Cot[th| Csc th| K1@nl[th] - 9 1 \/2 r@x’ Cot [th] Csc th 2 K18nl th] -
144 rex® ? Cot [th] Cscth]2K18n1 th| - 648 i /2 r@x® Cot th| Cscth|?K1@n1 th] - 72 i rex® 2 Cot [th) Csc|th) > K1@n1|th] - 648 \/2 rex® Cot (th| Csc|th]>K1@nl th] -
216 i \/2 rex® Cot [th) Csc(th)*K1@n1 th] - 2/2 Csc(th K1@n3 th) - 48 /2 r@x> Cscth] K18n3[th| - 2 1 +/2 Csc(th|?K1@n3 th] - 144 i \/2 r6x> Csc th]| 2 K16n3 | th] - 144 /2 rex’ Csc th|3K1@n3 [th] -
48 1 /2 rex® Csc(th|* K1@n3 th] - 8 i rex> 2 Csc(th] K13n3 th) - 48 /2 r@x> Csc th) K13n3[th| - 16 rex> 2 Cscth| 2 K13n3 th] - 144 i \/2 réx® Csc(th]| 2 K13n3 th| - 8 1 réx® 2 Csc [th]>K13n3 th] -
144 /2 rex® Csc th)K13n3 th) - 48 1 \/2 r@x® Csc(th] % K13n3 th| - 2+/2 Csc(th] K14n3 [th] - 16 i r@x> 2 Csc th] K14n3(th| - 48+/2 rex® Csc(th] K14n3 th| - 2 1 /2 Csc(th] 2 K14n3 th] -
32 r@x> 2 Csc th|2K14n3 th] - 144 i /2 rex> Cscth)2K14n3[th| + 16 i réx> 2 Csc th) 3 K14n3|th) - 144 /2 rox’® Csc (th|> K14n3 th] - 48 i /2 réx’ Cscth)*K14n3 th] - 8 i rex> % Csc(th| K16n3 th] -
482 réx® Csc | th] K16n3 th] - 16 réx> 2 Csc th|2K16n3 (th| - 144 i /2 rex’ Csc|th|2K16n3 th] - 8 i rox> 2 Csc(th]®K16n3 th| - 144 /2 rex’ Csc(th)3K16n3|th) - 48 i /2 rex® Csc(th|* K16n3 th] -
81 rox> 2 Cscith) K17n3 th) - 48 /2 r@x’ Csc th] K17n3[th| - 16 rex> 2 Csc(th| 2 K17n3 th| - 144 i \/2 r@x® Csc(th|2K17n3 th] - 8 i rex’ 2 Csc(th|?>K17n3 th) - 144 /2 rex> Csc(th)>K17n3[th] -
48 1 /2 rex® Csc (th|* K17n3 [th] - 2/2 Csc(th] K18n3 th| - 16 i réx> 2 Csc[th| K18n3 th| - 48 /2 rex® Csc(th] K18n3 th] - 2 i \/2 Csc th]2K18n3 th| - 32 r@x> % Csc(th|2K18n3 th| -
144 i /2 rox® Csc(th 2 K18n3 th] - 16 i r@x> 2 Csc(th) > K18n3 th| - 144 /2 rex® Csc(th]> K18n3 (th] - 48 1 /2 rex® Csc(th|? K18n3 (th| - 8 i rex® 2 Csc(th) K2@n3 th] - 48 /2 rox® Csc th] K20n3 th] -
16 r@x> 2 Csc th|2K20n3 [ th] - 144 i /2 rex> Csc(th)2K2@n3(th| - 8 i r@x> 2 Csc|th] > K2@n3 th) + 144/2 rex’ Csc [th|>K2@n3 th) - 48 i /2 rex® Csc th|* K26n3 th] -8 i r@x> ? Csc(th| K5n3 [ th] -
482 réx® Csc | th] K5n3[th] - 16 réx> 2 Csc(th]2K5n3 [th) - 144 i /2 rex® Csc(th| 2K5n3 (th| - 8 1 réx> 2 Csc(th]> KSn3 th) - 144 /2 rex’ Csc[th| > Ksn3 th) - 48 i V2 réx® Csc th|*K5n3 th] -
2+/2 Csc(th] K6n3[th| + 48+/2 r@x Csc(th| Kén3 th| - 384 i r@x® 2 Csc(th| Kén3 [th] - 2 i /2 Csc th] 2K6n3[th] - 144 i \/2 rex® Csc(th]|2K6én3 th| - 1536 rex® 2 Csc|th| 2 K6n3 th] -
1442 rex® Csc th]>Kén3 th] - 2304 i rex? 2 Cscth]>K6n3[th| + 48 i /2 réx> Csc th]* K6n3 th| « 1536 rax® 2 Csc (th|* Kén3 th) - 384 i rex® 2 Csc (th|° K6n3 th] -3 1 r@x> % Cot [th| Csc th| K8nl th] -
9+/2 rox> Cot [th] Csc|th] K8n1[th| « 72 i r@x® 2 Cot [th] Csc th] K8n1 th] + 216 \/2 rex® Cot [th| Csc(th] K8n1[th| - 9 i +/2 r@x> Cot th| Csc|th|?K8n1 th] - 144 rex® 2 Cot [th] Csc th]?K8n1|th] -
648 i \/2 réx® Cot [th) Csc th) 2K8n1(th) - 72 i r@x’ ? Cot (th] Csc(th]>K8n1[th]| - 648 /2 réx® Cot th| Csc(th]>K8nl th] - 216 i v/2 rex® Cot th] Csc th|*K8n1 th] - 8 i r@x> 2 Csc th] K8n3 th| -
482 réx® Csc | th] K8n3 th] - 384 i rex® 2 Csc|th] K8n3 th] - 16 réx> 2 Cscth|2K8n3 th] - 144 i 2 rex® Csc|th) 2 K8n3 th] - 1536 réx” 2 Csc[th]2K8n3 th| - 8 i rex>  Csc|th]| >K8n3 th] -
1442 rox® Csc(th]>K8n3 th] - 2304 i rex? 2 Cscth]>K8n3[th| + 48 i +/2 réx> Csc th|* K8n3 th| - 1536 rax’ ? Csc (th|* K8n3 th) - 384 i rex® 2 Csc th|® K8n3 th] - 18 /2 rex> Cot [th] Csc th] K9n1[th
4322 rox® Cot [ th] Csc th] K9n1 th] - 18 i 2 réx> Cot th| Csc th|2K9n1 th] - 1296 i /2 rex® Cot (th| Csc(th]?K9n1[th| + 1296 /2 réx® Cot (th| Csc|th|>K9nl th] -
432 1 /2 rox® Cot (th| Cscth|*K9n1 th] - 4 i \/2 réx® K11n1' (th| - 96 i /2 réx® K11n1' (th| - 8 /2 rex® Csc th] K11n1' [th] - 384 v2 réx® Csc(th] K11n1'[th] - 4 i \/2 rex® Csc(th]|2K11nl [th] -
576 i /2 rex® Csc(th 2 K11n1'[th) - 384 /2 rex® Csc th > K11nl' th] - 96 i V2 r@x® Csc(th]* K11n1'[th] « 41 V2 rex’ K11nl" th] - 96 1 3/2 rex® K11n1" [th] - 8 /2 r@x® Csc th) K11n1"” [th] -
384 /2 rox® Csc th] K11n1”[th] -4 i V2 rex® Csc(th]2K11n1" (th] - 576 i 2 r@x® Csc(th|2K11n1" [th] - 384 /2 r@x® Csc th]>K11n1”[th] - 96 i /2 rex® Csc(th * K11n1" [th
1
36rex>? (1. Csclth
[
36r0x> 2 (i - Csc[th]
Cscth] (-9+/2 As@® rex® Cos (th] - 54 i As@® r@x® 2 Cos [th] - 54 As@8 r@x® 2 Cot th] + 9 i rex> 2 Cos [th) K1@n1 th]| - 27 /2 r@x® Cos[th) K1@nl th - 27 i \/2 r@x> Cot th] K18n1 th] -
612 K11n3(th) - 6 1 /2 K15n3[th] + 6 1 /2 K17n3(th] - 6 1 /2 K18n3[th] - 4r0x’ 2KIn3 [th] - 6 i 2 K20n3 [th] - 4r@x> 2K2n3 th] - 4 rox® 2 K3n3[th) -
4r0x> 2 K4n3 th] - 48 rBx> 2K6n3 th] - 6 1/2 K7n3[th] - 9 i réx’ 2 Cos (th] K8nl th] - 27+/2 rdx> Cos (th] K8nl th] - 27 i +/2 r@x’ Cot[th] K8n1 th] -
48 rox> 1K8n3 [ th] - 54+/2 réx> Cos th] K9nl th] - 54 i /2 réx> Cot [th] K9n1[th] - 6/2 K11n3[th] Sin th] - 6/2 K15n3[th] Sin[th] - 6+/2 K17n3[th] Sin(th] +
62 K18n3 [ th] Sin(th] - 4 i rex’ 2K1n3 th| Sin(th] - 6+/2 K28n3 th] Sin(th| - 4 i rex> 2Kk2n3 th] Sin(th] -4 i r@x> 2K3n3(th] Sin(th] -

12r8x>2 (i - Cscith]] [1-24r0x> - 48 i rdx> Csc[th] - 24 r0x> Csc th]2] ||, K7n2[th] —

12rex®? (i - Csclth 1-24rex®- 481 rex’ Csc th] - 24r8x> Csc(th 2] ||, K7n2 th] —

4 1rex>2Kan3(th| Sin(th] - 48 i rex®> 2Kén3 [ th] Sin(th] - 6/2 K7n3(th| Sin(th]| - 48 i rex> 2K8n3 th] Sin(th] - 12 i /2 réx> K11n1' th] +
24+/2 rox® sin th] K11n1' (th] - 12 i /2 rex® Sin(th]2K11n1 th] - 12 i 2 r@x® K11n1" (th] - 24+/2 rex® Sin{th] K11n1" th] - 12 1 /2 rex® sin(th]2K11n1" th]

rkvardAn33= 2 variables K3n3(0), K4n3(6)

31 (42 K19n3 [th] - 2/2 rBx? K11n1' [th] - \/2 r8x® K11n1" [th]
K3n3(th] - -

2rex 2 ’

Kan3ith) - —— 1 Ginith) |-18As08rex® Cot th) Csc th] - 541 /2 As88 rox® 2 Cot [th] Csclth] + 54/2 As80 rex® 2 Cot (th] Csc(th]? -
42 rex3'? (i - Csclth]
91+/2 rox*? Cot[th] Csc(th] K10n1 [th] - 54 r8x> Cot [th] Csc th] K18n1[th] « 54 i r@x® Cot [th] Csc[th]?K18n1[th] - 12 Csc[th] K17n3[th] - 12 i Csc [th] 2 K17n3 th] - 12 Csc th] K18n3 [th] -
12 i Csc(th]2K18n3 [th] - 4 1+/2 r@x? ? Cscth] K1n3(th] - 4+/2 r@x? 2 Cscth]?Kin3 [th] - 12 Cscth] K28n3 th] - 12 i Csc(th) ?K28n3 th] - 41 /2 réx®? Csc(th] K2n3 th] -
442 rox® 2 Cscith)?K2n3(th] + 48 1 1/2 rox® 2 Csc(th)] K6n3[th] - 48+/2 rex® ? Cscth)2Ken3(th] - 912 rex® 2 Cot (th] Csc(th) K8nl| - 54 r@x> Cot (th] Csc th] K8nl[th] -
54 i r@x Cot th] Csc(th]|2Kk8n1 th| - 48 1 /2 r@x> 2 Csc th] K8n3 th] - 48+/2 réx’ 2 Cscth| 2 K8n3[th| - 108 r@x’ Cot (th| Csc th] K9n1[th| - 188 i rex> Cot|th| Csc|th|2Kon1[th]| «

24 i rex> K11n1' [th] - 48 r@x® Csc th] K11n1 [th] - 24 i r@x> Csc(th] 2 K11nl' [th] - 24 i r@x® K11n1” [th] - 36 r@x> Csc [th] K11n1” [th] - 12 i r@x> Csc[th|? K11nl” [th
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egtoievnu3wdAzKcn33
eqtoievnu3wdAzKen33: 8 equs, {9,1e,12,21,24,25,26,28}
18 vars= 4 dvars Kinl 14 Kin3 :{1,2,5,6,8,9,18,12,13,14,16,17,18,28]

solution rKvardAn33s2= 8 variables
{K11n1” [th], K1n3[th], K2n3 [th], K12n3[th], K14n3 th|, K17n3[th], K18n3|th], K2@n3 th]

complexity(rKvardAn33s2) = 10309497
The first replacement in rKvardAn33s2 is a differential equation (deq): this deq has to appended to the next
eguation group, the remaining replacements will be carried out.
partial solution egtoievnu3wdAzKcn3 :
rkvardAn3 = Join [rKvardAn3l, rKvardAn32, rKvardAn33];

egtoievnu3dwdAzKcn4
egtoievnu3wdAzKcnds =
(eqtoievnu3dwdAzKend /. rKvardAnl2sl /. rKvardAn3ds) /. rKvardAn3s
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4.7.3. Solution of coef(1/r*) asa seriesin ro

egtoievnu3wdAzKcn0 vanishes identically, because the ansatz already solves the equations at infinity

we solve eqtoievnu3dwdAzKcenl , eqgtoievnu3wdAzKcen2 , and parts of egtoievnu3wdAzKcen3 and are left with
eqgtoievnu3wdAzK cn33

eqtoievnu3wdAzKen33: 8 equs, {9,10,12,21,24,25,26,28}

18 vars- 4 dvars Kinl 14 Kin3 :{1,2,5,6,8,9,1,12,13,14,16,17,18,2@}

solution rKvardAn33s2= 8 variables
{K11n1" [th], K1n3 th], K2n3[th], K12n3 [th], K14n3[th], K17n3[th], K18n3[th], K20n3 th]
egtoievnu3wdAzKcnds is separated in different ro-powers :

sr@Kcnds = {sr@3Kcnds, sr82Kcnds, sréln5Kcnds, sré@n5Kcnds, srén@kcnds, srénlkcnds, srénln5Kcnds, sr&n2n5Kcnds, srén3Kcnds}
solution highest coefficient(ro) sr0O3Kcnds: only solvable if

. AsO0n01(6
ASOON00() = 0, i.e. for oo ASOO(r, 0, r,) = ~00N0L0)

r.0

solution coefficient(ro*?) srin5Kcnds:
K11n1=0,
srin5Kcndsis solvable and a Ritz-Galerkin solution resrO1n5Kcn4 in @ is calculated in variables
{K8nl(th|, K9n1l[th|, K1@nl [th|, K18n3 th]|, K13n3[th|, K16n3 [th|, K5n3[th], K6n3[th|, K&3[th|, KSn3 th]
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egtoievnu3dwdAzKcnds is separated in different ro-powers :

sr8Kends = {sr83Kcnds, sr82Kcnds, sr@ln5Kcnds, sre@n5Kcnds, srén@kends, srénlkKends, srenln5Kends, sren2n5Kends, srén3Kcnds}

(* vars eqtoievnu3wdAzKcnds: 4 Kinl, 18 Kin3, fixed(rKvardAn33s2) K1llnl'"' 7 Kin3 {K1n3,K2n3,K12n3,K14n3,K17n3,K18n3,K28n3} iweakvarsKcnds={7,11,15,19};
iindepvarsD2Kin3Kends={1,2}: Kln3' K2n3' D1th only =)

-solution highest coefficient(ro’) srO3Kcnds
esr03Kcendtv= {simplify[ srO3Kcn4s], deq(rKvardAn33s2[ 1] )} : sr03Kcnds issimplified and K11n1'’-deq from
rKvardAn33s2 appended.

MatrixRank[ mDdvsrO3Kcn4tloce] =10 derivative-matrix 0 esr03Kendty with AsOO-term as last column
0 v(esr03Kcn4tv)
where v(esrO3Kcn4tv) are all variablesin esrO3Kcn4tv including derivatives
MatrixRank] mDdvsrO3Kcn4tloc] =9 derivative-matrix 0 esr03Kendty without AsOO-term
0 v(esr03Kcn4tv)
This proves that
AsO0On0L(#)  AsOONn02(6 (AsO0n10(0) + ASOO? o ’ A5002/122(9) )
ASOO(r, 6, 1,) = (ASO0N00(6) + :’ 16) , ASOON02(6) |y, - fo o
0 r0

with 4s00n00(9)=0 , and coeff(v(esr03Kcn4tv),ra))=0 i.e. the constant termsin ro-power-series in the variables
of esrO3Kcn4tv are all zero.

-solution coefficient(ro*?) srin5Kcnds
(* solution extended esr@ln5Kcndt, esr8ln5KcndtAz (As00:-0) with rKvardAn33t from srén@ srénlnb;
rank=10 (full) Knllnl:-@ - solvable with 3 Kinl 7 true Kin3 for As@8-0 «)

ansatz As@@-|As@@cl/reéx, Kin=Keésin+Klsin:réx"1l/2 - 0(r"2) sr@lnSKcndt (Klsin) +As@@ (sré3n5Kcndt) solvable

We set K11n1=0,
srin5Kcndsis solvable and a Ritz-Galerkin solution resr01n5Kcen4 in @ is calculated in variables

{K8n1(th|, K9n1 th|, K18n1[th], K1@n3 th)], K13n3 th|, K16n3[th], K5n3 [th|, K6n3[th), K8n3 th|, K9n3 th)
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4.7.4. Complete solution of ther-powers-seriesansatz for ro=1

complete solution (in order 1/r* and for Kcnd in highest order in ro¥?) for rg=1 , As00n01(9)=1
Sn%) As00(r,0)

Ahs[As00] J—

Sn?(9) Cos*(0) As03(r,0)

Shs[As03) ArglAs0l)
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The solution resrO1n5Kcn4 isinserted in all previous replacements and we get the compl ete solution (in order
1/r* and for Ken4 in highest order in ro¥?) for re=1, As00n01(9)=1

MEs3wdA for Es

MAs3wdA for As

e.g. Mas3wdA[ 1,1] =As00 is

— ((-0.214277 - ©.401952 1) - (.135318 - 0.627472 i) Cos[th] - (©.479204 - ©.199967 i) Sin[th] - (0.526395 - 0.0617833 i) Cos th] Sin[th] - (0.583865 - ©.620115 | sin(th]? -
r1
©.10498 - ©.851698 i | Cos(th] Sinth!? - (8.636613 - ©.153096 1) Sin[th]® - (0.690141 - 1.1528 i| Cos(th] Sin(th!® - (0.984446 - 0.653405 i) Sin[th|* - (0.0582292 - 8.467155 i| Cos[th) Sin[th * -
8.0194688 - 8.556248 i | Sin[th]’ - (0.19275 - 8.932729 i) Cos [th]| Sin[th|® - (8.747151 - 1.21643 i) Sin th|® . (8.427625 - 0.456385 i) Cos [th] Sin|th|®- (0.641894 - 0.617984 i) Sin th|’ -
©.415868 - ©.734558 i | Costh] Sinlth!’ - (8.511572 - ©.615912 i) Sin[th|® - (@.5@9515 - @.8333464 i| Cos th] Sin[th ® - (0.251391 - 0.884293 i) Sin(th|® - (©.117675 - 8.137756 | Cos th) Sin[th®] «

~Csc(th)?

0747558 - 0.919005 i) - (0.0465821 - ©.879729 i) Cos [th] + (1.71841 - 8.000776895 i) Sin[th| - (1.83522 - 1.48218 1) Cos th] Sin[th| - (0.852942 - ©.240585 i) Sin[th|* -

1.00934 - ©.682846 1) Cos [th) Sin[th|® . (8.787998 « 8.311227 i) Sin[th]® - (1.92443 - ©.722468 i) Cos[th] Sin[th]® + (2.29427 - ©.443691 1) Sin(th|* . (1.20618 - ©.721336 1| Cos th] Sin th * «

2.87399 - ©.0337082 1) Sin th]” - (1.9403 + ©.963655 i) Cos [th] Sin(th)® - (1.11581 - ©.546401 1) Sin[th]® - (.670097 - 1.6069 i | Cos th| Sin th)® - (0.827886 - ©.212639 1) Sin[th]” -

©.613785 - ©.849093 i) Cos [ th| Sin|th]7 - (8.432361 - 6.820567 1) Sin(th]® - (1.31468 - 1.6337 i) Cos|th] Sin th|® - (8.964369 - 6.105833 1) Sin(th|® - (1.96996 - 6.80871 i| Cos th| Sin[th|?| -
Csclth]? [ (1.26314 - 0.381849 i) - (1.08584 - 0.496496 1) Cos th] - (0.0575984 + 0.10324 i) Sin th] - (1.90913 - ©.661022 i) Cos th) Sin[th] - (0.519812 - .112087 i) Sin(th]% -

©.314141 - ©.438765 1) Cos th] Sin[th|% - (0.74679% - ©.0773919 1) Sin(th]” - (0.485853 - ©.0471345 i) Cos(th) Sin(th]® - (1.22474 - ©.879369 i) Sin th)* - (0.100463 - €.0193679 1) Cos th] Sin[th|® -

0.388176 - ©.101549 1) Sin[th]” - (1.27041 - ©.427762 i) Cos [th| Sin th]® - (0.389608 - ©.296234 i) Sin[th]® - (8.920518 - 8.847814 i) Cos[th] Sin[th]® - (0.875442 - 0.572627 i Sin th]’ -

1.29347 - ©.22974 1) Cos [th] Sin(th]” - (1.20759 - ©.535636 i Sin(th]® - (1.97164 - 1.11776 i) Costh) Sin(th]® - 633593 - ©.483605 1) Sin(th]? - (1.79652 - ©.287437 i) Cos th] Sin(th)®| -
Csclth]? [ (0.0280851 - 0.682847 i| - (©.241026 - ©.581927 i) Cos[th] - (2.53494 - 0.332641 1) Sin[th] - (8.@567167 - ©.504413 1) Costh] Sin[th| - (0.719888 - 2.0174 1) Sin(th] % -

2.16061 - 1.16706 i) Cos [th] Sin[th]% - (0.736805 - 0.0369562 i) Sin[th]| - (0.747368 - 0.817301 i) Cos[th] Sin(th|® - (2.77527 - 1.14971 1) Sin[th]* - (1.14043 - 0.166546 1| Cos th] Sin th* -

©.299551 + ©.500603 1) Sin th% - (8.781402 - 1.81289 i) Cos[th| Sin(th]® - (1.24979 - ©.11606 1) Sin(th]® - (1.1609 - ©.810648 i | Cos th| Sin th!® - (0.566841 - ©.641462 i) Sin[th]” -

©.855723 - 0.168206 1) Cos[th] Sinith)” - (0.502473 - ©.188406 i) Sin(th]® - (1.27444 - 1.11982 i) Cos[th] Sin[th)® - (4.03928 - 1.30183 i) Sin[th]® - (1.14688 - ©.299056 i) Cos th] Sin(th)’] -
214/2 [(-0.437719 - 0.869184 1) + (0.532478 - ©.619845 1) Cos th] + (1.8992 - 8.629465 i) Sin(th] - (8.456469 - 8.679466 i) Cos th) Sin[th] - (0.741301 - 0.374262 1) Sin(th]% -

©.276706 - ©.251115 1) Cos [th] Sin th]% - (8.793357 - 1.73568 i) Sin(th]® - (0.815736 - 1.19872 i) Cos[th] Sin[th)® + (1.38453 - 1.19313 i) Sin(th|* - (0.146301 - ©.521948 i) Cos th] Sin th * -

1.65098 - 8.168388 1) Sin(th| - (0.176357 - ©.6179296 i) Cos [th| Sin[th|’ - {0.486018 - 6.756255 i | Sin[th|® - (8.588726 - 6.245566 1) Cos th] Sin[th|® - (8.412843 - 1.39747 i) Sin th)’ -

1.27859 - ©.0992431 1) Cos th] Sin[th]” - (8.597@67 - 8.812797 i) Sin[th|® - 10.443353 - ©.92112 1) Cos[th] Sin[th|® - (0.0832039 - ©.755353 1) Sin[th|® - (8.121395 - 1.63319 i Cos th] Sin[th]?|| -

©.437719 - ©.869184 i) - (0.532478 - 0.619845 i) Cos th] - (1.8992 - 0.629465 i) Sin[th] - (0.456469 - 8.0879466 i) Cos th| Sin[th] - (0.741301 - ©.374262 i) Sin(th]? -

©.276706 - ©.251115 i | Cos th] Sin(th ? -

793357 - 1.73568 i) Sin(th)® . (©.815736 - 1.19872 1 Cos[th] Sin th® - (1.38453 - 1.19319 i) Sin(th)* -
©.146301 - ©.521948 i | Cos(th] Sin(th!* - (1.65098 - ©.168388 1) Sin[th” - (@.176357 - ©.8179296 i| Cos[th] Sin(th!® + (0.406018 + ©.750255 i) Sin th ® -
©.588726 - ©.245566 i | Cos|th] Sin[th]|® . (6.412843 - 1.39747 i) Sin th|’ - {1.27859 - ©.0992431 i| Cos th| Sin|th|’ - (8.597067 - 0.812797 i) Sin th|% -

©.443353 - ©.92112 i) Cos th) Sin(th|® . (©.8832039 — ©.755352 1 Sin(th - (0.121395 ~ 1.63319 i Cos th] Sin th®+ 1+/2

—=1 09.180954 - ©.71601 1) - (0.382319 - ©.70612 1) Cos th| + (1.19742 - ©.184172 1) Sin th| - (©.330503 - 8.8322737 1) Cos th] Sin th| - (@©.964347 - ©.237862 1) Sin th 2. (0.489494 - ©.131849 |
Vz
Cos th| Sin th 2. /0.44212 - 1.10058 | Sinrthr3 - (0.902813 - 8.548556 i | Cos th| Sin|th 3. /8.756807 - 0.2083 | Sin[th 4. 10.873209 - 8.168857 i) Cos th)] Sin[th 4. 0.955147 - 6.0843793 |
Sin(th|® - (©.496497 - 0.9368275 i) Cos|th Sin,th,5 - (@.466096 - 8.82322082 i Sin tly6 + (@.561349 - ©.35045 i | Cos th| Sin[th ® _ (0.8830046 - 0.776249 i Sin,th,7 + 10.284662 - ©.486005 |

Cos [th] Sin(th)” - (8.593765 - ©.385675 1) Sin(th]® - (0.689705 - 8.106691 i) Cos [th| Sin th|® - (0.8681245 - 6.487544 i) Sin(th)” - 10.8417809 - 8.916295 i) Cos th) Sin th)®) ||
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Sn?@) As00(r,0) for r=1asafunction of ¢
Abs[As00] r=1.

15+

10+

05+

: ' theta
05 10 15

Arg[AsO0Q] r=1.
2 / \

05 10 15

theta

-1t

-2t

_3f

Sn%®) As00(r,0) for r=20 asafunction of 0
AbS[ASO0] r=20.

20 ¢

15+
10r

05+

' ' ' theta
0.0 05 10 15

Arg[AsO0] r=20.

theta
05 1.0 15
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Sn%6) As00(r,0)

Abs[As00] J—

Sn?(9) Cos*(9) As03(r,0)

Abs|As03) ArglAs03]
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BS. Numeric solutions of time-independent equations with coupling A=1

We consider the time-independent equations eqtoiv with full coupling (4=1). In this case the Einstein equations
are no longer valid, the metric condition at infinity is the flat Minkowski metric.

The calculation is carried out by Ritz-Galerkin method with trigonometric polynomialsin 6

{cos(0) , sin(0), W} andinr with polynomials of {L ,~I =1}, which can approximate the
Schwarzschild-singularity at r=1, in total 49 base functions.

Nr=1
Thelattice is here a30x12 {r, 6}-lattice and the Ritz-Galerkin minimization runsin parallel with 8 processes on
random sublattices with 100 points.

The processing time on standard 4GHz-processors was 58000s, minimal RG-deviation=0.0117 , median
equation error mederr=0.0034 .

Theresulting solution {400v(r, 6),..., A33v(r, 6), EOOv(r, 0),..., E33v(r, 6)} isshown below for some
variables:
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EQO[r1 th E11(r1 th

100

E22(r1 th

The overall behavior of the A-tensor and the E-tensor is as follows.

Some components (e.g. A02, E11, E33) divergelike 1/sin(6)" for 6—0 , asin the Gauss-Schwarzschild tetrad
Egs . But there is no apparent singularity for »—1 , thereare only some numerical artefacts near r=1, because
some of the Ritz-Galerkin base functions are divergent at r=1.

5.1. Themetric in AK-gravity with coupling: no horizon and no singularity
From the resulting solution {400v(r, 6),..., A33v(r, 6), EOOv(r, 6),..., E33v(r, )} the generated metric

( j
gOO

Using this metric we can approximately calculate the velocity v ~ ~——= <1 during th freefal to the
9u

horizonr=1. Theresultis max(v)=0.43 at r=2., i.e. there is no horizon, the velocity reaches a maximum, then
there is arebound.

Thisisto be expected, if we consider the absence of Schwarzschild-like singularity at r=1 for the coupling-
solution of egtoivin 3.2.

G, 09y By

Now we calculate the Christoffel symbols I'* ., = 1 g’
2 ox"  ox*  ox*

j from the metric and solve the

equations-of-motion for the free fall from r=10.

In GR, we have the following picture:

The proper time z(r) of fall in dependence of radiusr : the fal timeis = 7(r=1)=48.98 and of course
v(r=1)=1and 7(r=10)=0 .

The proper fal-timefromr=r02xtor=1is

1 1 1 1 1 1 |
ro| == re2x « — 1 r@2x> Zlog|-ire2x’ %] - = i re2x®?Log -2irre2x - 2r_ [ = - re2x - i re2x> 2
r re2x 2 ) 2 r re2x !

The inverse function radius in dependence on thefall time z is r1t0s(z) :




taurs

10 20 A i
In AK-metric we have the following picture:
The radius in dependence on thefall timer is r1t0s(z) :

tfrs

L ! ! L AL taulrs/c
10a 20 30 40 o0
and the velocity vt0s(z)
/o
! L ! tau|rs/c
20 a0 40
02t
04t
-06}
-08¢t
1ot

Thefall-timeishere = 51 reached a r= 1.75, the maximal velocity is V= 0.60 , then thereisarebound.
So we see that in AK-gravitation with coupling (4=1) thereis no horizon and no singularity.
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B6. Numeric solutions of time-independent equations with weak coupling and binary gravitational
rotator

We consider the time-dependent equations eqtoiev with weak coupling (4=0.001) and binary gravitational
rotator (bgr).

We start, asin 4.1., with the A-scaled ansatz for the A-tensor

\%4

As
APV = Abuv +A r” exp(—i k(r —t)) and correspondingly for the E-tensor

v
E™ = Eb™ + 5 exp(<i k(r —t))
r

We introduce the disturbance dAb and Ab= A+ dAb fromthebgr , asin 4.7.
With this ansatz we derive from eqtoiev the static part egtoievnu3b(dAb,Eb) and the wave part
eqtoi evnu3w(As,Es,dAb), but without the limit 4—0, we set A= 40=0.001 and the wave number

k= k, = % with ro=1 mean distance from the bgr.

2r,
At r—oo {dAb,Eb,As,Es} take the values derived for the bgr in 4.7.
{As,Est—{Asinfv,Esinfv}=
cBx <@x
AsR@ - ——, AsB2 - ——
réx réx
rEsAske = {Es20[rl, th] - @, Es21(rl, th] -+ @, Es22[rl, th] - @, Es23[rl, th] + 8, AsG0[rl, th] - AseD, AsBL[rl, th] - As6®, AsO2([rl, th] - -Asé0, As@3[rl, th] - Ase0, As1e[rl, th] -+ As0e,
Asl1l[rl, th] - Ase®, As12[rl, th] - -As@@, Asl3[rl, th] - As@8, As2@[rl, th] - @, As21[rl, th] -+ @, As22[rl, th] - @, As23[rl, th] - @, As3@[rl, th] -+ @, As31[rl, th] - @,
3 Asee 3 Asee 3 Asee 3 Asee 3 As@e 3 Asee
As32([rl, th] - @, As33[rl, th] - @, Ese8[rl, th] - , EsBl[rl, th] > - , EsB2[rl, th] - , Es@3[rl, th] > - , Es1e[rl, th] - , Esli[rl, th] > - .
1 rl rl rl rl
3 Asee 3 Asee 3 Asee 3 Asee 3 Asee 3 Asee .
Es12([rl, th] - , Es13(rl, th] - - , Es30(rl, th] - , Es31(rl, th] - - , Es32(rl, th] - , Es33[rl, th] - - 15
rl 1 1 rl rl rl -
dAb—dAbinfv=
alphax alphax alphax alphax
dabae — 2P aper . 2P apga . ATPTEX  gnpes  32PNEX
r13 r1? r1? r13

dAb10 — @, dAbl1 — @, dAb12 — 8, dAb13 — 0, dAb28 Cscth|, dAb21 — i Csc[th],
dAb22 — i Csc|th|, dAb23 — i Csc th|, dAb3@ — 1, dAb31 — 1, dAb32 — 1, dAb33 — 1

Eb—Ebinfv=Eck the Gauss-Kerr-tetrad from 4.7.1.

The calculation is carried out by Ritz-Galerkin method with trigonometric polynomialsin 6
, 1

{cos(8) , sin(0) , Sn(0)""

The lattice is here a 201x31 {7, 6}-lattice and the Ritz-Galerkin minimization runsin parallel with 8 processes

on random sublattices with 20 points.

The processing time on standard 4GHz-processors was 150000s, minimal RG-deviation=0.032, median

equation error mederr(eqtoievnu3b)=0.016 mederr(eqgtoievnu3w)=0.012 .

The metric g*'(Eb) generated by the background Eb has a horizon at r=1.9 for the free fall, that means that for

weak coupling (4=0.001) thesingularity of GR still exists. Sothereisa 4, (0.001< A<I ) , wherethe

singularity disappears.

Theresulting solution {dAb(r,0),Eb(r,0),As(r,0),Es(r,0)} isshown below for some variables:

}andinr with polynomials of {E} , intotal 40 base functions.
r
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Sin(0)** AsOO :

Sin(6)** As33

Sin(6)** ESO3 :

400

00
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B7. Theenergy tensor for the gravitational wave

electromagnetic ener gy tensor
1

€ = ——, po =4m
. . 4
INn cgs units
1 1 1 1 Ay o
r =4—[F’mF o —ETI” FogF*7| .
T [T]== energy/r’=endensity
[ L(E* +B*) Si/e Syjc S./c]
THY SI,J'IIIﬂ TOxx T 0xy T O0xy
Sy /e —Oyx  —Oyy  —Oy
| S, .-Hrc Opx T Ozy Oz
c
S=—E < B.
dm Poynting vector [S]=energy/(r*2 *t)=energy-flux, [S/c]= energy/r*=endensity

1 1 1
oi;i = E,E;+ —B;B; — = (f E* + —BE) 8; i
J 0 i Lo iT 9 0 1o J

conservation of momentum and energy

3,,T“” + _:,]M: fp -0 . .
whereisthe (4D) Lorentz force per unit volume on matter.
electromagnetic energy density

) o 1
U = —E? + — B

Maxwell stress tensor

2 2po
electromagnetic momentum density
1
€1 !’:2

« Itis a symmetric tensor:
T = T""
« The tensor T, is traceless:
™, =0
« The energy density is positive-definite:
T >
gravitational Ashtekar-K odama energy

GR grav. wave energy density (planewave) t,, = klukv[(e/lx ) e - % (e* e, )zjmhcl; .
7 lp

4
o C | )
aray Ky ky (e‘.‘_n * o — - ety |

= —
lome : (2] 34.23)
_ hc A 1, 2
v _—1671IP2 kﬂkv(e e, —E‘e g‘ j

dimension [t,]= energy/r’=endensity ([2]), € isthe polarization.

e
when the metric wave is spherical h,, = — exp(—ikﬂx”)
r
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(transition from spherical wave A, to plane wave A, viaenergy condition: 47rr2|A|2 = rs2

Al

AK grav. wave energy density t,, = DKAF"DAAfhc(le%j , dimension [t,,] =energy/r*=endensity
P rs

2
. . r
(the dimensionless factor -PA- =

rSZ (IPZAZrSZ
1 86
scaled wave ansatz) , where Ip, = A 5.6410"m
P Planck-lambda scale
second term: gravitational stressenergy : t°. = D,E,“D,E,” Ahic (A must be inserted for dimensional
reasons), which is normally negligible

J is inserted for compatibility with GR and to account for the A-

for the standard spherical wave k, = (-K;,K,,0,0) x-y-polarization unit amplitude
1 -1 00
ellzrs2 aic|-1 1 0 O
r’ 4,°/0 0 00
0O 0 0O

GR energy density t,, =k,

AK energy density
for a standard scaled spherical wave with asingle r-t-amplitude
1 1 -1 1

CAAs,|-1 -1 1 -1

AT T g o ek D)
0 0 0 O
1 -100
2
tﬂv:koz%hc(izj L1009 , Which isidentical to the GR expression apart from
rerg I 0O 0 0O
0 0 00

adimensionless factor Zl , Which can be incorporated in Asy

The AK energy density hastheform: t,, =s s, iic , where s, = DKAP" and dimension [s,] =1r?
Thecurrentis j, = ¢t where n* =2

X x|
the energy flux inthedirection n; isthen ([2] 41.11)
S=Y ctyn ,dimension [S]=energy/r’t
the total power of gravitational radiation for aquadrupole Qisin GR ([2] 42.21)
32Gw°Q

5¢c®
in the special case of abinary gravitational rotator with masses m; and m; (total mass m= m;+ m, ) and the
mean orbit radiusry we get
2

/r 2 5 2 5 2
=2 k=2- Vs p _5° k6r04(mlr?2j = Por%.)(wj , where P, =hi2 is a constant with
2G m m 2l

N o I o

is aunit direction 4-vector ,

kv

P=

dimension of power.

In 4.7.2. we have shown that for bgr As00(r,0,r1,) = As00n01(9) '

f'o



92

2
weget t,, =k, f‘f’% he

2
{Iizj , Pea = tooCant? = Ky*Asy,” 47 hc’ (ij

s P ot

[mlmzj
. CO . 2 rs . 2 6 rn2
Setting Asy, = , With k,” = —= it follows from B, =Ry , ¢, =T, T C =T

0 r0
So the amplitude of the gravitational wave of the binary gravitational rotator becomes

m> )r
As. — s
S)O 4\I 27T ro

f, = mm _m___# istheratio of the reduced massto the total mass y:%sl .

" m? m (1+ ,u)z

Thisformula can be easily generalized to multiple masses rotating around their common center-of mass:

‘where 1, = 2°™ isthe Schwarzschild radius of the total mass m , and

CZ

3
= = wit =—= 1 =—"andrgthe mean diameter of the rotator.
L S S YA L L S ”r;f droth di f th

a2r m
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B8. Quantum AK-gravitation
We recall the Ashtekar-K odama equations

spacetime curvature (field tensor) F,,“ =0, A" =0, A" + & e, A A

4 gaussian congtraints  G* =0, E™ +¢"wA“"E"” (covariant derivative of E** vanishes)

v

4 diffeomorphism constraints |, =E*, F,

e A

24 hamiltonian constraints H,,," =F,," + =, E”

In this section, we will find the lagrangian, from which the AK equations can be derived.
8.1. Lagrangian of the hamiltonian equations

In electrodynamics, the lagrangian of the fundamental Maxwell equationsis

1 v
Lan == Fu F”

em

Therefore we make at first the analogous ansatz for the AK-lagrangian of the Hamiltonian equations
LF = F,uvK F ,uvK
The formal expression for the variation of action for the variables A" is:

oA °
oL _ oL _o. oL where APUJ: )
SA,” OA°  TOA7. o’
We have 4 intermediate results

oF,."
oA’

o)
aF VK K
0, = (6,0, =5,8,")5"
o) T
OLe 0 ey aam s ASER 4. Eewa
_2857(1 (5:‘1 A/ 5v A—/ )F K _480%1KF A/

=060, A" +0,,6., A"

vp “ K0 7]

(e}
P

0. e 25 (5,57 -5,8.")5. F" = 45°F,

T c ur2v vt u
o

and the result of the variation follows

oLg i
= —40°F ./, + 4, FPA"
SA° ’ A

P
Thisisaderived equation H”, = 4(—0"H_ ", + €7, H ~ A ™) from a3-tensor H=F , which isthefirst termin

the AK hamiltonian equations.
Now consider the following lagrangian

L, =¢"wE"0,A, +&,, e EMA A "
One can show easily that for H, (E) " =¢,,E”
oL,

oA’
So the complete Lagrangian for the derived hamiltonian equationsis

1 A 1 K v A K v KK 2 2

L, = _(Z L + 3 L,)= _[Z F. F* + 3(8 wE* 0.A, + guzﬂszg”lﬂ“KlE Y ZAJ Aﬂl” ))
The corresponding derived Hamiltonian equations are

Ly _ _orh (A,% E).”s +&,,H (A% E)”*A™) , where

(e}
P

=—0"H,(E)."s + £, H,(E)""A")
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Ay v =« A — hamiltan :
H(A’EE)HV =F +§5uva are the AK hamiltonian equations.

uv

Furthermore , we follow the ansatz of Smolin in [5] and let A be generated by a scalar field ¢,
with the constraint ¢, ¢, = A

L, = —hc(% F. F*“%+ %% (e"wEMO A, +¢,,, " EYA A L )] , which brings the action to the

energy* r
4

correct dimension [L, ] = , because [p, ] = 1 and [A] = , therefore this action is formally
r

7
r
renormalizable.

If we carry out the variation for ¢,, , we get the following expression

Ay _
0P
AK equationsin the form
G, =&":E"0, A, +¢, .6 wmE™ARA" | G1=0
We use the Hamiltonian equations, and after some algebra we get the expression

== Z(E eneE! Y + Y EM Z(AW A, -A, Aw) where (u,v)=C(x,2) is the complementary index

KA (1v)=C(x,1)

hc( Pa (ex, JEMOA, +E, e BN A AL )j , which becomes the A-gauge condition for the

pair.
For the classical case with A=0 with the constant half-antisymmetric background Ans, and the Gauss-
Schwarzschild tetrad Egs thefirst termin G, is negligible and the second vanishes for A= Anap -

In the general case, G, isasingle gauge condition, which fixes one free parameter of the AK-solution.

8.2. Lagrangian of the remaining equations
For the diffeomorphism equations |, =E*, F

HK

v v

, weset ssimply thevariable C, =E*. F
and take the lagrangian L, = ncC,C" =ncE™, F, "“E™, F"" asthe corresponding lagrangian

HKy
Asfor the gaussian equations G* =0, E™ +&* A, "E" , they can be derived from the fact, that thisisthe
covariant derivative for thetetrad E , so it must vanish.

With |_H = _hc(% Fva Fav 4 @A% (gKM E/l"ak Ayv + ‘c"uz/lzkzgylﬂiKlEKlKZ Aﬂilz Aylﬂz )j

the complete AK lagrangian is then
T

L, =Ly +L =nc 4
+E*, F _"E",, FX"

Vil ey

v 5/\?)/\ K Av M A u
P~ PP (e B O A 6, " B A AL )

8.3. Dirac lagrangian for the graviton

2
The Dirac lagrangian for the photon reads where o =

is the fine-structure-constant (in the following
4re hic

2

o= j— in natural units 72 = c =g, =1 used in particle physics)
T

Loem :1/7(— hciy*D, —ITDZ)I// —%FWF’” where D, =0, +—— D, =0, +iN4ra A, innatura units

\/_ A, or
is the covariant derivative of the photon (note the negative sign in the first term: we use here the metric
n=diag(-1,1,1,1))

This describes the interaction of the photon with afermion and yields the corresponding Feynman diagrams and
Cross sections.

The Dirac lagrangian for the graviton reads
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Log :1/7(— hciy*D, — mCZ)u/ +L, , where (Dﬂ)% =0,+ (,)'« A isthe covariant derivative of the

o
graviton , where the generator matrix ()"« = &"x

The electron-graviton interaction term is

0, Loy = —hci W(y“(ga)le#a)w , Where A" =

wave function , so (background 46=0) , so thetermislinear in As, like in the electromagnetic case.
The presence of A makes the term very small .
Let us compare this to the GR-Dirac lagrangian

LGRDz——”dezt(_g)R 2A \/_y/(mc;/”(x)v —mc?)y
K

where

.u"ﬁ"" = (a,u, - _w.u gab)u}

(2i 0)exp(—i k(r —t)) isthe graviton quadrupole

| . .
ado,, = E[}/” ,yv] are the Dirac c-matrices

and o the GR connection field in tetrad-expression
1 1
wib = Ee"”(aﬁeﬁ — 3.,&-3) + Ee""’eb”(&, e, — dpeg ey —(a — b)
[~ 3 _
withthetetrad 4% = 8# o genee=g
compared to the metric condition for the inverse densitized background tetrad Eb
Ebene Eb'= g /(~det(g))®* , 50 e=(Eb*| /(- det(g))*®
Heretheinteraction termis

S Loro = —hff\/det(—g)tﬁ (7 o, ou)y = —%C Jdet(-g)y O y* f#(Eb )y

where the middle term z y*f#(Eb™) isasum of y—matrices with coefficients, which are quadratic functions
u

of Eb™ s0 8Ly isquitedifferent from the AK-interaction term &, Ly,

8.4. The graviton wave function and cross-sections

For the Compton effect, i.e. electron-photon scattering

2
8;;“2 = 0.665 x 10~ e g

the Thompson cross-section for small energies is o= = az( Cz) ?ﬂ , where m=me

mc
is the electron mass,
and
the reduced de-Broglie wavelength of the electron A_ = hcz =0.38*10"m

> 1 8m

So the electron-photon Thompson cross-section is with these denominations o, = a 73
e

The photon wave function is here [20, 7.53]

(A)" = Tkv

where £" is unit-polarization vector , k*k, =0 and &*k, =0 . A* isnormalized to give the energy
E(A“) = e[ (V x A)? d*x = ho = hek
We use the results from 4.3.1

(exp(—ik ® x) + exp(ik ® X))
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17/12
As30 = As30c i exp(— M) SN
J3’ 6
As10 = — 2520€ o n2i0)
As00 = — A520€ o n(2i0)
As20 = 2520 o 02i0) > 0

and from 7 and write the graviton wave function as a plane wave anal ogous to the photon (the quadrupole
characteristics disappear in the plane wave, therefore exp(2i0) is skipped)

2 3/2
(Ag)#v - va EAfmﬁrs_
2 " 2Jor v

resultsfrom 4.3.1 is a combination of the 4 columns of

(exp(—ik e x) + exp(ik # X)) , with the polarization matrix according to the

1111
1111
Q =
g O 00O
0O 00O
According to 7 we get now for the energy density t,, = t,, = (2k As00)’ ﬁ
p's
" _8Kk? ASO0? 11 das [ ik ke x))2d°x =1 and k = |
ty = 8k“ AsO0 > 22 ana as Ig(exp(—l ox)+exp(| .X)) X =1 an = 2r3 )
p s \ 0
we get for the energy
2
E(A) = J'ty“ d®x = rlshzc 7:2“,“3 (kr,)*"* , now we demand that E(A,) = 7ick , so the normalization factor is
v p
C, = 1 and the normalized wave function becomes
Is \/;fm (kl’ )7/6
Ip 41/3 S
1 r 1/2
(Abn)y = (Ab)y C, = Qy \/agr ﬁs—z\/(exp(—”(. X) + eXp(Iko X)) , where g = rgr ,
r, Al
oy = gi/ip =0.55*10"*" and ag isthe gravitational fine structure constant and the photon-like wave

function can be written

(A)," = oy (A,

The covariant derivativeisthen (D,)*x =0, +(3a)’lx\/a(Ap)ﬂa

where A, iscompletely analogous to the photon wave function Ae , and matrices (ea)ﬁ =¢&"a a0,1,2,3 in

anaogy to the Dirac gamma-matrices , and we have the correspondence o, <> 4z between the gravitational
and the electromagnetic fine structure constants.

. , . o,
By analogy we can then assess the electron-graviton scattering cross-section o, ~ ( 49 ] I_lz :
T

e

ignoring the tensor form and the 6-dependence .

a, above is calculated with the cosmological A , but, as A is generated by a scalar field, it is expected to be

. . . .« .
different in the quantum regime. We expect the quotient — ~ 10 as results from the classical assessment of
aem

the ratio of the electrostatic and gravitational potential for the electron.
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Ay “lozG E ra r rAI ? |||OZG |||02C4| 2 | 2
Wedemand —£ = =—2% for amass-constant M, SO =(g ") I= =2 F =
r rac hc 2 hc h°c Ao

where )TO = % is the reduced de-Broglie wavelength of mp . If weset m, =m, , we get

_178*10 and 2% —0.243*10° , which is approximately the expected ratio.

1.61*10°® )’
(04

L
T30 038%10™"

/2

Inthiscase A=A, = = =1.2*10"m™ , sodimensionless A4 = Ar,” =1.15%10° >> 1 and we have a
Orgr

em

A % 1AL7 a2
quantum — 12* 1952m —~ — 109* 1069 .
classical 1.1*10 m

That would suggest to identify the A-generating scalar field ¢, wih the cosmological dilaton field, whichis

responsible for the inflation in the early universe: it is well known, that A is driving the present cosmological
expansion on large scales as arepulsive force, and according to the above assessment, its repulsive influence
must have been stronger by 69 orders of magnitude in the early universe.

very strong coupling in the AK-equations, with the ratio

8.5. The graviton propagator

Asiswell known, the photon propagator in QFT is[20]
—1

De(@) = ey
"% \which follows from the Maxwell equations L d#z) = J4(z)

We consider the wave equations eqgravixAO , eqgravixA3 and eqgravixEn in the momentum representation,
i.e. in the k-space . Then the r-derivatives transform into k-powers

0,"f(r,k)=(ik)"f(r,k)
We write the equations as polynomialsink :
eqgravixEninf P(Esl) = 2ik’Ix — 2ik*r + 3ik*r —ik*r = 2ik°Ix
eqgravixA0  P(As0) = 3(1+ilx—irk)(Ix+kr)* +
P(ASOESI) = r((~1+ Ix? + 2Ix(—i + kr)) +ikr (1+ 2ilx + 2ikr) + k?r?)
at r-infinity: P, (As0) = -3ik’r® + P, (AsOEsl) = -k*r®, so
ASO = —P., (As0) P, (ASOEs])Esl = i Esl
OES OEs
2iIxk® " BlIxk®
eqgravixA3 P(As3) = 6KIX(1+ikr —ikr) = 6kIx +
P(AS3ES]) = (—2k?r® + 3k*r* —k?r?) + ((i — Ix)kr — (i = IX)kr) + (L+ilx) =1+ilx ,s0
i(1+ilx)SEs (i —1x)
T 122K 122(q° +ig)
The As-propagators are identical apart from a constant factor and are finite-integrable in g°dq .

1
6lIx(q* +i¢)

Esl = P(Esl) '6Es = so the AsD-propagator is D (As0,g?) =

, S0 the As3-propagator is D . (As3,q°) =

8.6. The gravitational Compton cross section

For the Compton effect, i.e. electron-photon scattering
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k & P, 5

o

the total Klein-Nishina cross-section [22] o=
8ma? l1+a {2a(l +a) )
= (3"12)(3;4)[ p ( 5~ log(1 +2a)

. log(1 + 2a) 1+3a ]

- 3
2a (1+2a) where @ = /™. for small energiesit becomesthe

2
sx;.; = 0.665 x 10~ cm? 2
) _ 3m »( hc \ 8r .
Thompson cross-section o= =a 7| 3 where m=n is the electron mass,
mc
a is the fine-structure-constant and the reduced de-Broglie wavelength of the electron
7="C° _038*10%2m.
C

e
24,72 87T . . .
0 oy, =a‘A, 3 with these de nominations.

The start formulafor the calculation of the differential cross-section according to the Feynman rulesis[20
7.7.2], [21 4.218]

da 1 T de

5 L [§]
e 2 A dQ

(KN B tm(fdk gk gt m
2\ k 2m 2kp; © 2k-p:) 2m

kege' k'e'e
X (z;e T ;i;;f-—;,-}[)
with theinitial and final momentap; pr of the electron, k k' momenta of the photon and polarizationse ¢’ of
the photon. The following conditions have to be satisfied:

pep=m p,ep, =m kek=Kk'ek'=0 energy relations
p; +kK'=p +k 4-momentum conservation

K, = K Compton condition for the photon energy

1+ ﬁ(1— cos6)
m

There is 3 degrees of freedom in the choice of the polarization, the choice is made to simplify the expression
above

cog=c'eg'==1 coek=¢g'ek'=0 cep =¢g'ep =0

After some manipulations using the conditions and commutation rules for Dirac matrices, the famous Klein-
Nishinaformularesults [20 7.74]

da e (E'\ IR |k Y
e~ 4m? (;) [e‘ t g T gt — 2 o _
, Where the scalar denomination k k' is used for the energy ko ko
We get the total cross-section using the Compton condition and integrating over z = cosf



= ’ - “_1 13 1
o= [ {11 + @ = 2F T+ G/m) (1 = 2]

1 — 22
T T F k(i = zﬂ"z)

—
E"
|
Ernd
*‘| e
s,
"\.,___,./
;"._“""\
(=71
r
|
—
—
M

1 2 _ =
and averaging over polarizations [214.221] (¢€) = 3

for small energies k — 0 , the Thomson cross section arises
m

o _az(hcj&r 12871
th —

mc®) 3 3
For the graviton, we insert the photon-like (dimensionless, dropping the scalers =ry ) wave function

S| e .
(A),) =9, —m(exp( ik o X) + exp(ik o x))
with the covariant derivative (D, )"« =9, +( \/:(Ap)

and again the starting formula above, where the onIy changeisin the polarizationterms ¢ =¢,y* and

& 6 & 6

Cw . . . v & & & & - 3

g'=¢&',y , which, with the setting Q, = 00 0 O and the new initial polarization ey—(eo,e,ez,e3)
O 0 0 O

and final polarizetion €, =(€,,€,,€,,€;)

le|=+ye2+e’+e?+e? =|e| =1, and the totally antisymmetric matrices &, , become
7 a < 0 1\ _ A2 _ 0 1 :
€, xQ, (y”) n» =€)y +y)=¢€"g, ,where g,=¢,(y +y) arethematricesanaogousto the

y-matrices in the “Dirac-dagger” ¢ =¢,y" in the quantum-electrodynamics.
After going into the rest frame of the electron p = (m,0,0,0) and some manipulations we get

— 2 N\ 2 2
g—g:(j‘”} 321 (i—j [ <(e€, 9)+ﬁd (e €, 49)+O(k D , where the functions d (e €,0) and
7r m’

dy (e €,0) areseries-coefficientsin the %-series.

Now perform the integration over 6 and averagingover e, and €, ,=¢e,

to get the total cross-section
2

2
c = azi }Tez(l.l?O + k 0.400 + J ~ 1.170062i Zez , Where the last expression is the gravitational low-energy
T m T

Thomson cross-section .

The different form of the bracket expression in the differential cross-section as compared to the electromagnetic
cross-section is dueto the different nature of polarization: for the photon the polarization is transversal to the
momentum, so the averaging depends on k and k' , for the graviton the polarization is a free parameter
independent of momentum.

8.7. Theroleof gravity in the objective collapse theory

The objective collapse theory put forward by Penrose [19], links the spontaneous collapse of the wave function
to quantum gravitation, the limit being one graviton. In the formulation of Ghirardi-Rimini-Weber (GRW) the
wave function collapse is characterized by the wave function width r. and by the decay rate 1 .

In the recent test of collapse models carried out by Bassi et a. [26] , possible values of these parameters are
measured:
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B b
1E-6
-|E.7..... [H

< 1E-B4

— 1E-94

1E-10

1E-11 4

1E-12 4

T N S —
1E-8 1E-7 1E-6 1E-5 1E-4
r, (m)

As shown above, () hasaminimum at . =10°m , which is agood candidate for the limit of the quantum
regime, and thereis A(r) = 10™Ms™.

Thisisin good agreement with the quantum limit r, = IP\/% =3.1*10°m=31um of the AK-gravitation.

E
The decay rate can be assessed from A = ;’ =0.19*10"s™ , wherethe gravitational energy

2
g, =M

o =1.22*10*eV ,where m, istheelectron massand r, = 2.8*10 **m isthe classica electron

e

radius.
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