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Abstract

The main purpose of this paper is to present some new results about
Clifford Algebras : exponential, real structures, Cartan algebras... As
they address different topics and the definitions in Clifford Algebras still
differ from one author to another, it seems simpler to give a full coverage
of Clifford Algebras, starting from their definition. So the paper can also
be a useful introduction to a subject which gains more and more interest
in different areas of Physics, Computing Science and Engineering.

1 OPERATIONS IN A CLIFFORD ALGEBRA

1.1 Definition of a Clifford Algebra

Definition 1 Let F be a vector space over the field K (of characteristic # 2)
endowed with a symmetric bilinear non degenerate form p (valued in the field
K ). The Clifford algebra CI(F,p) and the canonical map v : F — CI(F,p)
are defined by the following universal property : for any associative algebra A
over K (with internal product - and unit e) and K -linear map f: F — A such
that :

Vo,we F: f(v)- f(w)+ f(w) f(v)=2p,w)-e
there exists a unique algebra morphism : ¢ : CI(F,g) — A such that f = @o1

f
F - = = A
1 /
v A
1 a
CIU(F,9)

The Clifford algebra includes the scalar K, the vectors of F (so we identify
¢ (u) with w € F and 2 (k) with k € K) and all linear combinations of products
of vectors by -. We will denote the form p (u,v) = (u,v).

A definition is not a proof of existence, which is proven for any vector space
by defining a morphism with the algebra AF' of antisymmetric tensors, using an
orthonormal basis.

Remarks :

i) A common definition is done with a quadratic form. As any quadratic
form gives a bilinear symmetric form by polarization, and a bilinear symmetric
form is necessary for most of the applications, we can easily jump over this step.
There is also the definition f (v) - f (w) + f (w) - f (v) + 2p (v,w) - e = 0 which
sums up to take the opposite for g.

i) F can be a real or a complex vector space, but g must be symmetric : it
does not work with a Hermitian sesquilinear form. In the following K will be R
or C.



For each topic we will provide examples related to the Clifford algebra
Cl(C,4), which corresponds to C* with the canonical form (X,Y) = Ei:l XY &
(€5, €k) = Ojk

1.2 Algebra structure
1.2.1 Vector space structure

A Clifford algebra is a 2" dimensional vector space with n = dim F.
An orthonormal basis of F' will be denoted (Ej)?:l . Then :

€ €5jt+¢Ej €= 2771'3' where Nij = <Ei,€j> =0,=+1

or any permutation of the ordered set of indices

{il, ,Zn} : Eg(il)_ . Eg(i2).. . Eg(ir) =€ (U) Eiy " Eiger " &g,

where € (o) = £1 is the signature of the permutation o.

The set of ordered products €, -£5,...€;, of vectors (sj)?zl of an orthonormal

basis and the scalar 1 is a basis of CI(F, g), which will be denoted (FO[)in:1 .
The scalar component of Z € CI(F,g) is denoted (Z) € K

Example with CI(C,4): It is convenient to use the basis :

Z = a + Vo€ + V1E€1 + V€9 + V3E3 + W1EQ - €1 + W2EQ + €2 + W3EQ + €3 + T E3 -
€9+ 1o€1 €3+ T30 €1

+X0€1 €2 - €3+ XT1EQ €3 - E + Tagg €1 -E3 + X360 € -€1 +beg €1 €2 €3

and to represent a vector by the notation :

Z = (a,vp,v,w,r, g, 2,b) in Cl(C,4) with the 4 scalars a,vg,xo,b and the
4 vectors v, w,r,x € C3.

1.2.2 Algebra structure

With the internal product - CI(F,p) is a unital algebra on the field K, with
unity element the scalar 1 € K

Because of the relation with the scalar product, a Clifford algebra has addi-
tional properties and the vectors of F' play a special role.

A Clifford algebra is a graded algebra : the homogeneous elements of degree
r of CI(F, p) are elements which can be written as product of r vectors of F.

The product of 2 vectors of a basis of the Clifford algebra has the form :
F, - Fg = ¢(a, f) F, where F, is another vector of the basis, and € (a, 8) = %1
depends on both «, 8 and their order (it is usually not antisymmetric). And the
product of 2 elements of CI(F, p) reads :

Z=X-Y=Y,,XaVsFo Fs=Y, (Ea,g ¢ (a, B) Xayﬁ) F,
It can be expressed with 2™ x 2™ matrices acting on the components of the
elements :

[r (O] Y] = [X Y] = X5 lr (X)]5 [Y]° Fa
e (V)] [X] = [X - Y] = o [7e (V)] [X]7 Fa
The map 7z, : CI(F,g) — L (K,2") is an algebra morphism :

()



m (X -Y) = (X)mp (V)7 (X71) = [ ()] s (1) = Ion

The map g : CI(F, g) — L (K 2™) is an algebra antimorphism :

TR (Y- X)=7r(X)7r (Y);7r (X™1) =75 (X) " ;7R (1) = Ion

and : 7 (X)omr (X )(Z): rR(X)om (X)(2)=X-Z-X

(XYY X) 2] = (e (X)] ~ i )] 2] & [X.¥] = [mp (X)] —
[T (Y)]

In Clifford algebras some elements are invertible for the internal product.
The set GCI of invertible elements is a Lie group.

Example with CI(C,4):
(a’aUOavawaTaIOVIvb) : (CL/,’Ué,U/ U} T 'IO)I b/) (A ‘/OaVaVVvRaXOaXaB)

A = ad + vov) + v —wtw' — rtr’ — xpwo — xtx’ + b

Vo = av)y + voa' — v'w’ + whv' — rta’ — xlr’ 4 xeb — baj

V = av' 4+ a'v + vow' — vjw + xyr + zor’ + bz — b’ + 5 (v)r +5(r)v —
J (w) @'+ j (x) w’

W = aw' + d'w + vov' — vjv + b'r + br' + x{z — zox’ — j (v) 2’ + j(w)r +
j(r)w +j(x) v

R = ar' 4+ a'r — xjv — zov" + b'w + bw' + vpx + vor’ — j (v) v + j (w) w' +
j(r)r' +j(x) 2’

Xo = azfy + a'xo + vob’ — bvj — v’ —rtv’ +wha’ — ztw’

X =ar' +dz+bv—b —axjw+ xow + ver’ + vjr + j (v)w — j(w)v' +
j(r)a'+j(z)r

B = ab' + a'b+ vox() — vjzo + via’ — ztv' — whr’ — rtu’

t

0 —2Z3 Z9
with the operator j : C> — L(C,3):j(2) = | =23 0 -z
—Z9 z1 0

which has many algebraic properties and is very convenient in computations.
In particular :

j@)y=—jyx

[ (@)]" = [j (—2)]

j(@)i(y) =ya' —y'a

1.3 Involutions
1.3.1 Graded involution

The graded involution ¢ : CI(F, p) — CI(F,p) is the extension to the Clifford
algebra of the operation on F': ¢; = —¢;, so that the homogeneous elements
of rank even do not change sign, and the homogeneous elements of rank odd
change sign. The graded involution is an algebra automorphism

1(X - Y)=0(X) 2 (Y)

1?2 =1d

The graded involution splits CI(F, p) : CI(F,p) = Cly ® Cly where Cly =
{Z :4(Z) = Z} is a Clifford subalgebra and Cly = {Z : 4 (Z) = —Z} is a vector
subspace. Any element of the algebra has a unique decomposition :

Z =Zy+ Z1,7Zy € Cly, Z1 € Cly.



Example with CI(C,4):
1 (a, v, v, w, T, 20, 2,b) = (a, —vg, —v, W, T, —X0, —2, b)
Clo = {(a,0,0,w,7,0,0,b)}
Oll = {(0, Vo, U, O, 0, To, T, O)}

1.3.2 Transposition

Transposition, denoted Z* is the operation which reverses the order of the prod-
net s 2t =X, Xy Xy = (1)U X Xy X,

It is not an automorphism :

(7' =z

(X V) =vt. Xt

Transposition acts by a diagonal matrix Dr on the components :

[Z'] = [Dr][Z], from which one deduces a relation between the matrices
mr, 7R ¢ (7R (V)] = [Dr] [ro (Y*)] [Dr]
Proof. (X -Y) ' =Y' X' = (n. (X)(Y))' = 7 (X') (V') &

[Dr][rp (X)] [Y] = [7r (X*)] [Dr] [Y]

[Dr] [ (X)] = [nr (X9)][Dr] =

Transposition splits CI(F, p) : CI(F, p) = Cls®Cl where Clg = {Z (2) = Z}

and Cly = {Z : (Z)t = —Z} are vector subspaces.

Example with CI(C,4) :

(a,vo, v, w, 7,20, T, b)t = (a,vg, v, —w, —r, —x0, —, b)

The symmetric elements are Cls = (a,vg,v,0,0,0,0,b), and the antisym-
metric Cly = (0,0,0,w,r, zg, z,0)

1.3.3 Chirality

The ordered product of all the vectors of a basis of F': Fon = €1 - €3...€,, does
not depend on the choice of the basis and has specific properties :

(Fpn)? = (=) % det [n], (Fn)! = (=1) "7 P

If n is odd Z commutes with all the other elements.

A volume element is an element w # =+1 such that w-w = 1. On complex
Clifford algebras there is always a volume element : w = €1 - €3...6,, OF W =
i€1 - €9...€n. If m is even it decomposes the Clifford algebra in a right and left
part Cl(F,g) = Clp ® Cly, :

Clp={Z2=3%Z+w 2)}={Z:w-Z=12}

Cl,={Z=42-w-2)})={Z:w-Z=-Z}

Clg is a sub Clifford algebra and an ideal : VZ € Clg; Z' € Cl : Z-Z' € Clg

Z € Clg,Cly, are never invertible : w-g=¢eg o w-g-g ' =ec=w

Example with CI(C,4) :
w:EQ'El'EQ-Eg,WQZLLUt:w
Clr ={Z : (a,vo,v,w,w, —vg, —v,a)};Cly, ={Z : (a,vy,v,w, —w, vy, v, —a)}



1.3.4 Subalgebras of Quaternionic type

Using the 2 involutions one can decompose any Clifford algebra in subspaces of
quaternionic type (Shirokov) :

[C1] = Dpmsumoan {#(2) = (-1)° Z:(2)' = (~1)** 7V 2} 5 = 0.4
The decomposition does not depend on the choice of the basis.

Example with CI(C,4) :

Cl:s=0:1(2)=2,(2)" = Z; = Z = (a,0,0,0,0,0,0,b)
Cl':s=1:1(2)=—-2;(2)" = Z & Z = (0,v0,v,0,0,0,0,0)
Cl2:5=2:1(2)=2;(2) = -Z < Z =(0,0,0,w,7,0,0,0)
Cl3:s=3:1(2)=-2;(2) =-Z = Z=(0,0,0,0,0, 7, 2,0)

1.4 Scalar product

There is a scalar product on the Clifford algebra, defined by extension from
homogeneous elements :
(X1 X0.. Xp, Y1 - Y5..Yy) = 0pq (X1, Y1) ... (X, Y})

such that the basis (Foé)in:1 is orthonormal :

<81‘1 '81‘2...Eip,6j1 'Ej2...€jq> = 5pq <€1‘1,Ej1> <5ip75jp>

In an orthonormal basis :

(2.2') =12 ) 2]
where [n] is a diagonal real 2" x 2" matrix : (Fy, Fg) = [n]3

For homogeneous elements : (Z-Z',7Z - 7'y = {(Z,Z){Z', Z")
Transpose and the graded involution preserve the scalar product :

(XLY") =(X,Y); (1(X) 2 (Y)) = (X,Y)

The vector subspaces in the quaternionic decomposition are orthogonal.
The scalar component of the product Z - Z’ is related to the scalar product
(Z,Z') :

(X,Y) = (X"-Y) (1)

As a consequence :
VXY, Z (XY, Z)=(Y, Xt Z) (Y- X,Z)=(Y,Z - Xt
A homogeneous element Z is invertible iff its scalar product (Z, Z) # 0. Its

inverse is then : Z~1 = ﬁZt

Example with CI(C,4) :
(Z,7") = ad' + vov) + v’ + wiw' 4+ r'r’ + zoxf, + xtx + b



1.4.1 Transpose of the matrices 7], [7R]

From these results we have a useful relation between the matrix [z (X)] and
its transpose :

71 (X)] = In] [, (X)) ]

Proof. [X Y] = Y. s5lmr (X)3 V) Fa = [X-Fs] = X, [rp (X)) Fa =
(X - F, Fo) = [l [mo (X))} = (X, Fu - Fy) = [Dr]} (X, Fa - F)

using (Y - X, Z) = (Y, Z - X*) , F} = [Dr]} Fp
[ (X))5 = ]S (D)} (X, Fa - Fp)
[me ()]0 = ] [Dr]g (X, Fs - Fu)

Fa-FB—e(a B) Fy w1thaun1que7ande( ,B) = =+1

(Fo- Fp)' = F4-FL = e(a, B) Ff = [DT] (D] Fp-Fo = [Dr]) e (o, B) Fy =
[Dr]] Fo - Fg

Fy-F, = [Dr]} [DT] [Dr)] ForF = €(B,a) Fy = D7)} [Dr]% [Dr)] € (, B) F,

€(8,a) = [DT] [Dr]y, [Dr]] € (o, B)

[rz (X)]2 = [l [Dr; (D7)} D15 [Dr]] (X, Fo - F)
= )5 (D215, D11 (D7) [Dr ]2 (0] [D]f [ (X)]5
:[77]3[] [Dr]] [rr (X))
[ (X9)]5 = [0
= 2 [Dr1f (X,
using (X1, Y?) =
[rr (XN = [n)a
that we can write : [rp (X*)] =[] [71 (X)]" [] =

DT]g <Xt7FOt F/3>
Fy

Fp)') = )% (D7)} (X, [Dr)] Fu - Fs )

[
(
(X.Y)
[

-]
=l
& S
-]
=l
2
>
o
<
Il
)
=l
22
=)
h
>
& 8
Il
=
Q
=
=@
=
~
>
=

and from there :

Example with CI1(C,4):
[m2 (2] = [r (2)]'; [nr (29)] = [nr (2)]
[vr (2)] = [Dr] [r (Z2")] [Dr]



1.5 Exponential
1.5.1 Definition

On a Clifford algebra one can always define a norm, and it is a finite dimensional
Banach vector space.
The exponential of the matrix 7z, (T') is well defined, as well as

1
expT = Z —'Tp
p=o "
then : 7y (expT) = expmyr, (T)

1.5.2 Properties

The map T" — exp T is smooth, with derivative % exp T'| 7=, = expu considered
as a linear map from u to expu, that is :

[k expTlr—y] = [ (expu)

det [rp, (expu)] = exp Tr (rr, (u))

Tr (mp, (u)) = Y, [ (u)]? = 27 (T)

det [mp, (expu)] = exp2™ (T) #0

thus, according to the constant rank theorem exp is a local diffeomorphism
on the Clifford algebra.

The map : Z (1) = exp (771") defines a one parameter group with infinitesimal
generator T : Z(t1+7)=2Z(r)-Z(r)and Z(7)"' = Z (—7).

The inverse map (exp)f1 , similar to a logarithm, has for derivative

s (exp)] ™ = [m, ((expu)™) | = [re (exp (—u))).

From the definition :

exp (T)" = (expT)" ;2 (expT) = exp (+(T))

Not all elements of a Clifford algebra can be written as an exponential. Ex
1 Z€Clp={Z:w-Z=2Z}:Yn>0:2Z" € Clg but 1 ¢ Clg so there is an
exponential but exp Z ¢ Clg.

1.5.3 Special values of the exponential

In a complex or real Clifford algebra, if T =X#0€ C:

expT =370 17 = Zpo mn L7 + T oo mrmn L

[ee] 1 e o] 1
= Ep:O W)‘p"‘T'Zp:o m)\p
Let us denote A = 2 with any square root z of A
expT =30 k™ + T 5 2020 w2 = coshp + o (sinh o) T

1
T.T €C=expT =coshu+ — (sinhp)T; > =T-T
1
fZ7Z=0thenexpT =14+T

cosh p, % (sinh ) are always real.
IfAxeR:



A>0:expT = coshv\+ % (sinh\/X) T
A<0:expT =cosvV—A+ \/%—A (sin\/—/\) T
and (expT) " = exp (=T) = cosh p + % (sinhp) T

Example with CI1(C,4):
T, = (0,0,0,0,R,0,0,0),Re C*: T, - T, = —R'R
exp T, = cosh i, + S (T,) with pi? = —R'R =T, - T,
T,, = (0,0,0,,0,0,0,0),W € C?: T, - T)y = —W'W
exp T,y = cosh i, + S8 (T,,) with p2, = —W'W =T, - T,
T, =(0,0,0,0,0, X0, X,0),Xo € R, X €C3: T, - T, = — X2 — X'X
exp T}, = cosh pi; + %Tm
T, = (0,V,V,0,0,0,0,B),Vo,V,B€C: T, - T, = V& + V'V + B2

exp T, = cosh ji, + (Smﬂ%) T,

2 MORPHISMS

2.1 Morphisms of Clifford algebras

Definition 2 A Clifford algebra morphism between the Clifford algebras Cl1(Fy, p1), Cl (Fy, p2)
on the same field K is a map
d:Cl (Flapl) — Cl (Fg,pg)
which is an algebra morphism :
VX,Y € Cl(F1,p1),Vk, K e K : (kX +KY)=k®(X)+ kDY),
P(1)=1,2(X-V)=3(X) -2(Y)
and preserves the scalar product :

VXY € ClU(F1, p1) : (@(X), 2 (Y))cuery po) = X Y cuemy pn)

Theorem 3 Let (Fy,p1),(Fs, p2) be 2 vector spaces over the same field, en-
dowed with bilinear symmetric forms. Then any linear map ¢ € L(Fy;Fy)
which preserves the scalar product can be extended to a morphism ® over the
Clifford algebras such that the diagram commutes :

(Fi,1) = Cl(Fi,q1)
1 1

Ly 1@

1 1

(Fa,92) = Cl(F2,g2)

Proof. It suffices to define ® : Cl(Fy, g1) — Cl(F3, g2) as follows :
Vk, k' € K,Yu,v € F :
D(k)=k®u)=p),®(ku+kv)=Fkp(u)+ ke ),

@ (u-v)=p(u) ¢(v)



and as a consequence :
P(u-v+v-u)=pu)e@)+e ) e =2p(p),e)=2p(u,v) =
D (2p1 (u,v)) m

An isomorphism of Clifford algebras is a morphism which is also a bijective
map. Then Fy, F, must have the same dimension.

An automorphism of Clifford algebra is a Clifford isomorphism on the same
Clifford algebra.

Theorem 4 A Clifford isomorphism of Clifford algebras between the Clifford
algebras CI(Fy, p1), Cl (Fa, p2) maps Fy to Fy

Proof. Let (sj)?zl be an orthonormal basis of F} and f; = ® (¢;). Define the
algebra A generated by the vectors f; and the map f: Fy — A« f(u) = @ (u).
Then Yo,w € Fy : f (v) - f(w) + f(w) - f(v) = 2p2 (v,w) and by the universal
property of Clifford algebra there is a unique map ¢ : Cl(F1, p1) — A such that
f=vouvwith¢: Fy — Cl(F1,p1). As an algebra A = Cl (Fa, p2) and ® = ¢ is
unique. But, from the previous theorem, any map ¢ : F; — F5 which preserves
the scalar product can be extended to a Clifford algebra morphism, and it maps
Fi to F5 so does . m

As a consequence the only automorphisms on a Clifford algebra are the
changes of orthonormal basis : they must map F' on itself and preserve the
scalar product.

2.2 The Category of Clifford algebras

The product of Clifford algebras morphisms is a Clifford algebra morphism, so
Clifford algebras on a field K and their morphisms define a category Clg.

Vector spaces (F, p) on the same field K endowed with a symmetric bilinear
form p, and linear maps ¢ which preserve this form, define a category, denoted
Up

TC:Yp — Cli is a functor from the category of vector spaces over K
endowed with a symmetric bilinear form, to the category of Clifford algebras
over K.

TClL: YV — Clk associates to each object (F, p) of Vg its Clifford algebra
Cl(F,g) :

TCL:(F,g) — CI(F, p) associates to each morphism of vector spaces a mor-
phism of Clifford algebras :

Tl p e hOIIlQ]B ((Fl,pl) s (Fg,pg)) — ® e hOIIl@[K ((Fl,pl) s (Fg,pg))

By picking an orthonormal basis in each Clifford algebra one deduces :

All Clifford algebras CI(F,p) where F is a complex n dimensional vector
space are isomorphic. The common structure is denoted C1(C,n).

All Clifford algebras CI(F, p) where F is a real n dimensional vector space
and p have the same signature, are isomorphic. The common structure is de-
noted Cl (R, p,q), for the signature (+p, —q).



The algebras CI(R, p,q) and CI(R, q,p) are not isomorphic if p # ¢ . For
any n,p,q > 0 we have the algebras isomorphisms :

Cl(R,p,q) ~Clo(R,p+1,q) = Clp (R,¢q,p+ 1)

C'l() (Rvpa q) = OlO (Rv Qap)

CIl(R,0,p) ~ CI(R, p,0)

Cly (C,n) ~Cl(C,n—1)

with Cly defined with the graded involution.

2.3 Adjoint map
2.3.1 Definition

The adjoint map :

Ad:GCl — GL(CL;Cl) s AdyZ =g-Z - g~ *
defines a linear action of the group GC! of invertible elements on Cl (F, p) :

Adg.g/ = Adg o Adg/;Adl =1d

and is such that :

Ady (X -Y) = AdyX - Ad,Y

In any basis F,, of the Clifford algebra :

[Ady] (Fa) = [Ad,] (5j1 e 'qu) = [Ady] (e5,) - ... - [Ad,] (qu)

so the map Ad, is fully defined by its value for the vectors €; of F', that is
by its value on F. Moreover Ady1 = 1.

This is a projective map, in the meaning : Vk # 0 € K : Adky = Ad,

(CL(F,p),Ad) is a representation of the group GCI. So for any group G of
a Clifford algebra, by restriction (Cl (F, p), Ad) is a representation of G on the
Clifford algebra.

Its matrix in an orthonormal basis is :

EAdg] [Zh]T1 (L (@)1 (Z-g7") = [ (9)] [7r (97 1)] (2] = [7r (971)] [7L (9)] [Z]

(Ady)" = [mr (7)) r2 () = ) [ ((o=)") ] 1) ] [z (9)) )
= () [ ((5)")] (e (91)) 3] = ) [Ade) 1]

[Ady]" = [n] [Ady] [1]

2.3.2 Orthogonal group

In a Clifford algebra the adjoint map preserves the scalar product if :
(Ady X, Ad,Y) = (X,Y)
(Ady X, AdyY) = [Ady X" [n] [AdyY] = [X]" [n] [Y]
that is if :

10



[Ad,)" [n] [Ady) = [n] < [n) [Adye] [n] [n] = [n] [Ady-1]

= [Adgt] = [Adg—l] = gt -ge K

The set of elements of CI (F, p) such that ¢g* - g € K is a group G.

Then the adjoint map is an automorphism. It maps F to F|, its restriction
to F has for matrix an orthogonal matrix belonging to O (n), and it defines
uniquely the matrix of the adjoint map on CI(F,p). We have a morphism :
O (n) — G.

Conversely, because Ady, = Ad, any kg, k € K, g € G gives the same matrix
of O (n).

The orthogonal group of a Clifford algebra is the group :

OCly={geCl(Fp):g"-g=1}

The Lie algebra of the orthogonal group is given by :

TiO(Cl)={T:Tt+T =0}

Then the group G of elements of C1 (F, p) such that Ad, preserves the scalar
product is K x O (Cl).

The equation ¢g* - ¢ = 1 provides, by computing the product, necessary
relations between the components of g.

Similarly for G. The group G is a submanifold of CI (F, p), not necessarily
connected (with K = R it has 2 connected components for £ > 0 and & < 0) and
each of its connected component is the covering group of one of the connected
component of the orthogonal group O (n).

Example with CI1(C,4):
7.0 (Cl) = {(0,0,0, W, R, Xo, X, 0)}
2.3.3 Reflection

In any n dimensional real vector space (F,p) endowed with a non degenerate
scalar product (not necessarily definite positive) a reflection of vector u, (u,u) #

0isthemap: R(u)v=v—2 éZZ; u. Its unique eigen vector is u with eigen value
—1 and det R(u) = (—=1)". It preserves the scalar product and, conversely, any
orthogonal map can be written as the product of at most n reflections.

In a real Clifford algebra based on a vector space F' of dimension n the

reflection of vector u € F, (u,u) # 0 can be written, using

u-v+v-u:2<u,v),u_1:ﬁu:
R(u)v:v—2<<Z’Z;u:v—(u~v+v~u)-u71:—Aduv@Aduv:—R(u)v

The matrix of the restriction of Ad, to F has for determinant : det [Ad,], =
(—=1)"det [R (u)] = 1. The map Ad,, can be extended to the Clifford algebra, it
preserves the scalar product on CI (F),p), thus it is orthogonal and defines an
automorphism. More generally Adul...up defines an automorphism.

Conversely a Clifford algebra automorphism 1 must preserve both the scalar
product and be globally invariant on F. Its restriction to F' is expressed as
the product of p < n reflections, that is [Ady] . = (=1)" [R (w1)] ... [R (up)] =
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[Adul,,,up] . As the map Ad, is fully defined by its value on F', any automorphism
on a Clifford algebra can be expressed as Ad, where g is the product of at most
n vectors of F'. And because :

9" g9 = (ur,u1) .. (up, up)

Adyg = Ad,,

up to the product by a scalar g € O (CI).

det [Ady], = 1 so the matrix of the restriction of Ad, to F belongs to
SO (n) . It defines uniquely [Ady] on the Clifford algebra.

The sets G of vectors of Cl(F,p) which can be written as the product of p
vectors of F' is a group only if :

- p = 1: the vectors are multiple of a fixed vector

- pis even

For p odd, they never constitute a group as can be checked with the graded
involution :

1(g) =1 (ur - .- Ugpy1) = (=) (uy - .. Uzpy1) = —¢

w(g-9)=1(9)-2(g)=g-d

3 COMPLEX AND REAL CLIFFORD ALGE-
BRAS

3.1 Complex and real structures in vector spaces

3.1.1 From complex to real

A real structure on a complex vector space E is a map o : E — FE which is
antilinear and an involution :

Vz2eC:0(2V)=(2)0(V),0%=1d

A vector V is decomposed in a real and an imaginary part :

ReV =1 (V+4+o(V))

mV = & (V- o (V))

21

E splits in 2 vector subspaces ReE = {o (V)=V}, ImE = {0 (V) = -V}:
E = Re E ®ilm E which are real isomorphic and Re F is said to be a real form
of E.

The complex conjugate of any vector is CC (ReV +iImV) =ReV —iImV

One can always define a real structure on a complex vector space E. If it is
n dimensional the simplest way is to define ¢ from the components in a fixed
basis (¢;)7_; and a set of indices J C (1,2,...n)

VzEeC,jeJ:o(ze) = (2)e

VzeC,jeJe:o(ze;) = —(2)g

o defines a real structure : L L
VVEE:V:Z?zlvjEj—)O'(V): je @_j)aj—ZjEJc (Uj)Ej

o (kV) =2 e (kvj)ej — 3 jeye (kvj)e; = ( V)

)o (
(V) =2,es0 ((Uj)ﬁj) =2 jcye O ((U—j)fj) =V

12



RGE = {V Mol (V) = V} = {V = ZjGJ ’UjEj + ZjGJC i’UjEj, (’Uj)?:l S R}

ImE={V:o(V)=-V} {V =g Wigj T X jege Vi€s (V)= € R}

The basis of Re F is {¢;,j € J,ig;,j € J°}, the basis of Im F is

{iej,j € J,ej,j € J}, they are both n real dimensional, and in this oper-
ation the components of a real vector can be complex or pure imaginary. The
usual way is to take J = (1,2,...n).

With 4 real linear maps on the real part of F one can define a real linear
map

F:E—FE:

FReV+ilmV)=P (ReV)+ P, (ImV)+i(Q1 (ReV)+ Q2 (ImV)).

It is complex linear if it meets the Cauchy conditions : Po = —Q1, P = Q2

The complex conjugate of a complex map ¢ € L (E; E) is the map

CC(p) € L(ESE) : CC () CC (V) =CC(p(CC(V)))

If CC (p) = ¢ it is said to be real and maps real vectors to real vectors,
imaginary vectors to imaginary vectors If CC (¢) = —¢ then it inverses the
structures.

If p is a bilinear symmetric form on F, the map : p(u,v) = p (CC (u),v) is
Hermitian.

3.1.2 From real to complex

There are 2 ways to define a complex vector space from a real vector space F.

i) By complexification : the complexified is the complex vector space C® E
defined by themap : f: EXE —>CQFE :: f(z,y) =z +1iy

dimcC® F = dimg F

ii) By a complex structure : E stays the same, if there is a map J € L (E; E)
such that J2 = —Id. Then the product by i is defined as : iV = J (V) and the
complex conjugate CC (iV) = —J (V). This is always possible iff dim F is even
or infinite countable.

3.2 Real and complex structure on Clifford algebras

If (F, p) is a real vector space, the Clifford algebra Cl (C ® F, p) of its complex-
ified is the complexified C® Cl(F,g). Cl(F,g) is a real form of C® CI (F,p) .
This is a complex Clifford algebra, but the symmetric form is not the usual one
: the signature stays the same. All complex Clifford algebras are isomorphic,
but the signature of the bilinear symmetric form can be different. Conversely
such an isomorphism is a convenient way to define a real structure on a complex
Clifford algebra as we will see now.

3.2.1 Morphisms C: Cl(R,p,q) — CL(C,p+q)

Let F' = R™ with a bilinear symmetric form of signature (p, ¢) and orthonormal
basis (e;)7_; with p(ej,e;) = —1 for j € J°.
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Let Fo = C™ with orthonormal basis (sj)?zl with the bilinear symmetric
form p. (e5,ex) = djx and Cl(Fe, p.) its Clifford algebra with product - and
orthonormal basis F},. ;. =¢€j, = ... - €j,.

Let o be the real structure defined on the complex vector space F¢ by :

VzeC,jed:o(ze;) = (2)e

VzeC,jeJ:o(ze) = —(2)g

F¢ is a 2n real vector space with real form Fr = Re Fo which has for basis
{ej,j € J,igj,j € J°}, and Im F with basis {ic;,j € J,e;,5 € J}.

On Re F¢ we define the bilinear symmetric form :

P1 (Zje] Viej + ZjeJC Viier, ZjeJ V;‘IEJ’ + ZjEJC Vkligk)

= EjeJ ‘/J‘/J/ - EjEJC Vi Vi

On Im F¢ we define the bilinear symmetric form :

P2 (ZjeJ Viie; + ZjeJC Ve, ZjeJ Viie; + ZjEJC Vk/fk)

= EjeJ ‘/J‘/J/ - EjeJC Vkvk/

p1, p2 are symmetric, real valued, and have the same signature (+p, —q).

The real Clifford algebras Cl (Re Fe, p1) , Cl (Im F¢, p2) , are isomorphic be-
cause the signature of the form is the same, and are isomorphic to Cl (F, p) .

As a vector space the Clifford algebra Cl(F¢,p) is the sum of the real
algebras :

Cl (Fc, p) =Cl (Re Fc, pl) @ 1Cl (Im Fc, pg)

so that Cl (Re F¢, p1) , and by extension Cl (F, p) , are a real form of Cl (F¢, p) .

In the real and imaginary parts of CI(C,n) the components of a vector
Z € Cl(C,n), expressed in the usual orthonormal basis of CI(C,n), can be
real or pure imaginary.

The isomorphism C : Cl (F, p) — Cl(Re F¢, p1) is defined through the bases

C:F — ReFg::C(e;) =¢j for j e J;C(e;) =igj for j € J°

It defines an isomorphism of vector spaces which preserves the symmetric
form. It can be extended to an isomorphism between the Clifford algebras as
seen above.

So we have a real Clifford algebra morphism C : Cl (R",p,q) — Cl(C,n)
such that its image C (Cl(R"™,p,q)) is Re Cl(C,n) which is a real Clifford al-
gebra. And similarly we can define C' : F — ImF¢o = C'(e;) = ig; for
j € J;C(e;) = ¢j for j € J¢ which can be extended to a Clifford algebra
morphism C’ : CL(R™, p,q) — CI(C,n) such that its image C (Cl (R", p,q)) is
Im C1 (C,n) which is a real Clifford algebra.

Example with CI(C,4):
C:CIl(3,1) = ClL(C,4) :: C([a,vo,v,w,T,x0,x,b]) = (a,ivy,v,iw,r, Tg, iz, ib)
Re (a, v, v, w,r, xo,x,b) = (Rea,iImwvg, Rev,iImw, Rer,Re xg, i Im z, i Im b)
Im (a, vo, v, w, r, xg, z,b) = (Ima, —i Re vy, Imv, —i Rew, Im r, Im 2, —i Rex, —i Re b)
3.2.2 Complex conjugation

The map C : Cl (R™, p,q) — Cl(C, n) has many interesting properties :
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Va,B eR:C(aZ + BZ") =aC (Z)+ BC(Z')
C(z-2')=C(2)-C(Z')

C(2) =c (2
(C(2),C(Z))cucmy =2 Z') ey prg)

In the orthonormal bases the map C is represented by a diagonal matrix
with entries equal to #i and [C]°> = [5] where [f] is a diagonal matrix with
entries equal to &1, such that [C] = [1] [C] .

For any Z € CI(C,n) there are Z1, Zy € Cl(R", p, q) such that

Z = C(2)) +iC(Zy) & (2] = [C] 122] +i[C) [Zd

= [Z] = [C][Z1] = i[C] [Z2] = 0] [C] [Z1] + i [n] [C] [Z2]
The real and imaginary part of a vector Z € Cl(C,n) are then defined by :

ReZ = (1214 01Z]) m 2 = - (12) - 1] 7))

Complex conjugation is then defined on C1(C,n) by :

CC(ReZ+iIlmZ)=ReZ —ilmZ

With the components in the orthonormal basis : [CC (Z)] = [5] [Z]

The operation is antilinear, an involution and it commutes with transposition
and the principal involution. Moreover :

cc(z-zh=cc(z) -cc2)

The adjoint of Z € CL(C,n) is Z* = CC (Z?)

The complex conjugate of the map :

7 (X):Cl(C,n) = ClL(Cyn) um (X)(Z2)=X-Z

CC (m, (X) (CC (2))) = CC (r1 (X) CC (7)) = CC (X) - CC(2)

that is CC (71, (X)) = 71 (CC (X)) and similarly CC (7gr (X)) = g (CC (X))
With Adg,g € CI(C,n) :

CC (Ady) (Z)=CC (Ad,CC (Z))=CC (g -CC(2) - g_l)

CC (Ady) = Adcc(g)

Amapp e L(CI(C,n);ClL(C,n))isrealif CC (v) = ¢ : it maps real vectors
to real vectors and imaginary vectors to imaginary vectors. If CC () = —¢ then
it inverses the structures. 7z, (X),nr (X) are real if X is real.

The map Ad, is real if g € ReCl(C,n) or g € ImCI(C,n) because Ad_, =
Ad,.

The vectors of the basis (sj)?zl of Cl1(C,n) belong to ReCl (C,n) if j € J,
orto ImCl(C,n)if j € J€.

The vectors Fj, . j, =¢€j, +...-€;, of an orthonormal basis of CI (C,n) belong
to Re Cl (C,n) or ImCl (C,n) according to :

cc (Fjl---jr) = :tFjlvan =CC (Ejl) - CC (Ej'r) .
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Example with CI(C,4):
CC (a,v0, 0,0, 7,0,,8) = ({a), ~(v0), (©), ~ (), (1), (o), ~(@), ~ (1))

3.2.3 Hermitian scalar product

The Hermitian scalar product on Cl(C,n) is defined by :

(X, Y) g =(CC(X),Y)cycm

—t
(X.Y)y =[CC X)) Y] =[X] (Y]
The usual basis (FOt)Z:o of C1(C,n) is orthonormal for the Hermitian prod-
uct with a signature, depending on (p, ¢) , given by the value of 1,4 in the matrix

[n]

(X, YV)y = ReX —ilmX,ReY +iImY) ¢y c

= (Re X, Re Y>Cl(<c,n) + (Im X, Im Y>Cl(<c,n)

—i(Im X, Re Y)Cl((c)n) +i(Re X, Im Y>Cl(<c,n)

The components of the vectors Re X, Re Y, Im X, Im Y can be real or complex
and on the real and imaginary parts of the Clifford algebra the signature is (p, q) .

Some of the usual identities are generalized :
Yu,v € F = S’pan(sj)] 1i2(u )y =ut vt v ut
Proof. 2 (u,v); = 2(CC (u )vU>Cl(<c,n) =CC(u) - v+v-CC(u)=CC(ul) -
v+ov-CCW)=u*v+v-u* m
<X1 Xs.. vayl Y. > _51711 <X17Y1> <XP7YZD>
Proof. <X1 X2 Xp,Yl Yé Y> <CC (Xl) ccC (XQ) CC( ) Yé Y, >Cl((C,n)
= 5pq <OC (Xl) aY1>cz((c,n) <OC( ) ) p>01(<c n) — 5pq <X17 Y1> <vaYp>
]

The Hermitian product is preserved by the graded involution and by trans-
pose. It is preserved by a map ¢ if :

(X, YV)g =0 (X),0o(Y)) g = (CC (¢ (X)), ¢ (V) oycm)
= (CCp (CC (X)), 0 (Mauem = [COX)'[CO' [¢] [Y] = [CO(X)] [V]

That is if : [CC¢]" [¢] = T
t
With ¢ = Ad, if [CC (Ady)]' [Ady] = [Adccy] [Ady) = [Adcoy)] [Ady) =
[Adccgty.g] —I<:>CC'(g) gE(C<:>g -geC
The unitary group of C1(C,n) is then defined as

U(CL(C,n))={geCl(C,n):CC(¢")-g=1}

It depends on the complex conjugation, and there is a group for each signa-
ture.
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Example with CI(C,4):
With C : CL(R,3,1) — CI(C, 4)
<(CL,U0,U,U),7’, :ro,:zr,b),(a’,vé,v’,w’,r’,xg,x’,b’»R

J— [ — — — N —t J—

= (a)a’ = (vo)vg + (v) V' — (w) W' + (r) 7" + (z0)xp — () &’ — (b)Y’

3.2.4 Reflections

We have an extension of the theorem on reflections.

On a n dimensional complex vector space F', endowed with a bilinear sym-
metric form and a real structure, one can define a Hermitian product. A linear
map which preserves the Hermitian product is represented by a unitary matrix,
with the appropriate signature. Such a map is also an orthogonal map on the
2n dimensional real vector space. Indeed U (n,p,q) C O (2n,p,q) NGL(C,n).
Then it can be expressed as the product of at most 2n real reflections.

On CI(C,p + q) a real reflection is a map :

R(u) : ReCl(C,p+4q) — ReCl(C,p+4q) :: R(u)z = z — 2%;5:*‘”11
where u, z are vectors of the real part of Span (;)_,

Writing uw = C (u1),2 = C(21) :

B (C(u1),C(21)) cricpta) _ (u1,21) cu(mip,q)

R(u)z=C(z1)-2 C(uy) = C(2z1)—2—FC2D ' (uy)

(Cu1),Cu1)) cue,pta) (u1,u1) cr(r,p, )

—C (21 _9 (u1,21) ci@ip.g) Ul) = C (R (u1) 1)

(u1,u1) o1, p, )

and :

R (ul) zZ1 = _Adu1 zZ1

R (u) z=-C (AdUIZl) = _AdC(ul)O (Zl>

As Ad;; = Ad,, the vectors u can belong to Re (C™) or i Re (C™).
Then Adul...up preserves the Hermitian product :

(Ady, ..u, 2, Adul,,,upZ’>H = (Ady,...,CC(Z),Ady,..u,Z")
= <CC (Z) ) Zl>Cl((C,p+q) = <27 Z/>H

Any map on F' can be extended over the Clifford algebra by

[Adg] (Fu) = [Ad,] (5j1 e 'qu) = [Ady] (e5,) - .. - [Ady] (qu)

So any map on CI(C,n) which preserves both the Hermitian product and

the vector space F' is necessarily of the form Adul___up where u; are at most 2n
vectors of Re (C1 (C,n)) or Im (Cl (C,n)).

Cl(C,p+q)

4 LIE ALGEBRAS AND LIE GROUPS

4.1 Lie algebra
As any algebra a Clifford algebra is a Lie algebra with the bracket

2,72)=2-2' -7 -2

The principal involution ¢ preserves the bracket : + ([Z, Z']) = [+ (Z) ,+(Z")]
Transposition gives the opposite value : [Z¢, 2] = —[Z, Z']"

17



The map ad (Z) : Cl — Cl :: ad (Z) (Z') = [Z, Z'] is linear and represented
in matrix bty [ad (Z)] =L (Z ) ~ TR (Z) _
lad (2))" = [rL (2))" = [7r (2)]" = [n] 7 (Z")] 1] = [n] [wr (27)] 0]

[ad (2))" = [1] [ad (2")] [n]

The radical is the center Zg;, composed of the scalars if n is even, of the
scalars and the multiple of the element Fon = €1-€5...6,, if n is odd. The quotient
Cl/Zcq is then a semi-simple Lie algebra.

Example with CI(C,4) :
[(a,vo,v,w, T, 20, 2,b), (a, v, v, W', v i,z b)] = (A, V,V,W, R, X0, X, B)
A=0
IV = —vtw' + wv' + zb’ — ba),
sV =vow —vjw+ bz —bx’ +j () +5(r)v
iW = vov’ — Vv + zjr — o’ + J (W)’ + 5 (r)w’
ER = —j )0/ (w)u! + 5 (1) + ] () o
Xo = vob’ — v + wtz’ — ztw’
%X—b'v—bv —xow—i—xow +i(m)a’ +j5(x)r

3B = voxy — vjzo + via’ — v’

4.2 Killing form
The Killing form is the bilinear map

B(Z,Z")=Tr(ad(Z)oad(Z"))

It is preserved by all automorphisms on the Lie algebra.
Moreover :

B(Xa [KZ]) = B([X,Y] aZ)

The Killing form is degenerate : it is null on the radical, and non degenerate
on Cl (F,p) /rad.

Example with CI(C,4):
B(Z,7Z") = 32 (vovfy + v'v" —wlw' —rtr’ — zoxy — zta’ +b0') = 32 ((Z%,Z") — ad’)

4.3 Lie subalgebras

Any vector subspace of a Clifford algebra which is closed for the bracket is a
Lie subalgebra. There are many subalgebras (see Shirokov for a partial list).
Among them :

the homogeneous elements of order k are such that [Clg, Cly] C Cls so that
the homogeneous elements of order 2 constitute a Lie subalgebra.

the Lie subalgebra Cly ={Z € Cl (F,p) :1(Z) = Z}

18



the Lie subalgebra T10 (C1) = {Z €CL(F,p): (2)' = —Z} which is the Lie
algebra of the orthogonal group.

On a complex Clifford algebra, endowed with a real structure, we can have
a real Lie subalgebra. With the morphisms C : Cl (R,p,q) — Cl(C,p+q), if
L C CI(R,p,q) is a Lie algebra, then C' (L) is a real Lie algebra in CI (C,p + q) .

TWU (C,p+q) = {Z eClL(C,p+q):CC(2) = —Z} is the Lie algebra of the
unitary group and is a real form of 710 (Cl (C,n)).

Examples with CI(C,4) :
Are Lie subalgebras :

CI?(C,4) : {(0,0,0,W, R,0,0,0)}
Cly(C,4) = {(A4,0,0,W,R,0,0,B)}
Cla(C,4) = {(0,0,0,W, R, X, X,0)}
Clg(C,4) = {(A, Vo, VW, W, =V, =V, A)}
{(4,0,V,0,R, X(,0,0)}
{(4,0,V,eV, R, Xo,—V,eXp)} with e = &1

4.3.1 Cartan algebra

In any semi-simple complex Lie algebra L there is a Cartan algebra H which
has the properties :

i) it is abelian : Vh,h' € H : [h, '] =0

ii) there is a set {Y;} of vectors of L such that

Vh € H : ad(h)Y; = a; (h) Y; where o is a linear form on L

ili) L = H & Span (Y;)

Cl(C,n) /Z¢y is semi-simple and has a Cartan algebra, which can be found
through a representation (see below).

Example with CI(C,4):
The Cartan algebra is 4 dimensional :
I = {A+W1€0'51 + Rie3-e9+ Beg-€1 - €9 'Eg,A,Wl,Rl,B S (C}
We have a similar result by selecting the components W5, Ry or W3, Rs.
There are 12 vectors

Y1 (€11, €12) =i (0)+e11 (€1)+ie1a (€1 - €2 - €3)+€r1€12 (€0 - €3 - €2) , €5 = £1

Y5 (€21, €22) = i (€2)+€21 (€3) +i€aa (€0 - €1 - €3) +€a1€02 (€0 - €2 - €1) , €5 = £1
Y5 (e31,€32) =i (€0 - €2)+€31 (€0 - €3)+i€32 (€1 - €3) +€31€32 (€2 - €1) , €5 = £1
ad (h) (Y1 (€11, €12)) = — (iWie11 + Ber2) Y (€11, €12)

ad (h) (Yz (€21, €22)) = (—Beaz + iR1€21) Y2 (€21, €22)

ad (h) (Y3 (€31, €32)) = i (Ri€31 + Wiesies2) Y3 (€31, €32)

4.4 Lie groups

Any subset of a Clifford algebra, closed for the product, is a Lie group, subgroup
of the group GCI of its invertible elements.
The orthonormal group O (CI) is a Lie group.
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On a complex Clifford algebra, endowed with a real structure, we can have
a real Lie group. With the morphisms C : CI(R,p,q) = Cl(C,p+¢q) if G C
Cl (R, p,q) is a Lie group, then C (@) is a real Lie group in Cl (C,p+ q). The
unitary group U (Cl) is a real Lie group, real form of the orthogonal group.

4.4.1 Lie algebra of a Lie group on a Clifford algebra

A Clifford algebra is the Lie algebra of the group GCI of its invertible elements.

The Lie algebra denoted T1G of a group G is defined as the set of its left
invariant vector fields. The tangent vector space to a group belongs to the
Clifford algebra. Let Z : [0,00] — G :: Z (7) be a path in G, its tangent vector
is T (0) = %£|._g € CL(F,p). It is left invariant if :

T(r) = L,1(T(0)) = Z(r)-T(0) which gives the differential equation :
92— 7(r)-1(0),2(0) = T (0)

The left invariant vector fields of G are then characterized by the differential
equation : 4 = Z (1)-T; Z (1) = 1 which holds whatever the element T' € T1G.

dr
The differential equation reads in coordinates :

(] =12 T)=[rr (D) [Z(1)]; Z(0) =1

with a fixed matrix [rg (T')] so the solution is given by the exponential of a
matrix :

2] = [exp [rr (D)]] [1] = [1 - expT] = [exp T]

az
Z:[O,oo]—)G::Z(T):expTT@d—:Z(T)~T
T

Which gives the rule to compute the Lie algebra of a group defined by a
relation on its elements. For instance g - g = 1 : take ¢ = Z(7) and by
differentiation : (42)"-Z (7)+(Z (r))"- (%) =0 and at Z (0) = 1: T*'+T =0,

The exponential on a Lie algebra has well known general properties in par-
ticular :

VT € Cl(F,p):

exp (ad (T)) = Adexpr

% (Adcxp TTX) = Adcxp T [T7 X]

from where we have :

g-expT - gt = AdyexpT = exp (Ad,T)

4.4.2 Compact Lie groups

A Lie group is compact if it is compact as a manifold, then its Lie algebra is
compact. The simplest criterion for a real group is that, if its Killing form is
definite negative, then it is compact.
From the definition : B(Z,Z') = Tr (ad(Z) o ad (Z"))
n? 7 i
B(2,Z) =Tr(ad(Z) 0 ad (Z)) = 37 ;_, [ad (Z)]] [ad (2)]]
n? [ ¢
= e lad (2); ([od (2)))
[ad (2)]" = [n] [ad (Z")] [n] .
For the orthogonal group : Z! + Z =0 = [ad (Z)]' = — [ad (Z)] .
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On CI(R,n,0),CI(R,0,n) the orthogonal group O (Cl) is compact.
On Cl(C,n) with a morphism C, the unitary group U (Cl) is a real Lie
Zt

group CC (Z*) + Z = 0.

CC (ad(Z)) = CC (1 (2)) — CC (g (Z)) = ad (CC(2))

lad (Z)]" = [ d(2")] = —[ad (CC (2))]

If J = (1,2,..n), that is for the morphism CI(R,n) — CI1(C,n) with p = ‘
n,q = 0, then [ad (CC (2))] = [ad (Z)| and B (Z,Z) = — 3_}';_, [ad (Z)]; lad (Z)];

is definite negative, and the unitary group is compact. Then the Cartan algebra
is a maximal torus.

4.4.3 Computing a Lie group from its Lie algebra

If L is a Lie subalgebra of a group G then the map: exp: L — G :: g =expT
is well defined, but not onto : some elements of the group cannot be written
this way (usually they can be written +expT'). The exponential is onto if the
group is compact.

A Lie group is a manifold, and a group G in a Clifford algebra is a manifold
embedded in a vector space, it has a chart :

0:ClL(F,p) = G:p(x1,.,Ta)=g

where x,, are coordinates in the basis of CI (F,p).

When the Lie algebra of a group can be written : 7'G = T1H & E where H
is the Lie algebra of a subgroup H and E a vector subspace, and the exponential
is onto H, there is a chart :

p:HXxE—-G:g=h-expT

which is convenient when T - T is a scalar. The chart is differentiable, but
usually we do not have g- ¢’ =h-h' -expT -expT".

4.4.4 Spin group

The Spin group Spin (F, p) of CI(F, p) is the subset of CI(F, p) whose elements
can be written as the product g = uy - ... - ugp of an even number of vectors of
F of norm (ug,ux) = 1.

As a consequence : (g,g) = 1,g* - g = 1 and Spin (F,p) C O (Cl).

The scalars 1 belong to the Spin group. The identity is +1. Spin (F, p) is
a connected Lie group.

The Lie algebra is Ty Spin (F,p) = {T* + T = 0} as the orthogonal group.
Because (g7 - e2... - sp)t = (—1)%’)(’)_1) €1 - €2... - €p the components of order odd
must be null.

The map : Ad : Spin (F, p) — L (CI(F, p); CI(F, p)) is an action and defines
a group of automorphisms.

The adjoint map Ad, preserves the scalar product and maps F' to F. The
matrix of [Ady] on F belongs to SO (n), it defines uniquely [Ad,y] on CI(F, p)
and there is a subjective group morphism Spin (F,p) — SO (n). But +¢ and
—g gives the same matrix, and Spin (F, p) is the double cover of SO (n).
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Example with CI(C,4):
The group Spin (C,4) is a 6 dimensional complex semi-simple Lie group with

Lie algebra :

T, Spin (C,4) = { (0,0,0,W, R,0,0,0), W,RG(C3}

Ty Spin (C,3) = {T; = (0,0,0,0, R,0,0,0), R € C?} is the Lie algebra of the
Lie group Spin (C, 3)

T, - T, = —R'R and the elements of the group read :

exp T, = cosh i, + S8 (T,) with p2 = —R'R="T, - T,

The vector space {T,, = (0,0,0,W,0,0,0,0),W € C*} is not a Lie algebra.

Ty Ty = =W'W and exp Ty, = cosh pr, + S22 (T, ) with 2, = —W*'W =
Ty Ty

The elements of the group Spin (C,4) read :

g=expT, -expT, with T, - T, = (0,0,0,5 (W) R,0,0,0, -W'R)

or g =(a,0,0,w,7,0,0,b)

with

a = cosh i, cosh p,

w = ““h SR P (cosh Ly — —Si“;T“Tj (R)) %

r= cosh uwbmﬂ#R

b= — sinh p,, sinh p, (WtR)

How fr

and :

wlr = —ab

a® + b +wtw+rir=1

g ! =(a,0,0,—w,—7,0,0,b)

5 REPRESENTATION OF CLIFFORD ALGE-
BRAS

5.1 Definitions

An algebraic representation of a Clifford algebra CI(F, p) over a field K is the
couple (A, 7) of a unital algebra (A, o) on the field K and amap : v : Cl (F, p) —
A which is an algebra morphism :

VX,Y € CU(F,p), k, k' € K :

v (kX +KY) = ky(X) + Ky (Y),

VX Y)=79(X)on(Y),y(1) =14

A geometric representation of a Clifford algebra CI(F, p) over a field K is a
couple (V,9) of a vector space V on the field K and a map : ¢ : CI(F,p) —
GL (V;V) which is an algebra morphism :

VX,Y € CU(F,p), k, k' € K :

V(X +EY) =kIX) +EIY),

I(X-Y)=9(X)od(Y),9(1) = Idy

If (A,~) is a representation of CI(C,n) then v o C is a real representation
of Cl (R, p,q).

22



5.1.1 The generators of a representation

The generators of an algebraic representation (A,~) of the Clifford algebra

CUF,g) are : (Vi)—o : v = V(&5),J = L.n,y = 7(1) where (g;)7_, is an
orthonormal basis of F. They meet necessarily the relation :

Vi k= 1.n vk + WY = 2(€j,€x) p Y0

Conversely a set of generators, which are invertible and vy = 14 defines
uniquely an algebraic representation.

5.1.2 Equivalence of representations

Two algebraic representations (A1,v1),(Ag,J2) of a Clifford algebra CI(F, p)
are said to be equivalent if there are :

i) a bijective algebra morphism ¢ : A; — Ao

ii) an automorphism 7 : Cl (F, p) — Cl(F, p)

such that : poyy =07

-
Ci(F,g) — Cl(F.g)
h { { Vo
Al — A2
¢

The automorphisms on a Clifford algebra correspond to a change of orthonor-
mal basis on F. On the same algebra A, all the equivalent representations are
defined by conjugation with a fixed invertible element U : A=Uo Ao U~ 1.

If (V,99) is a geometric representation of Cl (F, p) then (V*,9*) with V* the
dual of V' and 9¥* the transpose of ¥, is another representation, which usually is
not equivalent.

If CI(F, p) is a complex Clifford algebra, with real structure C, A a complex
algebra endowed with a real structure o, then to any algebraic representation
(A,~) is associated the contragredient representation : (A,7) withy =covyoC
which, usually, is not equivalent.

5.1.3 Representation on the exterior algebra

A Clifford algebra CI(F, p) has a geometric representation on the algebra AF™*
of linear forms on F.

Consider the maps with u € F':

Au) : ApF* > A F* o A(W)p=uAp

oyt N F* = A F* iy (p) = ()

The map : AF* — AF* :: 9 (u) = A (u) — iy is such that :

9 (u)od (v) + 9 (v) 00 (u) = 2p (u,v) Id

thus there is a map : ¥ : CI(F,g) — AF* such that : ¥ -2 =9 and (AF*, )
is a geometric representation of CI(F, p). It is reducible.
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5.2 Representations on algebras of matrices

5.2.1 Complex Clifford algebras

The unique faithful, irreducible, algebraic representation of the complex Clifford

algebra CI(C,n) is over an algebra L (C, m) of matrices of complex numbers.
The algebra L (C,m) depends on n :
If n = 2p : m = 2P : the square matrices 2P x 2P (we get the dimension 2P

as vector

space)

If n=2p+1: 4p x 4p complex matrices of the form :

[M] =

[4] 0

2pX2p

2pX2p

0 [B]

4dpx4p

(the vector space has the dimension 22P*1).
The representation is faithful : there is a bijective correspondence between
elements of the Clifford algebra and matrices.
There is always a representation such that the generators are Hermitian,
then they are also unitary (see Shirokov).

Represe

ntation of CI(C,4)

The representations are built around the Dirac’s matrices :

gp —

which
A con

Y4 =

1 0] [0 1
0o 1 [°7P T 1 o
are such that : 0; =0

0

iO'O

—iO’o

0

o=}

*,
70

i =1,2,3:7;

0

—1

i 0};”3_{

00k + 0k0; = Ojil2

|

venient representation is with :

0

i

gj

0

J

1
0

0
-1

|

The g_enerators have the property that : j =1..4:7; = (v;)" = ('yj)fl

5.2.2 Real Clifford algebras

The unique faithful irreducible algebraic representation of the Clifford algebra
CI(R,p, q) is over an algebra of matrices. The matrices algebras are over a field
K’ (C,R) or the division ring H of quaternions with the following rules :

[(p — ¢) mod 8 Matrices (p — ¢)mod 8
0 R (2™) 0
1 R(E2™) @R (2™) -1
2 R (2™) )
3 C(2m) -3
4 H (2m~1) —4
5 HQE™ Y eH(@2m ) -5
6 H (2m~1) —6
i 7 c2m) -7
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Matrices
R (2™)
C(2™)

H (2m71)

H (2m71) o H (2m71)
H (2771—1)
Cc@2m™)

R (2™)

R(2™) @& R((2™)




The division ring of quaternions can be built as Clj (R, 0, 3)

When the Clifford algebra is real and represented by a set of real 2™ x 2™
matrices there is a geometric representation on R?™. The vectors of R?™ in such
a representation are the Majorana spinors.

5.2.3 Equivalence between the adjoint representation on the Clifford
algebra and the representation of the Clifford Algebra

To keep it simple let us consider C1 (C, 2n) with its representation (L (C,2"), 7).

Let (T1G, Ad) be a representation of a group G C CI(C,2n) on the Clifford
algebra itself with the adjoint map..The Lie algebra T1G C CI(C,2n)

Let us consider the action : © : G — L (L (C,2™); L (C,2")) : ©(g) (M) =
v ()] [M] [y (9)) "

It has the properties : )

O(g-9) (M) =1[v(g-9)[M][v(g-9)]" =O(g) 0O (g) (M)

VIM] € L(C,2"),3Z € L(C,2") : [M] = [y (Z)]

O(9)(V(2) = @IV = [v(9-Z2-97")] = 1 (4d,2)] &
O (g) oy =70Ady < O (g) =70 Adgor

We have the commuting diagram :

Cl(C,2n) Ad, Cl(C,2n)
Z — — — Adgy (2)
{ {
Y 0
{ I
v(Z) = = = 0 (2)
L(C,2™) O (g) L(C,2™)

The representation (Cl(C,2n), Ad) of G is equivalent to the representation
(L(C,2"),0) of G by ©(g9) = vo0 Ad, oy~ ! and the morphism is an isomor-
phism because -y is bijective. The action © is just the adjoint action on matrices
and the representation (L (C,2"),0) of G is a subrepresentation of the adjoint
representation (L (C,2"),0) of GL (C,2n), as (Cl(C,2n), Ad) is a subrepre-
sentation of the group GCI(C,2n) of invertible elements of CI (C,2n).

The 2™ matrices v (F,, ) are linearly independent because F,, are independent,
thus they constitute a basis of L (C,2™). In this basis the matrix of © (g) is the
same as Ad, in the orthonormal basis of Cl (C,2n) :

O (9) (M) =©(9) (L, 1"y (Fa)) = X0 6 [y ()] [y (Fa)l [y (9)]

= So 5 [ (Ady (Fa))] = S k® [7 (S 14412 Fi ) | = o 5 [Ad, ]S 17 (Fp)

Whenever the group G is defined by a condition on the matrix Ad, the same
condition applies on the representation (L (C,2"),0).

The map v depends on a choice of generators but it is faithful. To each
2" x 2" matrix representing [© (g)] corresponds a unique matrix Ad, and thus
a unique g, up to the product by a constant.
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(L (C,2™),0) is the adjoint representation of GL (C,2™) on its Lie algebra.
Similarly (Cl(C,n), Ad) is the adjoint representation of GC!I on its Lie alge-
bra. The two representations are equivalent, as well as their derivative : the
representation (L (C,2"),ad) of L (C,2") and (CI(C,n),ad) of Cl(C,n). The
root spaces decomposition of the representation (sl (C,2"),ad) is based on the
Cartan algebra of diagonal matrices, then the Cartan algebra of Cl(C,2n) is
given by the 2™ — 1 elements F, of the basis which are represented by diagonal
matrices.

These results can be extended at any complex Clifford algebra.
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