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Abstract. In this paper we investigate the reconstruction conditions of nuclear nor-
m minimization for low-rank matrix recovery from a given linear system of equality
constraints. Sufficient conditions are derived to guarantee the robust reconstruction in
bounded Iy and Dantzig selector noise settings (e # 0) or exactly reconstruction in the
noiseless context (e = 0) of all rank r matrices X € R™*" from b = A(X) + z via
nuclear norm minimization. Furthermore, we not only show that when ¢t = 1, the upper
bound of 4, is the same as the result of Cai and Zhang [9], but also demonstrate that
the gained upper bounds concerning the recovery error are better. Finally, we prove
that the restricted isometry property condition is sharp.
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1 Introduction

Suppose that X € R™*" is an unknown low rank matrix, A : R™*" — R? is a known linear
map, b € R? is a given observation and z € R? is measurement error. The rank minimization
problem is defined as follows:

n}}n rank(X) s.t. [[A(X) — b2 <, (1.1)

where b = A(X)+ z and € stands for the noise level. Since the problem (1.1) is NP-hard in general,
Recht et al. [1] introduced a convex relaxation, which minimizes nuclear norm (also known as the
Schatten 1-norm or trace norm)

min | X]. 5.6 [ ACX) ~ bl < e, (1.2)

where || X ||« = Z?lin{m’n} 0;(X) and 0;(X) are the singular values. The problem (1.2) is convex,
thus there are a large number of approaches which can be used for solving it. For efficient algorithms
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solving broad-scale instants, a great deal of researchers have developed them, such as Tanner and
Wei [2], Zhang and Li [3], Lu et al [4] and Lin et al. [5].

When m = n and the matrix X = diag(z) (z € R™) is diagonal matrix, the problems (1.1)
and (1.2) degenerate to the lp-minimization and /;-minimization, respectively, which belong to the
main optimization problems in the compressed sensing (CS).

In order to study the relationship between [;-minimization and the nuclear norm minimization
problems, Recht et al. [1] extended the notion of restricted isometry constant proposed by Candeés
[6] to low-rank matrix recovery case. The concept is as follows:

Definition 1.1. Let A : R™*"™ — RY? be a linear map. For any integer v (1 < r < min{m,n}),
the restricted isometry constant (RIC) of order r is defined as the smallest positive number 6, that
satisfies

(1= o) X7 < IACOIZ < (1 + 61X 17 (1.3)

for all r-rank matrices X (i.e., the rank of X is at most r), where || X||% = (X, X) = Tr(X"X) is
the Frobenius norm of X, which is also equal to the sum of the square of singular values and the
inner product in R™™ as (X,Y) =Tr(X'Y) =", > j=1Xi;Yij for matrices X and Y of the
same dimensions.

By the aforementioned definition, it is easy to see that if r; < 79, then 0,1 < 2.

Although it is not easy to examine the restricted isometry property for a given linear map, it is
one of the central notions in low-rank matrix recovery. In fact, it has been showed [1] that Gaussian
or sub-Gaussian random measurement map A fulfills the restricted isometry property with high
probability.

Recht et al. [1] showed that for the noiseless case (i.e., € = 0), if J5, < 1/10, then the minimum-
rank solution to (1.2) can be recovered by solving a convex optimization problem. Candes and
Plan [7] proved that when 4. < v/2 — 1, a low-rank matrix can be robustly recovered by nuclear
norm minimization (1.2). Mohan and Fazel [8] improved the upper bound of RIC to d4, < 0.558.
Cai and Zhang [9] presented the sharp condition 6, < 1/3 (0 < 1/3) for low-rank matrix (sparse
signal) recovery. Wang and Li [10] showed that the upper bounds 6, < 1/3 and o, < v/2/2 are
optimal. Kong and Xiu [11] obtained a uniform bound on RIC 4. < v/2 — 1 for any p € (0,1]
for low-rank matrix recovery via Schatten p-minimization. Chen and Li [12] showed that for any
given 4 € [V/3/2,1), p € (0,2(1 — d4,-)] suffices for the robust recovery of all r-rank matrices via
Schatten p-minimization.

Cai and Zhang [13] showed that for any given ¢ > 4/3, 6 < /(t — 1)/t ensures the exact
reconstruction for all matrices with rank no more than r in the noise-free case via the constrained
nuclear norm minimization (1.2). Furthermore, for any e > 0, &, < \/(t — 1)/t+¢ doesn’t suffice to
make sure the exact recovery of all r-rank matrices for large r. Besides, they showed that condition
dtr < 4/ (t — 1)/t suffices for robust reconstruction of nearly low-rank matrices in the noisy case.

Motivated by the aforementioned papers, we further discuss the upper bounds of &, associated
with some linear map A as 0 < t < 4/3. Sufficient conditions regarding d; with 0 < ¢t < 4/3
are established to guarantee the robust reconstruction (e # 0) or (e = 0) of all r-rank matrices
X € R™" satisfying b = A(X) + 2z with [|z]]2 < € and || A*(2)|| < ¢, respectively. Thereby,
combined with [13], a complete description for sharp restricted isometry property (RIP) constants
for all ¢ > 0 is established to ensure the exact reconstruction of all matrices with rank no more
than r via nuclear norm minimization.



2 Preliminaries

We begin by introducing basic notations. We also gather a few lemmas needed for the proofs
of main results.

For any matrix X € R™*" (m < n), the singular value decomposition (SVD) of X is represented
by
X = Udiag(a(X))VT,

where U € R™™ and V € R™ ™ are orthogonal matrices, and o(X) = (o1(X), - ,0m(X))"
indicates the vector of the singular values of X. Assume that o1(X) > 02(X) > -+ > 0,(X).
Consequently, the best r-rank approximation to the matrix X is

X0 _ [diag(cg(X ) 8} VT,

where 0" (X) = (01(X),--- ,0.(X))".

For a linear map A : R™*"™ — RY, denote by its adjoint operator A* : R? — R™*". Then, for
all X € R™*™ and b € R?, (X, A*(b)) = (A(X),b).

Without loss of generality, let X be the original matrix that we want to find and X* be an
optimal solution to the problem (1.2). Let Z = X — X*. Let SVD of U ZV € R™*™ be provided
by
diag (o0 (U ZV)) 0

T —
v av="uto 0 diag (o7 (UTZV))

VvOT

where Uy, Vo € R™*™ are orthogonal matrices, op(U'ZV) = (ol(UTZV),~-- ,ar(UTZV))T,

ore(U"ZV) = (0,1 (UT ZV), - - 7am(UTZV))T, and we suppose that o1 (U ZV) > -+ > 0, (UTZV) >
0r1(UTZV) > - > 0,,(UT ZV). Therefore, the matrix Z is decomposed as

Z =270 4 ZC(T)’

where _ -
Z(T) _ UUO [dlag (O‘TE]U ZV)) 8:| ‘/OTVT
and
(r) _ 0 0 Ty T
Ze" =Ulo [0 diag (JTC(UTZV))} Yo V.

It is not hard to see that X(’”)(Zér))T =0 and (X(T))TZC(T) =0.
In order to show the main results, we need some elementary identities, which were given in [14]

(see Lemma 1).

Lemma 2.1. Give matrices {V; : i € T} in a matriz space V with inner product (-), where T
denotes the index set with |T| = r. Select all subsets T; C T with |T;| =k, i € I and |I| = (},), then
we get

ZZ%=<Z:DZ%(%21), (2.1)

i€l peT; peT



and

) SRUATES (D SNTANCER) (2.2

i€l p#q€eT; p#qET

Cai and Zhang developed a new elementary technique which states an elementary geometric
fact: Any point in a polytope can be represented as a convex combination of sparse vectors (see
Lemma 1.1 in [13]). It gives a crucial technical tool for the proof of our main results. It is also the
special case p = 1 of Zhang and Li’s result (see Lemma 2.2 in [15]).

Lemma 2.2. Let 7 < m be an integer, and « be a positive real number. We can represent any
vector x in the set
V={zeR": |z|i <ra, |z||e < a},

as a convex combination of r-sparse vectors, i.e.,
Tr = E )\iui
i

where Y. \i = 1 with A\; > 0, |sup(u;)| < 7, sup(u;) C sup(x) and >, Nil|us||3 < ra?.
i P P p i 2

Lemma 2.3. (Lemma 2.3 in [1]) Let X, Y be the matrices of same dimensions. If XY T =0 and
XY =0, then

[X + Y= 1 X« + Y]] (2.3)
Lemma 2.4. We have

1ZONe < 120+ 201X — XD, (2.4)

Proof. Since X* is the optimal solution to the problem (1.2), we get
[ X = [ Xl = ([ X = Z]]. (2.5)
Applying the reverse inequality to (2.5), we get

I1X = ZI|. = (XD = Z0) + (X = X0 = 20,
> X0 = Z0 - X - X = Z0].. (26)

By Lemma 2.3 and the forward inequality, we get

X0+ (=) = X = X+ (=20,
> X+ 128 = X = X0 = 120 27)

Combining with (2.5), (2.6) and (2.7), we get

1ZE e < 1X e = 11X O+ 12X = X O+ (120,
<12+ 20X = X0

The proof of the lemma is completed.



Select positive integers a and b satisfying a +b =tr and b < a <r. We use T;, S; to represent
all possible index set contained in {1,2,---,r} (ie., T3, S; C {1,---,r}) and |T;| = a, |S;| = b,
where i € A and j € B with |A| = (},) and |B| = (}). Define

a

o - -
Z:(r:) _UU, diag (UTZ.(()U ZV)) 8 Vv,
and o - -
Zg) _ UU, diag (O‘sj(()U ZV)) 8 VOTVT.

Here o7,(UT ZV) (05,(U" ZV)) denotes the vector that equals to o7 (U " ZV) on T; (S;), and zero
elsewhere.

Lemma 2.5. We have
Z0 =" mUp, 20 = Vi, 200 =Y mWi,
k k k

where Y pky = > Vb = 2, Tk = 1 with v, pg, 7% > 0, Uy, Vi, Wy are b-rank, a-rank and
(t = )r-rank (t > 1) with

ZMkHUkHF < *a (2.8)
2
S ullVil < o, (29)
k
and
2
> Tl Wil7 < t_—loﬂ. (2.10)
k
Proof. Set
_ 1290 + 211X - XD,
= " .
By Lemma 2.4, then
120, < ra
By the definition of Zé”, we get
OTe 1 <ra< i04. 2.11
UTZV)|1 <ra < by
By the decomposition of Z, we get
or(UTZV
lor-(UT 2v)] < 1712V
IIZ s+ 201X — XD,

r



<a< —-a. (2.12)

S>3

Combining with Lemma 2.2, (2.11) and (2.12), o7<(U " ZV) is decomposed into the convex combi-
nation of b-sparse vectors, i.e., opc(UTZV) = >k Mg with

2 r? 2
E pellugllz < 5
k

Define
_ 0 0 Ty T
U, =UUy {0 diag(uk)} VWV .

It is easy to see that Uy is b-rank. Therefore, ZC(T) is decomposed as ZC(T) = > 1 Uy with

2
T
D ullUsllE =D pellull3 < 3042.
P P

Likewise, Zér) can also be denoted by
Z0 ="V, Z0 = n Wy,
k k
where Vj, is a-rank, Wy, is (¢t — 1)r-rank (¢t > 1) with
2
> el Villz < EOéQ,
k

and

7n2

> TllVilF < = 1062‘
k

O
One can easily check that <Z¥;), Uk> =0, <Z§?, Vk> =0 and <Z("), Wk> =0.
Lemma 2.6. We have that for 0 <t <1,
i, 2 e e ) - fa ) o)
— —262(2 — t)ab <AZ(T),AZ> + Ay, (2.13)
and for 1 <t < 4/3,
s S (2 ) vz -]
k
= —20%[ab — (¢ = 1)r?] (AZ"), AZ ) + (4 = 3) Aoy, (2.14)

where
Pant) = (a+b)> - 2ab(4 — 1),



and

b 2
A (Zg) + 7,Uk> =
2

i Sl )

7 (25 20
2
A (zgj ~ fka>

2]. (2.15)

Proof. The proof takes advantage of the ideas from [9], [14]. By Lemma 2.1, we get

Auy = <a—b2[ ZHA Jes ”ng}
a jEB

2(a2b+ab2) <T(_r)bZ‘AZ¥) (T) Z‘AZS ,.AZ >
T al, o b

i€EA JjEB

— (a2 — b2 r—b,4 (mp2 _r—a (r)
(@ = ) (S CDIAZON - St G4z

2ab(a + b) <’I" — b r—1 (T‘) a (7‘) (T)>
+ Az 4 L AZ™ | AZ!
o Nag DA77+ gy D

b
— (a® - b2) bAZ™)2 + 2ath <AZ(”),AZC(7")>

:tpa,,,(t)nAz |12 + 2abt(2 — )<AZ ,AZ>. (2.16)

(r

where the first equality follows from Lemma 2.5, i.e., Z¢
the second equality, we used the identity (2.1).

) has the convex decomposition, and in

As 0 <t <1, by Lemma 2 [14], we get

a+b\? .
LHS = poslt) () 1420
= a0 AZ 3. (2.17)
Substituting (2.16) to the right hand side of (2.13), we get
RHS =t [tpmb(t) IAZM)||2 + 2abt(2 — t) <AZ(”),AZ>}

—262(2 — t)ab <AZ(T), AZ>
=LHS.

Accordingly, the identity (2.13) holds.
As 1<t <4/3, we get

LHS = pa,b@){u = (= DA)AZO3 +2(t - 1)t <AZ‘”, ZmAwk> }
k
- pa,bu){u — (£ = D2IAZOE + 20 — 1t (AZO, AZI) }

7



- pmb(t){(élt — 3¢2)[|AZ0 |12 + 2t — 1)t <AZ(T),AZ> }
We have
RHS =(4 — 3t) [t,oa,b(t)HAZ(T)H% + 2abt(2 — t) <AZ(”, AZ>]
—23(ab — (t — 1)17] <AZ(T),AZ>
—(4t = 3%)pa s (DIAZD 3 + 2t {ab(2 — )(4 = 3) - £2[ab — (¢ — 1)r?]} (AZ"), AZ)
=LHS.

Therefore, the identity (2.14) holds.
O

Lemma 2.7. Let X, Y be matrices with X, Y € R™". If XYT =0 and XY = 0, then the
following holds:

IX +YI[E = IX]E+ Y ]E. (2.18)
Proof. Due to XY =0 and XY = 0, combining with the proof of Lemma 2.3 [1], then there

are matrices [Uyx Uy Uygz| and [Vx Vy V] such that the singular value decompositions of X and Y
are as follows:

[diag(a(X)) 0 0
X = [Ux Uy Uy] 0 0 0| [Vx W Vz]T,
0 0 0
and )
0 0 0
Y = [Ux Uy Ugz] [0 diag(o(Y)) O [Vx Vv Vz]T,
0 0 0

where [Ux Uy Uyg| and [Vx V3 V] are orthogonal matrices. As a consequence, we have the SVD
of X +Y as follows:

diag(o(X)) 0 0
X +Y = [Ux Uy Uy] 0 diag(a(Y)) 0| [Vx Vy Vz].
0 0 0
Therefore,
diag(o(X)) 0 07>
1X +YI[E = 0 diag(a(Y)) 0[| =I[XIE+ Y%
0 0 0]l
The desired result are derived.
O
Lemma 2.8. It holds that
{[(a+b)? — 4ab]t — [(a + b)? — 2ab](2 — )0, }| 27| % — 2abr60%(2 — 1) < Ay (2.19)



Proof. Note that the ranks of matrices Uy, Z g) are no more than b, the ranks of matrices V4, Zg )
are at most a and a + b = tr. By the tr-order restricted isometry property, we get
Agy >0 21—
a,b_W Z HE a( - tr)

0o b |
Z})+;Uk —B2(1 + byr)

20 - 2o, |

@’ GeA, k F
r—a ) @ b P, » b |?
+ S (01— 0w) || 28 + = Vi — a1+ 6u) || Z8) — Vi| |-
b(g) , J r F J r 7
JjEB, k

Since the inner product of Z:(r: ) (Z é:)) and Uy (Vi) equals to zero, by some elementary calculation,
we get

r—b r
Agp >(a® = 02) |25 |12 1%
(@) €A

a
ar g jGB

r '
— (a® + %1 Zn )12 Zn Z9)%

jEeB
- qukmu%— WE%HVMI%- (2:20
k k
By Lemma 2.1, we get
Z/; 1Z81% = G-DIZ271%, (2.21)
1€
and
S 1291 = G120 (2.22)
JjEB

Substituting (2.21) and (2.22) into (2.20) and combining with inequalities (2.8) and (2.9), we get
(a —b)%(a +b)

Ay 2——"——— 2D} = (a® + b*)6ur (2 — )| 27 3
r
B 2ab%(r — b)dg 7202 B 2a%b(r — a)b r20?
r? b 72 a

= {[(a+b)? — 4ab]t — [(a + b)> — 2ab)(2 — )64 }|| 2 ||% — 2abréa®(2 — t).

O]
Lemma 2.9. It holds that
|AZ]|2 < 2e (2.23)
Proof. Due to the feasibility of X*, we get
JAZ||s = [ AX — AX*||2 < [AX = bl2 + [ AX* — b]|2 < 2e.
O



Lemma 2.10. (Lemma 4.1 in [9]) For all linear maps A : R™*™ — R? and r > 2, s > 2, we have
Ser < (25 — 1)5,. (2.24)

Lemma 2.11. [t holds that for 0 <t <1,

i, 2 e e ) - fa (o )
< pap()lt = (2 = 1)3u] |27 (2.25)

and for 1 <t < 4/3,

par(®) S 7 [ [ (2 + ¢ - vwi) HZ ~[e-va(ze+w) m

k

Spa,bm{[t@—t) G —2t+2>5tr]||z 2 — 2ra? w—l)} (2.26)

where

pap(t) = (a+b)* —2ab(4 —t).

Proof. We first consider the case of 0 < ¢t < 1. As tr equals to even, we can fix a = b = tr/2; And
as tr equals to odd, we can set a = b+ 1 = (tr + 1)/2; For both cases, one can easily prove that

Pap(t) < 0. Since Z% ), Z é:) are a-rank and b-rank, respectively, by utilizing ¢r-order RIP, we get

pul % > a0+ 202 - o=t A (o - )]
< (p)(l;(_t)) Py [(1—5tr) )Z%)+Z§? T2 b 02— azf) i]

b() 5t 7" a Z rfb Z(r) 2
()(7{; a){( T |: leZA’ )JEZB’ Sj ||F:|
- tasanpe S+ e 1281
icA jEB

= j;;*;(fi) {a-an[Goch + 6] 120

a/\b
- o PG + GG 12015
— ()t — (2~ )5, ]1 202 (2.27)

where we made use of Lemma 2.1 to the second equality.
Next, we discuss the case of 1 <t < 4/3.

Observe that Z(", W, are r-rank and (t — 1)r-rank, respectively. Under the assumption of
Pap(t) < 0, combining with tr-order RIP, we get

pust®) X[ [4 (20 + 6~ o) [ - - 04 (20 +m)

k

10



204 )W}~ 170+ 5)

< Pa,b(t)ZTk [(1—5tr) ‘Z(T) +WkHi}
%

= paal®) S (1= 6 [ |20 + ¢~ 2]

k

(- 121+ 6) (HZ(’”)II% T HWkH%)}
- pa,bm{ [(1 G (- D214 5”)] 12013 — 28, (¢ — 1) Zmuwku%}
k

< pa,b<t>{ [t<2 (2 2)54 1200 — 2ra28i(t - 1)}, (2.28)

where the first equality follows from the fact that <Z "), Wk> = 0, and the last inequality, we used
the inequality (2.10).

O]

3 Main results

Theorem 3.1. Consider rank minimization problem b = AX + z with ||z||2 < €. If dy < t/(4—1)
with 0 <t < 4/3, then the solution X* to the nuclear norm minimization problem (1.2) fulfils

IX = X*lr < Cre+ Call X — XD, (3.1)
where
24/2(1 4 04 )k
0 = BT o) (3.2)
1—t — Ytr
and
. 2v3 | 1 26tr+\/6tr(4—t) (ﬁ—étr)
_ i 3.3
BRAE o 3
with

o= max{ ! vt b

4—t 4—t

Similarly, Consider rank minimization problem b = AX + z with z such that ||A*(2)| < e. If
der < t/(4—1) with 0 <t < 4/3, then the solution X° to the nuclear norm minimization problem
miny || X||« s.t. || A*(2)| < e fulfils

|X = Xl < Dye+ CallX — XV, (3.4)
where
2v/2
Dy = YR (35)
)
i—t tr

and Cy is given by (3.3).

11



Remark 3.1. Ast =1, the upper bound §, < 1/3 is coincident with Theorems 3.7 and 3.8 of [9].
Furthermore, the upper bounds of error estimates | X — X*||p (||[X — X°||r) are smaller than the
results of [9]. In theory, the recovered precision is given by our results is higher than that of theirs.

Corollary 3.1. Assume that X € R™*™ is a r-rank matriz. Let b= AX. If
dir < t/(4—1) (3.6)

for 0 < t < 4/3, then the solution X* to the nuclear norm minimization problem (1.2) in the
noiseless case (i.e., ¢ = 0) reconstructs X ezactly.

Remark 3.2. Ast =1, the upper bound 6, < 1/3 is the same as Theorem 3.5 of [9].

The Gaussian noise situation is of special interest in statistics and image processing. Note that
the Gaussian random variables are essentially bounded. The results given in Theorem 3.1 regarding
the bounded noise situation are immediately applied to the Gaussian noise situation, which employs
the similar discussion as that in [16].

Theorem 3.2. Assume that the low-rank recovery model b = AX + z with z ~ Nq(O, JQI). O <
t/(4 —t) for some 0 < t < 4/3. Let X* represent the minimizer of minx || X/« s.t. ||z|l2 <

oV q+ 2v/qlogq and let X° be the minimizer of minx || X |« s.t. || A*(2)| < 20+/logn. We have

with probability at least 1 —1/q,

2/2(1 + 04 )k
X — X*||p < t(étr)ax/q—i-%/qlogq
tr

t
2(5157" + \/6157"(4 - t) (E - 5157") HX _ X(r)H*
ﬁ - 5t7‘ \/; ’

and probability at least 1 — 1/y/mlogn,

o 4\/2rK
IX = X%l < ——5—0v/logn

41—t — Ytr
— _to_
+2v3 1+25“’+\/ St =0 (500 | ooy,
4 4L_t_5t7" \/; 7

where k is defined in Theorem 3.1.

Theorem 3.3. Let 1 <r <m/2. There is a linear map A: R"™*™ — RY with dy < t/(4—1)+¢
with 0 < t < 4/3, € > 0 such that for some r-rank matrices Y1, Yo € R™*™ with Y1 # Ys,

AY1 = AY,. Hence, there don’t exist any approach to exactly reconstruct all r-rank matrices X
based on (A, z).

Remark 3.3. Theorems 3.1 and 3.3 jointly indicate the condition oy < t/(4—1) with 0 <t < 4/3
is sharp.

12



4 Proofs of main results

With above preparation, we present the proof of main result.

Proof of Theorem 3.1. By the definition of & and notice that the rank of Z(") is at most r, we
get

o2 NZOE+ 420X = XO. + 4] X - XO)2

r2

< 1203, n 420 p| X = XD, 4||X X2
_— 2 )
r r/T r

where in the last step, we used the fact that for any X € R™*™ (m < n) and p € (0, 1],

1_1
me 2| X p > [ Xl (4.2)

with [|X [, = (5 07(X)"/.

(2’

In the situation of 0 < ¢t < 1, by Lemma 2.10, we have
(420, A42) < |AZ0]o] AZ ],
< I+ 001276l AZ]2
= /14 81120171 AZ])

2
< \/1 # (2= 1) aull2 sz

1 +(5tr

<

125 7|l AZ]|2, (4.3)

where in the first inequality, we used Cauchy-Schwarz inequality, and the second inequality follows
from RIP of r-order.

Plugging (2.23) to (4.3), it follows that

1 +5tr

(Az0, A7) < 2 120 . (4.4)

Combining with equation (2.13) and inequalities (2.19), (2.25) and (4.4), we have

1 r
pup(Hlt — (2= DO ZO) + daber*(2 — 1)y 1%

127
- t{{[(a + b)? — 4ab]t — [(a + b)* — 2ab](2 — t)étr}HZ(T)H% — 2abrd,a?(2 — t)} > 0.
Applying inequality (4.1) to above equality, we get

2abt(t — 2) [(4 — 1) <4f - 5tr> 1253

46,1 X — X,
_!26 a4 2l - I

120 — (4.5)

T

— X2
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In the situation of 1 <t < 4/3, due to the monotonicity of RIC dy,, it implies that

(420, 47) < VTT 5120142
< V1400275l AZ] |2
< 2%/ T 1205 (4.6)

It is easy to check that

Combining with equation (2.14) and inequalities (2.19), (2.26) and (4.6), it holds that

pa,b(t){ [t(Q — ) — (2 =2+ 2)5”} 12|12 = 2ra?6,,.(t — 1)}
+ 4ey/1 + 6 t®[ab — (t — )72 27 ||

—(4- 3t){{[(a +b)2 — 4ablt — [(a + b)? — 2ab](2 — )6, }| 2 ||% — 2abrépa®(2 — t)} > 0. (4.8)
Due to inequality (4.1), by fundamental calculation, we get
2m—1%?—mﬁ@4—w(4ﬁt—@guﬂ”%
! Lemt 4 Bl X = X,

2

r

= (4.9)

Thereby, two second-order inequalities concerning ||Z(")||r are established. Under the condition of
O < t/(4 —t), applying quadratic formula and some elementary compute, we have

1 4541 X — X,
+ 2e/1 + 0 (4 — t)K
(Ee=rn] ViE o=l

2
—xm
+ [(45”HX X0 —|—2€\/1+5tr(4—t)l-€>

1201F <3

T

| 166 X — ): dHCE) <4t_t _5“")]1

1 85| X — X(
|: tr” H*+4 \/1+5tr —t
r

<
24 - t)(55 — ou) \/7"
4HX X )], \/ s, ]
\/ 1 + 5t7"‘€
_ﬁﬁ
i 2,/(4 - — ) | x — X0, (4.10)
(4 t)( 5t7‘)6tr \/F '
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with k is defined in Theorem 3.1, where the second inequality follows from the fact that for any
vector z € R", ||z|l2 < ||=|:.

Then,
1/2
12| F = Z a?(U'ZV)
i>r+1
1/2
< max{oZ U'zv)} Z o (UTZV)
izr+l i>r+1
=||Z{ |2 280 |11
(ARl E— )1 \1/2
<2 W 1z0)), + 21X — X,
=7 (2]« + 2] [l+)
1/2
2| X — X 20|
< | 1z")2 4.11
_<H I + 7 , (4.11)

where in the second inequality, we used Lemma 2.4, and the third inequality follows from the fact
that for any r-rank matrix X, || X ||« < /7[|X]|F.

A combination of (4.10) and (4.11) implies that
. . 1/2
Hmwzmdw@+w“%)

) 1/2
2 2HX X120 F
212013 NG

X-X
S\@HZ(T)HF u

V2r
<2\/2(1 + 017 ) K€
N ﬁ - (5157"
26, + — 04y)6
22 | 1 tr tr)Ctr
S22 ¢ X - X0
\/"7 4 1—+ 5tr

In the situation of the error bound ||A*(z)|| <€, set Z = X — X°. It holds that

[A*AZ| = A" (AX —b) — A" (AX® = D)
< JAT(AX = b)|| + || A" (AX® — )]
< 2e.

Moreover,
(420, 47) = (20, 4 A7)
< 2. - 2¢
< 27|27 .
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The rest of steps are similar with the situation of the error bound ||z||2 < €. The proof of Theorem
3.1 is completed.

]
Proof of Theorem 3.3. Let E = diag(x) € R™*™ with
L 1,0,444,0)
r=—=L" LU )
Var
Define A : R™™ — R? as
2
AX = ——= (0(X) = {0(X),0(E)) 0(E))
Applying the Cauchy-Schwarz inequality, for all [¢r]-rank matrices X, we get
[(o(X),o(E))] < [lo(X)ll2llo(E) - Loup (o(x)) 12
[tr]
< X
<\ X e,
and
4
IAX 3 = 17 (9(X) = (0(X),0(E)) 0(E), 0(X) — (0(X),0(E)) o(E))
4
=1 X% = [ (o(X),0(E))?] .
Therefore,
) t 2
[AXz < (1+ 1—1 X7
< (14t +e ) 1X13
= 4—t r
(4.12)

For r > 1/e, we get

4 [tr]

x> . (1= B0

4 tr 1
> — (1-——— | IX][I7
4 —t 2r  2r

4 tr €
> —(1—-——2 ) ||IX|?
—-4-t< o 2)” I

Accordingly, by Definition 1.1, we obtain &y = ) = ﬁ + e. Suppose Y7 = diag(y1), Yo =
diag(y2) € R™*™ with

ylz(]-a"')]-aoa”'70)
——

r
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and

It is easy to verify that Y7 and Y5 are both matrices of rank r such that Y7 — Y, € N(A), i.e.,
AY, = AY,. Consequently, it is not possible to reconstruct both Y; and Ys based on (z,.4).

O

5 Conclusions

In this paper, we establish sufficient conditions which ensure the stable recovery or exactly
recovery of any r-rank matrix satisfying a given linear system of equality constraints via solving
a convex optimization problem, i.e., nuclear norm minimization. When the parameter ¢ is equal
to 1, the bound of RIC ¢, coincide with the result of [9]. Meanwhile, the derived upper bounds
regarding the reconstruction error are better than those of [9]. Besides, the restricted isometry
property condition is proved sharp.
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