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Abstract

In this paper, the nonlinear resonances analysis of a RLC series circuit modeled by a modified
Van der Pol oscillator is investigated. After establishing of a new general class of nonlinear
ordinary differential equation, a forced Van der Pol oscillator subjected to an inertial
nonlinearity is derived. From this equation the multiple scales method is used to find the
various resonant states. As analytical results primary resonance, sub-harmonic resonance of
order 1/3 and super-harmonic resonance of order 3 are obtained. The steady-state solutions
and theirs stabilities are determined. Numerical simulations display bistability, hysteresis,
jump and bifurcation phenomena. The effects of different parameters on the system behavior
are investigated and results are presented graphically and discussed.
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1. Introduction

It is well known that the resonant electrical circuit composing most of the
electric or electronic devices display a rich variety of nonlinear dynamical
behavior [1-4]. Therefore, such electrical circuit is governed by nonlinear
ordinary differential equations. The inherent nonlinearity source in resonant
electrical systems arises from resistive, inductive and capacitive elements [4].
Given the importance of RLC circuit systems in many areas of physics and
modern engineering applications, the understanding of nonlinear electrical
properties becomes a necessity from theoretical and practical point of view.
Therefore this requires of developing a mathematical model taking into account
the nonlinear character of the three fundamental elements of the electrical
circuits and proceeding to its numerical simulation before all optimization
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process and design [5-6]. In this perspective, mathematical modeling of
nonlinear electrical systems was become a challenge for researchers in these
three last decades. For instance, Kaufman and Roberts [7] have derived from
RLC series circuit consisting of a nonlinear resistor and a nonlinear capacitor a
class of nonlinear differential equations containing the Riccati's equation and
Abel's equation of the first kind as a special case. Recently various nonlinear
mathematical models of different complexities have been proposed in open
literature for analyzing the nonlinear oscillations generated by RLC series circuit
[8-13]. But it has been remarked that no simplest nonlinear oscillatory circuit
taking simultaneously into consideration a nonlinear resistor and a nonlinear
inductor has been developed for generating a class of nonlinear differential
equations. Therefore this problematic is taken into account in this work for
investigating a new class of nonlinear differential equations governing the
dynamic of the nonlinear RLC series circuits and analyzing the nonlinear
oscillations produced by such electrical circuit system.

The main objectives of this work consist firstly to derive a new general class of
nonlinear differential equations governing the nonlinear dynamical behavior of a
RLC series circuit with nonlinear resistor and nonlinear inductance and secondly
to analyze the nonlinear oscillations that can arise in such electrical circuit
through a nonlinear oscillator belonging to this general class.

In order to attain the fixed objectives in this paper, we generate at first sight, a
class of nonlinear differential equations (Section 2) and we investigate the
various resonant states of a nonlinear RLC series circuit by means of the
multiple scales method (Section 3). We present afterward the numerical results
and discussions (Section 4). Finally the conclusion of this research work will be
drawn (Section 5).

2. Mathematical modeling
2.1. Formulation of problem

We consider an electrical circuit composed of a nonlinear resistorR(i), a
nonlinear inductance L(i)and a linear capacitance Cconnected in series and
driven by voltage source E(¢)as shown in Fig 1. From this figure, it concerns to

build a new general class of nonlinear equations describing the dynamical
behaviors of the nonlinear resonant circuits using Kirchoff's voltage and current
laws.
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Fig.1. Nonlinear RLC series Circuit

2.2. New general class of mixed Liénard type equations

Applying Kirchoff's voltage and current laws at Fig.1, one obtain the following
equation:

W), 0+ Lg = ) (1)

where U, = d%t(l) = L(@{)i, Uy(i)=R(@i)i and U, =% represent the voltage drop

across the inductor, resistor and capacitor respectively. E(t)denotes the applied
voltage, ¢ means the charge at the capacitance, y(i)and i(r) designate the flux

and current respectively. The differentiation with respect to time of the equation
(1) yields after some algebraic manipulations to the following equation:
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The so obtained equation (2) with nonlinear functions describes the dynamic
behavior of the nonlinear RLC series circuits. This equation is known as non-
autonomous mixed Liénard-type equations [14] which will have many
applications in modern electrical engineering, since it is possible to achieve an
electronic circuit from a nonlinear differential equation [8].

Before all analysis of a nonlinear RLC series circuit under consideration, it is
needed to make clear the nonlinear functionsy (i), U,(i) and the applied voltage

E(¢)expressions. At this stage, it i1s very important to point out that various
expressions of w(i)and U,(i) are used in open literature for analyzing the

dynamical response of nonlinear electrical circuits [15-17]. For this, we choose
the expressions of these functions (section 3) in order to investigate the dynamic
responses of the considered nonlinear resonant circuit.



3. Nonlinear resonances analysis
3.1. Mathematical problem

In this subsection one purpose to investigate the dynamic responses of a
nonlinear RLC series circuit subjected to harmonic voltage source of the form:
E(t)= E,sin(w?). For this purpose, we choose the following expressions for (i)

and U,(i):

U,(i)=Ri+Ri’ (3)
and
W(i) = Lli + L3i3 (4)

where R, R,, L, and L, are constant parameters.

Substituting Eqgs.(3) and (4) into Eq.(2), we obtain after few mathematical
operations the following equation

\dZi di)’ Sodi 1
(z, +3L,7° )dt +6L,i [E] +(R1+3R312)E+Ez:an)cos(a)t) (5)
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current and the dimensionless variables respectively, Eq.(5) becomes

Now, using i=xi,and 7=

t, where i,, rand x denote the normalization

(l + axz)x"Jr 200 xx"* +(Q"l + ,sz)x’ +x =F, cos(Qr) (6)

wuha_—zo,Q-l— / ﬂ—Réj, _E“’LC and Q= wLC.
l

It is very important to show that when the dimensionless parametera =0, Eq.
(6) becomes x"+(Q"' + Bx?)x'+x =F, cos(Qr), which represents the famous Van

der Pol oscillator intensively studied in the open literature in context of various
problems. Therefore Eq.(6) represents the generalized Van der Pol oscillator.

Now, in view of importance of the mixed Liénard-type equations in electronic
arecas and other branches of sciences, the problem here is to investigate the
various resonant states of the equation (6) by applying the multiple scales
method.



3.2. Primary resonance state

In this case of oscillation, the detuning parameter o and the excitation frequency
Q are related according toQ=1+co. In order to apply the multiple scales

method, it is necessary to introduce into Eq.(6) the small perturbation parameter
0< ¢ <1. That making, Eq.(6) becomes

x"+x :e(—ozx2 x"=2a xx"* —Q7'x'— Bx’x"+ F, cos (Qz')) (7)
with a=¢ca, 0'=cQ”", f=¢p and F, =¢F,

Eq.(7) 1s known as weakly nonlinear equation. From this equation, we define the
fast time scale 7, = r, which associates with changes occurring at the frequencies

1 and Q and the slow time scales 7, = ¢z which associates with modulations in

the amplitude and phase caused by nonlinearity. In terms of the new time
scales, the first and second time derivative become

i=D0+gD1

dr
) ®)
E = DO +2¢ D0D1

where D, = 2

n

Now, we begin to assume that the approximate solution of Eq.(7) can be written
in the following form:

x(r,e)zxO(TO,Tl)+gx1(TO,Tl) 9

Substituting Eqgs.(8) and (9) into Eq.(7) and equating coefficients of like powers
of ¢, we get

Dixy+x,=0 (10)
Dix, +x, ==2D,D,x, +ax, —2ax,(Dyx,)’ —Q ' Dyx, — BxiDyx, + F,cos(QT,)  (11)
The solution of Eq.(10) can be expressed in the complex form:

xo(TooTl): A(Tl)eiTO +Z(Tl)e_ﬂb (12)



where 4(T;)is the complex conjugate of A(7]), and A(7)) is the complex

amplitude function which can be determined by eliminating the secular terms at
the higher levels of approximation equation.

Inserting Eq.(12) into Eq.(11), yields to
Dix, +x, = [— 2iD,A+aA* A—-iQ™' 4 —iﬁA22+%ei"T‘ je”ﬂ +c.c+ NST (13)

where NST denotes the terms does not produce secular terms and c.c designates
the complex conjugate terms.

Now eliminating the secular terms from Eq.(13) and introducing the amplitude
A(T, )by the following polar form:

1 i
A(T) = a(T, )" (14)
we obtain after separating real and imaginary parts the following modulation
equations:
Da:—lQ’la—lﬁa3+lF sin ¢ (15)
1 2 8 27"

1, 1
D¢=0c+-—aa’+—F,cos¢ (16)
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where ¢ =0T, -0

To determine the steady-state solution, we put D,a=D,¢=0into Eqs.(15) and
(16). Thus we obtain

1 ) | 1

EFOSIH¢:EQ a+gﬁ613 (17)
1k c0s¢=—aa—laa3 (18)
2’ 8

Egs.(17) and (18) show that there no trivial solution at a=0. For non-trivial
solution (a# 0), eliminating ¢ from these equations yields to

= G




Eq.(19) represents the frequency-response equation for primary resonance.

In order to analyze the stability of the non-trivial fixed points of modulation
equations (15) and (16), we let:

a=a,+a, ¢=¢,+¢ (20)

where a,; and ¢,represent the non-trivial solutions and ¢, and ¢, are assumed to be
infinitesimal. Substituting Egs.(20) into Egs.(15) and (16) and keeping only
linear terms in the perturbation quantities, we get the following variational
equations describing the stability of the steady-state solution:

a, =— QT_IJr%agJal +%cos(¢0)¢1 (21)
. F F, .
¢ =- %ao - Zaoz COS(¢0 )]al _jsm (¢o )¢1 (22)

Egs.(21)and (22) admit solutions of the form (a,,¢,)=(c,,c, Je*" provided that:

1
l=%i5w/pf+4p2 (23)

with
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Therefore the steady state solution is unstable when p,is greater than zero.

3.3. Super-harmonic and sub-harmonic resonances

In this case, we consider a hard resonant excitation, that is to say Fo=0(1). In
this situation, Egs.(10) and (11) are modified to

Dix, +x, = F, cos(QT,) (24)
Dix, +x, =—2D,D,x, + ax; —2ax,(Dyx,) =0 "' Dyx, — Bx2Dyx, (25)
The solution of Eq.(24) is

% (T, T;) = AT, )e™ + Ae™™™ +cc (26)



where A = TF_) with Q = 1. Substituting Eq.(26) into Eq.(25) we get:

al’ 292 3Q)+2OCAQAA—ZQ AQ— l,BAQA2+2AA)]e’QT0
al 2Qz+Q )-ipA Qe
o (4 30)—iBA(Q-2)]4 @D

Dlx, +x, = [[ 2D, A—4aN* (0 - Q)A+ ad(AA + 202 )-iQ A -2 p( 4 A + A+ ipa> k™
[
[
[20A*(Q - Q)+ A —ifA’ (2Q-1)]4e™>* V™ + cc+ NST

+
+
+

(27)

Eq.(27) shows two possibles cases of resonances such as 3Q=1and Q=3. We

treat in following section these cases of resonances.
3.3.1. Super-harmonic resonance (3Q=1)

In this case of oscillation, the detuning parameter oand the dimensionless
excitation frequency can be written according to the following relationship

30=1+e0 (28)

Inserting Eq.(28) into Eq.(27) we obtain

Dole +x, =W(T, )eiT” +cc + NST (29)
where

_ B B 5 N
w(T,)=-2iD, A+ aA(AA +§A2j—iQ‘A —2pA(N + A4)+ipa* A+ (50‘9/\ - i—ﬁ;\ Jewn

Eliminating the secular terms from Eq.(29) and introducing the expression of
A(T)given by Eq.(14) into W(7;)=0, we obtain after some mathematical
operations the following modulation equations:

o' p ., BN SalN’ .
Da=—-=—a+2a —Z—cosgd+ sin 30
a=- L0 B PN g 3N g (30)
a 2 2 ﬂ 2 2 50[/\3 ﬂA3 .
Dd=0c+—9a" +104A° )-=4N° +a” )+ cosd + sin 31
¢ 72(a ) 4( a*) g oSt sind (31)

F,
where ¢=o0T -6 A=9 0

. To determine the steady-state solution, we let

D,a=D,¢=0. Thus we get
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S sinqﬁ—ﬁ;\ cos¢:%a—§a3 (32)
3 3

ﬁ;\ sin¢+5“9A cos¢=—aa—%(9a3+104A2a)+§(4A2a+a3) (33)

Egs.(32) and Eq.(33) show that there are no trivial solution at a=0. Eliminating ¢
from these two equations, the solution of super-harmonic resonance of order 3 is
given by the following equation:

L LT Py P MLACTIC +2a2)i\/(5al\3} +(ﬂA3J _(Q_l _ﬁazj (34)
72 18 9 3a 2 8

To analyze the stability of the non-trivial fixed points of modulation equations
(30) and (31) we substitute Eqgs.(20) into (30) and (31) and keeping only linear
terms in the perturbation quantities, we get:

a,=Ja, +J,4, (35)
¢ =Jsa, +J,4, (36)
: o' B, BN SaN (@-2B)a, 5aN BN
withJ, ==——-"q;,J, =——sing, + cosd,, J, = & —=—-cosg, — = sing,
2 8 3 4 9a, 3a,
BN S5aN’ |
and J, ==—cos¢, — sing,
3a, a,

Egs.(35) and (36) admit solution of the form (a,,¢,) (v,,7,)e*" where y,and 7,
are constants, provided that

1 1
A= E(Jl + J4)i5\/(J1 +J,f +4(J,,-J,J,) (37)

Consequently, the steady state solution is unstable when J,J, —J,J, >0.
3.3.2. Sub-harmonic resonance of order %

To treat this case of nonlinear resonance, we introduce the detuning parameter
o according to
Q=3+¢o (38)

into Eq.(27), we get



Dix, +x, = Z(T,)e"™ +cc + NST (39)

where

Z(T,)=-2iD, A+ aA(AZ + %MJ 107 A= 2BAN + Ad)+ipa> d— A4 (5a+ B’

Replacing the expression of amplitude A(7)given by Eq.(14) into Z(7;) and
eliminating the secular terms from Eq.(39), we obtain after separating real and
imaginary parts, the following modulation equations:

2

-1 3 2
Dla:—Q2a+ﬁg —ﬁ/:a cos¢—5aﬁa sin ¢ (40)

15aaA 3afA

cos ¢ + sin ¢ 41)

D=0 +3?0‘(a2 —88/\2)—%(4& +a)-

F, . . .
where ¢ =0T, -30 A= —%. In order to determine the steady-state solution, it is

enough to set D,a = D,¢ =0. Thus, we obtain

&COS¢+MSin¢ — _Q__+ﬂi
2 42)

Mcosqﬁ—a’i/\sin(/§:§0+%(az—88A2)—§(4A2+az) “3)
From Eqgs.(42) and (43) we observe that there are no trivial solution at a=0. Then
eliminating the oscillation phase from these two equations we get after some
algebraic manipulations the following frequency response equation for sub-
harmonic resonance of order 1/3:

G:6ﬁ_3a(4A2+a2)_69aA2i3\/(5aaAj +(@j —(ﬁaz—Q—lj (44)
5 2 4 4 8 2

In order to analysis the stability of the non-trivial solution, we follow the steps
used in the preceding subsection. Thus, we obtain the following variational
equations describing the stability of the steady-state solutions:

al' =M a, +M,¢, (45)

¢1 =M;a, + M, (46)

10
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with M, = _Q +%a§ —ﬂsm% — aoz,B cosd,, M, =Msm¢0 ~ 2% cosd,,
-2 3a, A 15a,aA
M, = o 4ﬂ)a0 _1soA cosd, +%sin¢0 and M, = o cos@, + ———sing,

Egs.(45) and (46) admit solutions of the form (,,4,) ([,,T, )’ where I’and T,
are constants, provided that

1 1
A :E(Ml +M4)i5\/(M1 +M4)2 +4(M2M3 _M1M4)
(37)
Therefore, the steady state solution is unstable if and only if M, M, —M M, >O0.

4. Numerical Results and discussions

This section presents numerical solutions of the frequency-response equations.
Frequency response equations (19), (34) and (44) are nonlinear algebraic
equations in the amplitude (a). The steady-state equations and stability
conditions are solved numerically. Solid/dotted lines designate the
stable/unstable solution branches respectively. The numerical solutions are
plotted in a group of Figs.2-10, which represent the variation of the amplitude (
a) versus the detuning parameter (o ). Figs.2-3 present the frequency-response
curves of the primary resonance.

3 T T T T T T T

Figure 2. The frequency response curves of the primary resonance solution for
the parameters: « =3,5=0.01 Q"'=0.1and F,=03
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In Fig.2 we observe that the response amplitude has two branches which bent to
the left showing the softening behavior. The upper branch has stable solution
while the lower branch presents unstable and stable solutions. Therefore, we
conclude that there appears in this system, the jump and bifurcation phenomena.
When the linear damping factor (the inverse of quality factor) increases, the
maximum amplitude of the response decreases considerably and the instability
region disappears as shown in Fig.3(a). In the same way, increasing of nonlinear
damping coefficient (van der Pol coefficient) decreases considerably the
instability domain and the maximum amplitude of the response (see Fig.3(b)). In
Fig.3(c), when the inertial nonlinearity a decreases and takes the values 2, we
always note the softening behavior. Moreover the maximum amplitude of the
response stays unchanged but its location value increases. However the
hardening behavior is obtained when « takes the value -3. In such situation, we
can conclude that there appear in the system under consideration the jump and
bifurcation phenomena. In Fig.3(d) we note that when F, decreases the
maximum amplitude of the response decreases highly as well as the instability
region. The system displays always the softening behavior and therefore it
appears in such system the jump and bifurcation phenomena.

12



Figure 3. Frequency response curves exhibiting the effect of: (a) 07'; (b) 3; (c)
a and F, on the primary resonance solution

Figures 4-6 represent the frequency-response curves for super-harmonic
resonance of order three. In Fig.4 we observe that the response amplitude has
multi-valued curves which bent to the right showing that there appears in the
system the hardening behavior. The multi-valued curves consists of two stables
branches. Then bistability phenomenon is obtained.

4

35

3

25

L] 2

1.5

1

Figure 4.Typical frequency response curves of the super-harmonic resonance
solution for the parameters: o =3, = 0.01 Q'=03and F,=12

As in Fig.3 (a), the same variations of linear damping factor Q' is obtained in
Fig.5(a). In Fig.5(b), when pincreases we note an important displacement of the

curves towards the right with respect to typical frequency response curves
shown in Fig.4. Moreover the maximum amplitude of the response of these
curves decreases widely. For certain negative values of g, the softening behavior

13



i1s observed in the system. In Fig5(c) we notice that the system exhibits the
softening behavior when «becomes negative. The upper and lower branches
have stable solutions. When «increases the maximum amplitude decreases
highly and the corresponding curves move to the right with respect to typical
frequency response curves with a«=-3 . For positive values of « hardening
behavior is obtained and the maximum amplitude of the response decreases with
decreasing of « (Fig.5(d)). Fig.6 shows the variation of excitation amplitude F; .

In this figure, we note equally the same effects produced by « in Fig.5(d).
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Figure 5. Frequency response curves illustrating the effects of: (a) 07'; (b) B
and (c,d) a on the 3:1super-harmonic resonance solution

4 T T T T T T T

3.5

Figure 6. Frequency response curves showing the effects of F, on the 3:1super-
harmonic resonance solution

Figures7-9 represent the frequency-response curves of the sub-harmonic
resonance of order 1/3. In Fig.7 we note that the response amplitude is obtained
for positive values of detuning parameter. This solution is oval and it is
composed of two branches which bent to the right showing the hardening
behavior. The upper and lower branches have stable and unstable solutions and
there exist two saddle node bifurcations.
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Figure 7. Typical frequency response curves of the 1/3 sub-harmonic resonance
solution for the parameters: a=1,5=1 Q"' =001 and F, =8

When the linear damping factor Q'increases, the maximum amplitude as well

as instability domain increase with appearance of two saddle node bifurcations
(Fig.8(a)). In Fig.8(b), when pdecreases and takes the value 0.525 the response

amplitude has oval and it is symmetric about o=8.75. For this response
amplitude the upper and lower branches have stable and unstable solutions.
Therefore, there exist two saddle node bifurcations in the system. When g = -1,
softening behavior appears in the system under study. The upper branch is stable
and unstable solutions while the lower branch has unstable solution. Then it
exists in the system the bifurcation phenomenon. When « increases positively,
the minimum and maximum amplitudes increase. Witha =2.03, the response
amplitude 1s symmetric about o =18.75and it presents two saddle node
bifurcations. When « takes the values 2.5 the two branches of the amplitude
response bent to the left showing the softening behavior. The upper and lower
branches have stable and unstable solutions with appearance of two saddle node
bifurcations (Fig.8(c)). For negative values of « hardening behavior is observed
with high values of detuning parametero.We also note the presence of two
saddle node bifurcations in the system (Fig8(d)). We conclude that some
positive values of «, the system may switch from the softening behavior to the
hardening behavior and vice versa. But for negative values softening behavior is
only obtained.

In Fig.9, we observe that when F,increases the minimum amplitude and

maximum amplitude increase with increasing of the instability domain. There
also exist two saddle node bifurcations.
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5. Conclusion

In this work the nonlinear resonances analysis of a nonlinear RLC series circuit
modeled by modified Van der Pol oscillator is investigated. The multiple scales
method is used to investigate the various resonant states of the system. It is
found that the system modeled by modified Van der Pol oscillator presents three
resonant states such as primary resonance, sub-harmonic resonance of order 1/3
and super-harmonic resonance of order 3. The steady-state solutions and their
stabilities in each resonance are solved numerically. The obtained numerical
results display that the system presents hardening or softening behavior,
bistability, hysteresis, jump and bifurcation phenomena. The effects of different
parameters of the system on the each steady-state response are studied. It is
found that the parameters of the system can be used to control the amplitude of
the nonlinear response of the system. Finally, we can point out that the
coefficients of inertial non-linearity and van der pol respectively are responsible
for the hardening or softening behavior of the system in the three resonance
states and the sub-harmonic and super-harmonic resonances obtained.

o158 gt g
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Figure 8. Frequency response curves showing the variations of: (a) 07'; (b) g

and (c, d) a on the sub-harmonic resonance of order 1/3 solution
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Figure 9. Frequency response curves exhibiting the effect of 7, on the sub-

harmonic resonance of order 1/3 solution
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