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Preface 

The purpose of this work is to introduce, in a simple, intuitive way, the coherent and 

squeezed states of the quantum harmonic oscillator (QHO), through a series of 

exercises, which are solved in detail. 

Starting from the application of a spatial translation to the ground state of the QHO, 

we introduce the spatial and momentum translations, focusing on their application to 

the QHO, which leads us to the displacement operator. 

Next, we introduce the coherent states and examine their basic aspects. 

We then proceed to give a simple and purely intuitive introduction to the squeezed 

states and we conclude by identifying the coherent states as states of minimum energy 

expectation value compared to the respective squeezed states. 

The reader is assumed to have a basic knowledge of the postulates and the 

mathematical formalism of quantum mechanics, including the Dirac notation and the 

ladder operator method of the QHO. 
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I. Preliminaries 

Applying a spatial translation to the ground state of the quantum 
harmonic oscillator (QHO) 

1) At time 0t = , the wave function of a QHO is ( ) ( )1
0

ˆ
exp ipxx xψ ψ = − 

 h
, 

where ( )0 xψ  is the ground-state wave function, ˆ dp i
dx

= − h  is the momentum 

operator (in the position representation), and 1x  is an eigenvalue of the 

position operator (be careful, it is not the position operator). 

i) Show that the wave function ( )xψ  is normalized. 

ii) Calculate the position and momentum expectation values of the QHO at 

time 0t = . 

iii) Calculate the energy expectation value of the QHO at time 0t ≥ . 

It is given that 

( )
1
4 2

0 exp
2

m mx xω ωψ
π

   = −   
   h h

 

and 

( )
2

2exp 2 exp bdx ax bx
a a
π∞

−∞

 
− − =  

 
∫ , 0a > . 

For the integral, see, for instance, 

https://en.wikipedia.org/wiki/Gaussian_integral 

Solution 

i) Using the Taylor expansion of the operator 1ˆ
exp ipx − 

 h
, i.e. 

1

1

0

ˆ
ˆ

exp
!

n

n

ipx
ipx

n

∞

=

 −    − = 
 

∑ h

h
, 

the wave function ( )xψ  is written as 

https://en.wikipedia.org/wiki/Gaussian_integral
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( ) ( ) ( )
1 1

0 0
0 0

ˆ ˆ

! !

n n

n n

ipx ipx

x x x
n n

ψ ψ ψ
∞ ∞

= =

    − −    
    = =

 
 
 

∑ ∑h h  

Since 1x  is a number (not an operator), the momentum operator commutes with 1x , 

and with i  too, and thus 

1 1ˆ ˆ
n n

nipx ix p   − = −   
   h h

 

Therefore, the wave function ( )xψ  is written as 

( ) ( ) ( )
1 1

0 0
0 0

ˆ
! !

n n

n
n

n n

ix ix
dx p x i x

n n dx
ψ ψ ψ

∞ ∞

= =

   − −        = = − = 
 

∑ ∑h h
h

( )
( ) ( ) ( ) ( )

1
2

1
0 0

0 0! !

n
n n

n
n

n
n n

ix i i xd x x
n dx n

ψ ψ
∞ ∞

= =

 − − 
 = = =∑ ∑

h
h

( ) ( ) ( )
( ) ( ) ( ) ( )1 0

0 1 0 1
0 0! !

n n
nn

n n

x x
x x x x

n n
ψ

ψ ψ
∞ ∞

= =

−
= = − = −∑ ∑  

Remember that the Taylor series of a (proper) function ( )f x  about x′  is written 

as ( )
( ) ( ) ( )

0 !

m

m

f x
f x x x

m

∞

=

′
′= −∑  

That is 

( ) ( )0 1x x xψ ψ= −         (1) 

Using (1), we have 

( ) ( )2 2
0 1dx x dx x xψ ψ

∞ ∞

−∞ −∞

= −∫ ∫        (2) 

Changing the integration variable to 

1y x x= − , 

we have 
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dx dy=  

and 

lim
x

y
→±∞

= ±∞  

Thus, (2) becomes 

( ) ( )2 2
0 1dx x dy yψ ψ

∞ ∞

−∞ −∞

= =∫ ∫ , 

because the ground-state wave function is normalized. 

Therefore, the wave function ( )xψ  is also normalized. 

Another way of showing that ( )xψ  is normalized is by observing that the operator 

1ˆ
exp ipx − 

 h
 is unitary. 

Indeed, the Hermitian conjugate of 1ˆ
exp ipx − 

 h
 is 

{
†

†

†† †
11 1

†
1

0 0 0
ˆ ˆ

ˆˆ ˆ
ˆ

exp
! ! !

i i
i i

nn n

n n n
A A

ipxipx ipx
ipx

n n n

∞ ∞ ∞

= = = 
  = 
 

          −  − −                    − = = =        
   ∑ ∑
   

∑ ∑ ∑
hh h

h
 

That is 

†

1
†

1

0

ˆ
ˆ

exp
!

n

n

ipx
ipx

n

∞

=

  −        − =    
∑

h

h
       (3) 

But 

( )

††
†

1 1 1 1 1 1

 times 1  times

ˆ ˆ ˆ ˆ ˆ ˆ
... ...

n

n n

ipx ipx ipx ipx ipx ipx

−

                      − = − − = − − − =                                      

h h h h h h
144424443 144424443

( )

†

†† † 1
1 1 1 1 1

1  times

ˆ ˆ ˆ ˆ ˆ
...

n

n

ipx ipx ipx ipx ipx −

−

 
             = − − − = − −                        
 

h h h h h
144424443
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That is 

† †† 1
1 1 1ˆ ˆ ˆn nipx ipx ipx −        − = − −                   h h h

 

Using repeatedly, n  times, the previous relation, we obtain 

† † †† 1 † † 2
1 1 1 1 1 1

2 times

ˆ ˆ ˆ ˆ ˆ ˆn n nipx ipx ipx ipx ipx ipx− −                − = − − = − − − =                                     h h h h h h
144424443

†† † † 3
1 1 1 1

3 times

ˆ ˆ ˆ ˆ
...

nipx ipx ipx ipx −        = − − − − = =                 h h h h
1444442444443

0
1

†

† † †
1 1 1 1

 times ˆ
1

ˆ ˆ ˆ ˆ
...

nn n

n ipx

ipx ipx ipx ipx−

 − = 
 

 
 
          = − − − = −                     
  
 h

h h h h
144424443 14243

 

That is 

† †
1 1ˆ ˆ

nnipx ipx      − = −               h h
        (4) 

By means of (4), (3) becomes 

† †
1 1

†
1

0 0

ˆ ˆ
ˆ

exp
! !

nn

n n

ipx ipx
ipx

n n

∞ ∞

= =

      − −                  − = =    
∑ ∑

h h

h
 

Since the momentum operator is Hermitian, 

†
1 1ˆ ˆipx ipx   − =   

   h h
 

Thus 

1
†

1 1

0

ˆ
ˆ ˆ

exp exp
!

n

n

ipx
ipx ipx

n

∞

=

 
      − = =        

∑ h

h h
 

That is 
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†
1 1ˆ ˆ

exp expipx ipx    − =        h h
       (5) 

Using (5) we obtain 

†
1 1 1 1ˆ ˆ ˆ ˆ

exp exp exp expipx ipx ipx ipx        − − = −                h h h h
 

Since the commutator of 1ˆipx
h

 and 1ˆipx
−

h
 is zero, applying the property 

( ) ( ) ( ) 1ˆ ˆ ˆˆ ˆ ˆexp exp exp exp ,
2

A B A B A B  + = −   
 

yields 

1 1 1 1ˆ ˆ ˆ ˆ
exp exp exp exp 0 1ipx ipx ipx ipx     − = − = =     

     h h h h
 

In the same way, 

†
1 1 1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ

exp exp exp exp exp 1ipx ipx ipx ipx ipx ipx          − − = − = − + =                    h h h h h h
 

Thus 

† †
1 1 1 1ˆ ˆ ˆ ˆ

exp exp exp exp 1ipx ipx ipx ipx          − − = − − =                    h h h h
 

Therefore, the operator 1ˆ
exp ipx − 

 h
 is unitary, and thus it preserves the norms of the 

states on which it acts. 

Then, in the state space, we have 

1ˆ
exp 0 0ipxψ  = − = 

 h
 

Thus 

2 2
0 0 0ψ ψ ψ= ⇒ =  

Using the completeness of the position eigenstates, we have 
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1 1

0 0dx x x dx x xψ ψ
∞ ∞

−∞ −∞

   
   

= ⇒   
      
   

∫ ∫
14243 14243

{ {
* *

2 2

0

0 0 0
x x

dx x x dx x x dx x dx x
ψ

ψ ψ ψ
∞ ∞ ∞ ∞

−∞ −∞ −∞ −∞

⇒ = ⇒ =∫ ∫ ∫ ∫  

Substituting ( )00x xψ=  and ( )x xψ ψ= , and using that the ground state is 

normalized, i.e. ( ) 2
0 1dx xψ

∞

−∞

=∫ , we obtain 

( ) 2
1dx xψ

∞

−∞

=∫  

ii) At time 0t = , the wave function of the QHO is the wave function (1). Thus, its 

position expectation value is written as 

( ) ( )*
0 1 0 10

x dx x x x x xψ ψ
∞

−∞

= − −∫        (6) 

Changing again the integration variable to 

1y x x= − , 

we have 

1x y x= + , 

dx dy=  

and 

lim
x

y
→±∞

= ±∞  

Thus (6) becomes 

( )( ) ( ) ( ) ( ) ( ) 2* *
0 1 0 0 0 1 00

x dy y y x y dy y y y x dy yψ ψ ψ ψ ψ
∞ ∞ ∞

−∞ −∞ −∞

= + = +∫ ∫ ∫  

The integral ( ) ( )*
0 0dy y y yψ ψ

∞

−∞
∫  is the position expectation value of the QHO in the 

ground state, which is zero. 
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We remind that the position expectation value of the QHO in an energy eigenstate 

is zero. 

Also, ( ) 2
0 1dy yψ

∞

−∞

=∫ , since the ground-state wave function is normalized. 

Thus 

10
x x=           (7) 

Likewise, the momentum expectation value of the QHO at 0t =  is 

( ) ( )*
0 1 0 10

dp dx x x i x x
dx

ψ ψ
∞

−∞

 = − − − 
 ∫ h  

Doing again the variable change 1y x x= − , the previous equation becomes 

( ) ( )*
0 00

dp dy y i y
dy

ψ ψ
∞

−∞

 
= − 

 
∫ h  

The integral ( ) ( )*
0 0

ddy y i y
dy

ψ ψ
∞

−∞

 
− 

 
∫ h  is the momentum expectation value of the 

QHO in the ground state, which is zero. 

We remind that the momentum expectation value of the QHO in an energy 

eigenstate is also zero. 

Thus 

0
0p =           (8) 

We see that the operator 1ˆ
exp ipx − 

 h
, acting on the ground state of the QHO, 

changes (translates) the position expectation value by 1x  while leaving unchanged the 

momentum expectation value. 

This is easily generalized to an arbitrary, but bound, state – not necessarily an energy 

eigenstate – of a one-dimensional quantum system – not necessarily of the QHO. The 

constraint that the state on which the operator 1ˆ
exp ipx − 

 h
 acts should be bound is 

necessary so that it is normalizable and the respective integrals are finite. 
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Moreover, it can be shown – see the following exercise – that if the operator 

1ˆ
exp ipx − 

 h
 acts on a position eigenstate x , it yields the position eigenstate 

1x x+ , i.e. 

1
1

ˆ
exp ipx x x x − = + 

 h
 

Due to its property to translate the position, or the position expectation value, by its 

argument 1x , the operator 1ˆ
exp ipx − 

 h
 is a spatial translation operator or, simply, a 

translation operator. 

Obviously, for each position eigenvalue 1x , we can define a spatial translation 

operator 

1

1ˆˆ expx
ipxT  ≡ − 

 h
 

iii) Since the Hamiltonian of the QHO is time independent, the Ehrenfest theorem 

gives for the time evolution of the QHO energy expectation value 

ˆ ˆ, 0t

t

d E i H H
dt

 = = h
 

Thus 

0tE E=           (9) 

At 0t = , the state of the QHO is described by the wave function ( )xψ . 

Thus, the energy expectation value of the QHO at 0t =  is 

( ) ( ) ( )*
0

ˆE dx x H x xψ ψ
∞

−∞

= ∫       (10) 

where ( )Ĥ x  is the Hamiltonian of the QHO in the position representation, i.e. 

( )

2

2 21ˆ
2 2

di
dxH x m x
m

ω

 − 
 = +

h

 

Substituting (1) and the previous Hamiltonian into (10), we obtain 
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( ) ( )

2

* 2 2
0 1 0 10

1
2 2

di
dxE dx x x m x x x
m

ψ ω ψ
∞

−∞

  −  
  = − + − =

 
 
 

∫
h

( ) ( ) ( ) ( )

2

* 2 * 2
0 1 0 1 0 1 0 1

1
2 2

di
dxdx x x x x m dx x x x x x
m

ψ ψ ω ψ ψ
∞ ∞

−∞ −∞

 − 
 = − − + − −∫ ∫

h

 

That is 

( ) ( ) ( ) ( )

2

* 2 * 2
0 1 0 1 0 1 0 10

1  (11)
2 2

di
dxE dx x x x x m dx x x x x x
m

ψ ψ ω ψ ψ
∞ ∞

−∞ −∞

 − 
 = − − + − −∫ ∫

h

 

We’ll calculate the two integrals separately. 

Changing again the integration variable to 

1y x x= − , 

we have 

1x y x= + , 

dx dy=  

and 

lim
x

y
→±∞

= ±∞  

Thus, the first integral on the right-hand side of (11) is written as 

( ) ( ) ( ) ( )

22

* *
0 1 0 1 0 02 2

dd ii dydxdx x x x x dy y y
m m

ψ ψ ψ ψ
∞ ∞

−∞ −∞

   −−   
   − − =∫ ∫

hh

 (12) 

The second integral on the right-hand side of (11) is written as 
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( ) ( ) ( )( ) ( )2* 2 *
0 1 0 1 0 1 0dx x x x x x dy y y x yψ ψ ψ ψ

∞ ∞

−∞ −∞

− − = + =∫ ∫

( )( ) ( )* 2 2
0 1 1 02dy y y x y x yψ ψ

∞

−∞

= + + =∫

( ) ( ) ( ) ( ) ( ) ( )* 2 * 2 *
0 0 1 0 0 1 0 02dy y y y x dy y y y x dy y yψ ψ ψ ψ ψ ψ

∞ ∞ ∞

−∞ −∞ −∞

= + +∫ ∫ ∫  

The integral ( ) ( )*
0 0dy y y yψ ψ

∞

−∞
∫  is the position expectation value in the ground state 

of the QHO, which is zero. 

Also, since the ground-state wave function is normalized, the integral 

( ) ( )*
0 0dy y yψ ψ

∞

−∞
∫  is 1. 

Thus 

( ) ( ) ( ) ( )* 2 * 2 2
0 1 0 1 0 0 1dx x x x x x dy y y y xψ ψ ψ ψ

∞ ∞

−∞ −∞

− − = +∫ ∫    (13) 

Substituting the integrals (12) and (13) into (11), we obtain 

( ) ( ) ( ) ( )

2

* 2 * 2 2
0 0 0 0 10

1
2 2

di
dyE dy y y m dy y y y x
m

ψ ψ ω ψ ψ
∞ ∞

−∞ −∞

 
−    = + + = 

 
∫ ∫

h

( ) ( ) ( ) ( )

2

* * 2 2 2 2
0 0 0 0 1

1 1
2 2 2

di
dy

dy y y dy y m y y m x
m

ψ ψ ψ ω ψ ω
∞ ∞

−∞ −∞

 
− 

 = + + =∫ ∫
h

( ) ( )

2

* 2 2 2 2
0 0 1

1 1
2 2 2

di
dy

dy y m y y m x
m

ψ ω ψ ω
∞

−∞

  
 −  
  = + + = 
 
 
 

∫
h

( ) ( ) ( )* 2 2
0 0 1

1ˆ
2

dy y H y y m xψ ψ ω
∞

−∞

= +∫  

The integral ( ) ( ) ( )*
0 0

ˆdy y H y yψ ψ
∞

−∞
∫  is the energy expectation value of the QHO in 

the ground state, which, obviously, is equal to the ground-state energy, i.e. 
2
ωh . 

Thus 
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2 2
10

1
2 2

E m xω ω= +
h         (14) 

We see that the action of the spatial translation operator 1ˆ
exp ipx − 

 h
 on the ground 

state of the QHO increases the energy expectation value by the positive amount 

2 2
1

1
2

m xω , which is the energy of a classical harmonic oscillator with amplitude 1x . 

By means of (14), (9) is written as 

2 2
1

1
2 2tE m xω ω= +

h  (15) 

This is the energy expectation value of the QHO at time 0t ≥ . 

More on spatial translation operators 

2) i) If 
1

1ˆˆ expx
ipxT  ≡ − 

 h
 is a spatial translation operator, show that 

1 11
ˆ ˆˆ, x xx T x T  =  . 

ii) Using the previous commutator, show that the action of 
1x̂

T  on a position 

eigenstate yields a position eigenstate with eigenvalue translated by 1x , i.e. 

1 1x̂T x x x= + . 

iii) Using the Baker-Campbell-Hausdorff formula 

( ) ( )
ˆ '  or  commutators

1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆexp exp , , , , , , ... , ,... , ...
2 3! !

n A s n

A B A B A B A A B A A A B A A A B
n

               − = + + + + +                  
144424443

show that, for an infinitely many times differentiable function f , 

( ) ( )
1 1

†
1

ˆ ˆˆ ˆx xT f x T f x x= + . 

iv) A QHO is in the state 
1x̂

T ψ , with ψ  being an arbitrary state of the QHO. 

Using the previous property of 
1x̂

T , express the expectation values of the 

position, momentum, and energy, as well as the position and momentum 

uncertainties, and the position-momentum uncertainty product, in the 

translated state 
1x̂

T ψ  in terms of the respective quantities in the untranslated 

state ψ . 
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Solution 

i) Using the Taylor expansion of 
1x̂

T , the commutator 
1

ˆˆ, xx T    is written as 

1

1

1 1

0 0

ˆ
ˆ ˆ1ˆˆ ˆ ˆ ˆ, , exp , ,

! !

n

n

x
n n

ipx
ipx ipxx T x x x

n n

∞ ∞

= =

  −            = − = = − =                
 

∑ ∑h

h h

1

0

ˆ ˆ,
!

n

n

n

ix

x p
n

∞

=

 − 
   =  ∑ h  

In the last equality, we used that the quantity 1ix
−

h
 is a number, and thus it commutes 

with the momentum operator. 

We remind that the argument 1x  of the spatial translation operator 
1x̂

T  is a real 

number, not an operator. You can think of it as being an eigenvalue of the position 

operator. 

Thus 

1

1

0

ˆˆ ˆ ˆ, ,
!

n

n
x

n

ix

x T x p
n

∞

=

 − 
    =    ∑ h         (1) 

We need to calculate the commutator ˆ ˆ, nx p   . 

The result of a commutator is independent of the representation we choose to 

calculate it. 

Since the momentum operator is to the nth power, we choose to calculate the 

commutator in the momentum representation, where the momentum operator is a 

scalar variable, and thus we can handle the exponential much easier than if it was an 

operator. 

We remind that in the momentum representation, ˆ dx i
dp

= h  and p̂ p= . 

Choosing an arbitrary wave function ( )pφ  (in the momentum representation), the 

action of ˆ ˆ, nx p    on ( )pφ  yields 
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( ) ( ) ( )( ) ( )
, n n n n n d pd d d di p p i p p i p i p p p

dp dp dp dp dp
φ

φ φ φ
    

= − = − =   
     

h h h h

( ) ( ) ( ) ( ) ( )1n n n ni p p p p p p i np pφ φ φ φ− ′ ′ ′= + − = 
 

h h  

Here, the prime denotes differentiation with respect to p . 

That is 

( ) ( )1, n ndi p p i np p
dp

φ φ− 
= 

 
h h  

Since the wave function ( )pφ  is arbitrary, 

1, n ndi p i np
dp

− 
= 

 
h h  

or, in representation-free form, 

1ˆ ˆ ˆ, n nx p i np −  =  h          (2) 

with 1n ≥ . If 0n = , the commutator (2) is zero. 

Substituting into (1) yields 

( ) ( )1

1
1 1 1 1

1 1 1

1 1 1

ˆˆ ˆ ˆ ˆ,
! 1 ! 1 !

n n n

n n n
x

n n n

ix ix ix ix i
x T i np i p p

n n n

−

∞ ∞ ∞
− − −

= = =

−       − − −       
         = = = =  − −∑ ∑ ∑

h
h h h h

h h

( ) ( ) {

1 1
1 1 1 1

1
1 1

1 1 1
11 1 0 0

ˆ

ˆ ˆ ˆ
1 ! 1 ! ! !

n n n n

n n n

n nn n n n

ix ix ix ipxx
p x p x p x

n n n n

′ ′− −

∞ ∞ ∞ ∞
′− −

′ ′ ′= −= = = =

       − − − −       
       = = = = =

′ ′− −∑ ∑ ∑ ∑h h h h

1

1
1 1

ˆ ˆexp x
ipxx x T = − = 

 h
 

That is 

1 11
ˆ ˆˆ, x xx T x T  =           (3) 

ii) Using the previous commutator, we obtain 

1 1 1 1 1 11 1
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆx x x x x xxT T x x T xT T x x T− = ⇒ = +  
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Thus, the action of the operator 
1

ˆˆ xxT  on a position eigenstate x  yields 

( )1 1 1 1 1 1 11 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆx x x x x x xxT x T x x T x T x x x T x T x x x T x= + = + = +  

Since x  is a number – an eigenvalue of the position operator – it commutes with 
1x̂

T , 

and thus 

( )
1 1 1 11 1

ˆ ˆ ˆ ˆˆ x x x xxT x xT x x T x x x T x= + = +  

That is 

( )
1 11

ˆ ˆˆ x xxT x x x T x= +  

Thus, the state 
1x̂

T x  is a position eigenstate with eigenvalue 1x x+ . 

Therefore  

1 1x̂T x A x x= + , 

where A  is a complex constant. 

In the previous exercise, we showed that the operator 
1x̂

T  is unitary, and thus it 

preserves the norms of the states on which it acts. 

Therefore, although the position eigenstates are not bound, we can assume that 

1A =  

Omitting the physically unimportant constant phase of A , we end up to 

1 1x̂T x x x= +          (4) 

iii) For 1ˆˆ ipxA =
h

 and ( )ˆ ˆB f x= , the Baker-Campbell-Hausdorff formula is written as 

( ) ( ) ( ) ( )1 1 1 1 1ˆ ˆ ˆ ˆ ˆ1ˆ ˆ ˆ ˆexp exp , , ,
2

ipx ipx ipx ipx ipxf x f x f x f x        − = + + +                h h h h h

( ) ( )1 1 1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ1 1ˆ ˆ, , , ... , ,... , ...
3! !

ipx ipx ipx ipx ipx ipxf x f x
n

         + + +                  h h h h h h
 (5) 

We need to calculate the commutator ( )ˆ ˆ,p f x   . Since the function f  is unknown, it 

is suitable to do the calculation in the position representation, where the position 
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operator is a scalar variable, and thus the operator function ( )ˆf x  becomes a scalar 

function. 

We remind that in the position representation, x̂ x=  and ˆ dp i
dx

= − h . 

Choosing an arbitrary wave function ( )xφ  (in the position representation), the action 

of ( )ˆ ˆ,p f x    on ( )xφ  yields 

( ) ( ) ( ) ( ) ( ),d d di f x x i f x f x i x
dx dx dx

φ φ    − = − − − =       
h h h

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )d xdi f x x f x i f x x f x x f x x
dx dx

φ
φ φ φ φ

 
′ ′ ′= − − = − + − = 

 
h h

( ) ( )i f x xφ′= − h  

Here, the prime denotes differentiation with respect to x . 

That is 

( ) ( ) ( ) ( ),di f x x i f x x
dx

φ φ  ′− = −  
h h  

Since the wave function ( )xφ  is arbitrary, 

( ) ( ),di f x i f x
dx

  ′− = −  
h h  

or, in representation-free form, 

( ) ( )ˆ ˆ ˆ,p f x i f x′= −   h         (6) 

Using (6), we have 

( ) ( ) ( )( ) ( )1 1 1
1

ˆ ˆ ˆ ˆ ˆ ˆ, ,ipx ix ixf x p f x i f x x f x  ′ ′= = − =    
h

h h h
 

( ) ( ) ( ) ( )( ) ( )2 2 21 1 1
1 1 1 1

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ, , , ,ipx ipx ipx i if x x f x x p f x x i f x x f x    ′ ′ ′′ ′′= = = − =           
h

h h h h h

 

Assuming that 
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( ) ( ) ( )1 1 1
1

 commutators

ˆ ˆ ˆ ˆ ˆ, ,... , ... kk

k

ipx ipx ipx f x x f x
    =      h h h
1444442444443

 

then 

( )

( )

( ) ( ) ( )1 1 1 1 1 1 1
1

 commutators1  commutators

ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ, ,... , ... , ,... , ... , kk

kk

ipx ipx ipx ipx ipx ipx ipxf x f x x f x

+

 
          = = =                     
  

h h h h h h h
144442444431444442444443

( ) ( ) ( ) ( )( ) ( ) ( )1 11 1 1
1 1 1ˆ ˆ ˆ ˆ, k k kk k ki ix p f x x i f x x f x+ ++ + + = = − =  h

h h
 

Thus 

( ) ( ) ( )1 1 1
1

 commutators

ˆ ˆ ˆ ˆ ˆ, ,... , ... nn

n

ipx ipx ipx f x x f x
    =      h h h
1444442444443

, 

for every 1, 2,...n =   

Thus, the right-hand side of (5) is written as 

( ) ( ) ( ) ( ) ( ) ( ) ( )32 3
1 1 1 1

1 1 1ˆ ˆ ˆ ˆ ˆ...
2 3! !

nnf x x f x x f x x f x x f x
n

′ ′′+ + + + + =

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3
2 3

1 1 1 1 1
0

ˆ ˆ ˆ ˆ
ˆ ˆ ...

2 3! ! !

n n
n n

n

f x f x f x f x
f x f x x x x x x

n n

∞

=

′′
′= + + + + + = ∑  

The series 
( ) ( )

1
0

ˆ
!

n
n

n

f x
x

n

∞

=
∑  is the Taylor expansion of ( )1ˆf x x+  about x̂ , i.e. 

( ) ( ) ( )1 1
0

ˆ
ˆ

!

n
n

n

f x
x f x x

n

∞

=

= +∑  

Thus, the right-hand side of (5) is equal to ( )1ˆf x x+ . 

Besides, in the previous exercise, we showed that 

†
1 1ˆ ˆ

exp expipx ipx    = −        h h
 

Thus, the left-hand side of (5) is written as 

( ) ( )
1 1

†
†1 1ˆ ˆ ˆ ˆˆ ˆexp exp x x

ipx ipxf x T f x T    − − =        h h
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Therefore, (5) is written as 

( ) ( )
1 1

†
1

ˆ ˆˆ ˆx xT f x T f x x= +         (7) 

iv) Denoting by Ô
ψ

 and 
1

ˆ
ˆ

xT
O

ψ
, respectively, the expectation values of an 

operator Ô  in the untranslated state ψ  and in the translated state 
1x̂

T ψ , we have 

( ) ( )1 1 1 11

†
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
x

x x x xT
x T xT T xT

ψ
ψ ψ ψ ψ= = , 

where, for more clarity, we use the general notation for inner products, since the 

spatial translation operators are non-Hermitian. 

Using (7), we have 

1 1

†
1

ˆ ˆˆ ˆx xT xT x x= + , 

since, in this case, ( )ˆ ˆf x x= . 

Thus, the position expectation value in the translated state is written as 

( )( ) ( ) ( )
1

ˆ 1 1ˆ ˆ, , ,
xT

x

x x x x x

ψ

ψ
ψ ψ ψ ψ ψ ψ= + = + =

14243

( )1 1

1

,x x x x
ψ ψ

ψ ψ= + = +
14243

 

We assume that the initial, untranslated state ψ  is normalized. 

That is 

1
ˆ 1
xT

x x x
ψ ψ

= +          (8) 

To calculate the position expectation value (8), we didn’t use that the state ψ  is a 

QHO state, we only used that it is bound, so that its norm is 1. 

Thus, the relation (8) holds for every bound, and normalized, state of any one-

dimensional quantum system.  

The momentum expectation value in the translated state is written as 

( ) ( )1 1 1 11

†
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
x

x x x xT
p T pT T pT

ψ
ψ ψ ψ ψ= =  
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Since the spatial translation operators depend only on the momentum operator, they 

commute with the momentum operator, and with every function of the momentum 

operator, i.e. if ( )ˆg p  is a function of the momentum operator, then 

( )
1

ˆˆ , 0xg p T  =          (9) 

Thus 

{1 1 1 1

† †

1

ˆ ˆ ˆ ˆˆ ˆ ˆx x x xT pT T T p p= =  

Then, the momentum expectation value in the translated state is written as 

( )
1

ˆ ˆ,
xT

p p p
ψ ψ

ψ ψ= =  

That is 

1x̂T
p p

ψ ψ
=          (10) 

As in the case of the relation (8), the relation (10) also holds for every bound, and 

normalized, state of any one-dimensional quantum system. 

The energy expectation value in the translated state is written as 

( ) ( )1 1 1 11

†
ˆ

ˆ ˆ ˆ ˆ ˆ ˆ, ,
x

x x x xT
E T HT T HT

ψ
ψ ψ ψ ψ= =  

The Hamiltonian of the QHO is 

2
2 2ˆ 1ˆ ˆ

2 2
pH m x
m

ω= +  

Thus, we have 

1 1 1 1 1 1 1 1

2
† † 2 2 † 2 2 † 2ˆ 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ

2 2 2 2x x x x x x x x
pT HT T m x T T p T m T x T
m m

ω ω
 

= + = + 
 

 

Using (7) and that the momentum operator squared commutes with 
1x̂

T , we obtain 
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{

( )

( )
1 1 1 1 1 1

2
1

2
2† † 2 2 † 2 2

1

1 ˆ

ˆ1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ
2 2 2 2x x x x x x

x x

pT HT T T p m T x T m x x
m m

ω ω
+

= + = + + =
14243

( )
2 222 2 2 2 2 2 2 2

1 1 1 1
ˆ ˆ1 1 1ˆ ˆ ˆ ˆ2

2 2 2 2 2
p pm x x x x m x m x x m x
m m

ω ω ω ω= + + + = + + + =

2 2 2
1 1

1ˆ ˆ
2

H m x x m xω ω= + +  

That is 

1 1

† 2 2 2
1 1

1ˆ ˆ ˆ ˆ ˆ
2x xT HT H m x x m xω ω= + +  

Then, the energy expectation value in the translated state is written as 

( ) ( )
1

2 2 2 2
ˆ 1 1 1

1ˆ ˆˆ ˆ, , ,
2xT

xE

E H m x x m x H m x x

ψψ

ψ
ψ ω ω ψ ψ ψ ω ψ ψ  = + + = + +     1424314243

( )2 2 2 2 2
1 1 1

1

1 1,
2 2

m x E m x x m x
ψ ψ

ω ψ ψ ω ω+ = + +
14243

 

That is 

1

2 2 2
ˆ 1 1

1
2xTE E m x x m x

ψ ψ ψ
ω ω= + +      (11) 

The relation (11) holds for every state of the QHO. 

If the untranslated state ψ  is an energy eigenstate n , then 0x
ψ

=  and 

1
2nE E n

ψ
ω = = + 

 
h . Then, (11) becomes 

1

2 2
ˆ 1

1 1
2 2xTE n m x

ψ
ω ω = + + 

 
h       (12) 

For 0n =  (ground state), (12) gives (14) or (15) of the previous exercise, as it should 

do. 

The position uncertainty in the translated state is 

( ) ( )
1 11

2
2

ˆ ˆˆx xx
T TT

x x x
ψ ψψ

∆ = −       (13) 

The expectation value of the position operator squared in the translated state is 
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( ) ( )1 1 1 1
1

2 2 † 2
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
x

x x x xT
x T x T T x T

ψ
ψ ψ ψ ψ= =  

Using (7), we obtain 

( )
1 1

2† 2 2 2
1 1 1

ˆ ˆˆ ˆ ˆ ˆ2x xT x T x x x x x x= + = + +  

Thus 

( )( ) ( ) ( ) ( )
1

2 2 2 2 2
1 1 1 1ˆ

ˆ ˆ ˆ ˆ, 2 , 2 , ,
xT

x x x x x x x x x
ψ

ψ ψ ψ ψ ψ ψ ψ ψ= + + = + + =

2 2
1 12x x x x

ψψ
= + +  

That is 

1

2 2 2
1 1ˆ 2

xT
x x x x x

ψψ ψ
= + +       (14) 

Substituting (14) and (8) into (13), we obtain 

( ) ( )
1

2
2 2

ˆ 1 1 12
xTx x x x x x x

ψ ψ ψψ
∆ = + + − + =

( )2
2 2 2

1 1 1 12 2x x x x x x x x
ψ ψ ψψ

 = + + − + + = 
 

( ) ( )
2

2x x x
ψψψ

= − = ∆  

That is 

( ) ( )
1x̂T

x x
ψ ψ

∆ = ∆         (15) 

Thus, the position uncertainty does not change, and this holds for every bound, and 

normalized, state of any one-dimensional quantum system.  

Similarly, the momentum uncertainty in the translated state is 

( ) ( )
1 11

2
2

ˆ ˆˆx xx
T TT

p p p
ψ ψψ

∆ = −        (16) 

The expectation value of the momentum operator squared in the translated state is 

( ) ( )1 1 1 1
1

2 2 † 2
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
x

x x x xT
p T p T T p T

ψ
ψ ψ ψ ψ= =  

Since the momentum operator squared commutes with 
1x̂

T , 
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{1 1 1 1

† 2 † 2 2

1

ˆ ˆ ˆ ˆˆ ˆ ˆx x x xT p T T T p p= =  

Thus 

( )
1

2 2 2
ˆ

ˆ,
xT

p p p
ψ ψ

ψ ψ= =  

That is 

1

2 2

x̂T
p p

ψ ψ
=          (17) 

Substituting (17) and (10) into (16), we obtain 

( ) ( )
1x̂T

p p
ψ ψ

∆ = ∆          (18) 

Thus, the momentum uncertainty does not change, and this also holds for every 

bound, and normalized, state of any one-dimensional quantum system. 

From (15) and (18), we derive that the position-momentum uncertainty product is the 

same in the translated and untranslated state, and this also holds for every bound, and 

normalized, state of any one-dimensional quantum system. 

Momentum translation operators 

3) Similar to the case of spatial translation operators, a momentum translation 

operator 
1p̂T  is defined as 

1

1 ˆˆ expp
ip xT  ≡  

 h
, where x̂  is the position operator 

and 1p  is an eigenvalue of the momentum operator. 

i) Show that the operator 
1p̂T  is unitary. 

ii) Show that 
1 11

ˆ ˆˆ , p pp T p T  =  . 

iii) Show that the action of 
1p̂T  on a momentum eigenstate yields a momentum 

eigenstate with eigenvalue translated by 1p , i.e. 
1 1p̂T p p p= + . 

iv) Using the Baker-Campbell-Hausdorff formula show that, for an infinitely 

many times differentiable function f , ( ) ( )
1 1

†
1

ˆ ˆˆ ˆp pT f p T f p p= + . 

v) A QHO is in the state 
1p̂T ψ , with ψ  being an arbitrary state of the QHO. 

Using the previous property of 
1p̂T , express the expectation values of the 
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position, momentum, and energy, as well as the position and momentum 

uncertainties, and the position-momentum uncertainty product, in the 

translated state 
1p̂T ψ  in terms of the respective quantities in the untranslated 

state ψ . 

Solution 

i) Using the Taylor expansion of 1 ˆ
exp ip x 

 
 h

, the Hermitian conjugate of 
1p̂T  is written 

as 

1

†† †
11 1

†
† 1

0 0 0

ˆˆ ˆ
ˆˆ exp

! ! !

nn n

p
n n n

ip xip x ip x
ip xT

n n n

∞ ∞ ∞

= = =

                                = = = =        
   
   

∑ ∑ ∑
hh h

h
 

In the same way we proved the relation (4) of the exercise 1, we prove that 

† †
1 1ˆ ˆ

nnip x ip x      =               h h
 

 Then, using also that the position operator is Hermitian, we obtain 

1

†
1 1

† 1

0 0

ˆ ˆ
ˆˆ exp

! !

n
n

p
n n

ip x ip x
ip xT

n n

∞ ∞

= =

       −         = = = − 
 

∑ ∑
h h

h
 

That is 

1

† 1 ˆˆ expp
ip xT  = − 

 h
        (1) 

Then, the product 
1 1

†ˆ ˆ
p pT T  is written as 

1 1

† 1 1ˆ ˆˆ ˆ exp expp p
ip x ip xT T    = −   

   h h
 

Since the commutator of 1 ˆip x
−

h
 and 1 ˆip x

h
 is zero, 
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1 1 1 1ˆ ˆ ˆ ˆ
exp exp exp exp0 1ip x ip x ip x ip x     − = − + = =     

     h h h h
 

That is 

1 1

†ˆ ˆ 1p pT T =  

In the same way, we have 

1 1

† 1 1 1 1ˆ ˆ ˆ ˆˆ ˆ exp exp exp 1p p
ip x ip x ip x ip xT T      = − = − =     

     h h h h
 

Thus 

1 1 1 1

† †ˆ ˆ ˆ ˆ 1p p p pT T T T= =  

Therefore, 
1p̂T  is unitary. 

ii) Using again the Taylor expansion of 1 ˆ
exp ip x 

 
 h

, the commutator 
1

ˆˆ , pp T    is 

written as 

1

1 1

1

0 0 0

ˆ ˆ
ˆ1ˆˆ ˆ ˆ ˆ, , , ,

! ! !

n n

n

p
n n n

ip x ip x
ip xp T p p p

n n n

∞ ∞ ∞

= = =

      
                 = = =               
   

∑ ∑ ∑h h

h
 

Using that the position operator commutes with the number 1ip
h

 (remember that 1p  is 

a number), we obtain 

1

1

0

1ˆˆ ˆ ˆ, ,
!

n
n

p
n

ipp T p x
n

∞

=

    =       
∑

h
 

In the previous exercise, we showed that the commutator of the momentum operator 

with a differentiable function f  of the position operator is 

( ) ( )ˆ ˆ ˆ,p f x i f x′= −   h  

Thus 

1ˆ ˆ ˆ, n np x i nx −  = −  h  

with 1n ≥ . If 0n = , the commutator is zero. 
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Then, the commutator 
1

ˆˆ , pp T    is written as 

( ) ( ) ( )
1

1
1 11 1 1

1 1

1 1ˆˆ ˆ ˆ,
! 1 !

n n
n n

p
n n

ip ip ipp T i nx i x
n n

−∞ ∞
− −

= =

       = − = − =       −     
∑ ∑h h

h h h

( ) ( ) {

1
1 1

1
11

1 1 1
11 1 0

ˆ ˆ
1 ˆ

1 ! 1 ! !

n n

n
n

n nn n n

ip x ip x
ip p x p p

n n n

′−

−∞ ∞ ∞
−

′ ′= −= = =

   
        = = = =  ′− − 

∑ ∑ ∑h h

h

1

1
1 1

ˆ ˆexp p
ip xp p T = = 

 h
 

That is 

1 11
ˆ ˆˆ , p pp T p T  =           (2) 

iii) Using the previous commutator, we obtain 

1 1 1 1 1 11 1
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆp p p p p ppT T p p T pT T p p T− = ⇒ = +  

Thus, the action of 
1

ˆˆ ppT  on a momentum eigenstate p  yields 

( )1 1 1 1 1 1 11 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆp p p p p p ppT p T p p T p T p p p T p T p p p T p= + = + = +  

where p  is the eigenvalue of the momentum eigenstate p , i.e. it is a number, and 

thus it commutes with 
1p̂T . 

Then 

( )
1 1 1 11 1

ˆ ˆ ˆ ˆˆ p p p ppT p pT p p T p p p T p= + = +  

That is 

( )
1 11

ˆ ˆˆ p ppT p p p T p= +  

The state 
1p̂T p  is thus a momentum eigenstate with eigenvalue 1p p+ . 

Therefore 

1 1p̂T p B p p= + , 

where B  is a complex constant. 
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Since 
1p̂T  is a unitary operator, it preserves the norms of the states on which it acts. 

Therefore, although the momentum eigenstates are not bound, we can assume that 

1B =  

Then, omitting the physically unimportant constant phase of B , we obtain 

1 1p̂T p p p= +         (3) 

iv) For 1 ˆˆ ip xA = −
h

 and ( )ˆ ˆB f p= , the Baker-Campbell-Hausdorff formula, 

( ) ( )
ˆ '  or  commutators

1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆexp exp , , , , , , ... , ,... , ... ,
2 3! !

n A s n

A B A B A B A A B A A A B A A A B
n

               − = + + + + +                  
144424443

 

is written as 

( ) ( ) ( ) ( )1 1 1 1 1ˆ ˆ ˆ ˆ ˆ1ˆ ˆ ˆ ˆexp exp , , ,
2

ip x ip x ip x ip x ip xf p f p f p f p        − = + − + − − +                h h h h h

( ) ( )1 1 1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ1 1ˆ ˆ, , , ... , ,... , ...  (4)
3! !

ip x ip x ip x ip x ip x ip xf p f p
n

         + − − − + + − − −                  h h h h h h

 

We’ll use the momentum representation to calculate the commutator ( )ˆ ˆ,x f p   , since 

in the momentum representation, ˆ dx i
dp

= h  and p̂ p= , and thus the operator function 

( )ˆf p  becomes a usual, and easy-to-handle, scalar function. 

Thus, choosing an arbitrary wave function ( )pφ  (in the momentum representation), 

we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )
,

d pd d d di f p p i f p f p i p i f p p f p
dp dp dp dp dp

φ
φ φ φ

    
= − = − =   

     
h h h h

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )i f p p f p p f p p i f p pφ φ φ φ′ ′ ′ ′= + − =h h  

Here, the prime denotes differentiation with respect to p . 

That is 
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( ) ( ) ( ) ( ),di f p p i f p p
dp

φ φ
  ′= 
 

h h  

Since the wave function ( )pφ  is arbitrary, 

( ) ( ),di f p i f p
dp

  ′= 
 

h h  

or, in representation-free form, 

( ) ( )ˆ ˆ ˆ,x f p i f p′=   h          (5) 

Using (5), we have 

( ) ( ) ( ) ( )1 1 1
1

ˆ ˆ ˆ ˆ ˆ ˆ, ,ip x ip ipf p x f p i f p p f p  ′ ′− = − = − =    
h

h h h
 

( ) ( ) ( )
2

1 1 1 1
1

ˆ ˆ ˆˆ ˆ ˆ ˆ, , , ,ip x ip x ip x ipf p p f p x f p    ′ ′− − = − = − =           h h h h

( ) ( )
2

21
1ˆ ˆip i f p p f p′′ ′′= − =h

h
 

Assuming that 

( ) ( ) ( )1 1 1
1

 commutators

ˆ ˆ ˆ ˆ ˆ, ,... , ... kk

k

ip x ip x ip x f p p f p
   − − − =      h h h
14444444244444443

 

then 

( )

( )

( )1 1 1 1 1 1

 commutators1  commutators

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ, ,... , ... , ,... , ...

kk

ip x ip x ip x ip x ip x ip xf p f p

+

 
        − − − = − − − =                 
  

h h h h h h
144444244444314444444244444443

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1

1 111 1 1
1 1

ˆ ˆ ˆ ˆ ˆ ˆ, ,
k k

k k k kk kip x ip ipp f p x f p i f p p f p
+ +

+ ++   = − = − = − =    
h

h h h
 

Thus 

( ) ( ) ( )1 1 1
1

 commutators

ˆ ˆ ˆ ˆ ˆ, ,... , ... nn

n

ip x ip x ip x f p p f p
   − − − =      h h h
14444444244444443

, 

for every 1, 2,...n =  
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Then, the right-hand side of (4) becomes 

( ) ( ) ( ) ( ) ( ) ( ) ( )32 3
1 1 1 1

1 1 1ˆ ˆ ˆ ˆ ˆ...
2 3! !

nnf p p f p p f p p f p p f p
n

′ ′′+ + + + + =

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3
2 3

1 1 1 1 1
0

ˆ ˆ ˆ ˆ
ˆ ˆ ...

2 3! ! !

n n
n n

n

f p f p f p f p
f p f p p p p p p

n n

∞

=

′′
′= + + + + + = ∑  

The series 
( ) ( )

1
0

ˆ
!

n
n

n

f p
p

n

∞

=
∑  is the Taylor expansion of ( )1ˆf p p+  about p̂ , i.e. 

( ) ( ) ( )1 1
0

ˆ
ˆ

!

n
n

n

f p
p f p p

n

∞

=

= +∑  

Thus, the right-hand side of (4) is equal to ( )1ˆf p p+ . 

Using (1), the left-hand side of (4), i.e. the term ( )1 1ˆ ˆˆexp expip x ip xf p   −   
   h h

, is 

written as ( )
1 1

†ˆ ˆˆp pT f p T . 

Therefore, (4) is written as 

( ) ( )
1 1

†
1

ˆ ˆˆ ˆp pT f p T f p p= +         (6) 

v) Using again, for more clarity, the general notation for inner products, the position 

expectation value in the translated state 
1p̂T ψ  is written as 

( ) ( )1 1 1 11

†
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
p

p p p pT
x T xT T xT

ψ
ψ ψ ψ ψ= =  

The momentum translation operators depend only on the position operator, and thus 

they commute with the position operator, and with every function of the position 

operator, i.e. if ( )ˆg x  is a function of the position operator, then 

( )
1

ˆˆ , 0pg x T  =           (7) 

Thus 

{1 1 1 1

† †

1

ˆ ˆ ˆ ˆˆ ˆ ˆp p p pT xT T T x x= =  

Then, the position expectation value in the translated state is written as 

( )
1

ˆ ˆ,
pT

x x x
ψ ψ

ψ ψ= =  
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That is 

1p̂T
x x

ψ ψ
=          (8) 

Since we didn’t make use of the fact that the state ψ  is a QHO state, the relation (8) 

holds for every bound, and normalized, state of any one-dimensional quantum system. 

The momentum expectation value in the translated state is written as 

( ) ( )1 1 1 11

†
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
p

p p p pT
p T pT T pT

ψ
ψ ψ ψ ψ= =  

Using (6), we obtain 

1 1

†
1

ˆ ˆˆ ˆp pT pT p p= +  

Thus 

( )( ) ( ) ( )
1

ˆ 1 1 1ˆ ˆ, , ,
pT

p p p p p p p
ψ ψ

ψ ψ ψ ψ ψ ψ= + = + = +  

That is 

1
ˆ 1
pT

p p p
ψ ψ

= +         (9) 

The relation (9) also holds for every bound, and normalized, state of any one-

dimensional quantum system. 

As we did in the case of the spatial translation – see the previous exercise – we can 

directly calculate the energy expectation value in the translated state. Alternatively, 

we can calculate first the expectation values of the position squared and momentum 

squared, since we’ll need them to calculate the respective uncertainties, and from 

them we’ll derive the energy expectation value. 

The expectation value of the position squared in the translated state is written as 

( ) ( )1 1 1 1
1

2 2 † 2
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
p

p p p pT
x T x T T x T

ψ
ψ ψ ψ ψ= =  

Using (7), we obtain 

{1 1 1 1

† 2 † 2 2

1

ˆ ˆ ˆ ˆˆ ˆ ˆp p p pT x T T T x x= =  

Thus 
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( )
1

2 2 2
ˆ

ˆ,
pT

x x x
ψ ψ

ψ ψ= =  

That is 

1

2 2
ˆ
pT

x x
ψ ψ

=          (10) 

The relation (10) also holds for every bound, and normalized, state of any one-

dimensional quantum system. 

The expectation value of the momentum squared in the translated state is written as 

( ) ( )1 1 1 1
1

2 2 † 2
ˆ

ˆ ˆ ˆ ˆˆ ˆ, ,
p

p p p pT
p T p T T p T

ψ
ψ ψ ψ ψ= =  

Using (6), we obtain 

( )
1 1

2† 2 2 2
1 1 1

ˆ ˆˆ ˆ ˆ ˆ2p pT p T p p p p p p= + = + +  

Thus 

( )( ) ( ) ( ) ( )
1

2 2 2 2 2
1 1 1 1ˆ

1

ˆ ˆ ˆ ˆ, 2 , 2 , ,
pT

p p p p p p p p p
ψ

ψ ψ ψ ψ ψ ψ ψ ψ= + + = + + =
14243

2 2
1 12p p p p

ψψ
= + +  

We remind that we’ve assumed that the bound, and thus normalizable, state ψ  is 

normalized. 

That is 

1

2 2 2
1 1ˆ 2

pT
p p p p p

ψψ ψ
= + +        (11) 

The relation (11) also holds for every bound, and normalized, state of any one-

dimensional quantum system. 

Using the Hamiltonian of the QHO, the energy expectation value of the QHO in the 

translated state is written as 

1

1 11
1

2
2 ˆ2 2 2 2

ˆ ˆˆ
ˆ

ˆ 1 1ˆ ˆ
2 2 2 2

p

p pp
p

T

T TT
T

ppE H m x m x
m m

ψ

ψ ψψ
ψ

ω ω= = + = +  

Substituting (10) and (11) yields 
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1

2 2 2
1 1 2 2 2 2 1

ˆ

2 1 1
2 2 2 2pT

E

p p p p p pE m x m x p
m m m

ψ

ψψ ψ

ψ ψψ ψ
ω ω

+ +
= + = + + +

14444244443

2 2
1 1 1

2 2
p p pE p
m m mψ ψ

+ = + +  

That is 

1

2
1 1

ˆ 2pT

p pE E p
m mψ ψ ψ

= + +        (12) 

Obviously, the relation (12) holds only for the states of the QHO. 

If the untranslated state ψ  is an energy eigenstate n , then 0p
ψ

=  and 

1
2nE E n

ψ
ω = = + 

 
h . Then, (12) becomes 

1

2
1

ˆ
1
2 2pT n

pE n
m

ω = + + 
 

h         (13) 

Using (8) and (10), we derive that the position uncertainty in the translated state is the 

same as in the untranslated state, i.e. 

( ) ( )
1

ˆ
pT

x x
ψ ψ

∆ = ∆          (14) 

The relation (14) also holds for every bound, and normalized, state of any one-

dimensional quantum system. 

Using (9) and (11), the momentum uncertainty in the translated state is written as 

( ) ( ) ( )
1 11

2 2
2 2 2

ˆ ˆ 1 1 1ˆ 2
p pp

T TT
p p p p p p p p p

ψ ψ ψ ψψ ψ
∆ = − = + + − + =

( )2
2 2 2

1 1 1 12 2p p p p p p p p
ψ ψ ψψ

 = + + − + + = 
 

( ) ( )
2

2p p p
ψψψ

= − = ∆  

That is 

( ) ( )
1

ˆ
pT

p p
ψ ψ

∆ = ∆          (15) 

The momentum uncertainty in the translated state is the same as the momentum 

uncertainty in the untranslated state. 
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The relation (15) also holds for every bound, and normalized, state of any one-

dimensional quantum system. 

From (14) and (15), we derive that the position-momentum uncertainty product in the 

translated state is the same as the position-momentum uncertainty product in the 

untranslated state, and this also holds for every bound, and normalized, state of any 

one-dimensional quantum system. 

The combined action of a spatial and a momentum translation operator 

4) Let 
1x̂

T  be a spatial translation operator, i.e. 
1

1ˆˆ expx
ipxT  ≡ − 

 h
, and 

1p̂T  be a 

momentum translation operator, i.e. 
1

1 ˆˆ expp
ip xT  ≡  

 h
. 

We also define the operator ( )
1 1

1 1
,

ˆ ˆˆ expp x

i p x px
T

− 
≡  

 h
. 

Since ( ) ( )1 1 1 1ˆ ˆ ˆ ˆ
exp exp

i p x px i px p x− − +   
=   

   h h
, the order of the two operators 

doesn’t matter, and 
1 1 1 1, ,

ˆ ˆ
p x x pT T= . 

We’ll show that the three operators 
1 1

ˆ ˆ
x pT T , 

1 1
ˆ ˆ
p xT T , and 

1 1,p̂ xT  differ only by a 

constant phase, and thus they are physically equivalent. 

This means that their action on a physical state – not necessarily a QHO state 

– yields states that differ only by a constant phase, and thus they are 

physically equivalent, i.e. they are the same state. 

Solution 

The physical equivalence of the three operators follows from the fact that the 

commutator 1 1ˆ ˆ
,ip x ipx −  h h

 is a constant. 

Indeed 

[ ]1 1 1 1 1 1 1 1
2

ˆ ˆ ˆ ˆ, ,ip x ipx ip ix p x ix px p i    − = − = =       
h

h h h h h h
 

That is 
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1 1 1 1ˆ ˆ
,ip x ipx ix p − =  h h h

         (1) 

Since the previous commutator is a constant, we can use the identity 

( ) ( ) ( ) 1ˆ ˆ ˆˆ ˆ ˆexp exp exp exp ,
2

A B A B A B  + = −   
 

which holds if the operators Â  and B̂  commute with their commutator ˆ ˆ,A B 
  . 

In our case, the commutator 1 1ˆ ˆ
,ip x ipx −  h h

 is a constant, and thus it commutes with 

both 1 ˆip x
h

 and 1ˆipx
−

h
. 

Then, using the previous identity and the commutator (1), we obtain 

( )1 1 1 1 1 1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ 1exp exp exp exp exp

2
i p x px ip x ipx ip x ipx ix p−         = − = − − =         

        h h h h h h

1 1 1 1ˆ ˆ
exp exp exp

2
ip x ipx ix p     = − −     

     h h h
 

That is 

1 1 1 1

1 1
,

ˆ ˆ ˆ exp
2p x p x

ix pT T T  = − 
 h

 

The exponential 1 1exp
2

ix p − 
 h

 is a constant complex number, and thus it commutes 

with both 
1x̂

T  and 
1p̂T . 

Thus 

1 1 1 1

1 1
,

ˆ ˆ ˆexp
2p x p x

ix pT T T = − 
 h

        (2) 

Therefore, the operators 
1 1

ˆ ˆ
p xT T  and 

1 1,p̂ xT  differ only by a constant phase. 

Besides, from (1) we obtain 

1 1 1 1 1 1ˆ ˆ ˆ ˆ
, ,ipx ip x ip x ipx ix p   − = − − = −      h h h h h

, 

Thus, using again the previous identity, we obtain 
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1 1 1 1 1 1ˆ ˆ ˆ ˆ 1exp exp exp exp
2

ipx ip x ipx ip x ix p        − + = − − − =                h h h h h

1 1 1 1ˆ ˆ
exp exp exp

2
ipx ip x ix p     = −     

     h h h
 

That is 

1 1

1 1 1 1ˆ ˆ ˆ ˆexp exp
2x p

ipx ip x ix pT T   − + =   
   h h h

 

The exponential 1 1exp
2

ix p 
 
 h

 is a constant complex number, and thus it commutes 

with both 
1x̂

T  and 
1p̂T . 

Thus 

1 1

1 1 1 1ˆ ˆ ˆ ˆexp exp
2 x p

ipx ip x ix p T T   − + =   
   h h h

     (3) 

Also 

( )
1 1

1 11 1 1 1
,

ˆ ˆˆ ˆ ˆ ˆ ˆexp exp exp p x

i p x pxipx ip x ip x ipx T
−    − + = − = =    

     h h h h h
 

Thus, (3) is written as 

1 1 1 1

1 1
,

ˆ ˆ ˆexp
2p x x p

ix pT T T =  
 h

        (4) 

Therefore, the operators 
1 1

ˆ ˆ
x pT T  and 

1 1,p̂ xT  differ only by a constant phase. 

Besides, comparing (2) and (4) yields 

1 1 1 1

1 1 1 1ˆ ˆ ˆ ˆexp exp
2 2p x x p

ix p ix pT T T T   − = ⇒   
   h h

1 1 1 1

1 1 1 1 1 1 1 1ˆ ˆ ˆ ˆexp exp exp exp
2 2 2 2p x x p

ix p ix p ix p ix pT T T T       ⇒ − = ⇒       
       h h h h

1 1 1 1

1 1ˆ ˆ ˆ ˆexpp x x p
ix pT T T T ⇒ =  

 h
 

That is 

1 1 1 1

1 1ˆ ˆ ˆ ˆexpp x x p
ix pT T T T =  

 h
        (5) 
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Therefore, the operators 
1 1

ˆ ˆ
x pT T  and 

1 1
ˆ ˆ
p xT T  differ only by a constant phase. 

This means that the spatial translations commute with the momentum 

translations, or, in other words, they are independent. 

Returning back to the QHO – The displacement operator 

5) For the QHO, express the operator ( )
1 1

1 1
,

ˆ ˆˆ expp x

i p x px
T

− 
≡  

 h
 in terms of the 

ladder operators and show that it is written as ( )† *ˆ ˆexp a aλ λ− , with 

1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

, where 0x
mω

=
h  is the length scale and 0p m ω= h  is the 

momentum scale of the QHO. 

Solution 

Solving the definition relations of the ladder operators for the position and momentum 

operators, we obtain 

( )†ˆ ˆ ˆ
2

x a a
mω

= +
h  

( )†ˆ ˆ ˆ
2

mp i a aω
= −

h  

Introducing into the previous relations the length and momentum scales of the QHO, 

we obtain 

( )†0ˆ ˆ ˆ
2

xx a a= +          (1) 

( )†0ˆ ˆ ˆ
2

pp i a a= −          (2) 

By means of (1) and (2), the operator ( )1 1ˆ ˆi p x px−
h

 is written as 
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( ) ( ) ( )
( ) ( )( )

† †0 0
1 1

1 1 † †
0 1 0 1

ˆ ˆ ˆ ˆ
ˆ ˆ 12 2 ˆ ˆ ˆ ˆ

2

x pi p a a i a a xi p x px
ix p a a p x a a

 + − − −  = = + + − =
h h h

( ) ( ) ( )( )† † †
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

1 1ˆ ˆ ˆ ˆ ˆ ˆ
2 2

ix p a ix p a p x a p x a p x ix p a p x ix p a= + + − = + − −
h h

 

That is 

( ) ( ) ( )( )1 1 †
0 1 0 1 0 1 0 1

ˆ ˆ 1 ˆ ˆ
2

i p x px
p x ix p a p x ix p a

−
= + − −

h h

 

Using that 0 0x p = h , the previous equation is written as 

( ) ( ) ( )( )1 1 †
0 1 0 1 0 1 0 1

0 0

ˆ ˆ 1 ˆ ˆ
2

i p x px
p x ix p a p x ix p a

x p
−

= + − − =
h

† †1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0

1 1 1ˆ ˆ ˆ ˆ
2 2 2

x p x p x p x pi a i a i a i a
x p x p x p x p

          
= + − − = + − − =                       

*

†1 1 1 1

0 0 0 0

1 1ˆ ˆ
2 2

x p x pi a i a
x p x p

      = + − +           
 

That is 

( )
*

1 1 †1 1 1 1

0 0 0 0

ˆ ˆ 1 1ˆ ˆ
2 2

i p x px x p x pi a i a
x p x p

  −     = + − +           
h

 

Setting 

1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

         (3) 

we end up to 

( ) ( )1 1 † *ˆ ˆ
ˆ ˆ

i p x px
a aλ λ

−
= −

h
        (4) 

Thus, the operator 
1 1,p̂ xT  is written as 

( )
1 1

† *
,

ˆ ˆ ˆexpp xT a aλ λ= −         (5) 
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In (5), the operator 
1 1,p̂ xT  is written in terms of one, but complex, parameter, the 

parameter λ , instead of the two real parameters 1x  and 1p  (the spatial and 

momentum translations). 

Since the parameters 1x  and 1p  can be any real number, from (3) we see that the 

parameter λ  can be any complex number. 

The operator ( )† *ˆ ˆexp a aλ λ−  is called the displacement operator and it is usually 

denoted by ( )D̂ λ , i.e. 

( ) ( )† *ˆ ˆ ˆexpD a aλ λ λ= −         (6) 

The parameter λ  is called the displacement parameter. 

As we’ll see below, for each value of the displacement parameter λ , the displacement 

operator, acting on the ground state of the QHO, yields an eigenstate of the 

annihilation operator, a so-called coherent state. 

From (5) and (6), we have 

( )
1 1,

ˆ ˆ
p xT D λ=           (7) 

where ( )
1 1

1 1
,

ˆ ˆˆ expp x

i p x px
T

− 
≡  

 h
. 

That is, the operator 
1 1,p̂ xT  is the displacement operator. 

Besides, in the previous exercise, we showed that the operator 
1 1,p̂ xT  differs from the 

operators 
1 1

ˆ ˆ
x pT T  and 

1 1
ˆ ˆ
p xT T  only by a, physically unimportant, constant phase. Thus, 

the action of the displacement operator is physically the same as the combined action 

of a spatial and a momentum translation operator, or a momentum and a spatial 

translation operator. In other words, the displacement operator, acting on an arbitrary 

state of the QHO, yields a spatial and a momentum translation, or a momentum and a 

spatial translation. 

6) At 0t = , a QHO is in the state 
1 1,

ˆ 0p xT , where ( )
1 1

1 1
,

ˆ ˆˆ expp x

i p x px
T

− 
≡  

 h
. 

i) Show that the state 
1 1,

ˆ 0p xT  is normalized. 
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ii) Expand the state 
1 1,

ˆ 0p xT  in the basis of the energy eigenstates of the QHO. 

iii) Write the time evolution of the state 
1 1,

ˆ 0p xT  for 0t > . 

iv) Show that the probability that the QHO is found in an energy eigenstate at 

time 0t ≥  is given by a Poisson distribution. What is the parameter of the 

distribution? 

Solution 

i) We showed in the exercise 4 that the operator 
1 1,p̂ xT  is written as 

1 1 1 1

1 1
,

ˆ ˆ ˆexp
2p x p x

ix pT T T = − 
 h

        (1) 

The Hermitian conjugate of 
1 1,p̂ xT  is then 

( )1 1 1 1 1 1 1 1

†
†† † †1 1 1 1 1 1

,
ˆ ˆ ˆ ˆ ˆ ˆ ˆexp exp exp

2 2 2p x p x p x x p
ix p ix p ix pT T T T T T T      = − = =            h h h

 

That is 

1 1 1 1

† † †1 1
,

ˆ ˆ ˆexp
2p x x p

ix pT T T =  
 h

        (2) 

Using (1) and (2), and that the operators 
1x̂

T  and 
1p̂T  are unitary, we have 

1 1 1 1 1 1 1 1

† † †1 1 1 1
, ,

ˆ ˆ ˆ ˆ ˆ ˆexp exp
2 2p x p x x p p x

ix p ix pT T T T T T   = − =   
   h h

{ {1 1 1 1 1 1

† † †1 1 1 1 1 1 1 1

1 1
exp0 1

ˆ ˆ ˆ ˆ ˆ ˆexp exp exp 1
2 2 2 2x p p x x x

ix p ix p ix p ix pT T T T T T

=

     = − = − =     
     h h h h

144424443

 

Also 

1 1 1 1 1 1 1 1

† † †1 1 1 1
, ,

ˆ ˆ ˆ ˆ ˆ ˆexp exp
2 2p x p x p x x p

ix p ix pT T T T T T   = − =   
   h h

{ {1 1 1 1 1 1

† † †1 1 1 1 1 1 1 1

1 1
exp0 1

ˆ ˆ ˆ ˆ ˆ ˆexp exp exp 1
2 2 2 2p x x p p p

ix p ix p ix p ix pT T T T T T

=

     = − = − + =     
     h h h h

144424443

 

That is 

1 1 1 1 1 1 1 1

† †
, , , ,

ˆ ˆ ˆ ˆ 1p x p x p x p xT T T T= =  
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Therefore, the operator 
1 1,p̂ xT  is unitary. 

We remind that the terms 1 1exp
2

ix p − 
 h

 and 1 1exp
2

ix p 
 
 h

, as constant complex 

numbers, commute with any of the above operators. 

Since the operator 
1 1,p̂ xT  is unitary, it preserves the norms of the states on which it 

acts, and thus 

1 1,
ˆ 0 0 1p xT = =  

Therefore, the state 
1 1,

ˆ 0p xT  is normalized. 

ii) Using the completeness relation of the energy eigenstates, i.e. 
0

1
n

n n
∞

=

=∑ , the 

state 
1 1,

ˆ 0p xT  is written as 

1 1 1 1 1 1 1 1, , , ,
0 0 0

ˆ ˆ ˆ ˆ0 0 0 0p x p x p x p x
n n n

T n n T n n T n T n
∞ ∞ ∞

= = =

 
= = = 

 
∑ ∑ ∑  

That is 

1 1 1 1, ,
0

ˆ ˆ0 0p x p x
n

T n T n
∞

=

= ∑         (3) 

This is the expansion of the state 
1 1,

ˆ 0p xT  in the energy basis of the QHO, but we 

have to calculate the amplitude 
1 1,

ˆ 0p xn T . 

To do that, we can use that – see the previous exercise – 

( )
1 1

† *
,

ˆ ˆ ˆexpp xT a aλ λ= −  

where 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

. 

We observe that 

( ) 2 2† * * † †

1

ˆ ˆ ˆ ˆ ˆ ˆ, , ,a a a a a aλ λ λ λ λ λ
 
      − = − = − − =      
 

123
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That is 

2† *ˆ ˆ,a aλ λ λ − =           (4) 

Since the previous commutator is a constant, using the identity 

( ) ( ) ( ) 1ˆ ˆ ˆˆ ˆ ˆexp exp exp exp ,
2

A B A B A B  + = −   
, 

for †ˆ ˆA aλ=  and *ˆ ˆB aλ= − , we obtain 

( ) ( ) ( ) 2† * † * 1ˆ ˆ ˆ ˆexp exp exp exp
2

a a a aλ λ λ λ λ − = − − 
 

 

The term 21exp
2

λ − 
 

 is a constant, and thus we can move it to the left and write 

( ) ( ) ( )2† * † *1ˆ ˆ ˆ ˆexp exp exp exp
2

a a a aλ λ λ λ λ − = − − 
 

 

Thus, the operator 
1 1,p̂ xT  is written as 

( ) ( )
1 1

2 † *
,

1ˆ ˆ ˆexp exp exp
2p xT a aλ λ λ = − − 

 
      (5) 

Then, to calculate the action of 
1 1,p̂ xT  on the ground state, we must first calculate the 

action of ( )* ˆexp aλ−  on the ground state. 

Using the Taylor expansion of ( )* ˆexp aλ− , its action on the ground state is written as 

( ) ( ) ( ) ( )* * *
*

0 0 0

ˆ ˆ
ˆ ˆexp 0 0 0 0

! ! !

m m m

m

m m m

a a
a a

m m m
λ λ λ

λ
∞ ∞ ∞

= = =

 − − − − = = =
 
 
∑ ∑ ∑  

In the last equality, we used that â  commutes with the constant number *λ− . 

That is 

( ) ( )*
*

0

ˆ ˆexp 0 0
!

m

m

m
a a

m
λ

λ
∞

=

−
− = ∑  

But, since â  kills the ground state, 
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ˆ 0 0ma =  if 1, 2,...m =  

Then, in the series 
( )*

0

ˆ 0
!

m

m

m
a

m
λ∞

=

−
∑  only the first term, with 0m = , survives. 

Thus 

( )* ˆexp 0 0aλ− =          (6) 

Using (5) and (6), the action of 
1 1,p̂ xT  on the ground state is written as 

( )
1 1

2 †
,

1ˆ ˆ0 exp exp 0
2p xT aλ λ = − 

 
 

Using the Taylor expansion of ( )†ˆexp aλ , we obtain 

( ) ( )
1 1

† †
2 2

,
0 0

ˆ ˆ1 1ˆ 0 exp 0 exp 0
2 ! 2 !

m m

p x
m m

a a
T

m m
λ λ

λ λ
∞ ∞

= =

   
      = − = − =         

   
∑ ∑

2 †

0

1 ˆexp 0
2 !

m
m

m
a

m
λλ

∞

=

  = −   
  

∑  

In the last equality, we used that †â  commutes with the constant number λ . 

That is 

1 1

2 †
,

0

1ˆ ˆ0 exp 0
2 !

m
m

p x
m

T a
m
λλ

∞

=

  = −   
   

∑       (7) 

Using that †ˆ 1 1a n n n= + + , we have 

† † 1 † 2 † 2 † 3ˆ ˆ ˆ ˆ ˆ0 1 2 2 2! 2 2! 3 3m m m m ma a a a a− − − −= = = = =

{
†0

† 3 †

ˆ 1

ˆ ˆ3! 3 ... ! !m m m

a

a m a m m m− −

=

= = = =  

That is 

†ˆ 0 !ma m m=          (8) 

By means of (8), (7) becomes 
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1 1

2
,

0

1ˆ 0 exp
2 !

m

p x
m

T m
m

λλ
∞

=

  = −   
  

∑       (9) 

Using (9), the amplitude 
1 1,

ˆ 0p xn T  is written as 

1 1

2
,

0

1ˆ 0 exp
2 !

m

p x
m

n T n m
m

λλ
∞

=

   = − =   
   

∑

2 2

0 0

1 1exp exp
2 2! !

m m

m m
n m n m

m m
λ λλ λ

∞ ∞

= =

    = − = −    
    

∑ ∑  

That is 

1 1

2
,

0

1ˆ 0 exp
2 !

m

p x
m

n T n m
m

λλ
∞

=

 = − 
 

∑       (10) 

Using the orthonormality of the energy eigenstates, i.e. nmn m δ= , the series 

0 !

m

m
n m

m
λ∞

=
∑  becomes 

0 0! ! !

m m n

nm
m m

n m
m m n

λ λ λδ
∞ ∞

= =

= =∑ ∑  

Substituting into (10), we obtain 

1 1

2
,

1ˆ 0 exp
2 !

n

p xn T
n

λλ = − 
 

       (11) 

Substituting the amplitude (11) into the expansion (3), we obtain 

1 1

2
,

0

1ˆ 0 exp
2 !

n

p x
n

T n
n

λλ
∞

=

 = − 
 

∑        (12) 

where 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

. 

This is the expansion of the state 
1 1,

ˆ 0p xT  in the energy basis of the QHO. 

Since ( )
1 1,

ˆ ˆ
p xT D λ= , (12) is also written as 

( ) 2

0

1ˆ 0 exp
2 !

n

n
D n

n
λλ λ

∞

=

 = − 
 

∑        (13) 

iii) Denoting by tn  the time evolution of an energy eigenstate n , then 
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exp n
t

iE tn n = − 
 h

, 

with 0t ≥  and 1
2nE n ω = + 

 
h . 

Then, using (12), the time evolution of the state 
1 1,

ˆ 0p xT  – let us denote it by ( )tψ  – 

is 

( ) 2 2

0 0

1 1exp exp exp
2 2! !

n n
n

t
n n

iE tt n n
n n

λ λψ λ λ
∞ ∞

= =

    = − = − −          
∑ ∑

h
 

That is 

( ) 2

0

1exp exp
2 !

n
n

n

iE tt n
n

λψ λ
∞

=

  = − −      
∑

h
    (14) 

with 0t ≥  and ( )
1 1,

ˆ0 0p xTψ ≡ . 

If the initial state is taken at 0t t= , instead of 0t = , then the time evolution of an 

energy eigenstate n  is 

( )0exp n
t

iE t t
n n

− 
= − 

 h
, 

and the time evolution of the state 
1 1,

ˆ 0p xT  is then 

( ) ( )2 0

0

1exp exp
2 !

n
n

n

iE t t
t n

n
λψ λ

∞

=

−  = − −  
   

∑
h

 

with 0t t≥  and ( )
1 10 ,

ˆ 0p xt Tψ ≡ . 

iv) The state of the QHO at 0t ≥  is given by (14). 

The energy eigenstates are orthonormal, thus the probability amplitude that the QHO 

is found in an energy eigenstate m , at time 0t ≥ , is ( )m tψ , which, using (14), is 

written as 
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( ) 2

0

1exp exp
2 !

n
n

n

iE tm t m n
n

λψ λ
∞

=

   = − − =    
    

∑
h

2

0

1exp exp
2 !

n
n

n

iE tm n
n

λλ
∞

=

   = − − =    
    

∑
h

{

2 2

0

1 1exp exp exp exp
2 2! !

mn

n m
n m

n

iE t iE tm n
n m

δ

λ λλ λ
∞

=

      = − − = − −            
∑

h h
 

That is 

( ) 21exp exp
2 !

m
miE tm t

m
λψ λ   = − −     h

     (15) 

Then, the probability that the QHO is found in an energy eigenstate m , at time 

0t ≥ , is 

( ) ( )
2

2 21exp exp
2 !

m
m

m
iE tP t m t

m
λψ λ   = = − −  

  h
 

Using that for a complex number z , 2 *z zz= , the probability ( )mP t  becomes 

( )
*

2 21 1exp exp exp exp
2 2! !

m m
m m

m
iE t iE tP t

m m
λ λλ λ

        = − − − − =        
        h h

( )*

2 21 1exp exp exp exp
2 2! !

mm
m miE t iE t

m m

λλλ λ      = − − −            h h
 

Using that ( ) ( )* * mmλ λ= , which follows from the property ( )* * * *
1 2 1 2... ...m mz z z z z z=  

for 1 2 ... mz z z λ= = = = , which, in turn, follows easily, by induction, from the 

elementary property ( )* * *
1 2 1 2z z z z= , the probability ( )mP t  becomes 

( )

( )

( )

2

*
2 2

1 exp

1 1exp exp exp exp
2 2 ! !

m
m

m m
m

iE t iE tP t
m m

λ

λλλ λ

−

       = − − − =      
      h h

144444244444314444244443

( ) ( ) ( ) ( )2*
2 2exp exp

! !

mm

m m

λλλ
λ λ= − = −  

That is 
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( ) ( ) ( )2

2exp
!

m

mP t
m

λ
λ= −         (16) 

with 0,1,...m =  

The probability (16) is time independent and it is given by a Poisson distribution with 

parameter 2λ . 

Observe that 

( ) ( ) ( ) ( ) ( )

( )2

2 2

2 2

0 0 0

exp

exp exp 1
! !

m m

m
m m m

P t
m m

λ

λ λ
λ λ

∞ ∞ ∞

= = =

= − = − =∑ ∑ ∑
14243

 

That is, the probabilities (16) add up to 1, as they should. 

Using that 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

, we obtain the parameter 2λ  in terms of the spatial 

and the momentum translation, 1x  and 1p , respectively. Then, we have 

2 2
2 1 1

0 0

1
2

x p
x p

λ
    
 = +        

        (17) 
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II. The coherent states of the QHO 

7) The coherent states of the QHO are defined as the eigenstates of the 

annihilation operator (see the references [4], [5], and [6] (section 2.1)). 

i) If λ  is an eigenstate of the annihilation operator, i.e. if â λ λ λ= , with 

λ ∈£ , show that ( )ˆ 0D λ λ= , i.e. the displacement operator, acting on the 

ground state, generates the coherent states. 

We remind that the eigenvalues of the annihilation operator are complex 

numbers, because the annihilation operator is not Hermitian. 

ii) Show that the coherent states are states of minimum position-momentum 

uncertainty AND the two individual uncertainties, i.e. the position uncertainty 

and the momentum uncertainty, are equally distributed, in the sense that 

0

2
xx∆ =  and 0

2
pp∆ = , or, in dimensionless form, 

0 0

1
2

x p
x p
∆ ∆

= = , with 0 0,x p  

being, respectively, the length and momentum scales of the QHO. This 

property, i.e. the equal distribution of the position uncertainty and the 

momentum uncertainty, differentiates the coherent from the squeezed states, 

which are also minimum position-momentum uncertainty states, but the two 

individual uncertainties are NOT equally distributed. 

iii) Calculate the energy expectation value and uncertainty in a coherent state. 

iv) Using the expansion of the coherent state λ  in the energy basis of the 

QHO, write its time evolution and show that although it remains a coherent 

state, and thus a state of minimum position-momentum uncertainty, its 

eigenvalue changes. What is the time evolution of the eigenvalue λ ? 

Solution 

i) We’ll show that the states ( )ˆ 0D λ  and λ  have the same expansion in the energy 

basis of the QHO, and thus they are the same state. 

In the exercise 6, we showed that the expansion of the state ( )ˆ 0D λ  in the energy 

basis of the QHO is 

( ) 2

0

1ˆ 0 exp
2 !

n

n
D n

n
λλ λ

∞

=

 = − 
 

∑        (1) 
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Let us now find the expansion of the state λ . 

Using the completeness relation of the energy eigenstates, the state λ  is written as 

0 0 0n n n
n n n n n nλ λ λ λ

∞ ∞ ∞

= = =

 
= = = 

 
∑ ∑ ∑  

That is 

0n
n nλ λ

∞

=

= ∑          (2) 

Then, the action of the annihilation operator on the state λ  is written as 

0 0

ˆ ˆ ˆ
n n

a a n n n a nλ λ λ
∞ ∞

= =

 
= = 

 
∑ ∑  

Using that ˆ 1a n n n= − , we obtain 

1

ˆ 1
n

a n n nλ λ
∞

=

= −∑  

Changing the summation index to 1n n′ = − , we obtain 

0

ˆ 1 1
n

a n n nλ λ
∞

′=

′ ′ ′= + +∑  

Renaming the summation index to n , we end up to 

0

ˆ 1 1
n

a n n nλ λ
∞

=

= + +∑         (3) 

Since the state λ  is eigenstate of â  with eigenvalue λ , 

â λ λ λ=  

Substituting (2) and (3) into the previous equation yields 

0 0 0 0
1 1 1 1

n n n n
n n n n n n n n n nλ λ λ λ λ λ

∞ ∞ ∞ ∞

= = = =

 
+ + = ⇒ + + = ⇒ 

 
∑ ∑ ∑ ∑

( )
0

1 1 0
n

n n n nλ λ λ
∞

=

⇒ + + − =∑  
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Since the energy eigenstates are linearly independent, from the last equation we 

obtain 

1 1 0 1 1n n n n n nλ λ λ λ λ λ+ + − = ⇒ + + =  

Thus 

1
1

n n
n
λλ λ+ =
+

       (4) 

with 0,1,...n =  

Applying the recursive relation (4) repeatedly gives 

1 1 2
1 1 1 1

n n n n
n n n n n n
λ λ λ λ λ λλ λ λ λ+ = = − = − =
+ + + −

( )
... ... ... 0

1 1 1 11
n n

n n n nn n
λ λ λ λ λ λλ λ= = − = =
+ − +− −

( )

1

0
1 !

n

n
λ λ

+

=
+

 

That is 

( )

1

1 0
1 !

n

n
n
λλ λ

+

+ =
+

 

Thus 

0
!

n

n
n

λλ λ=          (5) 

The constant 0 λ  can be calculated using that the state λ  is normalized, i.e. 

1λ λ = . 

Substituting (5) into (2) yields 

0 0
0 0

! !

n n

n n
n n

n n
λ λλ λ λ

∞ ∞

= =

= =∑ ∑  

That is 

0
0

!

n

n
n

n
λλ λ

∞

=

= ∑         (6) 
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Then, the bra λ  is 

( ) ( )* *
* *

0 0
0 0

! !

nn

n n
n n

n n

λ λ
λ λ λ

∞ ∞

= =

= =∑ ∑  

where, in the last equality, we used that ( )* * * *
1 2 1 2... ...n nz z z z z z= , a complex number 

property that follows easily, by induction, from the basic property ( )* * *
1 2 1 2z z z z= . 

Thus, the bra λ  is 

( )*
*

0
0

!

n

n
n

n

λ
λ λ

∞

=

= ∑         (7) 

Using (6) and (7), we obtain 

( )*
*

0 0
0 0

! !

m
n

m n
m n

m n

λ λλ λ λ λ
∞ ∞

= =

    = =     
∑ ∑

( ) ( )* *
2*

, 0 , 0
0 0 0

! ! ! !

m m
n n

m n m n
m n m n

m n m n

λ λλ λλ λ λ
∞ ∞

= =

= =∑ ∑  

Since the two sums are independent, we use different summation indices. 

Using the orthonormality of the energy eigenstates, i.e. mnm n δ= , we obtain 

( ) ( ) ( )* * *
2 2 2

, 0 0 0
0 0 0

!! ! ! !

m n n
n n

mn
m n n n nm n n n

λ λ λλλ λλ λ λ δ λ λ
∞ ∞ ∞

= = =

= = = =∑ ∑ ∑

( ) ( )
2

2 2 2

0
0 0 exp

!

n

n n

λ
λ λ λ

∞

=

= =∑  

That is 

( )2 20 expλ λ λ λ=  

Since the state λ  is normalized, 

( ) ( )2 22 2 211 0 exp 0 exp 0 exp
2

λ λ λ λ λ λ = ⇒ = − ⇒ = − 
 
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Omitting the physically unimportant phase of 0 λ , we end up to 

210 exp
2

λ λ = − 
 

        (8) 

Substituting (8) into (6) yields 

2

0

1exp
2 !

n

n
n

n
λλ λ

∞

=

 = − 
 

∑        (9) 

Comparing (1) and (9), we obtain 

( )ˆ 0D λ λ=          (10) 

ii) In the exercise 4, we showed that the operator 
1 1,p̂ xT  is written as 

1 1 1 1

1 1
,

ˆ ˆ ˆexp
2p x p x

ix pT T T = − 
 h

 

Then, since the term 1 1exp
2

ix p − 
 h

 is a constant phase, the action of 
1 1,p̂ xT  on a 

physical state is equivalent, i.e. it is physically the same, to the action of 
1 1

ˆ ˆ
p xT T . 

Since the operator 
1 1,p̂ xT  is the displacement operator ( )D̂ λ , as shown in the exercise 

5, the action of ( )D̂ λ  is physically equivalent to the action of 
1 1

ˆ ˆ
p xT T . 

Then, omitting the physically unimportant constant phase, we can write 

( )
1 1

ˆ ˆ ˆ0 0p xD T Tλ =  

By means of (10), the previous equation becomes 

1 1
ˆ ˆ 0p xT Tλ =          (11) 

with 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

. 

The equation (11) provides a nice intuitive picture of the coherent states, as it 

tells us that they result from the application of spatial and momentum 

translations to the ground state of the QHO. 
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We remind that, as also shown in the exercise 4, the order of the two translations 

doesn’t matter, i.e. 

1 1 1 1
ˆ ˆ ˆ ˆ0 0p x x pT T T T=  

In the ground state of the QHO, the position and momentum uncertainties are, 

respectively, 

( ) 0
0 2

xx∆ =          (12) 

( ) 0
0 2

pp∆ =           (13) 

The position-momentum uncertainty product is then 

( ) 0 0
0 2

x px p∆ ∆ =  

Using that 0 0x p = h , we obtain 

( ) 0 2
x p∆ ∆ =

h          (14) 

The ground state is then a state of minimum position-momentum uncertainty. 

The ground state is also a coherent state, since it is eigenstate of the annihilation 

operator with eigenvalue 0, i.e. ˆ 0 0 0a = . 

In the exercise 2, we showed that the application of a spatial translation does not 

change either the position or the momentum uncertainty. 

Thus 

( ) ( )
1

ˆ 0 0xT
x x∆ = ∆  

( ) ( )
1

ˆ 0 0xT
p p∆ = ∆  

By means of (12) and (13), the previous two equations become, respectively, 

( )
1

0
ˆ 0 2xT

xx∆ =          (15) 
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( )
1

0
ˆ 0 2xT

pp∆ =          (16) 

Similarly, in the exercise 3, we showed that the application of a momentum 

translation does not change either the position or the momentum uncertainty. 

Thus, taking the state 
1

ˆ 0xT  as the initial state, 

( ) ( )
1 1 1

ˆ ˆ ˆ0 0p x xT T T
x x∆ = ∆  

( ) ( )
1 1 1

ˆ ˆ ˆ0 0p x xT T T
p p∆ = ∆  

By means of (15) and (16), the previous two equations become, respectively, 

( )
1 1

0
ˆ ˆ 0 2p xT T

xx∆ =  

( )
1 1

0
ˆ ˆ 0 2p xT T

pp∆ =  

By means of (11), the previous two uncertainties are written as 

( ) 0

2
xx

λ
∆ =           (17) 

( ) 0

2
pp

λ
∆ =           (18) 

By means of (17), (18), and the relation 0 0x p = h , we obtain 

( )
2

x p
λ

∆ ∆ =
h          (19) 

Therefore, the coherent states are states of minimum position-momentum 

uncertainty and the two individual uncertainties are equally distributed. 

iii) The energy expectation value of the QHO in the coherent state λ  is 

ˆE H
λ

λ λ=  

The Hamiltonian of the QHO is written as 
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† 1ˆ ˆ ˆ
2

H a aω  = + 
 

h  

Thus 

† †1 1ˆ ˆ ˆ ˆ ˆ
2 2

E H E a a a a
λ λ

λ λ λ ω λ ω λ λ = = = + = + = 
 

h h

{

† †

1

1 1ˆ ˆ ˆ
2 2

a a aω λ λ λ λ ω λ λ λ
    = + = +     

h h  

where, in the last equality, we used that â λ λ λ= . 

Thus 

† 1ˆ
2

E a
λ

λ λ λ ω = + 
 

h        (20) 

Turning again – for more clarity – to the general notation for inner products, the inner 

product †âλ λ  is written as ( )†ˆ,aλ λ , and using the definition of the Hermitian 

conjugate of †â , we have 

( ) ( )
{

( ) ( ) ( )†† † *

ˆ 1

ˆ ˆ ˆ, , , , ,
a

a a aλ λ λ λ λ λ λ λ λ λ λ λ
 
 = = = =
 
 

14243
 

Thus 

† *âλ λ λ=          (21) 

Using (21) and that â λ λ λ= , we have 

2† † *ˆ ˆ ˆa a aλ λ λ λ λ λλ λ= = =  

That is 
2†ˆ ˆa aλ λ λ=         (22) 

Also, since †ˆ ˆ ˆN a a≡ , (22) is the expectation value of the number operator in the 

coherent state λ . 

By means of (21), (20) becomes 
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2 1
2

E
λ

λ ω = + 
 

h         (23) 

This is the energy expectation value in the coherent state λ . 

Observe that the energy expectation value depends only on the magnitude of λ , not 

on its phase. 

The energy uncertainty in the coherent state λ  is 

( ) ( )2
2E E E

λ λλ
∆ = −  

We’ll calculate the expectation value of the energy squared in the state λ , which is 

2 2ˆE H
λ

λ λ=  

Using the previous expression of the QHO Hamiltonian, we have 

( )22 † † † †1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2 2 2 2

H a a a a a a a aω ω ω      = + + = + + =      
      

h h h

( ) ( )
†

2 2† † † † † † †

1 ˆ ˆ2
2

1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2 2 4 4

a a

a aa a a a a a a aa a a aω ω

 
 

  = + + + = + +    
  
 

h h

1442443

 

That is 

( )22 † † † 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
4

H a aa a a aω  = + + 
 

h  

Then, the expectation value of the energy squared is written as 

( )22 † † † 1ˆ ˆ ˆ ˆ ˆ ˆ
4

E a aa a a a
λ

λ ω λ = + + = 
 

h

( )2 † † † 1ˆ ˆ ˆ ˆ ˆ ˆ
4

a aa a a aω λ λ λ λ λ λ = + + 
 

h  

Using (22) and that the state λ  is normalized, we obtain 

( ) 222 † † 1ˆ ˆ ˆ ˆ
4

E a aa a
λ

ω λ λ λ = + + 
 

h      (24) 

We’ll now calculate the inner product † †ˆ ˆ ˆ ˆa aa aλ λ . 



The coherent states of the QHO 

11 June 2018 58 

Using again the general notation for inner products, we have 

{
( )( ) ( )

{

†† † † † † † † †

ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,
a

a aa a a aa a a aa a aa
λ λ

λ λ λ λ λ λ λ λ λ λ
   
   ≡ = = =
   

  

{
( )† * †ˆ ˆ ˆ ˆ ˆ, ,a aa aa

λ λ

λ λ λ λλ λ λ
 
 = =
 
 

 

That is 

( )2† † †ˆ ˆ ˆ ˆ ˆ ˆ,a aa a aaλ λ λ λ λ=       (25) 

To calculate the inner product ( )†ˆ ˆ,aaλ λ , we use the commutator †ˆ ˆ, 1a a  =   to 

replace †ˆ ˆaa  with †ˆ ˆ1+a a . 

Thus, we have 

( ) ( )( ) ( ) ( )† † †ˆ ˆ ˆ ˆ ˆ ˆ, , 1+ , ,aa a a a aλ λ λ λ λ λ λ λ= = +  

Using (22) and that ( ), 1λ λ =  (the state λ  is normalized), we obtain 

( ) 2†ˆ ˆ, 1aaλ λ λ= +  

Substituting into (25) yields 

4 2† †ˆ ˆ ˆ ˆa aa aλ λ λ λ= +         (26) 

By means of (26), (24) becomes 

( ) ( )
2

2

4 2 2 2 4 22 22

1
2

1 1
4 4

E
λ

λ

ω λ λ λ ω λ λ λ

 + 
 

 
 
  = + + + = + + + =  

   
 
 

h h

1442443

( ) ( ) ( ) ( )
22 22 22 2 22 1 1

2 2
E

λ
ω λ λ λ ω λ ω λ ω

      = + + = + + = +           
h h h h  

where, in the last equality, we used (23). 

Thus 

( ) ( )222E E
λλ

λ ω= +h        (27) 
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Then, the energy uncertainty in the coherent state λ  is 

( ) ( ) ( ) ( )2 22
E E E

λ λ λ
λ ω λ ω∆ = + − =h h  

That is 

( )E
λ

λ ω∆ = h          (28) 

Another way of calculating the energy expectation value and uncertainty in the 

coherent state λ  is by using its expansion in the energy basis of the QHO. 

In i, we showed that the state λ  is generated by the action of the displacement 

operator in the ground state, i.e. ( )ˆ 0Dλ λ= . Since the displacement operator is 

the operator 
1 1,p̂ xT , we have 

1 1,
ˆ 0p xTλ =           (29) 

with 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

. 

Also, in the exercise 6, we showed that the expansion of the state 
1 1,

ˆ 0p xT  in the 

energy basis of the QHO is 

1 1

2
,

0

1ˆ 0 exp
2 !

n

p x
n

T n
n

λλ
∞

=

 = − 
 

∑  

By means of (29), the previous expansion is written as 

2

0

1exp
2 !

n

n
n

n
λλ λ

∞

=

 = − 
 

∑        (30) 

This is the expansion of the coherent state λ  in the energy basis of the QHO. 

Using (30), the action of the Hamiltonian on the state λ  yields 

2 2

0 0

1 1ˆ ˆexp exp
2 2! !

n n

n
n n

H H n E n
n n

λ λλ λ λ
∞ ∞

= =

   = − = −   
   

∑ ∑  

Using that 1
2nE n ω = + 

 
h , we obtain 
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2

0

1 1ˆ exp
2 2!

n

n
H n n

n
λλ λ ω

∞

=

   = − + =   
   

∑ h

( )
2

1 0

1 1exp
2 2 !1 !

n n

n n
n n n

nn
λ λλ ω

∞ ∞

= =

   = − +    − 
∑ ∑ h  

Changing the summation index of the first series to 1n n′ = − , we obtain 

( )

1

1 0
1 1

!1 !

n n

n n
n n n

nn
λ λ ′+∞ ∞

′= =

′ ′= + +
′−

∑ ∑  

Changing again the summation index to n , we end up to 

( )

1

1 0
1 1

!1 !

n n

n n
n n n

nn
λ λ +∞ ∞

= =

= + +
−

∑ ∑  

Thus, the action of the Hamiltonian on λ  yields 

1
2

0 0

1 1ˆ exp 1 1
2 2! !

n n

n n
H n n n

n n
λ λλ λ ω

+∞ ∞

= =

  = − + + +  
   

∑ ∑ h    (31) 

From (30), the bra λ  is 

( )*

2

0

1exp
2 !

m

m
m

m

λ
λ λ

∞

=

 = − 
 

∑        (32) 

Using (31) and (32), the energy expectation value of the QHO in the state λ  is 

ˆE H
λ

λ λ= =

( )*
1

2 2

0 0 0

1 1 1exp exp 1 1
2 2 2! ! !

m n n

m n n
m n n n

m n n

λ λ λλ λ ω
+∞ ∞ ∞

= = =

       = − − + + + =            
∑ ∑ ∑ h

( ) ( ) ( )* *
1

2

, 0 , 0

1exp 1 1
2! ! ! !

m mn n

m n m n
n m n m n

m n m n

λ λλ λλ ω
+∞ ∞

= =

 
 = − + + +
 
 

∑ ∑ h  

Using the orthonormality of the energy eigenstates, i.e. 

, 11 m nm n δ ++ =  and mnm n δ=  

we obtain 
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( ) ( ) ( )* *
1

2
, 1

, 0 , 0

1exp 1
2! ! ! !

m mn n

m n mn
m n m n

E n
m n m nλ

λ λλ λλ δ δ ω
+∞ ∞

+
= =

 
 = − + + =
 
 

∑ ∑ h

( ) ( )
( )

( )* *1 1
2

0 0

1exp 1
2! ! !1 !

n nn n

n n
n

n n nn

λ λλ λλ ω
+ +∞ ∞

= =

 
 = − + + =
 + 
∑ ∑ h

( ) ( ) ( )* *1 1
2

0 0

1exp
2! ! ! !

n nn n

n nn n n n

λ λλ λλ ω
+ +∞ ∞

= =

 
 = − + =
 
 
∑ ∑ h

( ) ( ) ( )* **
2

0 0

1exp
2 !! !

n n nn

n n nn n

λ λ λ λλ λλ ω
∞ ∞

= =

 
 = − + =
 
 
∑ ∑ h

( ) ( ) ( )* *

2 *

0 0

1exp
! 2 !

n n n n

n nn n
λ λ λ λ

λ λ λ ω
∞ ∞

= =

 
 = − + =
 
 

∑ ∑ h

( )
2

2 2

0

1exp
2 !

n

n n
λ

λ λ ω
∞

=

 
  = − +   

 
∑ h  

But 

( ) ( ) ( )
2 22 2

2

0 0 0 0
exp

! ! ! !

nn nn

n n n nn n n n

λ λλ λ
λ

∞ ∞ ∞ ∞

= = = =

= = = =∑ ∑ ∑ ∑  

Thus 

( ) ( )2 2 2 21 1exp exp
2 2

E
λ

λ λ λ ω λ ω   = − + = +   
   

h h  

That is 

2 1
2

E
λ

λ ω = + 
 

h  

which is the relation (23). 

Working in a similar way, we have 
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2 22 2 2

0 0

1 1ˆ ˆexp exp
2 2! !

n n

n
n n

H H n E n
n n

λ λλ λ λ
∞ ∞

= =

   = − = − =   
   

∑ ∑

( )
2

2 2 22

0 0

1 1 1 1exp exp
2 2 2 4! !

n n

n n
n n n n n

n n
λ λλ ω λ ω

∞ ∞

= =

         = − + = − + + =                   
∑ ∑h h

( )2 22

0

1 1exp
2 4!

n

n
n n n

n
λλ ω

∞

=

    = − + +    
    

∑ h  

Using that ( )2 1n n n n= − + , we obtain 

( ) ( )2 22

0

1 1ˆ exp 1 2
2 4!

n

n
H n n n n

n
λλ λ ω

∞

=

    = − − + + =    
    

∑ h

( )
( )

( )
( )2 2

2 1 0

1 1exp 1 2
2 4 !2 ! 1 !

n n n

n n n
n n n n n n

nn n
λ λ λλ ω

∞ ∞ ∞

= = =

   = − − + + =    − − 
∑ ∑ ∑ h

( ) ( ) ( )
2 1

2 2

0 0 0

1 1exp 2 1 2 2 1 1
2 4! ! !

n n n

n n n
n n n n n n

n n n
λ λ λλ ω

+ +∞ ∞ ∞

= = =

  = − + + + + + + +  
   

∑ ∑ ∑ h

 

where, in the first series, we changed the summation index, first to 2n n′ = − , and 

then again to n , and in the second series, we changed the summation index, first to 

1n n′′ = − , and then again to n . 

Thus 

2Ĥ λ =

( )( ) ( )
2 1

2 2

0 0 0

1 1exp 2 1 2 2 1 1  (33)
2 4! ! !

n n n

n n n
n n n n n n

n n n
λ λ λλ ω

+ +∞ ∞ ∞

= = =

  = − + + + + + + +  
  

∑ ∑ ∑ h

 

The expectation value of the energy squared in the state λ  is 

2 2ˆE H
λ

λ λ=  

By means of (32) and (33), the previous expression becomes 

( )( )22 expE
λ

λ= −

( ) ( )( ) ( ) ( ) ( )
* * *

2 1
2

, 2 , 1 ,
, 0 , 0 , 0

12 1 2 1
4! ! ! ! ! !

m m mn n n

m n m n m n
m n m n m n

n n n
m n m n m n

λ λ λλ λ λδ δ δ ω
+ +∞ ∞ ∞

+ +
= = =

 
 + + + + +
 
 

∑ ∑ ∑ h
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But 

( ) ( )( ) ( ) ( )* * *
2 1

, 2 , 1 ,
, 0 , 0 , 0

12 1 2 1
4! ! ! ! ! !

m m mn n n

m n m n m n
m n m n m n

n n n
m n m n m n

λ λ λλ λ λδ δ δ
+ +∞ ∞ ∞

+ +
= = =

+ + + + + =∑ ∑ ∑

( )
( )

( )( ) ( )
( )

( )* * *2 12 1

0 0 0

12 1 2 1
4! ! ! !2 ! 1 !

n n nn n n

n n n
n n n

n n n nn n

λ λ λλ λ λ
+ ++ +∞ ∞ ∞

= = =

= + + + + + =
+ +

∑ ∑ ∑

( ) ( ) ( )* * *2 12 1

0 0 0

12
4! ! ! ! ! !

n n nn n n

n n nn n n n n n

λ λ λλ λ λ
+ ++ +∞ ∞ ∞

= = =

= + + =∑ ∑ ∑

( ) ( ) ( ) ( )* * * *2 *2

0 0 0

12
4! ! ! ! ! !

n n nn n n

n n nn n n n n n

λ λ λ λ λλ λ λ λ λ∞ ∞ ∞

= = =

= + + =∑ ∑ ∑

( ) ( ) ( ) ( )* * *
*2 2 *

0 0 0

12
4! ! ! ! ! !

n n nn n n

n n nn n n n n n

λ λ λλ λ λλ λ λλ
∞ ∞ ∞

= = =

= + + =∑ ∑ ∑

( ) ( ) ( )22
* 2 22 2 * 2 *

0 0

1 12 2
4 ! 4 !

nn

n nn n

λλ
λ λ λλ λ λ λ

∞ ∞

= =

   = + + = + + =   
   

∑ ∑

( ) ( ) ( )

( )2

22
22 2 2 2*

0 0

exp

1 12 2
4 ! 4 !

n
n

n nn n
λ

λλ
λλ λ λ λ

∞ ∞

= =

   = + + = + + =   
   

∑ ∑
14243

( )4 2 212 exp
4

λ λ λ = + + 
 

 

Thus 

( )( ) ( )( ) ( )2 4 2 2 4 22 22 1 1exp 2 exp 2
4 4

E
λ

λ λ λ λ ω λ λ ω   = − + + = + + =   
   

h h

( ) ( )
22

22 2 221 1
2 2

λ λ ω λ ω λ ω
      = + + = + +           

h h h  

That is 

( )
2

2 22 1
2

E
λ

λ ω λ ω  = + +    
h h  

or, using (23), 

( ) ( )222E E
λλ

λ ω= +h  

Therefore, the energy uncertainty in the coherent state λ  is 



The coherent states of the QHO 

11 June 2018 64 

( ) ( ) ( ) ( )2 22
E E E

λ λ λ
λ ω λ ω∆ = + − =h h  

That is 

( )E
λ

λ ω∆ = h  

which is the relation (28). 

iv) As we saw, the expansion of the state λ  in the energy basis is given by (30). 

Also, the time evolution of the energy eigenstate n  is 

exp n
t

iE tn n = − 
 h

 

Thus, the time evolution of the state λ  – let us denote it by ( )tλ  – is 

( ) 2 2

0 0

1 1exp exp exp
2 2! !

n n
n

t
n n

iE tt n n
n n

λ λλ λ λ
∞ ∞

= =

    = − = − −          
∑ ∑

h
 

That is 

( ) 2

0

1exp exp
2 !

n
n

n

iE tt n
n

λλ λ
∞

=

  = − −      
∑

h
     (34) 

Then, the action of the annihilation operator on the time evolution of the coherent 

state λ  yields 

( ) 2

0

1ˆ ˆexp exp
2 !

n
n

n

iE ta t a n
n

λλ λ
∞

=

  = − −      
∑

h
 

Using that ˆ 1a n n n= − , we obtain 

( ) 2

1

1ˆ exp exp 1
2 !

n
n

n

iE ta t n n
n

λλ λ
∞

=

  = − − − =      
∑

h

( )
2

1

1exp exp 1
2 1 !

n
n

n

iE t n
n
λλ

∞

=

  = − − −   
   −

∑
h

 

Changing the summation index to 1n n′ = − , we obtain 
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( )
1

2 1

0

1ˆ exp exp
2 !

n
n

n

iE ta t n
n

λλ λ
′+∞

′+

′=

   ′= − − =   ′   
∑

h

2 1

0

1exp exp
2 !

n
n

n

iE t n
n

λλ λ
′∞

′+

′=

   ′= − −   ′   
∑

h
 

Besides, using that 1
2nE n ω = + 

 
h , we derive that 

1n nE E ω′ ′+ = + h  

Substituting into the expression of ( )â tλ , we obtain 

( ) ( )2

0

1ˆ exp exp
2 !

n
n

n

i E t
a t n

n
ωλλ λ λ

′∞
′

′=

+   ′= − − =   ′   
∑

h

h

( )

( )

( ) ( )2

0

1exp exp exp exp
2 !

n
n

n

t

iE ti t n i t t
n

λ

λλ ω λ λ ω λ
′∞

′

′=

   ′= − − − = −   ′   
∑

h
14444444244444443

 

That is 

( ) ( ) ( )ˆ expa t i t tλ λ ω λ= −        (35) 

Therefore, the state ( )tλ  is an eigenstate of the annihilation operator, and thus it 

remains a coherent state, but its eigenvalue, ( )exp i tλ ω− , changes periodically with 

time. 

We observe that the magnitude of the eigenvalue of ( )tλ  is 

( ) ( )
1

exp expi t i tλ ω λ ω λ− = − =
14243

 

That is, the magnitude of the eigenvalue of ( )tλ  is constant. 

To summarize, the time evolution of a coherent state is a coherent state with 

eigenvalue having constant magnitude but time-dependent phase. 

8) Express the energy expectation value in a coherent state λ  of the QHO in 

terms of the expectation values of the position and momentum. 
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Solution 

In the previous exercise, we showed that the energy expectation value in a coherent 

state λ  is 

2 1
2

E
λ

λ ω = + 
 

h         (1) 

Since the state λ  is an eigenstate of â  with eigenvalue λ , we have 

â λ λ λ=  

Then, the expectation value of â  in the state λ  is 

{
1

ˆ ˆa a
λ

λ λ λ λ λ λ λ λ= = =  

That is 

â
λ

λ=           (2) 

In terms of the length and momentum scales, the annihilation operator is written as 

0 0

ˆ ˆ1ˆ
2

x pa i
x p

 
= + 

 
 

Thus 

0 0

1ˆ
2

x p
a i

x p
λ λ

λ

 
 = +
 
 

 

Comparing the previous equation with (2) yields 

0 0

1 Re Im
2

x p
i i

x p
λ λ λ λ λ

 
 + = = +
 
 

 

or 

0 0

1 1 Re Im
2 2

x p
i i

x p
λ λ λ λ+ = +  

Since the expectation values of the position and momentum are real, the previous 

equation gives 
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0

1Re
2

x

x
λλ =          (3) 

0

1Im
2

p

p
λλ =          (4) 

Using (3) and (4), the square of the magnitude of λ  is 

( ) ( )
2 2

2 2 2

0 0

1Re Im
2

x p

x p
λ λλ λ λ

    
    = + = +
    
    

 

That is 

2 2

2

0 0

1
2

x p

x p
λ λλ

    
    = +
    

    

       (5) 

By means of (5), (1) becomes 

2 2

0 0

1 1
2

x p
E

x p
λ λ

λ
ω

    
    = + +
    

    

h  

Substituting 0x
mω

=
h  and 0p m ω= h  into the previous expression, we obtain 

( ) ( ) ( ) ( )2 2 2

2
21 11

2 2

x p p
E m x

m m
m

λ λ λ

λ λ
ω ω ω

ω
ω

   
   

= + + = + + =   
   

  

h h
h h

( ) ( )
2

2
21

2 2 2

p
m x

m
λ

λ

ωω= + +
h  

That is 

( ) ( )
2

2
21

2 2 2

p
E m x

m
λ

λ λ

ωω= + +
h       (6) 

Observe that 
2

E
λ

ω
≥

h , as expected, since 
2
ωh  is the ground-state energy of the 

QHO, and the equality holds if and only if the expectation values of the position and 
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momentum are both zero in the coherent state λ . There is only one coherent state in 

which the position and momentum expectation values are both zero, and that coherent 

state is the ground state. 

In the previous exercise (question ii), we showed that 

1 1
ˆ ˆ 0p xT Tλ =          (7) 

Using (7), it is easily shown that 1x x
λ

=  and 1p p
λ

= . 

Then, (6) is written as 

2
2 21

1
1

2 2 2
pE m x
mλ

ωω= + +
h        (8) 

We see that 
2

E
λ

ω
=

h  if and only if 1 0x =  and 1 0p = , thus if and only if 

{ {0 0
1 1

ˆ ˆ 0 0T Tλ = =  

Therefore, 
2

E
λ

ω
=

h  if and only if the coherent state is the ground state of the 

QHO. 

9) Calculate the wave functions describing a coherent state λ  in the position 

and momentum representations, respectively. Express the results in terms of 

the expectation values of the position and momentum. 

Solution 

The wave function of the state λ  in the position representation is 

( )x xλψ λ=  

In the exercise 7 (question ii), we showed that 

1 1
ˆ ˆ 0p xT Tλ =  

Then, the wave function ( )xλψ  is written as 

( ) ( ) ( )
( )

{
( ) ( ) ( )

1 1 1 1 1 1

0

0
ˆ ˆ ˆ ˆ ˆ ˆ0 0p x p x p x

x

x x T T T x T x x T x T x xλ

ψ

ψ ψ= = =  
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That is 

( ) ( ) ( ) ( )
1 1 0

ˆ ˆ
p xx T x T x xλψ ψ=         (1) 

where, by ( )
1p̂T x  we denote the momentum translation operator 

1p̂T  in the position 

representation, by ( )
1x̂

T x  we denote the spatial translation operator 
1x̂

T  in the position 

representation, and ( )0 xψ  is the ground-state wave function of the QHO in the 

position representation. 

In the position representation, x̂ x=  and ˆ dp i
dx

= − h . 

Thus 

( )
1

1ˆ expp
ip xT x  =  

 h
 

and 

( )
1

1

1
ˆ exp expx

di i x
ddxT x x
dx

  −      = − = − 
   
 
 

h

h
 

Substituting into (1) yields 

( ) ( )1
1 0exp expip x dx x x

dxλψ ψ   = −  
  h

      (2) 

Using the Taylor expansion of 1exp dx
dx

 − 
 

, i.e. 

( )1
1

1
0 0

exp
! !

n

n n

n
n n

dx xd ddxx
dx n n dx

∞ ∞

= =

 −  −   − = = 
 

∑ ∑  

we obtain 

( ) ( ) ( ) ( ) ( )1 1
1 0 0 0

0 0
exp

! !

n nn n

n n
n n

x xd d dx x x x
dx n dx n dx

ψ ψ ψ
∞ ∞

= =

 − − − = = =       
∑ ∑

( ) ( ) ( )
( ) ( ) ( ) ( )1 0

0 1 0 1
0 0! !

n n
nn

n n

x x
x x x x

n n
ψ

ψ ψ
∞ ∞

= =

−
= = − = −∑ ∑  
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We remind that the Taylor series of a (proper) function ( )f x  about x′  is 

( )
( ) ( ) ( )

0 !

m

m

f x
f x x x

m

∞

=

′
′= −∑  

Thus 

( ) ( )1 0 0 1exp dx x x x
dx

ψ ψ − = − 
 

       (3) 

Obviously, (3) also holds for an arbitrary function ( )xψ  that has derivatives of all 

orders. 

By means of (3), (2) becomes 

( ) ( )1
0 1exp ip xx x xλψ ψ = − 

 h
       (4) 

Using that 1x x
λ

=  and 1p p
λ

= , (4) becomes 

( ) ( )0exp
i p x

x x xλ
λ λ

ψ ψ
 
 = −
 
 h

      (5) 

This is the wave function of the coherent state λ  in the position representation, 

expressed in terms of the position and momentum expectation values. 

Using that ( )
2

0 1
00 4

1 1 1exp
2

xx
xx

ψ
π

  
 = −     

, the wave function ( )xλψ  takes the 

form 

( )
2

1
00 4

1 1 1exp
2

x x i p x
x

xx
λ λ

λψ
π

  − 
  = − +
  

  
h

     (6) 

where 0x
mω

=
h  is the length scale of the QHO. 
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The wave function ( )pλψ% , i.e. the wave function describing the coherent state λ  in 

the momentum representation, can be calculated by taking the Fourier transform of 

the wave function ( )xλψ , i.e. 

( ) ( )
1
21 exp

2
ipxp dx xλ λψ ψ

π

∞

−∞

   = −   
   ∫%

h h
 

Since the wave function ( )xλψ  is Gaussian, the previous integral can be calculated 

using that 

( )
2

2exp exp
4
bdx ax bx c c

a a
π∞

−∞

 
− + + = + 

 
∫ , with 0a >  

See, for instance, https://en.wikipedia.org/wiki/Gaussian_integral. 

Alternatively, we may again use that 

1 1
ˆ ˆ 0p xT Tλ =  

or better, that 

1 1
ˆ ˆ 0x pT Tλ =  

We remind that, as shown in the exercise 4, the operators 
1 1

ˆ ˆ
p xT T  and 

1 1
ˆ ˆ
x pT T  differ 

only by a constant phase, and thus their action on an arbitrary state is physically the 

same. 

Using the previous equation, the wave function ( )p pλψ λ=%  is written as 

( ) ( ) ( )
( )

{
( ) ( ) ( )

1 1 1 1 1 1

0

0
ˆ ˆ ˆ ˆ ˆ ˆ0 0x p x p x p

p

p p T T T p T p p T p T p pλ

ψ

ψ ψ= = =
%

% %  

That is 

( ) ( ) ( ) ( )
1 1 0

ˆ ˆ
x pp T p T p pλψ ψ=% %        (7) 

where, by ( )
1x̂

T p  we denote the spatial translation operator 
1x̂

T  in the momentum 

representation, by ( )
1p̂T p  we denote the momentum translation operator 

1p̂T  in the 

https://en.wikipedia.org/wiki/Gaussian_integral
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momentum representation, and ( )0 pψ%  is the ground-state wave function of the QHO 

in the momentum representation. 

In the momentum representation, ˆ dx i
dp

= h  and p̂ p= . 

Thus 

( )
1

1ˆ expx
ipxT p  = − 

 h
 

( )
1

1

1
ˆ exp expp

dip i
ddpT p p
dp

 
   
 = = − 
   
 
 

h

h
 

Substituting into (7) yields 

( ) ( )1
1 0exp expipx dp p p

dpλψ ψ
  = − −  

   
% %

h
 

From (3), it is obvious that 

( ) ( )1 0 0 1exp dp p p p
dp

ψ ψ
 

− = − 
 

% %  

Then, the wave function ( )pλψ%  is written as 

( ) ( )1
0 1exp ipxp p pλψ ψ = − − 

 
% %

h
 

Using again that 1x x
λ

=  and 1p p
λ

= , we end up to 

( ) ( )0exp
ip x

p p pλ
λ λ

ψ ψ
 
 = − −
 
 

% %

h
      (8) 

This is the wave function of the coherent state λ  in the momentum representation, 

expressed in terms of the position and momentum expectation values. 

Using that ( )
2

0 1
00 4

1 1 1exp
2

pp
pp

ψ
π

  
 = −     

% , the wave function ( )pλψ%  takes the 

form 
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( )
2

1
00 4

1 1 1exp
2

p p ip x
p

pp
λ λ

λψ
π

  − 
  = − −
  

  

%

h
    (9) 

Note 

The energy eigenfunctions of the QHO in the position representation, i.e. the 

functions ( )n xψ , and the energy eigenfunctions of the QHO in the momentum 

representation, i.e. the functions ( )n pψ% , are related by ( )
}

( )
0 0

x p
x p

n nx pψ ψ

→
→

→ %  and 

( )
}

( )
0 0

p x
p x

n np xψ ψ

→
→

→% . 

In other words, the functions ( )n pψ%  are derived from ( )n xψ  by replacing 

position with momentum and the length scale with the momentum scale, and, 

likewise, the functions ( )n xψ  are derived from ( )n pψ%  by replacing momentum 

with position and the momentum scale with the length scale. 

This is a unique property of the QHO, which is due to the form of the harmonic 

oscillator potential. 

10) Find the time evolution of the wave functions ( )xλψ  and ( )pλψ%  of the 

previous exercise. 

Solution 

In the exercise 7, we showed that the state ( )tλ , which is the time evolution of the 

coherent state λ , is also a coherent state, but with time-varying eigenvalue 

( ) ( )expt i tλ λ ω= −          (1) 

Since the state ( )tλ  is a coherent state, it can be written as 

( ) ( ) ( )1 1

ˆ ˆ 0p t x tt T Tλ =          (2) 

with ( ) ( ) ( )1 1

0 0

1
2

x t p t
t i

x p
λ

 
= + 

 
. 



The coherent states of the QHO 

11 June 2018 74 

We remind that, as shown in the exercise 7 (question ii), the coherent state λ  is 

written as 
1 1

ˆ ˆ 0p xT Tλ = , with 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

. 

Then, the time evolution of the wave function ( )xλψ , which describes the state λ , 

is the wave function 

( ) ( ),x t x tλψ λ=          (3) 

which describes the state ( )tλ . 

Using (2), (3) becomes 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

{ ( ) ( ) ( ) ( ) ( )
1 1 1 1 1 1

0

0
ˆ ˆ ˆ ˆ ˆ ˆ, 0 0p t x t p t x t p t x t

x

x t x T T T x T x x T x T x xλ

ψ

ψ ψ= = =  

That is 

( ) ( ) ( ) ( ) ( ) ( )
1 1 0

ˆ ˆ, p t x tx t T x T x xλψ ψ=        (4) 

where, by ( ) ( )
1p̂ tT x  we denote the momentum translation operator ( )1p̂ tT  in the position 

representation, by ( ) ( )
1x̂ tT x  we denote the spatial translation operator ( )1x̂ tT  in the 

position representation, and ( )0 xψ  is the ground-state wave function of the QHO in 

the position representation, i.e. 

( )
2

0 1
00 4

1 1 1exp
2

xx
xx

ψ
π

  
 = −     

 

In the position representation, x̂ x=  and ˆ dp i
dx

= − h . 

Thus 

( ) ( ) ( )
1

1ˆ expp t

ip t x
T x

 
=  

 h
 

( ) ( )
( )

( )
1

1

1
ˆ exp expx t

di i x t
ddxT x x t
dx

  −      = − = − 
   
 
 

h

h
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Since the function ( )1x t  depends only on time, it commutes with the operator 

d
dx

. 

Thus 

( ) ( ) ( ) ( )1
1 0, exp exp

ip t x dx t x t x
dxλψ ψ

   = −   
  h

     (5) 

In the previous exercise, we proved that 

( ) ( )1 0 0 1exp dx x x x
dx

ψ ψ − = − 
 

 

Then, obviously, 

( ) ( ) ( )( )1 0 0 1exp dx t x x x t
dx

ψ ψ − = − 
 

 

Substituting into (5) yields 

( ) ( ) ( )( )1
0 1, exp

ip t x
x t x x tλψ ψ

 
= − 

 h
      (6) 

In the exercise 8, we explained that for the coherent state 
1 1

ˆ ˆ 0p xT Tλ = , it holds that 

1x x
λ

=  and 1p p
λ

= . 

Then, for the state (2) we have ( ) ( )1t
x x t

λ
=  and ( ) ( )1t

p p t
λ

= . 

Thus, (6) becomes 

( ) ( )
( )( )0, exp t

t

i p x
x t x xλ

λ λ
ψ ψ

 
 = −
 
 h

      (7) 

Since the state ( )tλ  is the time evolution of the state λ , the expectation values 

( )t
x

λ
 and ( )t

p
λ

 are the time evolution of the expectation values x
λ

 and p
λ

. 

Besides, substituting 1 1

0 0

1
2

x pi
x p

λ
 

= + 
 

 and ( ) ( ) ( )1 1

0 0

1
2

x t p t
t i

x p
λ

 
= + 

 
 into (1), 

we obtain 
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( ) ( ) ( )1 1 1 1

0 0 0 0

1 1 exp
2 2

x t p t x pi i i t
x p x p

ω
   

+ = + − =   
  

( )1 1

0 0

1 cos sin
2

x pi t i t
x p

ω ω
 

= + − = 
 

1 1 1 1

0 0 0 0

1 cos sin cos sin
2

x x p pt i t i t t
x x p p

ω ω ω ω
 

= − + + = 
 

1 1 1 1

0 0 0 0

1 cos sin cos sin
2

x p p xt t i t t
x p p x

ω ω ω ω
  

= + + −     
 

That is 

( ) ( )1 1 1 1 1 1

0 0 0 0 0 0

1 1 cos sin cos sin
2 2

x t p t x p p xi t t i t t
x p x p p x

ω ω ω ω
    

+ = + + −         
 

or 

( ) ( )1 1 1 1 1 1

0 0 0 0 0 0

cos sin cos sin
x t p t x p p xi t t i t t

x p x p p x
ω ω ω ω

 
+ = + + − 

 
 

Since the translations ( )1x t  and ( )1p t  are real, the previous equation gives 

( )1 1 1

0 0 0

cos sin
x t x pt t

x x p
ω ω= +         (8) 

( )1 1 1

0 0 0

cos sin
p t p xt t

p p x
ω ω= −         (9) 

From (8) we obtain 

( ) 0
1 1 1

0

cos sinxx t x t p t
p

ω ω= +  

Substituting the length and momentum scales into the previous equation yields 

( ) 1
1 1 cos sinpx t x t t

m
ω ω

ω
= +  

Since ( ) ( )1t
x x t

λ
= , the previous equation gives 

( )
1

1 cos sint

px x t t
mλ

ω ω
ω

= +        (10) 

Similarly, from (9) we obtain 
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( )1 1 1sin cosp t m x t p tω ω ω= − +  

Since ( ) ( )1t
p p t

λ
= , the previous equation gives 

( ) 1 1sin cos
t

p m x t p t
λ

ω ω ω= − +        (11) 

Thus, to summarize, the time evolution of the wave function ( )xλψ  is given by (7), 

where the expectation values ( )t
x

λ
 and ( )t

p
λ

 are given by (10) and (11), 

respectively. 

In the same way, we find that the time evolution of the wave function ( )pλψ%  is the 

wave function 

( ) ( )
( )( )0, exp t

t

ip x
p t p pλ

λ λ
ψ ψ

 
 = − −
 
 

% %

h
     (12) 

where ( )
2

0 1
00 4

1 1 1exp
2

pp
pp

ψ
π

  
 = −     

%  is the ground-state wave function of the 

QHO in the momentum representation. 

We leave to the reader to verify (12). 

11) Overlap and overcompleteness of the coherent states. 

i) Calculate the overlap between two coherent states λ  and λ′ . What do 

you observe? 

ii) Show that the set of all coherent states satisfy a completeness relation. 

Solution 

i) Using the expansion of a coherent state in the energy basis of the QHO, which we 

proved in the exercise 7, we have 

2

0

1exp
2 !

n

n
n

n
λλ λ

∞

=

 = − 
 

∑  

Thus 

( )*

2

0

1exp
2 !

m

m
m

m

λ
λ λ

∞

=

′ ′ ′= − 
 

∑  
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Then, the inner product λ λ′  is written as 

( )*

2 2

0 0

1 1exp exp
2 2! !

m n

m n
m n

m n

λ λλ λ λ λ
∞ ∞

= =

 ′      ′ ′= − − =          
∑ ∑

( )*

2 2

, 0

1 1exp
2 2 ! !

m n

m n
m n

m n

λ λλ λ
∞

=

′ ′= − − 
 

∑  

Using the orthonormality of the energy eigenstates, i.e. mnm n δ= , we obtain 

( )*

2 2

, 0

1 1exp
2 2 ! !

m n

mn
m n m n

λ λλ λ λ λ δ
∞

=

′ ′ ′= − − = 
 

∑

( )*

2 2

0

1 1exp
2 2 !

n n

n n
λ λ

λ λ
∞

=

′ ′= − − 
 

∑  

Now, using that ( ) ( )* * nnλ λ′ ′= , we obtain 

( ) ( )

( )*

* *
2 2 2 2

0 0

exp

1 1 1 1exp exp
2 2 ! 2 2 !

n nn

n nn n
λ λ

λ λ λ λ
λ λ λ λ λ λ

∞ ∞

= =

′

′ ′   ′ ′ ′= − − = − − =   
   

∑ ∑
14243

( )2 2 2 2* *1 1 1 1exp exp exp
2 2 2 2

λ λ λ λ λ λ λ λ   ′ ′ ′ ′= − − = − − + =   
   

( )2 2 *1exp 2
2

λ λ λλ ′ ′= − + − 
 

 

That is 

( )2 2 *1exp 2
2

λ λ λ λ λλ ′ ′ ′= − + − 
 

      (1) 

If λ λ′≠ , (1) gives 0λ λ′ ≠ , i.e. the states are not orthogonal, they overlap. 

The annihilation operator is not Hermitian, thus two eigenstates with different 

eigenvalues, i.e. two different coherent states, are not orthogonal. 

We’ll now write the term 2 2 *2λ λ λλ′ ′+ −  as a square plus or minus something. 

We have 
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( )( )* *

2 2 * * * * * * * * * * *2
λ λ λ λ

λ λ λλ λλ λ λ λλ λλ λλ λ λ λλ λ λ λ λ λλ
′ ′− −

′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′+ − = + − − = + − − + − =14444244443

( )( ) ( )
( )

( )( ) ( )
*

* ** * * * *

2 Im

2 Im

i

i

λ λ

λ λ λ λ λ λ λ λ λ λ λ λ λ λ

′

′ ′ ′ ′ ′ ′ ′= − − + − = − − + =
1442443

( )2 *2 Imiλ λ λ λ′ ′= − +  

That is 

( )2 2 2* *2 2 Imiλ λ λλ λ λ λ λ′ ′ ′ ′+ − = − +  

Substituting into (1) yields 

( )( ) ( )2 2* *1 1exp 2 Im exp Im
2 2

i iλ λ λ λ λ λ λ λ λ λ   ′ ′ ′ ′ ′= − − + = − − − =   
   

( )( )2 *1exp exp Im
2

iλ λ λ λ ′ ′= − − − 
 

 

That is 

( )( ) 2* 1exp Im exp
2

iλ λ λ λ λ λ ′ ′ ′= − − − 
 

     (2) 

The overlap between the two coherent states is the absolute value of λ λ′ , i.e. 

21exp
2

λ λ λ λ ′ ′= − − 
 

        (3) 

Since 0λ λ′− ≥ , the maximum overlap happens when λ λ′= , i.e. when the two 

eigenvalues are equal, i.e. when the two coherent states coincide, and it is equal to the 

norm of the state to the square, i.e. 1. 

If the distance between the eigenvalues of the two coherent states is large, then the 

term λ λ′−  is large, and the overlap between the two states is very small. 

On the contrary, if the distance between the two eigenvalues is small, i.e. if the 

eigenvalues are close to each other in the complex plane, the overlap tends to 1. 

ii) Using again the expansion of a coherent state in the energy basis of the QHO, the 

integral dλ λ λ∫ , where λ ∈£ , is written as 
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( )*

2 2

0 0

1 1exp exp
2 2! !

mn

n m
d d n m

n m

λλλ λ λ λ λ λ
∞ ∞

= =

      = − − =           
∑ ∑∫ ∫

( ) ( )*
2

, 0
exp

! !

m n

m n
d n m

m n

λ λ
λ λ

∞

=

= − ∑∫  

In polar coordinates, the complex number λ  is written as ire ϕλ = . Thus, its complex 

conjugate *λ  is * ire ϕλ −= . In polar coordinates, the differential dλ  is written as 

d rdrdλ ϕ= , where r  is from 0  to ∞ , while the polar angle ϕ  is from 0  to 

2π (excluded). Thus 

( ) ( ) ( )2

, 0
exp

! !

m ni i

m n

re re
d rdrd r n m

m n

ϕ ϕ

λ λ λ ϕ
−∞

=

= − =∑∫ ∫

( )
( )

2

, 0
exp

! !

i n mm n

m n

r erdrd r n m
m n

ϕ

ϕ
−+∞

=

= − =∑∫
( ) ( )

2
1 2

, 0 0 0

exp
! !

i n m m n

m n

n m
d e drr r

m n

π
ϕϕ

∞∞
− + +

=

   
= −  

   
∑ ∫ ∫  

The integral ( )
2

0

i n md e
π

ϕϕ −∫  is zero when m n≠  and 2π  when m n= , i.e. 

( )
2

0

2i n m
mnd e

π
ϕϕ πδ− =∫  

Thus, the integral dλ λ λ∫  becomes 

( )1 2

, 0 0

2 exp
! !

m n
mn

m n

n m
d drr r

m n
λ λ λ πδ

∞∞
+ +

=

 
= − = 

 
∑∫ ∫

( )2 1 2

0 0

2 exp
!

n

n

n n
drr r

n
π

∞∞
+

=

 
= − 

 
∑ ∫  

But 

( ) ( ) ( ) ( )2 1 2 2 2 2 2 2 2

0 0 0

1 1exp exp exp
2 2

nn ndrr r dr r r dr r r
∞ ∞ ∞

+ − = − = − =∫ ∫ ∫
}

( ) ( )
2

0

1 1 1exp 1 !
2 2 2

r s
ndss s n n

= ∞

= − = Γ + =∫  
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where we made use of the property ( ) ( )1 !n nΓ = −  of the gamma function 

( ) ( )1

0

exptt dxx x
∞

−Γ = −∫ , Re 0t > . 

Substituting into the expression of the integral dλ λ λ∫ , we obtain 

0 0

1

12 !
2 !n n

n n
d n n n

n
λ λ λ π π π

∞ ∞

= =

= = =∑ ∑∫
14243

 

where we used the completeness relation of the energy eigenstates. 

Thus 

1 1dλ λ λ
π

=∫          (4) 

This is the completeness relation of the set of the coherent states. Moreover, since the 

coherent states overlap, the set is said to be overcomplete. 
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III. An intuitive introduction to the squeezed states of the QHO 

We know that the ground-state wave function of a QHO having length scale 0x  is 

( )
2

0 1
00 4

1 1 1exp
2

xx
xx

ψ
π

  
 = −     

 

Let us now consider the wave function 

( )
2

1
00 4

1 1 1; exp
2

xx
xx

ψ ξ
ξξ π

  
 = −     

 

where ξ  is a dimensionless, positive real parameter. 

If 1ξ ≠ , the wave function ( );xψ ξ  is not the ground-state wave function of the QHO 

having length scale 0x , but it can be thought of as the ground-state wave function of 

another QHO, having length scale 0xξ . 

Moreover, for every value of ξ , ( );xψ ξ  describes the ground state of a, different 

each time, QHO. 

Since ( );xψ ξ  always describes the ground state of a QHO, the position-momentum 

uncertainty product will be minimum in the state described by ( );xψ ξ . 

If 0 0x xξ′ =  is the length scale of the new QHO, with ground-state wave function 

( );xψ ξ , then its momentum scale will be 0
0

pp
ξ

′ = , where 0p  is the momentum scale 

of the first QHO. 

Indeed, since the product of the two scales must be equal to h , we have 

0 0 0 0x p x p′ ′ = =h  

Thus 

0
0 0 0 0 0 0 0 0 0

px p x p x p x p pξ
ξ

′ ′ ′ ′= ⇒ = ⇒ =  
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Since the wave function ( );xψ ξ  describes the ground state of a QHO with scales 0x ′  

and 0p ′ , the position and momentum uncertainties in the state described by ( );xψ ξ  

will be 

0

2
xx

′
∆ =  and 0

2
pp

′
∆ = . 

In terms of the scales 0x  and 0p  of the first QHO, the previous two uncertainties are 

respectively written as 

0

2
xx ξ

∆ =  and 0

2
pp

ξ
∆ = . 

If 1ξ ≠ , we have 

0 0

1
2 2

x p
x p

ξ
ξ

∆ ∆
= ≠ =  

That is 

0 0

x p
x p
∆ ∆

≠  

Thus, with respect to the first QHO, in the state described by ( );xψ ξ , which is a state 

of minimum position-momentum uncertainty product, the two individual uncertainties 

are not equally distributed. 

Therefore, for the first QHO, the state described by ( );xψ ξ  is always, i.e. for every 

value of the parameter ξ , a state of minimum position-momentum uncertainty 

product, i.e. 
2

x p∆ ∆ =
h , but the uncertainties of the position and momentum are not 

equally distributed, taking different values each time the parameter ξ  changes. 

For each value of the parameter ξ , the state described by ( );xψ ξ  is called a 

squeezed state of the first QHO, and particularly, it is a squeezed state of the ground 

state of the first QHO. 

In the same way, from each coherent state of the first QHO, we construct squeezed 

states of the first QHO. 
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Thus, making the change 0 0x xξ→  in each coherent state of a QHO having 

length scale 0x , we construct squeezed states of that QHO. 

We defined the squeezed states in the position representation, as this provides a better 

intuitive picture of the squeezed states. However, working in the same way, we may 

well define the squeezed states in the momentum representation too. 

The parameter ξ  determines the squeezing of the position and momentum 

uncertainties, and thus we may call it squeezing parameter. 

The coherent states as states of minimum energy expectation value 

12) Show that the energy expectation value of a squeezed state is always 

greater than the energy expectation value of its respective coherent state, and 

only when the squeezed state coincides with the respective coherent state, 

i.e. only when the squeezing parameter is 1, the two energy expectation 

values are equal. 

Solution 

The expectation values do not depend on the representation we may use to calculate 

them – they are representation free – and thus we choose to work in the position 

representation. 

In the exercise 9, we showed that, in the position representation, the coherent state 

λ  is described by the wave function 

( )
2

1
00 4

1 1 1exp
2

x x i p x
x

xx
λ λ

λψ
π

  − 
  = − +
  

  
h

     (1) 

To construct a squeezed state of the coherent state λ , we make in (1) the change 

0 0x xξ→ , with 0ξ > . 

Thus, in the position representation, a squeezed state is described by the wave 

function 
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( )
2

1
00 4

1 1 1; exp
2

x x i p x
x

xx
λ λ

λψ ξ
ξξ π

  − 
  = − +
  

  
h

    (2) 

As shown in the exercise 8, the energy expectation value of the QHO in the coherent 

state λ  is 

( ) ( )
2

2
21

2 2 2

p
E m x

m
λ

λ λ

ωω= + +
h       (3) 

Denoting by ;λ ξ  the squeezed state that is described by the wave function 

( );xλψ ξ , the energy expectation value of the QHO in the state ;λ ξ  is 

;
ˆ; ;E H

λ ξ
λ ξ λ ξ=         (4) 

We may calculate the previous energy expectation value directly in the position 

representation, and we urge the reader to do the relevant calculations. 

Alternatively, we may use that the state ;λ ξ  is a coherent state of a second QHO, 

having length and momentum scales 0xξ  and 0p
ξ

, respectively, where 0x  and 0p  are, 

respectively, the length and momentum scales of the first QHO. 

Then, as shown in the exercise 7, with respect to the second QHO, the position and 

momentum uncertainties in the state ;λ ξ  are equally distributed, i.e. 

( ) 0
; 2

xx
λ ξ

ξ
∆ =  

and 

( ) 0
; 2

pp
λ ξ ξ

∆ =  

Thus 

( ) ( )
2 22 2

2 20 0
; ;; ; 22

x xx x x x
λ ξ λ ξλ ξ λ ξ

ξ ξ
− = ⇒ = +    (5) 

and 
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( ) ( )
22 2

2 20 0
2; ;; ; 22

p pp p p p
λ ξ λ ξλ ξ λ ξ ξξ

− = ⇒ = +    (6) 

We’ll use the wave function ( );xλψ ξ  to calculate the position and momentum 

expectation values. Then, from (5) and (6), we’ll calculate the expectation values of 

the position squared and momentum squared, and then, we’ll use them to calculate the 

energy expectation value. 

In the position representation, the position expectation value in the state ;λ ξ  is 

written as 

( ) ( )*
;

; ;x dx x x xλ λλ ξ
ψ ξ ψ ξ

∞

−∞

= ∫  

Substituting into the integral the wave function ( );xλψ ξ  from (2), we obtain 

2

1;
0 02

1 1 exp
x x

x dxx
x x

λ

λ ξ ξ ξπ

∞

−∞

  − 
  = −
  

  
∫      (7) 

Changing the integration variable to x x x
λ

′ = − , the previous integral becomes 

( )
2 2

0 0

exp exp
x x xdxx dx x x

x x
λ

λξ ξ

∞ ∞

−∞ −∞

    −   ′   ′ ′ − = + − =          
∫ ∫

( ) ( )

2 2

2 2
0 0

exp expx xdx x x dx
x xλξ ξ

∞ ∞

−∞ −∞

   ′ ′
′ ′ ′= − + −   

   
   

∫ ∫  

The first integral is zero, because the function 
( )

2

2
0

exp xx
xξ

 ′
′ − 

 
 

 is odd, as product of 

the odd function x′  with the even function 
( )

2

2
0

exp x
xξ

 ′
− 

 
 

, and the integration 

interval is symmetric. 

Using that ( )2expdx ax
a
π∞

−∞

− =∫ , where 0a > , the second integral is 

( )
( )

12
2 2

0 02
0

exp xdx x x
x

π ξ π ξ
ξ

∞

−∞

 ′
′ − = = 

 
 

∫  
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Thus 

2
1
2

0
0

exp
x x

dxx x x
x

λ

λ
π ξ

ξ

∞

−∞

  − 
  − =
  

  
∫  

Substituting into (7) yields 

;
x x

λ ξ λ
=          (8) 

Therefore, the position expectation value in a squeezed state is equal to the position 

expectation value in the respective coherent state. 

In other words, the squeezing of a coherent state does not change the position 

expectation value. 

In the same way, we calculate the momentum expectation value. 

In the position representation, we have 

( ) ( ) ( ) ( )* *
;

;
; ; ;

d xdp dx x i x i dx x
dx dx

λ
λ λ λλ ξ

ψ ξ
ψ ξ ψ ξ ψ ξ

∞ ∞

−∞ −∞

 = − = − 
 ∫ ∫h h  

Using (2), the derivative ( );d x
dx

λψ ξ
 is 

( ) ( )
( )

( )2
0 0 0

; 1 ; ;
x x i p x x i pd x

x x
dx x x x

λ λ λ λλ
λ λ

ψ ξ
ψ ξ ψ ξ

ξ ξ ξ

  −   − 
    = − + = +

        h h
 

Thus, the momentum expectation value is written as 

( )
( )

( )*
2;

0

; ;
x x i p

p i dx x x
x
λ λ

λ λλ ξ
ψ ξ ψ ξ

ξ

∞

−∞

 − 
 = − + =
 
 

∫h
h

( )
( )( ) ( ) ( ) ( )* *

2
0

; ; ; ;i dx x x x x p dx x x
x λ λ λ λλ λ

ψ ξ ψ ξ ψ ξ ψ ξ
ξ

∞ ∞

−∞ −∞

= − + =∫ ∫
h
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( )
( ) ( ) ( ) ( )

;

* *
2

0
1

; ; ; ;

x

i dx x x x x dx x x
x

λ ξ

λ λ λ λλ
ψ ξ ψ ξ ψ ξ ψ ξ

ξ

∞ ∞

−∞ −∞

 
 
 = − +
 
 
 

∫ ∫
h

14444244443 14444244443

( ) ( )
( ) ( )*

2 ;
0

1

; ; ip dx x x x x p
xλ λλ λ ξ λ λ

ψ ξ ψ ξ
ξ

∞

−∞

+ = − +∫
h

14444244443

 

Using (8), we end up to 

;
p p

λ ξ λ
=          (9) 

Therefore, as in the case of the position expectation value, the squeezing of a 

coherent state does not change the momentum expectation value. 

The integral ( ) ( )* ; ;dx x xλ λψ ξ ψ ξ
∞

−∞
∫  is 1, as the state ;λ ξ  is normalized. This 

follows from the fact that the state ;λ ξ  is a coherent state of the second QHO, 

which has scales 0xξ  and 0p
ξ

, and thus it is generated by the action of a 

displacement operator, which is unitary, on the ground state of the second QHO. 

Substituting (8) and (9) into (5) and (6), respectively, we obtain 

( )
2 2 2

2 0
; 2

xx x
λλ ξ

ξ
= +  

( )
2 2

2 0
2; 2

pp p
λλ ξ ξ

= +  

Substituting into the previous two equations the length and momentum scales, 

0x
mω

=
h  and 0p m ω= h , we obtain, respectively, 

( )
2 2

2

; 2
x x

m λλ ξ

ξ
ω

= +
h         (10) 

( )2
2

2; 2
mp p

λλ ξ

ω
ξ

= +
h         (11) 
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By means of (10) and (11), the energy expectation value of the QHO in the squeezed 

state ;λ ξ  is 

( )
( )

2
2

22 2; 2 2 2
; ;

1 12
2 2 2 2 2

m pp
E m x m x

m m m

λ
λ ξ

λ ξ λλ ξ

ω
ξξω ω

ω

+
 

= + = + + = 
 

h

h

( ) ( )
2

2
2 2

2

1 1
4 2 2

p
m x

m
λ

λ

ωξ ω
ξ

 
= + + + 

 

h  

That is 

( ) ( )
2

2
2 2

2;

1 1
2 2 4

p
E m x

m
λ

λ ξ λ

ωω ξ
ξ

 
= + + + 

 

h     (12) 

By means of (3), (12) is written as 

2 2
2 2;

1 1 2
2 4 4

E E E
λ ξ λ λ

ω ω ωξ ξ
ξ ξ

   
= − + + = + + − =   

   

h h h

2
1

4
E

λ

ωξ
ξ

 
= + − 

 

h  

That is 

2

;

1
4

E E
λ ξ λ

ωξ
ξ

 
= + − 

 

h        (13) 

Since 
2

1 0
4
ωξ

ξ
 

− ≥ 
 

h , (13) gives 

;
E E

λ ξ λ
≥  

and the equality holds only when 

{
2

0

1 0 1 1
ξ

ξ ξ ξ
ξ >

− = ⇒ = ⇒ =  

Therefore, the energy expectation value in a squeezed state is always greater 

than the energy expectation value in the respective coherent state, and only when 

the squeezing parameter is 1, i.e. only when there is no squeezing, and thus the 
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squeezed state coincides with the coherent state, the two energy expectation 

values are equal. 

It is also worth noting that, as seen from the equation (13), the energy expectation 

value in the states ;λ ξ  and 1;λ
ξ

 is the same, i.e. 

1; ;
E E

λ ξ λ
ξ

=  

13) What is the energy expectation value in the squeezed state ;λ ξ  when 

+0ξ →  and ξ → ∞ ? Comment on the results. 

Solution 

We showed in the previous exercise that the energy expectation value in the squeezed 

state ;λ ξ  is 

2

;

1
4

E E
λ ξ λ

ωξ
ξ

 
= + − 

 

h  

where E
λ

 is the energy expectation value in the respective coherent state, and it is 

( ) ( )
2

2
21

2 2 2

p
E m x

m
λ

λ λ

ωω= + +
h  

We observe that 

{

( )

2
2

2

0

1 1lim 0
0ξ

ξ
ξ+ +→

∞

 
   − = − = −∞ = ∞      

 

 

and 

{

2
2

0

1 1lim
ξ

ξ
ξ→∞

 
   − = ∞ − = ∞   ∞   

 

 

Thus, in both cases, the energy expectation value tends to infinity, i.e. 
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;0 ,
lim E

λ ξξ +→ ∞
→ ∞  

In the previous exercise, we showed that the position and momentum uncertainties in 

the squeezed state ;λ ξ  are, respectively, 

( ) 0
; 2

xx
λ ξ

ξ
∆ =  and ( ) 0

; 2
pp

λ ξ ξ
∆ = . 

We see that, when 0ξ +→ , the position uncertainty tends to zero and the momentum 

uncertainty tends to infinity. Then, the squeezed state ;λ ξ  tends to become a 

position eigenstate, i.e. 
0

lim ; x x
λξ

λ ξ
+→

= − , and the position eigenstates are states 

of infinite energy for the QHO. 

Similarly, when ξ → ∞ , the position uncertainty tends to infinity and the momentum 

uncertainty tends to zero. Then, the squeezed state ;λ ξ  tends to become a 

momentum eigenstate, i.e. lim ; p p
λξ

λ ξ
→∞

= − , and the momentum eigenstates are 

also states of infinite energy for the QHO. 
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