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Theorem I.1: Um�1 � �D � fm�1�Um , �m � N � 0�

� Un � �D � fn�Un�1 � �D � fn��D � fn�1���D � f3��D � f2��D � f1�U0 � �
i�1

n

�D � fi�U0

Un � �
i�1

n

�D � fi�U0 � �D � fn�Un�1 � Un�1
� � fnUn�1 � Un�1e

� fndx
�

e
�� fndx

� U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx �Une
� fndx

dx � cn dx � cn�1 dx � cn�2��dx � c2�dx � c1�
Proof:

Um�1 � �D � fm�1�Um , �m � N � 0�
� U1 � �D � f1�U0 , U2 � �D � f2�U1 � �D � f2��D � f1�U0 , U3 � �D � f3�U2 � �D � f3��D � f2��D � f1�U0 , �

� Un � �D � fn�Un�1 � �D � fn��D � fn�1���D � f3��D � f2��D � f1�U0 � �
i�1

n

�D � fi�U0

n � 1 :

U1 � �D � f1�U0 � U0
� � f1U0 � U0e

� f1dx
�

e
�� f1dx

� U0 � e
�� f1dx �U1e

� f1dx
dx � c1

n � 2 :

U2 � �D � f2��D � f1�U0 � �D � f2�U1 � U1
� � f2U1 � U1e

� f2dx
�

e
�� f2dx

� U0e
� f1dx

�

e
�� f1dx

e
� f2dx

�

e
�� f2dx

� U0e
� f1dx

�

e
��f2�f1 �dx

�

e
�� f2dx

� U0e
� f1dx

�

e
��f2�f1 �dx

� �U2e
� f2dx

dx � c2

� U0 � e
�� f1dx � e

��f1�f2 �dx �U2e
� f2dx

dx � c2 dx � c1

n � 3 :

U3 � �D � f3��D � f2��D � f1�U0 � �D � f3�U2 � U2
� � f3U2 � U2e

� f3dx
�

e
�� f3dx

� U0e
� f1dx

�

e
�� f1dx

e
� f2dx

�

e
�� f2dx

� U0e
� f1dx

�

e
��f2�f1 �dx

�

e
��f3�f2 �dx

�

e
�� f3dx

� U0e
� f1dx

�

e
��f2�f1 �dx

�

e
��f3�f2 �dx

� �U3e
� f3dx

dx � c3

� U0 � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx �U3e

� f3dx
dx � c3 dx � c2 dx � c1

n � 4 :

U4 � �D � f4��D � f3��D � f2��D � f1�U0 � �D � f4�U3 � U3
� � f4U3 � U3e

� f4dx
�

e
�� f4dx

� U0e
� f1dx

�

e
��f2�f1 �dx

�

e
��f3�f2 �dx

�

e
�� f3dx

e
� f4dx

�

e
�� f4dx

� U0e
� f1dx

�

e
��f2�f1 �dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

e
�� f4dx

� U0e
� f1dx

�

e
��f2�f1 �dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

� �U4e
� f4dx

dx � c4

� U0 � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx � e

��f3�f4 �dx �U4e
� f4dx

dx � c4 dx � c3 dx � c2 dx � c1

If:

UN � �
i�1

N

�D � fi�U0 � �D � fN�UN�1 � UN�1
� � fNUN�1 � UN�1e

� fNdx
�

e
�� fNdx

� U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�
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� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx �Une
� fndx

dx � cn dx � cn�1 dx � cn�2��dx � c2�dx � c1�

n � N :

� UN�1 � �
i�1

N�1

�D � fi�U0 � �D � fN�1�UN � UN
� � fN�1UN � UNe

� fN�1dx
�

e
�� fN�1dx

� e
�� fN�1dx �UN�1e

� fN�1dx
dx � cN�1 � UN

� U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�

� � e
��fN�2�fN�1 �dx � e

��fN�1�fN �dx � e
��fN�fN�1 �dx �UN�1e

� fN�1dx
dx � cN�1 dx � cN dx � cN�1 dx � cN�2��dx � c2�dx � c1�

�

Corollary I.1: �
i�1

n

�D � fi�y � 0

� y � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx

cn � e
��fn�1�fn �dx

dx � cn�1 dx � cn�2� dx � c2 dx � c1

Proof:

By theorem I.1:

� Un � �D � fn�Un�1 � �D � fn��D � fn�1���D � f3��D � f2��D � f1�U0 � �
i�1

n

�D � fi�U0

Un � �
i�1

n

�D � fi�U0 � �D � fn�Un�1 � Un�1
� � fnUn�1 � Un�1e

� fndx
�

e
�� fndx

� U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx �Une
� fndx

dx � cn dx � cn�1 dx � cn�2��dx � c2�dx � c1�
So, for: y � U0 & Un � 0 :

� 0 � Un � �D � fn�Un�1 � �D � fn��D � fn�1���D � f3��D � f2��D � f1�U0 � �
i�1

n

�D � fi�U0

� 0 � Un � �
i�1

n

�D � fi�y � �D � fn�Un�1 � Un�1
� � fnUn�1 � Un�1e

� fndx
�

e
�� fndx

� y � U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx ��0�e� fndx
dx � cn dx � cn�1 dx � cn�2��dx � c2�dx � c1�

� e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx

cn � e
��fn�1�fn �dx

dx � cn�1 dx � cn�2� dx � c2 dx � c1

�

Corollary I.2: �
i�1

n

�D � fi�y � W

� y � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx �We
� fndx

dx � cn dx � cn�1 dx � cn�2� dx � c2

� y � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx

cn � e
��fn�1�fn �dx

dx � cn�1 dx � cn�2� dx � c2 dx � c1 �

� e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx �We
� fndx

dx dx � cn�1 dx � cn�2� dx � c2 dx � c

� yh � yp

Proof:

By theorem I.1:

� Un � �D � fn�Un�1 � �D � fn��D � fn�1���D � f3��D � f2��D � f1�U0 � �
i�1

n

�D � fi�U0

Un � �
i�1

n

�D � fi�U0 � �D � fn�Un�1 � Un�1
� � fnUn�1 � Un�1e

� fndx
�

e
�� fndx

� U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�

� � e
��fn�1�fn�1 �dx � e

��fn�1�fn �dx �Une
� fndx

dx � cn dx � cn�1 dx � cn�2��dx � c2�dx � c1�
So, for: y � U0 & Un � W :

� W � Un � �D � fn�Un�1 � �D � fn��D � fn�1���D � f3��D � f2��D � f1�U0 � �
i�1

n

�D � fi�U0

� W � Un � �
i�1

n

�D � fi�y � �D � fn�Un�1 � Un�1
� � fnUn�1 � Un�1e

� fndx
�

e
�� fndx

� y � U0 � e
�� f1dx� � e

��f1�f2 �dx� � e
��f2�f3 �dx�

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx ��W�e
� fndx

dx � cn dx � cn�1 dx � cn�2��dx � c2�dx � c1�
� e

�� f1dx � e
��f1�f2 �dx � e

��f2�f3 �dx
� � e

��fn�2�fn�1 �dx � e
��fn�1�fn �dx �We

� fndx
dx � cn dx � cn�1 dx � cn�2� dx � c2 dx � c1

� y � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx

cn � e
��fn�1�fn �dx

dx � cn�1 dx � cn�2� dx � c2 dx � c1 �
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� e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�2�fn�1 �dx � e

��fn�1�fn �dx �We
� fndx

dx dx � cn�1 dx � cn�2� dx � c2 dx � c

� yh � yp

�

Lemma II.1: �
i�1

n

u�i,n � 1� � �
i1�1

n�1

�
i2�i1�1

n

u�i1, i2� � �
i1�1

n

�
i2�i1�1

n�1

u�i1, i2�

Proof:

n � 2 :

�
i�1

n

u�i,n � 1� � �
i1�1

n�1

�
i2�i1�1

n

u�i1, i2� � u�1,2 � 1� � u�2,2 � 1� � u�1,2�

�
i1�1

n

�
i2�i1�1

n�1

u�i1, i2� � u�1,2� � u�1,3� � u�2,3� � �
i�1

n

u�i,n � 1� � �
i1�1

n�1

�
i2�i1�1

n

u�i1, i2�

So, for: n � N :

�
i�1

N

u�i,N � 1� � �
i1�1

N�1

�
i2�i1�1

N

u�i1, i2� � �
i1�1

N

�
i2�i1�1

N�1

u�i1, i2�

� �
i1�1

N

�
i2�i1�1

N�1

u�i1, i2� � �
i1�1

N�1

�
i2�i1�1

N

u�i1, i2� � �
i1�1

N

u�i1,N � 1� � �
i1�1

N

�
i2�i1�1

N

u�i1, i2� � �
i1�1

N�1

�
i2�i1�1

N

u�i1, i2�

� �
i1�1

N

u�i1,N � 1� � �
i1�1

N�1

�
i2�i1�1

N

u�i1, i2� � �
i1�1

N�1

�
i2�i1�1

N

u�i1, i2� � �
i1�1

N

u�i1,N � 1�

�

Theorem II.1: �
i�1

N

�D � fi�y � y�N� � �
i�1

N

fi y�N�1� �

��
m�1

N�2

�
i1�1

m�1

�
i2�i1�1

m�2

� �
i

N�m�2
�

N�m�3
�1

N�2

�
i

N�m�1
�i

N�m�2
�1

N�1

�
iN�m�iN�m�1�1

N

� fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3

dx
� e

�� fNdx
y�m� �

� � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx

y

Proof:

1st Order HLODE:

�
i�1

1

�D � fi�U0 � �D � f1�y

� y � � fiy � y�1� � �
i�1

1

fi y

2nd Order HLODE:

�
i�1

2

�D � fi�U0 � �D � f2��D � f1�y � �D � f2��y � � f1y�

� y �� � �f1 � f2�y � � �f1
� � f2f1 �y

� y�2� � �
i�1

2

fi y�1� � f1e
� f2dx

�

e
�� f2dx

y

3rd Order HLODE:

�
i�1

3

�D � fi�U0 � �D � f3� y�2� � �
i�1

2

fi y�1� � f1e
� f2dx

�

e
�� f2dx

y

� y�3� � �
i�1

3

fi y�2� � �
i�1

2

fi

�

� f1e
� f2dx

�

e
�� f2dx

� f3 �
i�1

2

fi y�1� �

� f1e
� f2dx

�

e
�� f2dx

�

� f3 f1e
� f2dx

�

e
�� f2dx

y

� y�3� � �
i�1

3

fi y�2� � f1e
�� f3dx

�

e
� f3dx

� f1e
� f2dx

�

e
�� f2dx

� f2e
�� f3dx

�

e
� f3dx

y�1� �

� f1e
� f2dx

�

e
�� f2dx

e
� f3dx

�

e
�� f3dx

y

� y�3� � �
i�1

3

fi y�2� � �
i1�1

1�1

�
i2�i1�1

1�2

fi1e
� f i2

dx
�

e
�� f i2

dx
y�1� �

� f1e
� f2dx

�

e
�� f2dx

e
� f3dx

�

e
�� f3dx

y

� y�3� � �
i�1

3

fi y�2� � f1e
� f2dx

�

e
�� f2dx

� f1e
�� f3dx

�

e
� f3dx

� f2e
�� f3dx

�

e
� f3dx

y�1� �

� f1e
� f2dx

�

e
�� f2dx

e
� f3dx

�

e
�� f3dx

y

� y�3� � �
i�1

3

fi y�2� � �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

y

3



� y�3� � �
i�1

3

fi y�2� � �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
y�1� � f1e

� f2dx
�

e
��f3�f2 �dx

�

e
�� f3dx

y

4th Order HLODE:

�
i�1

4

�D � fi�U0 � �D � f4��y�3� � �
i�1

3

fi y�2� � �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

y	

� y�4� � �
i�1

4

fi y�3� �

� �
i�1

3

fi

�

� f4 �
i�1

3

fi � �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
y�2� �

� �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
�

� f4 �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
� f1e

� f2dx
�

e
��f3�f2 �dx

�

e
�� f3dx

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

�

� f4 f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

y

� y�4� � �
i�1

4

fi y�3� �

� �
i�1

3

fi e
� f4dx

�

e
�� f4dx

� �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
y�2� �

� �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f4dx

�

e
�� f4dx

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

e
� f4dx

�

e
�� f4dx

y

� y�4� � �
i�1

4

fi y�3� �

� �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
� �

i�1

3

fi e
� f4dx

�

e
�� f4dx

y�2� �

� �
i1�1

3�1

�
i2�i�1

3

fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f4dx

�

e
�� f4dx

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

e
� f4dx

�

e
�� f4dx

y

� y�4� � �
i�1

4

fi y�3� �

� � f1e
� f2dx

�

e
�� f2dx

� f1e
�� f3dx

�

e
� f3dx

� f2e
�� f3dx

�

e
� f3dx

�

� f1e
� f4dx

�

e
�� f4dx

� f2e
� f4dx

�

e
�� f4dx

� f3e
� f4dx

�

e
�� f4dx�y�2� �

� � f1e
� f2dx

�

e
�� f2dx

� f1e
�� f3dx

�

e
� f3dx

� f2e
�� f3dx

�

e
� f3dx

e
� f4dx

�

e
�� f4dx

�

� f1e
� f2dx

�

e
�� f2dx

e
� f3dx

�

e
�� f3dx�y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

e
� f4dx

�

e
�� f4dx

y

� y�4� � �
i�1

4

fi y�3� �

� � f1e
� f2dx

�

e
�� f2dx

� f1e
�� f3dx

�

e
� f3dx

� f1e
� f4dx

�

e
�� f4dx

�

� f2e
�� f3dx

�

e
� f3dx

� f2e
� f4dx

�

e
�� f4dx

� f3e
� f4dx

�

e
�� f4dx�y�2� �

� � f1e
� f2dx

�

e
�� f2dx

e
� f3dx

�

e
�� f3dx

� f1e
� f2dx

�

e
�� f2dx

e
� f4dx

�

e
�� f4dx

�

� f1e
�� f3dx

�

e
� f3dx

e
� f4dx

�

e
�� f4dx

� f2e
�� f3dx

�

e
� f3dx

e
� f4dx

�

e
�� f4dx�y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
�� f3dx

e
� f4dx

�

e
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5th Order HLODE:

�
i�1

5

�D � fi�U0 � �D � f5��y�4� � �
i�1

4

fi y�3� � �
i1�1
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�
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4
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�

e
�� f i2
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� �
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�
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4

fi1e
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�

e
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e
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y�1� �

� f1e
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�
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4

fi y�3�1� � �
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�
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�
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4
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dx
�

e
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�
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� f i2
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e
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�

e
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�
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�
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e
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�
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�
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�
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4
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�
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4
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�
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�
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� �
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�
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�
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4
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�

e
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dx
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�
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e
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�

e
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�

e
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�

e
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�

e
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�

e
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�
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� y�5� � �
i�1

5

fi y�4� � �
i1�1

5�1

�
i2�i1�1

5

fi1e
� f i2

dx
�

e
�� f i2

dx
y�3� �

� �
i1�1

5�2

�
i2�i1�1

5�1

�
i3�i2�1

5

fi1e
� f i2
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�

e
�� f i2

dx
e
� f i3

dx
�

e
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� �
i1�1
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�
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�
i3�i2�1
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�
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5

fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3

dx
e
� f i4

dx

�

e
�� f i4

dx
y�1� �

� f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

e
��f5�f4 �dx

�

e
�� f5dx

y

So:

If for: n � N :

�
i�1

N

�D � fi�y � y�N� � �
i�1

N

fi y�N�1� �

��
m�1

N�2

�
i1�1

m�1

�
i2�i1�1

m�2

� �
i

N�m�2
�

N�m�3
�1

N�2

�
i

N�m�1
�i

N�m�2
�1

N�1

�
iN�m�iN�m�1�1

N

� fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3

dx
� e

�� fNdx
y�m� �

� � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx

y

� y�N� � �
i�1

N

fi y�N�1� �

��
m�1

N�2

�
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�
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� �
i

m�1
�

m�2
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N�2

�
i m�i

m�1
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N�1

�
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N

� fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3

dx
� e

�� fNdx
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� � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx

y

then:

�
i�1

N�1

�D � fi�y � �D � fN�1��
i�1

N

�D � fi�y � D�
i�1

N

�D � fi�y � fN�1 �
i�1

N
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i�1

N
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dx
�

e
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dx
�

e
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dx
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�
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�
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�
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� �
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�
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N�1

�
iN�m�iN�m�1�1
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� f i2

dx
�

e
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dx
e
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dx
�

e
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dx
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�� fNdx
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� � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx

�

y �

� fN�1 � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx

y �

��
m�1

N�2

�
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�
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� �
i
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�
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�
i
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N�1

�
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N
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� f i2

dx
�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3

dx
� e

�� fNdx
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� � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx
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N
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�
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� �
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��
m�1

N�2

�
i1�1

m�1

�
i2�i1�1

m�2

� �
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�
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e
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�
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�
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�

�
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� �
i1�1

1�1

�
i2�i1�1

1�2

� �
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�
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e
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�
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N

fie
� fN�1dx

�

e
�� fN�1dx

y�N�1� � �
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� �
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i
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N�m�2
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N�1

�
iN�m�iN�m�1�1

N

� fi1e
� f i2

dx
�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3
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e
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� �
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� �
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� �
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�

e
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e
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e
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� � f1e
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�

e
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�

e
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�

�

e
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e
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y �

� y�N�1� � �
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N�1

fi y�N� �

� �
i�1

N

fie
� fN�1dx

�

e
�� fN�1dx

� �
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N�1

�
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N
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�

e
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�
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� �
i
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�
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�
i
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�
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N
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�

e
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e
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dx
�

e
�� f i3
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�� fNdx
e
� fN�1dx
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n�2

N�2

�
i1�1

n

�
i2�i1�1
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� �
i

N�m�2
�

N�m�3
�1

N�2

�
i

N�m�1
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N�m�2
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N�1

�
iN�m�iN�m�1�1

N
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�

e
�� f i2
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e
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�

e
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� �
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�
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� �
i
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�

N�m�3
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�
i
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N�m�2
�1

N�1

�
iN�m�iN�m�1�1

N
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� f i2
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�

e
�� f i2

dx
e
� f i3

dx
�

e
�� f i3

dx
� e

�� fNdx
e
� fN�1dx

�

e

� � f1e
� f2dx

�

e
��f3�f2 �dx

�

e
��f4�f3 �dx

�

�

�

e
��fN�fN�1 �dx

e
�� fNdx

y �

� � f1e
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� y � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�1�fn�1 �dx

cn � e
��fn�1�fn �dx

dx � cn�1 dx � cn�2� dx � c2 dx � c1

Proof:

By corollary I.1 & theorem II.1.

�

Corollary II.2: If �fi1 :

Pm �

�
i1�1

m�1
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i2�i1�1

m�2

� �
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N�m�3
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N�2
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�� fNdx
, �m � N�
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m�2

� �
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N�m�3
�1
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�1

N�1

�
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� f i2

dx
�

e
�� f i2
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� f i3

dx
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e
�� f i3

dx
� e

�� fNdx
, �m � 0�

and: y�n� � �
m�1

n�1

Pmy�m� � P0y � 0

then:
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� y � e
�� f1dx � e

��f1�f2 �dx � e
��f2�f3 �dx

� � e
��fn�1�fn�1 �dx

cn � e
��fn�1�fn �dx

dx � cn�1 dx � cn�2� dx � c2 dx � c1

Proof:

By corollary II.1.

�
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