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Theorem I.1 & Corollary 1.4 & Theorem II.1, from previous [8]:
Theorem I.1: Any Second Order Homogeneous Linear Ordinary Differential Equation may be factored
via two linear differential operators.

Corollary I.4: A Second Order Linear Ordinary Differential Equation may be factored via two linear differential
operators.

(D+h)(D+g)y=W=y=y, fy;lze_jpdx(f Wyhlefpdxdx>dx

(where: yj + Py, +Qy,=0)

Theorem II.1: Any differential expression of the form: y” + Py’ + Qy may be written as a pair of linear differential
operators, i.e. Vy,P,Q : 3g,h: y' +Py' + Qy = (D+h)(D+g)y.
Proof:
A differential expression of the form: y" + Py’ + Qy , has a value Vy,P,Q ,say W .
Thus, Vy,P,Q,W : y" + Py' + Qy = W represents a Second Order Linear Ordinary Differential Equation.
So, by Theorem I.1 & Corollary 1.4 may be factored via two linear differential operators.
= Vy,P,O,W:3g,h: W=y"+Py +Q0y=(D+h)(D+g)y
[

And, by previous [9]:
Corollary 1.3:If : y" + Py’ + Qy = 0 and:

Y= ye% I(P—R)dx ‘

then
u" +Ru' + {Q— [(%P)’ + (%P)ZJ + [(%R}l + <%R>2]}M =0
So:

Theorem II.1: For all differentiable P,R :

u=1\ci .[e_-[dedx+cz e%-..(P_R)dx
= u"+ R+ {[(FR) + (£R)* |- [ (£P) + (3P)" JJu=0
Proof:

y'+Py' +Qy=0
By the above corollary 1.3:

u= yeﬂ“"’?’”’x = ' +Ru'+ {0-[(£P) + (£P)’ |+ [(ER) "+ (3R)* ] }u =0

Is satisfied whenever: Q =0 :
!
— 0= y// +Py/ _ (y'eIde> e—J.de —y=c J-e—dexdx+C2

= u=1c .[e_-[dedx+cz e%-..(P_R)dx

— u" +Ru' + {[(%R)# (LR)*]-[(4P)'+ (%P>2]}u =0

O

Theorem II.2: For all differentiable P,R :

u= e_-[de clfefpdxdx+cz e%J‘(P_R)dX = clfejpdxdx+cz e_% -[(P+R)dx
= u" +Ru + {[(%R)/ + (AR ]+[(4P) - (%P)z]}u =0
Proof:

y' +Py' +Qy =0
By the above corollary 1.3:

w = ye [ R s {o-[(P) + (4P’ ]+ [ (AR + (3R) J}u=0

Is satisfied whenever: Q = P’ :

=0=y"+Py'+Py=('+Py) = y= ez-[de(Cl Iefpdxdx+cz>
= u= (eszdx C1I€~[dedx+02 eéj(P_R)dx

— u" + Ru' + {[(%R}Ur (%R)z] + [(%P)l— (%P)z]}u =0

(|

This is more easily obtained using the Ricatti equivalent.



Theorem Il.1a: Any two differentiable functions ¥,V satisfy the Ricatti ODE:
w +w?+ Q¥)w = (W) +¥?) - (Y5 +¥3) , w=¥-Y¥,).
Proof:
Let: w=Y¥, -Y¥»
= W+ ¥} = (P2+w) + (P2 +w)?
=WV, +¥3+w + (2Q¥2)w + w?

= w +w?+Q¥2)w = (V] +¥?) - (¥, +¥3)
L]

Corollary II.1a: Any two differentiable functions ¥, P satisfy the Ricatti ODE:

w/+w2+Pw=—|:<%P>l+(%P>2:|+(‘P’l+‘l’%) , (w=—%P+‘P1>.
Proof:
Let: P =2¥; = W = =P
:>w/+w2+Pw=(‘P’1+‘P%)—|:<%P>l+(%P>2:| , (w=‘P1—%P>
[

Recalling the connection transformation between the Ricatti equation and the Homogeneous Linear Second Order Ordinary

/
Differential Equation: u = (logy)' = yT =y = eI v

y/ / 1 y// y/ 2 y// y//
r_ (Y __ 1 Y _ (Y Y o _ 2.
= (B oy () e Y
:>u/+u2+Pu+Q=%(y”+Py/+Qy)

= u = (logy)' : u’+u2+Pu=—Q®y=eIudX:y”+Py/+Qy=0

Thus:
i X
\Pl_%PZW: (logy)' : w' +w? + Pw = —Q @y=€f(%_zp)d 1y + Py +Q0y=0
2 [ va l
Lemmall.lb: ' +u? =V +v2 = u—-v e {O, (10g|:fe_ vadx:|> }
Proof:
W+ =v+vi=w-v) +u2—v =(u—-v) +ut -2uv +v:+2uv - 202 = 0
if: u+v:
= w—-v) +@-v)*+2v(u—-v) =0 isBernoulli
So,let: wl=Ww-v)=-w?2w +w?2+2vw! =0

/
/ —ZJ-vdx 2J.vdx
=1=w -2vw = | we e
2J.vdx —2J.vdx 1
= e _[e dx=w=(u-v)

-2 j vdx 5 J‘ o !
Su=v+—C& — =y+ log|:je dx:| (easily verifed)
-2 I vdx
I e dx
alternatively:

u=|\c .[e_-[dedx + o

— u" +Ru' + {[(%R)# (LR)*]-[(4P)'+ (%P>2]}u =0

1
So, Y, 1 u = e-[(\yl_zR)dx = clje_ dedx+cz>e%-..(P_R)dx , P +¥? = (%P)l + (%P)Z

B < j (P-R)dx

= u= e-..(‘{ll_%@dx = je_jpdxdx+ ch

j ¥ dx %.[de —.[de
= e =e clje dx + c»

= I‘I’ldx = log[eéjpdx(clje_jpdxdx+cz

_ !
!
= ¥, = | log e%J‘de(clfe_J‘dedx+C2> = %P—k (log[clfe_jpdxdx+C2:|>

the same, with: ¢; =1 , ¢2 =0
O

Corollary IL1b0: &' +u> —[v' +v2] = (u—v) + (u—v)* + 2v(u —v)
Proof:
W+ = +v] = w—-v) +ut=v' =w-v) +u?—2uv+v¥+2uv - 21?2
—w-v) +W—-v) +2v(u—-v)
[

Corollary I1.1b1:
[ pax 1 (P—R)ax
u= (clje -[Pd d)H—C2>e2 I(P fd

= u' +Ru +



- {[<%R>’ - (4R)']- K%m (i 1T ]) ) + (4 (e 1 d]))]} ~o

Proof:
By corollary II.1b:

G ) e R ([ C ORI CONRICORICORITE

And, by corollary II.1a:

P->R:
! 2 __[ripy 1 2:| ' 2 __1
w +w*+ Rw [( R) +<2R> + (WY, +V¥y) , (w 2R+‘I’1>.
w—(logu)zu—/@u—ewx
:w_( ) = (Y e
= w' +w? +RW+Q— (u”+Ru+Qu)

= w = (logu)' : w' +w? +Rw——Qc>u:e-[de:u”+Ru’+Qu=O

=Y, - éR—w- (logu)' :

=w +w?+Rw=-0 < u:e-[(qj1 2 >dx : u”+Ru’+[—{—[(%R>/+(%R>2}+(\P/1+\P%)}:|”=
= u= eJ‘(\PI_%R)dX = u"+Ru' + {[(%Ry + (%R)z] - (¥, +‘I’%)}u =0

= ¥ +¥? = (%P>/+ (%P)2

/
So, by lemma IL1b: ¥, — 2P € {0, (log[je_dexdx:D }

= u= e%I(P_R)dX = u”+{€u’+ {[(%R)/+ <%R>2] B [<%P>,+ (%P>2]}u -

0
. e_..(%f’+(log|:_..€j%dx:|) —%R)dx De [ i o } L femar _ (Cl Ie—Idedx+ Cz)gﬂ(me)dx

= u' +Ru +

+ {K%R)l +(1R)*] - [(ézu (mg[je_jp""del)l + (%P+ (mg[fe_jpd"del)zJ}u -0

L I dx:| L fr-r)a
I 2 Og[,[e + I x _ (ClJ,e_J'dedx_’_CZ)e%J‘(P—R)dx

i”{EZ;;/ +(3R)*]- |:<%P+ (log[je_Idedx}>/> + <5P+ (log[je_Idede>/>2:|}u =0
O

!
LemmaIllc: u' +u?> = V' +v? > u+v e {0, (log[jezjvdxdx:D }

i

Proof:
W+t ==+ = w+v) +ur—v =u+v) +ud + 2uv +v:E - 2uv - 202 = 0
if: u+-v:
= w+v) +@+v)>=2v(u+v) =0 isBernoulli
So,let: wl=w+v) = -w?w'+w?2 -2 =

!
2[vax\ -2
:1=w’+2vw=(we I”)e I”

= e-zjvde ZJ‘mdx =w=w+v)"

- Ijjf;f <o (] e ])

(essentially lemma II.1b under transformation: v = —v )

(|

Corollary 11.2: For all differentiable R : a solution to: u" + Ru' + {[ (%R)l +(4R) 2] - %Az}u =0

) L | Rax
is: u = (clez + cre” 2Ax> I

Proof:
By the above theorem II.1, a solution to: u" + Ru' + {[ (%R)l + (%R)ZJ - [ (%P)l + (%P) 2]}u =

it u = (ClIe_jpdxdx+62>e%.[(’3_’e)d"

and:
By the above theorem I1.2, a solution to: u" + Ru' + {[ (%Ry + (%R) 2] + [ (%P)l - (%P) 2]}u =

it u = (clj‘ejpdxdijcZ)e_% [eemax

So, with: P = A constant:
a solution to: u" + Ru' + {[ (%R)l + (%R)z] - %Az}u =0

Laed [ Rax
By the above theorem II.1, is: u = (—%e‘Ax + cz>e 45 IRd



O

and:

LarL [ Rax
By the above theorem I1.2, is: u = (% + cze‘Ax>e 7473 -[Rd

Corollary 11.3: For all differentiable P : a solution to: u" +Au' + {%A2 - [ (%P)l +(4P) 2]}u =

. —| Pdx L J-de—LAx
18: u = (clje I dx+C2>€2 2

Proof:

O

By the above theorem II.1, a solution to: u" + Ru' + {[ (%Ry + (%R)z] - [(%P)l + (%P) 2]}u =

is: u = (clJ'e_J‘Pd"derQ)e%'[(P—R)dx

and:

By the above theorem I1.2, a solution to: u" + Ru' + {[ (%R)l + (%R)ZJ + [ (%P)l -(4P) 2]}u =

T (e—jpdx(mIejpdxdx+cz>>e%j(P—R)dx _ (C1 J-EJ.dedX-i-Cz)e_% _[(P+R)dx

So, with: R = A constant:
a solution to: u” + Au' + [%AZ - (%P>/ - (%P)z]u -

. ~| Pa L | Pax—1A
By the above theorem II.1, is: u = | ¢ Ie “dx + co e’ I e

and:
a solution to: u" + Au' + [%Az + (%P)l - (%P)ZJM =0

= X X L —-LAx
By the above theorem I1.2, is: u = (e Ipd (cljejpd dx+62>>e2 .[Pd A

Corollary 11.4: For all differentiable R :
-

1
(cllogx+cz)x%e_%-[Rdx = u"+Ru+ {[( R) ( R) ] iz u=20

<
I
A

|s

Proof:

By the above theorem II.1, a solution to: u" + Ru' + {[ (%R)l + (%R)ZJ - [(%P)l + (%P)z]}u =

it u = (ClIe_jpdxdx+62>e%.[(’3_’e)d"

and:

By the above theorem I1.2, a solution to: u" + Ru' + {[ (%Ry + (%R) 2] + [ (%P)l - (%P) 2]}u =

it u = (clj‘ejpdxdijcZ)e_% [pemax

So, with: P = L constant:

a solution to: u”+Ru’+{[< R) ( R) ]_ %(

_O}MO

m _1
By the above theorem IL.1, is: u = (cl fx"”dx + cz>x7e 2 IRdx

S SIE

and:
oy
a solution to: u” + Ru' + {[( R) ( R) ] M}u =0
x2
By the above theorem 1.2, is: u = <c1j.xmdx+cz>x_% 4 [
So:
( 1
(cllogx+cz)x2e__-[ u" + Ru' +{ R>/+<%R>2]+;i2 u=20
Y s E1CaDNS
(122 +C2)ﬁez CeRd < [(ER) + (3R)T] - 2GS
.
and:
( 1
(cllogx+cz)x2e__-[ = u'+Ru + R) ( R) ] iz u=20
u=< » . [ ﬂ(ﬂ )
<C1n)§+1 +Cz)x_7e 2 u" + Ru' + [( R) (+ R) 2 i

\
which are the same under the transformation: m —» —m

m 1 (m_>
(cl _’;;mfl +C2>x7e_7.[Rdx u”+Ru/+{|:< R) (£ R) 2 )2C } =0 , (m=1)

, (m=+1)

, (m=-1)



Lemmall2a: v' +u?>+Pu=-Q0 = 3I¥,: Q= —[ (%P>/+ (%PY] + (¥ +¥?)
Proof:

W+ (AP) - (4P) v+ Puv (4P) - (4P)* =0

= (u+3P) + w+ 3P -[(3P) + (3P)7] =0

O

Corollary I1.2a: y' +Py +Qy =0 = 3¥, : Q = —[ (LP) + (gp)z] + () +¥2)
Proof:

lemma II.2a under transformation: y = eI ey = (logy)'
[

LemmaIILL: o' +u2—[V +v2] = -0 = (u—v) + (u—v)* +2v(u—v)
Proof:

u +u? - +v?]=-0

= (u—v) +u?=2uv+v:+2uv—20% = —Q

= w-v)+U—-v) +2vw-v) = -0
O

Corollary III.1: (u— l>l + (u— %)2 + %(u— %) =-0=u+u’

X
Proof:
v:%:v’z—% & vzzx%:v’nLvZ:O

= U—-v)+U-v)+29u-v)=-0=u+u> -V +v?] = u' +u?
' 2
:(u—%) +<u—%> +% u—%)=—Q=u’+u2—[v’+v2]=u’+u2
Ll

Corollary IIL.1a: (u— %), + (u— %)2 + 2Tm(u— By=-Q=u+u*- m(m—2—1)
x
Proof:
2 m(m—1)
_m o _m g 2_mE 0 mm=1)
v=1 v o v 2 vty = 1
:>(M—V)/+(M—V)2+2v(u—v)=—Q:u/+u2_[v’+v2]:u/+u2_m(m—2_)
' 2 2 _ _ _ m(m—1)
= w—-0) +@w-1F) +—)’Cn(u—%)——Q—u/+u2—[v’+v2]—u/+u2——x2

O

Lemma II1.2; y = s

Proof:

= u-v=C(~ogy) =y +2vy' = [(=v) +@=v)>+2-v)]y =0

y = eI(”_v)dx = u—-v = (logy)'
Y =(@-v)y , ) ,
Y'= =)y +=v)y=[@=v)*+@-v)]y
=y +2v = [(u—v)2+(u—v)/+2v(u—v):|y
Ll

Theorem III.1: For all differentiable P,R :
'+ R+ {[(FR) + (FR)]-[(IP) + (£P)* J}u=0

[D+1@®R+P)][D+LR-P)Ju=0
= . (Cl fe_fpdxdx+ Q)g%I(P—R)dx _ CZe%I(P—R)dx N CIeﬂ'(P—R)dee—Idedx

Proof:
By the above theorem II.1, a solution to: u" + Ru' + {[ (%Ry + (%R)z] - [ (%P)l + (%P) 2]}u =0

1s: u = (C[ J‘e_J‘ dedx + C2>e% I(P_R)dx = C3€% I(P_R)dx + C4€% I(P_R)dx Ie_'[dedX

But, as shown previously, any 2nd order linear the total solution of a 2nd Order HLODE:
y" +Ry' + Ty = 0 may be written:

—I gdx J‘ eI(Zg—R)dxdx

—| gdx
y=-ce + Ccre
R=g+h , T=g +gh
Let: y = u and matching the respective parts:
-g=+(P-R) & 2g-R=-P=2[-L(P-R)]-R=-P+R-R V
=h=R-g=R+3(P-R)=+(R+P)
=T = (%(R—P))/ +(T®R-P)(LR+P))
= (%(R—P))/Jr (%(R—P)>2<%(R—P)+P>
= (%(R—P)),+ (L(R-P)) +2<%(R—P)>P
= (GR-3P) +((FR-3P)) +2(3P)((FR-3P))
So, by corollary /II.lbO or lgzmma I.1: / )
T=(3R) + (3R) - [(3P) + (5P)7]

So:



W'+ Ru' + {[(%R}# (%R)ZJ [P+ <%P>2i|}u -0
= D+h)D+gu=[D+LR+P)][D+L(R-P)Ju=0
[

Corollary III.1c: For all differentiable P :
u + {—[ (%P)l + <%P>2]}M =0
(D+LP)(D-LP)u=0
- u = (clj‘e_fpdxdercz)e%-[de = czeéjpdx +c1e%J‘de'[e_-[dedx
Proof: / , / ,
By theorem III.1, a solution to: u” + Ru' + {[(%R} + (%R) ] - [(%P) + (%P) ]}u =0
is: u = (Cl fe_fpdxdx+ m)eéj(})_mdx = Cze%-[(P_R)dx + cleH‘(P_R)dx'[e_-[dedx
-
[GRY + (SR ]-[GP) + (5P ] =-[ (5P + (3P)7]
R=0= 4 [P+T®R+P)D+I®R-P)Ju=u"~[(3P) + (FP)" Ju

(ClJ.e_J.dedX‘FCZ)e%J-(P_R)dX _ (C] J‘e—J-dedx_{_Cz)e%J.de

\
U

Corollary III.1c.1: For all differentiable P :
u' + {—[ (%P)l + <%P>2]}M =0

(D++P)(D-LP)u=0
SIS (SO
Proof:

By corollary IIl.1c, a solution to: u'" + {—[ (%Py + (%P)z]}u =0
1

1

is: u= (clj'g_fpdxderQ)e%,[de _ 0267-[% +01€7fpdxfe_-[dedx

. / ! dex
So, as usual, under the transformation: w = (logu) = ”7 Su=e

/ (u’)l L0, u u \°, 2, U
=w =& =——uu+—:—<—> + U =2 U
u 02 u u u u

= w et + 0= '+ 00 = ' ewt s ([P + (5P’ T} = (' {{ (5P + (5P)T}u)

= { LGP G 0= < [GRGRY']
=W w? = [(%P>l+ (%P>2] = w= (10g|:(61Ie_jpdxdx+cz>e%-[mx:|>

= (log[c2])' + (log|:e% Ide:D + (log[ci])' + (log(j e_-[ dedx))

=3P+ (log (I e_j dedx)) matches lemma II.1b
]

Corollary III.1d: For all differentiable P,R,T :
u"+Ru' +Tu=0

[D+L(R+P)][D+L(R-P)Ju=0
—| Pdx
T el e HR%PM(M_"X)

where: (4P) ? 4 (%P)l = +[R? —4T+2R']
Proof:
By the above theorem III.1:

'+ R+ {[(FR) + (TR |- [(IP) + (4P)* J}u=0

[D+5R+P)][D+5(R-P)Ju=0
BRE (m Ie_jpdxdx+ 62>e%-[(P_R)dx = C2e%.[(P_R)d" " Cle%I(P—R)dxje—Idedx
- CZeI(‘%R%P)dx 4 Cle'f(—%m%f’)dx e—Idedx

= Cze'[(_%RJr%P)dx + Cng'(_%R_%P)der'de e—I dedx

[ Pa
= Czej(_%R%P)dx + cle.[(‘%R‘%P)d" m

where: 7= [ (3R) + (4R)" ][ (4P)"+ (47)"]

= (LP)’+ (L1P) = L[R2 - 4T +2R']



This form leads to a generalization of Euler’s 2nd order constant coefficients solution formula; and more.

Corollary III.1d1: For differentiable R,7,®,¥Y and constant A :
u"+Ru' +Tu=0

[D++R+AD)|[D+L(R-AD) Ju=0
Ie_IA(Ddxdx

—J. Addx
e

. B 2 / g’)z 3 o <CI)’ ) _[ @
where: 3AD = (iJR AT+ 2R’ + ( D) —ofw - (S )w] - [ L 4]
Proof:

By corollary III.1d:
u"+Ru' +Tu=0

[D+1(R+P)][D++(R-P)Ju=0

1Rl Ad)d I—LR—LAQ dx
uzczeI< 2 >x+01€ ()

=

—| Pdx
(_%R‘F%P)dx 4 CleJ-(—%R_%p)dx .[e I dx

u = C2€J‘
[ras

where: (4P)?+ (4P) = L[R?—4T+2R']
For: P=A®+Y , A constant:
!
where: +-[R*—4T+2R'] = <%P>2 +(1pP)
= 1L(A0+¥)’ + L(A0+¥)
= L (A202+240¥ +¥?) + L (AD' + V)
= TOAT+ JAOY + LW2+ L AD' + LY - L[R*-4T+2R']1 =0
= d)zA2 4—2A(I>‘I’+‘I’2 +2A0D" +2¥' —[R*-4T+2R'1 =0
= QA2 +2(OY + P )A + W2 +2¥' —[R?-4T+2R'1 =0

2 o X g’) (\P_ ‘P>_L 2 n—
= A +2<®+q)2 A+ o2 +2(I)2 (DZ[R —-4T+2R'1 =0
_ 1| (¥ g’>+ (\P 1)2_ ([‘P_ \P} 1 rp2 )
= A 2|:2(<D+CD2 ‘/4<D+CD2 4 CD2+2(D2 @2[R AT + 2R']
(¥ g’>+ e f_[w_2 L’] (1 1)2
(<D+CD2 _\/CDZ[R 4T + 2R'] o +2<D2 + CD+<D2
L[R2 4T+ 2R - B2 £+£+211+(1)2_(1+2’>
()

=i‘/L[R2—4T+2R’]—2$ oY @ +(1)2 —(i+2’)
-4 +‘/R2 AT+ 2R’ + ( )—2[\{/’ ( ) ]-
= AD = (i‘/R2—4T+2R/+ (%)2—2[11”— (%)l}f] _[E

[D+1R+AD)|[D+L(R-AD) Ju=0

—J-A(I)dx
= CzeJ-(—%RJr%A(D)dx N Cle‘.‘(—%R—%Afb)dx Ie dx

Obviously, this is satisfied 3A for the constant coefficients and Cauchy-Euler HLODEs with:
(®,¥) =(1,0) ; (D,¥) = (%,0) , respectively.

Corollary III.1d2: For all differentiable R,T and constant A :
W' +Ru' +Tu=0

[D++R+A)][D++R-A)Ju=0

= J‘(_%R‘F%A)dx N CleJ-(_%R_%A)dx Ie_IAdxdx , A+0

u = cre
_jAdx
e
[D+LR][D+LR]u=0

1 [ Rax
u=(cy+cix)e ? IRd
where: A = £ /R? — 4T+ 2R’
Proof:
By corollary III.1d1:
u"+Ru' +Tu=0



[D++R+AD)|[D+L(R-AD) Ju=0
Ie—IA(I)dxdx

(—1R+1AD)dx N c[gf(—%R—%A(D)dx
- j Addx
e

u = Cze'[

. _ 2 / g’)l /_(g’) [o
where: EIACD—(J_r‘/R AT + 2R +(q) 2[\11 > ‘P} [(D

For: (®,¥) = (1,0) :
u"+Ru' +Tu=0

[D++R+A)|[D+L+R-A)Ju=0

—-Ax
R R (DT <—%R—%A>dx<_f s )

e—Ax
where: A = %[i J R?—4T + 2R’ }
and:
Ie_IAdxdx _ J‘e‘/z‘dx _ = % , A0
e—IAdx e —x ., A=0
[D+L(R+A)][D+L(R-A)]u=
—| Adx
- U= Czef(_%R%A)dx + CleI(_%R_%AMX —Ie I dx
e—J.Adx

[D+1R][D+LRJu=0

-1 | Rd
u=(cr+cix)e ZI )

O

Corollary III.1d3: For all differentiable R, T,u,g :
u' +Ru' +Tu=0

[oes(re2f) or (02 ) a0

u = ge_%'[Rdx(Cz +C1J‘%)

where: g" — L[R*—4T+2R']g = 0
Proof:
By corollary III.1d:
u"+Ru' +Tu=0

[D++R+P)][D+LR-P)]u=

=

(i | [Ciresrya Jeo Tdr 1
J.de
where: (%P)z + (%P)l = %[R2 — 4T+ 2R']

! 2
. 8 1 _ (1 2 1 "_ (8 8
Let: = %P = I[Rz —4T + 2R/] = <7P> + <7P> = (?) + (?

u = Cze'[

8

R - 4T+2R le=0

+l
/ n o
:(logg)'z%:%P:g: ZIPdX ZIPd

g_’ ZI—dx
e (e (f g

-1 [R2 AT + 2R’](e

—2I £

—2logg
2
L 1 g dx
= U= cre ZI g+cie 2IRXm<I ) )
§\ ¢
_LI 1 [ Rax »
= u=cre’ g+cie gf—z
8

U

() -()(4) (5)
Ipd"> ~0

+\PD



(oo a(re22) or t(r-25)Jumo

u = ge_%'[Rdx(Cz +C1J‘ﬂ)

where: g' ——[ - 4T+2R'1g =0
L

Now, recall from previous [9]-theorem #1:

If y{+ Py} +Qi1y1 =0 and y5 + Py, + Q2y> = 0 and:

0=u" +(2%+P2) |:(P2—P1) +Q2—Q1:|

Leads to:
[ ryax o [T
Theorem IV: If y, = cufe dx+cy |e?
_ . 1 _
and Y2 = Clzj'e Ide dX+C22 e? I(Rz P> )dx
. -
and: u = Vi
then 3
—J-Rldx
O=u"+| (P,-P))+R +2| —&— u' +
[k
B Ie dx +c
B —IRldx
+[(P2-P1)< T(R1—P1)+ +
...Rldxdx+ &

[P+ (32)7 ][ (2R (2Rr)" ]} +
LERY + (AR ][ (2P + (2P}

Proof:
By theorem II.1:
For differentiable P,R; :

Y1 = (cllfe_IRldxdx+Czl €%I(R1_Pl)dx

=3+ P+ {[(EP) + (FP) |- [(FR) + (FR) | Jyi =0
and:
For differentiable P,,R; :

Y2 = (clzfe_IRdedx+sz €%I(R2_P2)dx

= vt pmie {[ (472 (577 -[ (482 + (482 T} -0

But, by [10]-theorem #1:
If y{ + Py, +Q1y1 =0 and y) + P2y, + Q2y2 = 0 and:
u = y1
then

O=u”+(2;1 +P2) |:(P2—P1) +Q2—Q1:|

So:
0=u"+ (2;-1 +P2)u’+
Lot e L)+ (P ][R+ (21T} 4
{0 - [(RD) + (BR)T+[(3P) + (22T} ]u
. cue_%I(RﬁPl)der%(Rl—Pl)(cufeI dX+C2l>e I(Rl_Pl)dx
21
Yi

—|Rid LR -P)d
(Clljej lxdx-i—Cz])eZJ.(l 1)dx
| Rid ~| Ria
Cnej. lx*‘%(Rl—Pl)(CllIe'[ 1xd?H'Cm)

—IR]dx
cllfe dx + ¢

e—IRldx
Ie_-[Rldxdx + L2

C11

—Rldx
:>0u”+|:P2+(R1P1)+2 L :|u/+

Ie_IRldxdx +c

= %(R[ —P1)+




—J.Rldx
(Pz—Pl) (R] P1)+ +
IRldxdx+ ﬂ

[(£P)'+ <Pz>} [(r) (2R} +
+{<R1> F(R) ][R + (2P) T} u

(|

Now, generalizing using invariants:

1 I(P—R)dx 1 J' Rdx 1 J' Pdx
u = ye = ue = ye

n 1 n 5 "
= (ue 2 IRdx) = (ye 2 IPd ) and so on, leading to:

Theorem V.1: For all differentiable u,y,R,P :

_II Rdx ——I Pdx
u=(cnx+cne y = (c2 x+czz)e

:>u”+Ru/+|:< > (%R) ]u—O y' + Py’ +[<%P>,+<%P>2]y
Proof:

"y = ye%J'(P—R)dx _ ue%J‘Rdx _ ye%J‘de
! !
(ue%J‘Rdx> _ (ye%Ide>
(ue%J‘Rd))” _ (ye%Ide>”

(ye%f”’x e ipy)etl

(ue%f’”"y = R+ [(AR) + (2R Jube

(et 1) = fremy e [ (39 () et

= 0= (ueﬂm")” - {u” +Ru' + [(%R)/ + (%R)Z]u}eﬂ”"

= (ye%'[de>” = {y” +Py + I:(%P)l + <%P>2]y}e%»"mx =0
= u" +Ru' + [(%R)l + (%R)z]u =0=y"+Py + [(%Py + (%P)z]y

So:
1 !
% J.Rdx % J-Rdx % J-Rdx
0= ue = c11 = | ue = cix+cip = ue
_L | Rax —L | Pdx
= u=(cnux+cn)e ’ & y=(cax+cm)e ?

= u" +Ru' + [<%R>/+ (%R)z]u =0=y"+Py + [(%P}@ (%P)z]y

This is in perfect agreement with theorem II.1 , for:
= u'+ R+ {[(FR) + (ZR)* |- [(£+P) + (3P)" | Ju~=

with: ($P) +($P)" =0= 1P = 61Ie_jpdxdx+c2>e%-[(P_R)dx = (cux+C12)e_ﬂ.Rdx

2
:<%P>/+<%P>2:O:>%P: 1 :e%'[x_{_cdx:x_i_c

X+c
Similarly, of course, then:
S S ICORICON T

u= x41—c (clj.e_jpdxdx+cz>e%jpdx =u"

Theorem V.2: For all differentiable u,y,R,P :
W +R' + [ (LR-P)) + (LR+P)(LR-P)) Ju=0
[D++@R+P)][D++R-P)Ju=0

= u= <c1 Ie_fpdxdx + cz)e% I(P_R)dx

Proof:
S [
CoORES:
(1) - (1)
So:

10



r4 %.[Rd" %J.Rdx/ %J‘Pd"/ P %J.de
<u +7Ru>e = | ue = | ye = <y +7Py>e

= (u'+ %Ru)e%j(R_P)dx - /y/ +1pPy)
= ((u’ + %Ru)e% -[(R_P)dx> = (' + %Py>/

/
= (' LRa) + L R-P) (' + LRa) Yot IO queﬂw—ﬂ +%p[wﬂw—mD
= [+ (R 2P+ [ 3R + (BR) - TRCER) Ju]eH 10 -

!
( L I(R P)dx %P|: ue% I(R—P)dx :|>

= [+ (R pP)u + [$(R=2) + 47+ (4R)’ - 4R(3P) JuJeH O -
_ ([ue%I(R—P)dx] N %P[ue%I(R—P)de>l
M=R- %P :
= [+ [$R=1P) 42 (4R) - 4R(3P) JuJeH 7 -

_ (( _ue% I(R—P)dx ] e% Ide) /e_% _[de) /

< J.(R—P)dx
% I(R—P)dx ] % Ide) /e_% Ide) /

= [u"+Mu'+ [ M + 4P+ +R(R-P) Ju]e ~
Lp) Julet S

B % J-(R—TP—TP)dx :|e% Ide) e_% _[de)l

u] —I(M——P)dx _

( s I(M_LP>dx:| 4 pdx>’e_% | de)l
) Ju

] I(M—lp)dx

2
_ ((|:ue ! J-(M—%P)dx:|e% Ide)?—%dex)
= [u +Mu' +[L(M-N)' + %(M+N)(M—N):|u:|e%-[(M+N)dx -

> ) (q"e” e | )J>

'+ Mu' + [%(M—N)/ + %(M-f—N)(M—N)]M 0 = (([ue%I(M+N)dx:|e—J‘Ndx> eINdx) —0

!

= [u+Mu +[IM +LP + L (R-LP+1P)(R-

([
([

= [u+Md +[IM + 1P + L (M+1P)(M-LP)

/\\'—' /\\M_ /\\

= [u + M +[ LM+ LP) + LM+ LP) (M- LP

_ 1 .
N=-1pP:

or:

' +Ru' + [ (FR=P)) + (L R+P)) (L R-P)) Ju=0

- (([WI%(Rmdx}_jpdx)/ejm o

oy CzeIde . CleJ.deJ-e—J-dedx>e—J‘%(R+P)dx

P J-e—J-dedx_{_Cz)eJ.%(P—R)dx

and:
G@®R=P) + GReP)GR=-P) = [GR) + GR)'[-[ () + GP)’]
so, by theorem III.1:
' +Ru' + [ (FR=P)) + (LR +P)) (L R-P)) Ju=0
[D++@R+P)][D++R-P)Ju=0

= u= <c1 Ie_fpdxdx + cz)e% I(P_R)dx

Astonishing, how powerful this invariant technique yields the same result as all the previous work.
(except for the general elementary solution, and corollary 1.3)

Corollary V.2: For all differentiable u,y,R,P :
W +Re' + [ (LR-P)) + (LR+P)(LR-P)) Ju=

11



( [D++@R+P)][D++R-P)Ju=0
4 1
_ (Cl J-e—J-dedx + C2>€7 J.(P—R)dx
= <
u=< | Pax
- cze_% I(R_P)dx + cle_% I(R+P)dx —je I d
e_f Pdx
L \
Proof:
By theorem V.2:

W +Ru+[ (FR-P)) + (FR+P) (L R-P)) Ju=0
[D++@R+P)][D++R-P)Ju=0

= u= (c1 Ie_fpdxdx + cz)e% I(P_R)dx
So:

—LIRdx lIde —lIRdx prdx —Ide
u=cre?’ e’ +cre ? e? Ie dx

cze_% I(R—P)dx N Cle_% J‘Rdxe% Idee—Ide Ie_f P

—J- Pdx

e

= Cze_% I(R_P)dx + Cle_L J‘Rdxe_% Ide —Ie_Idedx

J' e—I dedx

_ cze_% I(R—P)dx + cle_% I(R+P)dx
—J. Pdx
e

Corollary V.2a: For all differentiable u,y,R,A (A constant) :
w+R +[IR + (FR+A)(FR-4))Ju=0

/
[D+1(R+A)][D+L(R-A)]u=0
= < L R,
u =
—1 [ Rax —1 [ Rax
=C262-[Rd +C3X€ZIRd , A=0
\
Proof:
By corollary V.2:

u' +Ru' + [(%(R—A))’ + (F(R+A4)) (L (R-4)) :Iu =0
([D+i@®R+A)][D+L1R-4)Ju=0

P
(Cl Ie—IAdxdx N CZ)g%J‘(A—R)dx

= < J
o =c e_% I(R_A)dx +c e_% I(R+A)dx Ie_IAdxdx
? ! e—J.Adx
L §
e—IAdx _ e_:x A=+0
1 A=0
So:
( 1 Ie—Axdx
—A
Ie_IAdxdx i A0 —Laxo0
= —A =
_IAdx J.ldx X A=
§ I , A=0
So:

u' +Ru' + [(%(R—A))’ +(TR+4) (L (R-4)) :Iu =0

( D+L1R+A|[D+L(R-A)|u=0
|: 2( ) 2( )
= < B =cze_%I(R_A)dx+C3e_%J‘(R+A)dX , A0
"= —% J.Rdx —% J-Rdx
= e + c3xe , A=0
.

L
Note how the x-factor for the common root (A = 0) naturally arives without applying any tricks.

Corollary V.2b: For all differentiable u,R,P :
u' +Ru' +Tu =0 where: T=1R +(L(R+A4))(LR-4))

12



([D+L1@®R+A)][D+L(R-4)]u=0

“1 (k- 1
= < = cre I(R A)dx+(:3e 2 I(R+A)dx , A= JR>-4T+2R =0

—LIRdx —lIRdx
= cre *? + c3xe ? , A=0

Proof:
By corollary V.2a:
w +Re +[ LR+ (FR+A)(FR-4)) Ju=0
[D+1(R+A)][D++(R-A)]u=0
. I(R—A)dx N 036—% I(R+A)dx

= < = Cpe , A+ 0

—LJ.Rdx —lJ-Rdx
= cpe 2 + c3xe ? , A=0

g
T=1R+(1R+4)(L(R-4))
= T-1R =1(R*-A?) = A=+ /R*-4T+2R

_ 1 _ _1
cre [0 DL e 3 (G . A=+JRZ_4T+2R +0

—LJ.Rdx —lJ-Rdx
= cpe 2 + c3xe ? , A=0

O

Theorem V.1 may be generalized to extend easy solutions a follows:

Theorem V.3: For differentiable u,y,P,R,S :
_ 1 _ 1
u = (011+012Ie Idealx e 2IRdxc>y= 021+022Ie Idealx)e ZJ‘PdX

= u"+ R+ +[ (R + (LR) + LRSJu=0=y"+ P +8)y +[ ($P) + (£P)* + LpPs]y
Proof:
u = ye% I(P—R)dx - ue%J‘Rdx _ ye%‘.‘f’dx

() - (1)
(A1) - 1)

_dex> s Ryt

_jpdx> iyt

o {w'+ R+ [(3R) + (2R) Jupet

o SRR (CORICON S

0= (ueﬂ""“)” +S(ue%-[Rdx>l = {0 s RS +[(SR) + (LR) + LRS]u}eﬂR‘b‘

L J.Rdx

U /\/\/\/\ g’

= (ye%jpdx>”+5(ye%jpdx>l = {y”+(P+S)y/+|:< 1P +(4P)*+ 4L Lps]y } I”d":o
= u" + R+ S)u' + [(%R)l +(AR)+ %RS]M =0=y"+P+S)y + [<7P> +(1P)*+ ]
So:
o (Y ot Y (Yl b
mu=(erserfedar et

=y=|ca+ czfe_Idedx ot Rt Jema (Cl + czfe_fsdxdx>e_ﬂpd"
= e [+ (HR)* w45 0= (5 e [(47) ¢ (£ ¢ 275)
U

Corollary V.3a: For differentiable u,y,P & constants k,B
u= <C11 + C1zje_kxdx>e‘3x Sy = (czl + czz_[e""‘cl)c)e_l Ide
= '+ QB+ K+ [B+kBlu = 0 = "+ (P+ Ky + [ (3P) + (£P)+ LkP]y

okt E Y _
yN+Py/+[<%P>/+<%P>2])’=0 ; u:e(B+ 2 ) and yZe( k+k)_%jpdx

13



V' HY + [(SH-K) + (SH-K)" + LH-kk ]y =
- y“ﬂﬂ%{(%méﬂy+(%HY—(%)jyzO

y" +Hy' + [(%[H—k])’ + (L[H-K]) (L[H+K]) ]y -

where: H=P+k
Proof:
From theorem V.3:

V[ 4 (5P Ty =0 and =yt IO
=u=|c +czfe_Idedx e_%J‘Rdx =y=|c +czfe_Idedx e
= u"+ R+ +[ (2R + (LR) + LRSJu=0=y"+ @ +8)y +[ ($P) + (£P)* + LpPs]y

S =k, (k constant):
= u" + R+ k) + [(%R)’ + (%R)Z + %kR]u =0=y"+P+k)y + [(%P)l + (%P)2 + %kP]y
+R=B= (%R)l + (%R)Z + (%R)k =B?2+kB , (B constant)

1

= u'+QB+ku + (B> +kB)u =0 = u = ™ , (m= %[—(2B+k)+J(23+k)2—4(32+k3)D
=u"+Q2B+ku' +(B*+kB)u=0= u=¢"™ m—%[ (2B +k) ])
Su=e"=y= e’”"e_%J‘(P_zB)dx = e(_k;k )x_%fpdx , ( -B+ _k+k>

= y'+(P+k)y + [(%P)’ + (%P)Z + %kP]y =0
=y +Hy + [ (RH-K) + (FH-K) +LH-k]y=0 . H=P+k)
=B+ (GIH-R) + (1) - (£) -0 . (H=P+k)

=y +Hy + [ (FH-K) + GH-K)(LH+K) ]y=0 . H=P+k)
O

Note: combining Corollary V.3 & Corollary 1.3 yields nothing new:

L | (F-R)dx
7"+ F7 +Gz =0 and: w:zezj( )

= w' + Rw' + {G— [(%F>’+ (%F)ZJ +[(%R>/+ <%R>2]}W =

And:
u= (C“ +012Ie_Idedx e_%J‘Rdx =y = (021 +022I€_I5dxdx>e_%fpdx
=+ R+ +[ ($R) + (ZR) + LR Ju=0=y"+ P+ 8y +[(3P) + ($P)" + 1PS]y
So, let:

F:P+S&G=<1P>+<LP +Lps

:w”+Rw’+{G [ F> (L F) ] [(%R>l+<%R>2]}w:0

T (c“ +c22fe_j dxdx>€__fpdx & w= (021 +czzfe_Idedx>e_Hdee%I(”S‘R)d"

= 0=w"+Rw +

H{(3P) + (3P) 1P [(31P+81) + (31P+51) ]+ [(3R) + (3R) Thw

=>w=|cy+ czzje_Idedx e% -[(S_R)dx

= w" +Rw' + {—[ (%S)’ + (%S)z] + [(%R)’ + <%R>2]}W =
Another form of the invariant technique is as follows:

Theorem VI.1: For all differentiable wu,u>,R11,R12,R21,R2», and constants myy,mi2,ma1, Mo .

/ !
m“J.Rlldx mlgj.ngdx m21J-R21dx mzzJ-Rzzdx
ue e = ure e

us + [2myRo1 + (mxnRon — 17/112R12)]’4l2 *
+ [ (m21R21) + (m21R21)” + (M21R21)[M2aR2 — m1zR12] Juz =0
[D + (m21R21 + mnRy —mipR12)][D + (m21Ra1)Ju = 0

dx

-myy J-Rzldx

—I(mzszz—mllez)dx
= Uy =e€ ci|+ Czje

Proof:

/ !
mllIRlldx leIRIde mZIIRZIdx mzzIRzzdx
ue e = | ujze e

/ '
mi IRlldx ma) IRZIdx I(mZZRZZ—mIZRIZ)dx
= ue = ure e
1 ! /
myy IRlldx may IRZIdx I(mZZRZZ—mIZRIZ)dx
= ue = uze e

/
may IRZIdx I(mZZRZZ—mIZRIZ)dx
= ((ulz + m21R21u2)e e
'
/ I(mlezl+[m22R22—m12R12])dx
= ((uz + m21R21u2)e

(m21R21+[m2Ryp-maR12])dx
= [uy + maRa1uh + ma Ry uz + (maiRa1 + [maaRan — mipR12])(uh + moRauz)le I

= {uz + [2m21R21 + (mZszz - mllez)]uz +

14



(m21R21+[m2aaR2—mi2R12])dx
+ [(mZIRZI),+(m21R21)2+(mZIRZI)[mZZRZZ_m12R12]:|M2}€J. AR

= s + [2m21Ry1 + (mnRx» — 7’5112R12)]M’2 +
+ [ (m21R21)" + (m21R21)* + (m21R21 ) [ma2R2 — mipR12] Juz = 0

7 '
may IRZIdx I(mZZRZZ—mIZRIZ)dx
= uze e =0

—ma1 IRZIdx —I(mZZRZZ—mIZRIZ)dx
= u =e cl+czfe dx

g =mauRy & h =myuRy + (MmnRy —mpR12)
= uh + [2m21R21 + (mnRy — 77112R12)]M/2 +
+ [ (m21R21)" + (m21R21)(m21R21 + [mxaR2 — miaR12]) Jua = 0
O

Generalizing, extending further this invariant technique:

Theorem VI.1: For differentiable u,vi,wi,u2,v2,w2,S :
-
(wiv)'wi = (uav2)'wa & 0= <(u1v1)'w1>/+S<(u1v1)/w1>

/ !
up = VII|:01 + czIWIle_Idedx:| = e'[(v_l>dx|:cl + C2I6I<W+S>dxdx:|
S D ORI M [ORC (GREDI?

: < ! !
2 NEEAN
Uy = V51|:Cl +CZIW§1€_Idedx =e K N >dx|:cl +c2f€ J( " +S>d dx:|

oo () (i) e [ (8) () (3]
\
Proof:

<(MIVI)IW1>/ +SCuvi)'wi) = (ivy)"wi + @ivi)'wi +Suivi)'wi
" W,1 !
= wl(ulvl) + (7 +S>(M1V1) wi
1
= <(u2v2)lW2>l +S<(u2V2)IW2> /
= 0= <(M1V1)IW1>I +S<(M1V1)IW1> = w1|:<(u1v1)/>/ + (x—} +S)(M1V1)l:|

L 1

N

0= <(u1v1)lwl>/ +S((urvi)'wr) = W1|:<(u1V1)/>/ + (x—/} +S>(M1V1)/
(e J(es ) e_j(x—}+s>dx (e I Yo e_j<3—;+s)dx
o [ el Ief(x—us)dxdx} ) e;(%)dx[m . Ie;(x—a+s)dxdx}
0= ((ulvl)/wly +S<(u1/vl)/w1> = ((uzvz)/wzy +S<(u2vz)/wz>
= W2|: ((Mz\/z)/)/ + (x—; + S) (u2v2)’
(e J(5es ) e_j(x—;+s>dx (e J(5s Yo e_j<3—;+s)dx
= Uy = v21|:cl i Czje.[(%+5>dxdx:| _ ej(%)dx|:m N Czje'[(%+s>dxdx:|
. 0= ((ulvl)’wly +S<(u1v1)’w1> = (u1v1) ' wi + (uivi)'wh +S<(u1v1)/w1>

= ((uz\)z)’wzy + S((uzvz)’wz> = (uav2)"'wa + (uav2)'wh + S((uzvz)/wz>
e _

0=wi| iv))" +

—_

o
Il Il
< =
(%) —_

1 10

N /N
5=
< <
[\ _
+ +

/N N

|=-

— —

<
L
—
—+
~
ER
—+
”
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/ / / ! / / /
0—w1v1|:v—i|:u’1+ “j—i)ul:|+|:u’l+(v—i)u1:| +(W_i +S)u’1+(w_i+5)(“j—i)u1
= <
_ Vlz / Vlz / Vlz , W,2 s \u! le S Vlz
= WoV> V) u, + vy Uy |+ upy + V) U + —2+ u, + —2+ vy 175
>
/ ! 2 ! / ! / ! /
= (3t Yo () s (31 Juow (51w (8 Y+ (G 5) (1)
= < V’ Vl 2 Vl V’ ! W’ Wl V’
= (—i)u’2+ (—;) uy + uy + (—;)u’2+ (—;) U + (w_z +S)u’2+ (—;4—5) (—;)
> _ _
0=u" _2 Vll Wll S 1. V/l ? Vll S V/l
—l/t1+_ —1 + —1+ _l/t1+ V_l + —1 + W_+ V_l ui
= < Vl W/ - B v/ 2 Vl / v/ n
:u§+_2(—§)+(—§+S)_u’2+ (v—i) +(v—§> +(W—2+S)(V—§) us
> r Vl W/ - B v/ Vl 2 W/ v/ n
0:”/1/+_2(_1)+(_i+5) uy + (—}) +(v—i> +(W—1+S)(v—}) ui
= < — _
Dol Y (N T s T8 s (22 (e, ) (2
= Uy + vy + —2+S u, + Vs vy + W_2+S Vs us
\ — - — —
/
(uvi) wi = (uav2) wr & 0= <(M1V1)W1> +S<(M1V1)W1>
e /
» - ‘ dx %+S>dx
ul—v11|:cl+czjw eISd :|: : |:C1+Czje I( : dx:|
% v % w) v
o 1 1 1
_dJomue () (s Jue [(—1 () +(w—1+5)(v—1)]ul
= < ,
c —2 - +S)dx
u = vy [ClJrszWz e ISd dx} = |:C1+Cz_[e ’ dx:|
0_ il 2 VIZ WZ S / V,2 WIZ S V,2
= U, + V_2 + W_2+ u, + —2 + W_2+ V_Z us
.
N\
g e / /
nes(8)- (59
Vi (v Vi wi
o () (44 (3.
V! v w)
o= (5t) & om= () ()
N\
= <
e Wy s
2 = Vs + W_2+
(Y (v ) wh
< 0O, = Vs + vy vy + —2+S
V- V- wh
o= () & om= () ()
.
N\

O

Corollary VI.1: For differentiable u;,g,h1,u2,82,h2,S :

e / /
( | gldX> [on-gi-s)ax _ ( Igde> [r2-go-s)ax
ue e = uze e
! ! /
& 0= ((ulejgldx> e.‘.(hl_gl_s)dx> +S(u1ejgldx> e...(h‘_g‘_s)dx
-
= < up = e_-[gldx(cl + CQIe_I(hl_gl)dxdx>
Ny 0 = uf + (g1 +h)uy + (g +gihi)u
Uy = e_.[gzdx (Cl + czj.e_j(hrgmxdx)
0= w2+ (g2+h2)uz + (g2 + g2h2)us
.
Proof:

From theorem VI.1:
For differentiable u1,vi,wi,u2,va,wo,S :
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wvi)'wi = (uav2)'wr & 0= <(u1V1)/W1>/+S<(M1V1)/W1>
- ! 1
. [ - Yax - (ﬂm)dx
u1=vIl|:C1+C2J-WTleJ.de:|:ej< l> Cl+c2...ej. | dx
V) w) vi ) v Vi
1" !
24 Joma G ) o [ ) < GOIGH
- < ' /
[ su [ 22 )ax - <&+S>dx
uz=v51|:C1+cz,[W516 Idex:|=eI<2> |:CI+C2J.6J. 2 dx
I Vlz le / Vl2 l V/z V/Z
oot [ (800 e[ () (9 G
L C
So:
-
by = ejgldx & wy = ef(hl—gl—S)dx
Pi=gi+h & Qi=gi+gih
<

! ! !
NORTRORCE

Py=gr+hy & Qi =g)+gh

> ! /
( | gldX> [on-gi-s)ax _ ( Igde> [r2-go-s)ax
ue e = uze e

/ ! /
& 0= ((ulejgldx> e-..(hl_gl_s)dx> +S(ulejgldx> ej.(h‘_g‘_s)dx

p
= < U = e_-[gldx<c1 + czfe_j(hl_gl)dxdx>
Ny 0 =uf + (g1 +h)uy + (g +gih)ur = (D+g1)(D+gih)u
Up = e_jgzdx (cl + czje_j(hZ_gZ)dxdx>
0= uy + (g2 + ha)usy + (g5 + g2h2)uz = (D + g2)(D + g2h2)us
.
]
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