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ABSTRACT

In this paper, we introduced a new neutrosophic graphs called bipolar complex neutrosophic graphs of typel
(BCNG1) and presented a matrix representation for it and studied some properties of this new concept. The concept
of BCNG1 is an extension of generalized fuzzy graphs of type 1 (GFGL), generalized single valued neutrosophic
graphs of type 1 (GSVNG1), Generalized bipolar neutrosophic graphs of type 1(GBNG1) and complex neutrosophic
graph of type 1(CNGL1).
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1. INTRODUCTION

In 1998, (Smarandache, 1998), introduced a new theory called Neutrosophy, which is basically a
branch of philosophy that focus on the origin, nature, and scope of neutralities and their
interactions with different ideational spectra. Based on the neutrosophy, Smarandache defined the
concept of neutrosophic set which is characterized by a degree of truth membership T, a degree of
indeterminate- membership | and a degree false-membership F. The concept of neutrosophic set
theory is a generalization of the concept of classical sets, fuzzy sets (Zadeh, 1965), intuitionistic
fuzzy sets (Atanassov, 1986), interval-valued fuzzy sets (Turksen, 1986). Neutrosophic sets is
mathematical tool used to handle problems like imprecision, indeterminacy and inconsistency of
data. Specially, the indeterminacy presented in the neutrosophic sets is independent on the truth
and falsity values. To easily apply the neutrosophic sets to real scientific and engineering areas,
(Smarandache, 1998) proposed the single valued neutrosophic sets as subclass of neutrosophic
sets. Later on, (Wang et al., 2010) provided the set-theoretic operators and various properties of
single valued neutrosophic sets. The concept of neutrosophic sets and their extensions such as
bipolar neutrosophic sets, complex neutrosophic sets, bipolar complex neutrosophic sets (Broumi
et al.2017) and so on have been applied successfully in several fields
(http://fs.gallup.unm.edu/NSS/).

Graphs are the most powerful tool used in representing information involving relationship between
objects and concepts. In a crisp graphs two vertices are either related or not related to each other,
mathematically, the degree of relationship is either 0 or 1. While in fuzzy graphs, the degree of
relationship takes values from [0, 1]. In (Shannon and Atanassov, 1994) introduced the concept of
intuitionistic fuzzy graphs (IFGs) using five types of Cartesian products. The concept fuzzy graphs
and their extensions have a common property that each edge must have a membership value less
than or equal to the minimum membership of the nodes it connects.
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When description of the object or their relations or both is indeterminate and inconsistent, it cannot
be handled by fuzzy graphs and their particular types (Sharma et al., 2013; Arindam et al., 2012,
2013). So, for this reason, (Smarandache, 2015) proposed the concept of neutrosophic graphs
based on literal indeterminacy (1) to deal with such situations. Then, (Smarandache, 2015, 2015a)
introduced another version of neutrosophic graph theory using the neutrosophic truth-values (T, I,
F) and proposed three structures of neutrosophic graphs: neutrosophic edge graphs, neutrosophic
vertex graphs and neutrosophic vertex-edge graphs. Later on (Smarandache, 2016) proposed new
version of neutrosophic graphs such as neutrosophic offgraph, neutrosophic bipolar/tripola/
multipolar graph. Presently, works on neutrosophic vertex-edge graphs and neutrosophic edge
graphs are progressing rapidly. (Broumi et al., 2016) combined the concept of single valued
neutrosophic sets and graph theory, and introduced certain types of single valued neutrosophic
graphs (SVNG) such as strong single valued neutrosophic graph, constant single valued
neutrosophic graph, complete single valued neutrosophic graph and investigate some of their
properties with proofs and examples.Also, (Broumi et al., 2016a) also introduced neighborhood
degree of a vertex and closed neighborhood degree of vertex in single valued neutrosophic graph
as a generalization of neighborhood degree of a vertex and closed neighborhood degree of vertex
in fuzzy graph and intuitionistic fuzzy graph. In addition, (Broumi et al., 2016b) proved a necessary
and sufficient condition for a single valued neutrosophic graph to be an isolated single valued
neutrosophic graph. After Broumi, the studies on the single valued neutrosophic graph theory have
been studied increasingly(Broumi et al., 2016c, 2016d, 2016e, 20169, 2016h, 2016i; Samanta et
al.,2016; Mehra,2017; Ashraf et al.,2016; Fathi et al.,2016)

Recently, (Smarandache, 2017) initiated the idea of removal of the edge degree restriction of fuzzy
graphs, intuitionistic fuzzy graphs and single valued neutrosophic graphs. (Samanta et al,2016)
introduced a new concept named the generalized fuzzy graphs (GFG) and defined two types of
GFG, also the authors studied some major properties such as completeness and regularity with
proved results. In this paper, the authors claims that fuzzy graphs and their extension defined by
many researches are limited to represent for some systems such as social network. Later on
(Broumi et al., 2017) have discussed the removal of the edge degree restriction of single valued
neutrosophic graphs and defined a new class of single valued neutrosophic graph called
generalized single valued neutrosophic graph of typel, which is a is an extension of generalized
fuzzy graph of typel (Samanta et al, 2016). Later on (Broumi et al., 2017a) introduced the concept
of generalized bipolar neutrosophic of type 1. In addition, (Broumi et al., 2017b) combined the
concept of complex neutrosophic sets with generalized single valued neutrosophic of typel
(GSVNGL1) and introduced the complex neutrosophic graph of typel(CNG1). Up to day, to our
best knowledge, there is no research on bipolar complex neutrosophic graphs.

The main objective of this paper is to extended the concept of complex neutrosophic graph of type
1 (CNGL1) introduced in (Broumi et al., 2017b) to bipolar complex neutrosophic graphs of typel
and showed a matrix representation of BCNG1.

The remainder of this paper is organized as follows. In Section 2, we review some basic
concepts about neutrosophic sets, single valued neutrosophic sets, complex neutrosophic sets,
bipolar complex neutrosophic sets, generalized fuzzy graph, generalized single valued
neutrosophic graphs of type 1, generalized bipolar neutrosophic graphs of type 1 and complex
neutrosophic graph of type 1. In Section 3, the concept of complex neutrosophic graphs of type 1
is proposed with an illustrative example. In section 4 a representation matrix of complex
neutrosophic graphs of type 1 is introduced. Finally, Section 5outlines the conclusion of this paper
and suggests several directions for future research.
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2. PRELIMINARIES

In this section, we mainly recall some notions related to neutrosophic sets, single valued
neutrosophic sets, complex neutrosophic sets, bipolar complex neutrosophic sets, generalized fuzzy
graph, generalized single valued neutrosophic graphs of type 1,generalized bipolar neutrosophic
graphs of type 1 and complex neutrosophic graph of type 1 relevant to the present work. See
especially (Smarandache, 1998; Wang et al. 2010; Deli et al., 2015; Ali and Smarandache, 2015;
Broumi et al., 2017, 2017b,2017c; Samanta et al.2016) for further details and background.

Definition 2.1 (Smarandache, 1998). Let X be a space of points and let x <X. A neutrosophic
set A in X is characterized by a truth membership function T, an indeterminacy membership
function 1, and a falsity membership function F. T, |, F are real standard or nonstandard subsets of
170,17, and T, I, F: X—]70,17[. The neutrosophic set can be represented as

A:{(x, TA(x),IA(x),FA(x)): X € X} Q)

There is no restriction on the sum of T, I, F, So
"0 <TA()+ Ta()+FA ()< 3" (2)

From philosophical point of view, the neutrosophic set takes the value from real standard or non-
standard subsets of ]70,1*[. Thus it is necessary to take the interval [0, 1] instead of ]70,1°[. For
technical applications. It is difficult to apply ] 0,17 in the real life applications such as engineering
and scientific problems.
Definition 2.2 (Wang et al. 2010). Let X be a space of points (objects) with generic elements in
X denoted by x. A single valued neutrosophic set A (SVNS A) is characterized by truth-
membership function T,(x), an indeterminate-membership function I,(x), and a false-
membership function F, (x). For each point X in X, Ta(x), [4(x), FA(X)€[0, 1]. A SVNS A can be
written as

AZ{(x, TA(x),IA(x),FA(x)): X € X}(3)
Definition 2.3 (Deli et al., 2015). A bipolar neutrosophic set A in X is defined as an object of the
form
A={<X, (T (x),Lf (x),Ff (%), Ty (x),I1 (x),Fy (x))>: x « X}, where T4, L7 ,Fi:X— [1, 0] and
Ta, I ,Fa:: X—= [-1, 0] .The positive membership degree T, (x),I5 (x),F, (x) denotes the truth
membership, indeterminate membership and false membership of an element < X corresponding
to a bipolar neutrosophic set A and the negative membership degree T, (x), I; (x),E; (x) denotes
the truth membership, indeterminate membership and false membership of an element < X to some
implicit counter-property corresponding to a bipolar neutrosophic set A. For convenience a bipolar
neutrosophic number is represented by

A= <(TA+1IX1FA+1TA_’I;’FA_> (4)

Definition 2.4 (Ali and Smarandache, 2015)
A complex neutrosophic set A defined on a universe of discourse X, which is characterized by a
truth membership functionT, (x), an indeterminacy membership functionI,(x), and a falsity
membership functionF, (x) that assigns a complex-valued grade of T, (%), [5(x), and F4(x) in A
for any x €X. The valuesT, (x), [5(x), andF, (x)and their sum may all within the unit circle in the
complex plane and so is of the following form,
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Ta(x)=pa(x).e/*a®,
I5(x)=q4(x).e/"AMand
Fa(X)=ra(x).e/°a®
Where, pa(x),qa(X),ra(x) and p, (x), va(X),wa(X) are respectively, real valued and
pa(x),qa(%),ra(x) €[0, 1] such that
0<pa(x)*+ ga(x) + ra(x)<3
The complex neutrosophic set A can be represented in set form as
A={(xT,()=a1,(x)=a,F,()=a):xe X}
where Ty: X - {ar:ar € C,|ay| < 1},
Ii:X - {a;:a, €C,|a;| <1},
Fi:X - {ap:ap € C,|ap| < 1}and
[T, (x) + I,(x) + F4(x)| < 3.
Definition 2.5 (Ali and Smarandache, 2015) The union of two complex neutrosophic sets as
follows:

Let A and B be two complex neutrosophic sets in X, where  A={(x, T4 (x), I (x), F4(x) ): x €
X}and

B:{(x, TB(x),IB(x),FB(x)): X € X}.
Then, the union of A and B is denoted as A Uy B and is given as

A Uy B={(x, Taug (%), Iaug (%), Faus(¥)): x € X}

Where the truth membership functionT, g (%), the indeterminacy membership function I, g(x)
and the falsehood membership function F, g (x) is defined by

Taus ()=[(PA(X) V 5 ()] Tave ™,

Laus(0=[(aa () A gp())].e"1a0s,

Faus ()=[(ra(x) A rp(x))].e"Favs®

WhereV and Adenotes the max and min operators respectively.

The phase term of complex truth membership function, complex indeterminacy membership
function and complex falsity membership function belongs to (0,2z) and, they are defined as

follows:

a) Sum:

Haup ) = py () + pp(x),

vaup(x) = va(x) + vg(x),

wauB(X) = WA (X) + 0p(x).

b) Max:
() = max (1, (), 15 (9)),
Vaus(x) = maX(VA(X)fVB (X)),
®aup (%) = max(wa(x), 0p(x)).

C) Min:

aus ) = min (1, GO, 1y (),
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vaus (%) = min(va (%), vg(x)),
waup(x) = min(w, (x), wp(x)).
d) “The game of winner, neutral, and loser”:
#AUB( ): {IUA(X) ?f Pa > Ps ,
e (X) if pg>p,

v ( )= va(x) if g,<0g
AR ve(X) if gy<q,
w,(X) If ry<r
X)= .
“rcn (¥) {%(x) it <,
The game of winner, neutral, and loser is the generalization of the concept “winner take all”
introduced by Ramot et al. in (2002) for the union of phase terms.
Definition 2.6 (Ali and Smarandache, 2015) Intersection of complex neutrosophic sets
Let A and B be two complex neutrosophic sets in X, A={(x, T (x), I4(x), F4(x)): x € X }and
B:{(x, TB(x),IB(x),FB(x)): X € X}.
Then the intersection of A and B is denoted as A Ny B and is define as

A Ny B={(x, Tong (%), Iang (X), Fang (X)): x € X}

Where the truth membership functionT,,g(%), the indeterminacy membership function I,,g(x)
and the falsehood membership function F,,g(x) is given as:

Tans()=[(Pa(X) A pp(x))].€/HTans ),
Lans(0=[(aa () V qp(x))].€"1ans®,
Fans(0=[(ra(®) V g (x))].€"*Fans®
WhereV and A denotes denotes the max and min operators respectively
The phase terms e/**Tane® | elViane™® and e)“Fane® was calculated on the same lines by winner,
neutral, and loser game.
Definition 2.7(Broumi et al., 2017c). A bipolar complex neutrosophic set A in X is defined as an
object of the form
A={<x, T{ el IfellZ F}efs Trellz I[elZ Flelf2 > x < X}, where T}, I}, F:X—> [1, 0]
and Tj, I, F;: X— [-1, 0] .The positive membership degree T;" (x),If (x),F; (x) denotes the
truth membership, indeterminate membership and false membership of an element x € X
corresponding to a bipolar complex neutrosophic set A and the negative membership degree
Ty (x), I7 (x), F{ (x) denotes the truth membership, indeterminate membership and false
membership of an element x € Xto some implicit counter-property corresponding to a bipolar
complex neutrosophic set A. For convenience a bipolar complex neutrosophic number is
represented by

A= <T1+eiT2+’Iil-el'12+,F1+eiF;1T1—eiT;’I;eiI;’Fl—eiF2_>
Definition 2.8 (Broumi et al., 2017c). The union of two bipolar complex neutrosophic sets as
follows:
Let A and B be two bipolar complex neutrosophic sets in X , where
A= (Tf e I}ellZ Fireld TrelTs I7el2 Flel) and
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B= (T3+eiTI ,I;_e”: 'Fs:l-eiF:,Tg—eiT[ ,13_8“4_ ’Fg—el’F[)

Then the union of A and B is denoted as AUgy, B and is given as

Ay, B= {(X’TJrAUB (), 1 ace (X)), Frass (). T ace (X)), 1 ace (X), Faus (x)) X e X}

Where positive the truth membership functionT ", 5 (X) positive the indeterminacy membership
function 1", s (X)and positive the falsehood membership function F*, ; (X), negative the truth
membership functionT ", (X) negative the indeterminacy membership function 1, (X) and
negative the falsehood membership function F~, ¢ () is defined by

Tius(0)= (T3 v T)e!(E VT

Tyus ()= (T AT5)etT2VTs),

s (0= (I A13)elEV),

Taus ()= (IT V I3)eltz V),

Fiug ()= (F{ A Fi el vrd) |

Faup(X)= (F V F3)e!(F2 VFs)

Where . and  denotes the max and min operators respectively

The phase term of bipolar complex truth membership function, bipolar complex indeterminate
membership function and bipolar complex false -membership function belongs to (0,2~) and,
they are defined as follows:
e) Sum:
T us CO=T, ()+T5 (x)
Ty ()=T4 (x)+Tg (x)
Liup CO=I7 )+ (x)
Ly ()=I4 (x)+I5 (x)
Fiup (O=Ff (x)+F5 (x)
Fiup(x)=F4 (x)*+Fg (x)
f) Max and min:
Tus (0)=max(T," (x),T5 (x))
Taup ()= min (T, (x),Tg (%))
Liys ()=min (I (x).1§ (x))
Lyys (x)=max(ly (x)./5 (x))
Fiug Co)=min (FJ (x),Fg (x))
Fiup(x)=maxF, (x),Fg (x))
9) “The game of winner, neutral, and loser”:
T (X) Z{Tf(x) i Pa>ps

T'5(x) if Py >p,
T (X) = {T_A(X) it Pa<pe

T (X)) if pg<p,
0 (X) = {: W00 if 0, <0y

5(x) if gy <q,
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s (X) = I",(x) if d,>0
AR 17, (x) if gz >0,

e (X)= Fra(x) if ry<ry
AR Fra(x) if ry<r,

- (x)— F.(x) if r,>r
e N = % W | B A o

Example 2.9: Let X = {x;, x,} be a universe of discourse. Let A and B be two bipolar complex
neutrosophic sets in X as shown below:

~ <o.5ei-°-7, 0.2¢7,0.4¢401, —0.7¢-704, —0.3¢" 3, —0.2ei-°>

X1

—2T

0.6e408 0.3¢"3,0.1e493, —0.8e4705, —0.4e"3 , —0.1et"01

X2

And

B 0.9ei'0'6, 0.3€i'n, O.1ei'0'3, —0.6€i'_0'6, —0.2€i'_2n, —O.3€i'_0'3

= o

. . 3m ) ) T .
0.8e%°?%,0.4e"+,0.2e4%2, —0.5e"796, —0.1e" 3, —0.2¢" 701

) x2

Then

0.9¢407 0.2¢i™ 0.1ei01 —0.7¢i-06 _02e"F —o.2el’-°)
X1

AUBNB=<

X2
Definition 2.10(Broumi et al., 2017c) The intersection of two bipolar complex neutrosophic sets
as follows:
Let A and B be two bipolar complex neutrosophic sets in X , where
A= (T] el I} el? Firelfd Trel™ ITelZ Frels) and
B= (T5e'™ Ifelld Fie'fd Tyells Iells Fyelfi)
Then the intersection of A and B is denoted as ANy B and is given as
APy B={(XT " pg ()01 ps () F s (X), T (X) 1 s (X), Fas (X)) 1 x € X

Where positive the truth membership function T*, 5 (X), positive the indeterminacy membership

(0.8ei-°-9, 0.3¢3,0.1e102 —(.8e"06 _0.1e'3, —0.1e5701

function | +AmB (X) and positive the falsehood membership function F+AmB (X) , negative the truth membership
function T~ g (X) negative the indeterminacy membership function |, g (X) and negative the falsehood

membership function F~, 5 (X) is defined by

Tig (X)= (T AT el 0T
Ting(x)=(Ty vV T?T)el(TZ nTa),
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Lins (0= (IF V I)el@ D |
Ting(X)= (IT Al3)et2 "),
Fing ()= (FF v F)el(FE 0F0)
Fanp(x)= (Ff A F3)e'2 NFa)
Where « and  denotes the max and min operators respectively
The phase term of bipolar complex truth membership function, bipolar complex indeterminacy
membership function and bipolar complex falsity membership function belongs to (0,2~) and,
they are defined as follows:

h) Sum:
Tang (=T, (x)+T5 (x)
Tang (X)=T; (x)+Tg (x)
Ling (=L (x)+15 (x)
Lpng (X)=Iy (x)+15 (x)
Faing (X)=F4 (X)+Fg (%)
Finp(x)=F4 (x)+Fg (x)
1) Max and min:
Tang (x)=min(T; (x),T5 (x))
Tang (x)= max (T, (x),Tg (x))
Ling ()=max (I (x),I5 (x))
Lang (x)=min(I (x),I5 (x))
Fang (x)=max (F (x),Fg (x))
Finp (x)=minFy (x),Fg (x))
)i “The game of winner, neutral, and loser”:
T s (X) = {T:A(X) it Pa<ps

T'6(X) if Py <ps

{ A(X) 0if pa>pg
T () if p,>p,
Cen (%)= W00 I g > 05
K () if gy >0,
()= I7,(x) if g,<0g
1,(x) if g, <0,
( F*A(x) if r>r
Tace SR i o>,
Foa(X)= F.(x) if r,<r,
A Fa(x) if rp<r,

Example 2.11: Let X = {x,, x,} be a universe of discourse. Let A and B be two bipolar complex
neutrosophic sets in X as shown below:

4 <0.5ei-0-7, 0.2¢™,0.4¢101, —0.7¢-704, —0.3¢", —0.2ei-°>

X1
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. —2T

0.6e%08,0.3¢"3,0.1e493, —0.8e705, —0.4e"3 , —0.1et"01

X2

And

B 0_9ei.0.6, 0.3€i'n, O.1ei'0'3, —0.6€i'_0'6, —0.28i'_2n, —0.3€i'_0'3

= o

. .31 . . . —T i
0.8e%°2 0.4e"+,0.2e%02, —0.5¢"7%6, —0.1e"3,—0.2e-701

) xz

Then

0.5e%6,0.3e"™,0.4e"%3,—0.6e" "%, —0.3e' ", —0.3ei--°-3>

ANgy B =
BN ( X

. .31 ) . . —2T i
0.6e98 0.4e"%,0.2e403, —0.5¢4795 —0.4e" 3 ,—0.2e4701

X2

Definition 2.12 (Samanta et al.2016). Let V be a non-void set. Two function are considered as
follows:

p:V - [0,1]and w:VxV = [0,1] . We suppose

A={(p(x), p() | w(x, y)> 0O},

We have considered wy, > 0 for all set A

The triad (V, p, w) is defined to be generalized fuzzy graph of first type (GFG1) if there is function
a:A— [ 0,1] suchthat w(x,y) =a((p(x), p(¥))) Where x, ye V.

The p(x), xe V are the membership of the vertex x and w(x,y), X, Y€ V are the membership,
values of the edge (X, y).

Definition 2.13 (Broumi et al., 2017). Let V be a non-void set. Two function are considered as
follows:

p=(pr, p1, pr):V — [ 0,1]%and

w= (wr, w;, wp):VXV - [ 0,1]3 . Suppose

A={(pr(x),pr () lwr (X, y) = 0},

B= {(pl (x)nol(y)) |(1.)1(X, y) = 0}1

C={(pr (x).pr (¥)) lwp(x, y) = 0},

We have considered wr, w; and wp = 0 for all set AB, C, since its is possible to have edge
degree =0 (for T, or I, or F).

The triad (V, p, w) is defined to be generalized single valued neutrosophic graph of type 1
(GSVNGYL) if there are functions

a:A—[0,1],8:B-[0,1] and §:C— [ 0, 1] such that

wr(x,y) = a((pr(x).pr(¥)))

wi(x,y) = B((p1(x).01(¥)))

wp (%, )= 6((pr(x),pr(¥))) Wherex, ye V.
Here p(x)= (pr(x), p;(x), pr(x)), X€ V are the truth- membership, indeterminate-membership

and false-membership of the vertex x and w (x, y)=(wr(x,y), w;(x,y), wg(x,y)), X, Y€ V are the
truth-membership, indeterminate-membership and false-membership values of the edge (X, y).
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Definition 2.14 (Broumi et al., 2017b) Let V be a non-void set. Two functions are considered as
follows:

p=(pr, p1, pr):V = [ 0,1]%and

w=(wr, w;, wg):VXV - [0,1]3 . Suppose

A= {(pT(x)’pT(y)) |(‘)T(X! y) = 0}’

B={(0;().p:(¥)) lw; (X, y) = 0},

C= {(pF (x)’pF(y)) |wF(X! y) = 0}1

We have considered wy, w; and wy = 0 for all set A,B, C, since its is possible to have edge
degree =0 (for T, or I, or F).

The triad (V, p, w) is defined to be complex neutrosophic graph of type 1 (CNG1) if there are
functions

a:A-[0,1],:B-[0,1] ands:C- [ 0, 1] such that

wr(x,¥) = a((pr(x).pr(¥)))

w;(x,y) = B((p1(x).p1(¥)))

wr(x,y) = 6((pr(x).pr (¥)))
Where X, Y€ V.

Here p(x) =(pr(x), p;(x), pr(x)), X € V are the complex truth-membership, complex
indeterminate-membership and complex false-membership of the vertex x and w (x, y)=(wr(x, y),
w;(x,y), wp(x,y)), X, YE V are the complex truth-membership, complex indeterminate-
membership and complex false-membership values of the edge (X, y).

Definition 2.15 (Broumi et al., 2017b). Let V be a non-void set. Two function are considered as
follows:

p=(pT.P1» PE.PT: P PF)V = [0,1]° X [ —1,0]%and

w=(wf 0, of 0T, o] ,wz):VXV - [0,1]% x [ —1,0] . We suppose

A={(p1 ().pT(¥)) |t (x, y) = 0},

B={(p1 (),p () |of (x, y) = 0},

C={(pf (),pE ) lwF (X, y) = 0},

D= {(pr(X),pr (¥)) lwr(x, y) <0},

E={(pr X).pr () |y (X, y) < 0},

F={(pr (%).pr (1)) |wg (X, y) < 0},

We have considered wy, i, wf = 0and wy, wy,wr < 0forall set A, B, C, D, E, Fsince its
is possible to have edge degree =0 (for T* or I* or F*, T~ or I~ or F7).

The triad (V, p, w) is defined to be generalized bipolar neutrosophic graph of first type (GBNG1)
if there are functions

a:A-[0,1 ,8:B-[01 ,86:C—>[0,1] and §ED—-[-1,0] , ccE—>[-1,0] , Y :F—
[ —1, 0]such that

ot (%, y) = a((p1 (X).pT(¥))),

wr (%,y) = &(p1 (x).pT (1)),

wf (%) =B((p1 (X).p1 ()),

wy (%,y) = o((pr ®).pr ())),

wf (%,y) = 8((pF (),pF (),

wg (%,5) = Y((pr (X).pr (¥)))

Where X,y € V.

Here p(x)=(p%(x), p{ (%), pf (x), p7(X), p; (X), pr(x)), XE V are the positive and negative
membership, indeterminacy and non-membership of the vertex x and w(x,y)=(wf(xy),
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of (%y), of(x%y), o1(xy), o] (Xy),wrxYy)), X, YE V are the positive and negative
membership, indeterminacy membership and non-membership values of the edge (X, y).

3. Bipolar Complex Neutrosophic Graph of Type 1

In this section, based on the concept of bipolar complex neutrosophic sets (Broumi et al., 2017c)
and the concept of generalized single valued neutrosophic graph of type 1 (Broumi et al., 2017),
we define the concept of bipolar complex neutrosophic graph of type 1 as follows:

Definition 3.1. Let V be a non-void set. Two function are considered as follows:

p=(p1.p1", PF.PT, P1.PF):V = [ —1,1]°and

w=(wF 0, of 0T, o] ,wz):VXV - [ —1,1]° . We suppose

A={(p1(),pt () wi(x, y) = 0},

B={(p1 (x).p{ (1)) |y (x, y) = 0},

C={(pf (),pE ) lwF (X, y) = 0},

D= {(pr(X).pr (¥)) lwr(x, y) <0},

E={(pr X).pr () |y (X, y) < 0},

F={(pr ().pr (1)) |wg (X, y) < 0},

We have considered w#, wf,wf = 0and wy, wy,ws < 0forall set A, B, C, D, E, Fsince its
is possible to have edge degree =0 (for T* or I* or F*, T~ or I~ or F7).

The triad (V, p, w) is defined to be bipolar complex neutrosophic graph of first type (BCNG1) if
there are functions

a:A-[0,1 ,8:B-[01 ,86:C—>[0,1] and §D—>[-1,0] , ccE=>[-1,0] , Yy :F—
[ —1, 0]such that

w1 (x,y) = a((pT(X).pT (),

wr (%) =&((p1 (x).p1 (),

of (x,y) = B((p1 (X).p1 ()),

wr (x,y) = o((pr (X).p1 (¥))),

wf (%,y) = 8((pF (),pF (),

wg (%) = Y((pr (X).pr (1))

Where X,y € V.

Here p(x)=(p%(x), p{ (%), pf (x), p7(X), P (X), pr (X)), XE V are the positive and negative
complex truth-membership, indeterminate and  false-membership of the vertex x and
w(x,y)=(wt(x,y), of (x,y), of (x,y), w1 (%, y),07 (X,y),0s (%,¥)), X, YE V are the positive and
negative complex truth-membership, indeterminate and false-membership values of the edge (X,

y).
Example 3.2: Let the vertex set be V={X, vy, z, t} and edge set be E={(X, y),(X, 2),(X, t),(y, t)

X y z t
Pt 0.5¢%08 0.9¢%0° 0.3e%03 0.8e%01
Pl 0.3¢' % 0.2¢" 0.1e"2" 0.5e""
o 0.1e%03 0.6e%05 0.8e%05 0.4e%07
Pr -0.6e"706 -let ™ -0.4e4701 -0.9e401
pr -0.4e"7%" -0.3e*0 -0.2e4703 -0.6e4702
PE -0.2¢"703 -0.7e706 -0.9e727 -0.5e""
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Table 1: Bipolar complex truth-membership, bipolar complex indeterminate-membership and bipolar
complex false-membership of the vertex set.
Let us consider the function
a(m,n)=(m} v n}).eHrmun,
B(m,n)=(m; An}). e mun
S(m,n)= (mf Ant). e Fmon,
&(m ,n)= (m7 Ang).e*Tmun
a(m ,n)= (m; Vny).e mun and
Y(m )= (m V ng) . eHTmon,
Here,
A={(0.5¢%8 0.9 ¢10), (0.5 %08, 0.3 :03), (0.5 %98, 0.8 £-01), (0.9 €/, 0.8 £101)}
3T T 3T 3T T

B = {(0.3¢"+,0.2¢+), (0.3 e+, 0.1e-2™), (0.3 €'+, 0.5¢}™), (0.2¢"+, 0.5e-™)}

C = {(0.1e93, 0.6'%%), (0.1e'°3, 0.8¢"0%), (0.1e"03, 0.4e"07), (0.6€"%, 0.4€07)}
D={(-O.6ei"°'6, -1€i'_n), (-0.6€i'_0'6, -O.4€i'_0'1), (-0.6€i'_0'6, -0.9ei'_0'1), (_1ei.—7'[’ -0.9€i'_0'1)}

E = {(-0.4e"7%7,-0.3e"0), (-0.4e"727,-0.2e"793), (-0.4e"727, -0.6e"792), (-0.3e%?, -0.6e"702)}
F = {(-0.2¢%793,-0.7¢706), (-0.2¢%703, -0.9¢"7%7), (-0.2¢"703,-0.5e%7™), (-0.7¢"70%, -0.5e- ™)}
Then

w (x,y) (x,2) (x,1) 0, )
wf(xy) | 0.9e-0 0.5¢08 0.8¢08 0.9¢09
of (%) | 0.2¢' 0.1e"s 0.3¢'s 0.2¢%
wf (%) 0.1¢%0-3 0.1ei-0-3 01403 04005
wr(xy) |-let ™ -0.6ei706 0.9¢4-06 eim
Wy (X' Y) -O.3ei'° -0.2€i'_2n _0.4ei.—2n: '0.3€i'0
wr(xy) |-0.2¢%703 -0.2¢4703 -0.2¢+703 -0.5e470-6

Table 2: Bipolar complex truth-membership, bipolar complex indeterminate-membership and bipolar
complex false-membership of the edge set.
The corresponding complex neutrosophic graph is shown in Fig.2

X<05 e/98,0.3 /%, 0.1 €93, -0.6--06 0.4¢l27 0o t<08e/%1, 0.5/, 0.4el07,
® -0.9¢i-01 0 6@s02 0 5ei

3n ,
<0.8e/08 0.3e"%,0.1e/-03,

- A -09ei 06 _0.4el—27 _().2ei0i-035
S @
3 .
3% 9e/97,0.2¢"%, 0.4€'05,
oS -1e¥7, -0.3e0, -0.5e706>
KRN
© 3
2’9 3
g .I:“ <O.59j-0-8’0. i'T, Ollei.0.3’_0.6ei.—0.6’ O.Zei.—Z‘l(’ -0.2¢i-93>
o
v
) 7 <03 ej.0.3’ 0.1 ej.Zn" 0.8ef'°'5,
y<0._931.0.9’ 0 6 -O.4ei"°'1,-0.2ei"°'3, _O_gei.—2ﬂ>
_1el.—11" -0.3 0 O.7el.—0 6>

Fig 2. BCNG of type 1.
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4. Matrix Representation of Bipolar Complex Neutrosophic Graph of Type 1

In this section, bipolar complex truth-membership, bipolar complex indeterminate-membership,
and bipolar complex false-membership are considered independent. So, we adopted the
representation matrix of complex neutrosophic graphs of type 1 presented in (Broumi et al.,
2017b).

The bipolar complex neutrosophic graph (BCNG1) has one property that edge membership values
(T+,I*,F*, T~, 17, F~) depends on the membership values(T*, I'*, F*, T~, I~, F~) of adjacent
vertices. Suppose {=(V, p,w) is a BCNG1 where vertex set V={v,,v,,...,1,,}. The functions

a:A-[0,1] is taken such thatw?(x,y) =a ((pF(x),pF(¥))), where x, ye V and A=
{(p7 (0).pt () lwF (X, y) = 0},

p:B—[0,1] is taken such thatwf (x,y) =B ((p; (x),pi (¥))), where x, y€ V and B=
{(pi" (). ) lwf (%, y) = 0},

5:C—-[0,1] is taken such thatw# (x,y) =6 ((pf(x),prF(¥))), where X, ye V and C =
{(p7 ().pE ) lwf (X, y) = 0},

§:D—[—1,0] is taken such that wr(x,y) =& ((pr (x),pr(¥))), where x, ye V and D=
{lor (0).pr ) lwz (X, y) <0},

o:E—[—1,0] is taken such thatw; (x,y) =0 ((p; (x),p; (¥))), where X, ye V and E=
{lor ).pr ) lw; (%, y) < 0}, and

Y:F—>[—1,0] is taken such thatwy(x,y) =y ((pr (x),pr(¥))), where X, ye V and F =
{lor (¥).pr (V) lwr (X, y) < 03,

The BCNGL can be represented by (n+1) x (n+1) matrix Mg:""=[a™" (i,j)] as follows:

The positive and negative bipolar complex truth-membership(T*,T ™), indeterminate-membership
(I'*, I7) and false-membership (F*, F~), values of the vertices are provided in the first row and
first column. The (i+1, j+1)-th-entry are the bipolar complex truth -membership (T*, T7),
indeterminate-membership (I, I~)and the false-membership (F*, F~) values of the edge (x;,x;),
i,j=1,....nif i#].

The (i, i)-th entry is p(x;))=(p7 (x;), pi" (x0), p# (x0), pr (x2), pi (1), pr (x;)) where i=1,2,....n.
The positive and negative bipolar complex truth-membership (T*, T7), indeterminate-
membership (I*, I7) and false-membership (F*, F~), values of the edge can be computed easily
using the functions a, 8, 6, ¢ , o and ¥ which are in (1,1)-position of the matrix. The matrix

representation of BCNGL1, denoted byMgi"F , can be written as sixth matrix representation ng,
M ME MG, MG, ME; .
The MZ. is represented in Table 3.

Table 3.  Matrix representation ofT*-BCNG1

a PRy GO 2n0F (0))
o (PE (D) 0k (D) a(pF (1) pE(v0) | @i (1) pF ()
2 (F () | alpE (w2) pF(v) P (1) (pF (v3).0F (1))
7 EE ) | aivptD) | apr i) | pr()
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The M(’;Jlr is presented in Table 4.Table4. Matrix representation of/*- BCNG

The ML is presented in Table 5.
Table5. Matrix representation of F*- BCNG1

B vi(pf (1)) v, (o1 (v2)) v (0 (V)
vy (o] (v1)) pr (vy) Blof (wD).pi (v2)) | Blof (vo).pi ()
va(pf (v2)) | Blof (v2).pr (V1)) pi (v2) Blor (v2).p1 (v2))
v (o7 () | BoF ()0f (01) | Bloi (va)ooi () o (%)
1

) v1(pF (V1)) v, (pf (v2)) Un(PF (V)
vy (pr (1)) pr (V1) 8(pg (v1) .07 (v2)) | 8(pf (v1).oF (Vn))
v, (pF (v2)) 8 (pr(v2), pi(vy)) pr (v2) 8(pE (v2).0F (v2))
1 (oE () | 6(0F (v) pE (v)) | 80 (v) 02 (9) o (v)

The Mg, isshown in table 6.

Table 6. Matrix representation of T-- BCNGL1
¢ vy (o7 (V1)) v, (o1 (v2)) v (o1 (V)
v1(p7 (V1)) pr(v1) $(pr ()1 (v2)) | (pr (v1),p7 (V)
vo(p7 (v2)) | §(pr (v2).07 (V1)) pr (v2) $(p1r (v2).p1 (v2))
oz ) | oz @) | oz @)z (@) o7 (v))

The M, isshown in Table 7.
Table 7. Matrix representation of /~- BCNG1

o v1(pr (1)) v, (pr (v2)) vn(pr (V)
v1(pr (v1)) pr (v1) o(p; (v1), o(p; (v1).pr (vn))
pr (v2))
vy (pr (v2)) a(p; (v2).p1 (v1)) pi (v2) a(pr (v2).p1 (v2))
vn(pr (V) o(pr (vn).pr (V1)) a(pr (vn), pr (vn)
pr (v2))

The M, is presented in Table 8.
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Table8. Matrix representation of F~- BCNG1

4 V1 (pF (1)) v2(pr (v2)) Un(pr (Vn))
v1 (pr (V1)) pr (V1) Y(or (v1).0F (v2)) Y(or (v1).0F (V)
v, (pr (v2)) Y(or (v2).0F (V1) pr (v2) Y(pr (v2).pr (v2))
o (o)) | $or ) wr o) | o7 (o) 07 (02) P70

Remarkl:if pr (x)=p; (x)=pr (x)0,the bipolar complex neutrosophic graphs of type 1 is reduced
to complex neutrosophic graph of type 1 (CNG1).

Remark2:if pr (x)=p; (x)=pr (x)0, andp;" (x)=pj (x) =0 , the bipolar complex neutrosophic
graphs of type 1is reduced to generalized fuzzy graph of type 1 (GFG1).

Remarka3:if the phase terms of bipolar complex neutrosophic values of the vertices equals 0, the
bipolar complex neutrosophic graphs of type 1is reduced to generalized bipolar neutrosophic graph
of type 1 (GBNGL1).

Remark4:if pr(x) =p; (x) =pr(x) 0, and the phase terms of positive truth-membership,
indeterminate-membership and false-membership of the vertices equals 0, the bipolar complex
neutrosophic graphs of type lis reduced to generalized single valued neutrosophic graph of type
1 (GSVNG1).

Here the bipolar complex neutrosophic graph of type 1 (BCNGL1) can be represented by the matrix
representation depicted in table 15.The matrix representation can be written as sixth matrices one

containing the entries asT*, I* , F*,T~ , 1~ , F~ (see table 9, 10,11,12,13 and 14).

Table 9. T*- matrix representation of BCNG1

a x(05¢/°%) | y(09e/%%) |2(03e/%%) |1(0.8e/Y)
x(0.5 ") 0.5 ¢/08 0.9 /02 0.5 e/ 08 0.8 108
y(og ei.0.9) 0.9 ej.0.9 0.9 ej.0.9 0 0.9 ej'0'9
2(0.3 e%%) 0.5 ¢/ 8 0 0.3 e/ 03 0
t(0.8 ") 0.8 g/08 0.9 e/ 09 0 0.8 ¢/ 01
Table 10. I*- matrix representation of BCNG1
B x(0.3 ej'%ﬂ) y(0.2 ej-g) z(0.1 e2™) t(0.5 &™)
x(0.3 ) 03¢ 02¢e% 0.16% 0.167%
y(0.2 &%) 0.2 &% 0.2 e 0 0.2 /%
z(0.1 ej'ZR) 0.1 ej.%" 0 0.1 e)2m 0
t(0.5 &™) 0.3 e}2™ 02 % 0 0.5¢™
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Table 11:F*- matrix representation of BCNG1

5 x(0.1 e40-%) y(0.6 e/0%) z(0.8 e/%5) | £(0.4e/°7)
x(0.1e/03) | 0.1e"03 0.1 %03 0.1¢/03 0.1e/03
y(06 ej.O.S) 0.1 ei.0.3 0.6 ej.O.S 0 0.4€j'0'5
(0.8 e/:0) 0.1¢"03 0 0.8 ¢J-05 0
t(0.4ej'°-7) 0.1 ¢i-03 0.4e)05 0 04107
Table 12:T~- matrix representation of BCNG1
¢ X(-0.6 e47%6) |y(-1ev ™) | z(-0.4 e*~%1) | t(-0.9e""%1)
X(-O.G ei.—0.6) -0.6 ei.—0.6 -1 ei.—rt -0.6 ei.—0.6 -0.9 ei_—o,ﬁ
y(-1e"™) -let ™ -lel ™ 0 -lel ™
2(-0.4 e-701) -0.6 706 0 04 ei—01 0
t(-0.9e+=01) -0.9 706 -lel ™ 0 -0.9¢4701
Table 13:1~- matrix representation of BCNG1
o X(-0.4 e“~%™) | y(-0.3 e“%) | 2(-0.2 €%703) | t(-0.6e"702)
X(-0.4e"~2™) -0.4 et—2m -0.3e"0 -0.2et72m -0.4et72%m
y(-0.3e"9) -0.3e"0 -0.3e"0 0 -0.3e"0
2(-02e"7%%) | -02e"7" 0 02¢-°3 |0
t(-0.6e"~%2) -0.4 e-72" -0.3 "0 0 -0.6e%02
Table 14:F~- matrix representation of BCNG1
Y X(-0.2 et ~2™) y(-0.7 e+~06) 2(-0.9 ei=2™) [ {(-0.5¢4"™)
X(-0.2¢"7?") | -0.2¢"72" -0.2¢"703 -0.2 4793 | -0.2¢703
y(_07 ei.—0.6) -0.2 ei.—0.3 -0.7 ei.—0.6 0 -0.5€i'_0'6
2(-0.9 e“72™) | -0.2 ¢4703 0 09epi—2m 0
t(-0.5e~™) -0.2 703 -0.3el0 0 -0.5e"" ™

The matrix representation of GBNGL1 is shown in Table 15.
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Table 15. Matrix representation of BCNGL.

(a,ﬁ,6,f,0,lp)

. .3m
x<0.5 /08 0.3 /7,
0.1 ej.0.3, _

y<0.9¢/%9, 0.2¢%,
0.6e/°5,-1e""T, -

z <0.3e°3,0.1
ej.ZTl:, 0.8ei'0'5,-

t<0.8e/-01, 0.5e/ ™,
0.4€07,-0.9¢01,.

0.6ei-06 _0 4¢i—27 0_3ei.0, -0.7el-06> 0.4-ef'_°'1,- 0.68?'_0'2,-0.5&'_", -
O.ZCi'_O'3> 0.281'_0'3, - 0.791'_0'6>
0.9ei 727>

x<05 /05,03 <05 /08,03 &7, | <0.9¢99, 0.2¢%, <05e%%01 | g gei08 03¢l
¢7,01e0% . | 01603, - 01e1%, e's,0.1e10% | 0.1e/%3,
0.6€i'_0'6,- 0.6ei'_°'6,-0.4ei'_2”,- _1el--—1‘[, '0.39"0, - 0.6ei'_°'6, _0_9ei.—0.6' _
0.4e"~27 - 0.2¢"703> 0.2e"7%% > 0.2e727,- | 0.4el2T,-
0.23i'_0'3> O.ZEi'_0'3> O.Zei'Oi'_°'3'>
y<0.9e/99 0.2¢M7, | <0.9e/%9,0.2¢M%, | <0.9¢1%9,0.2¢7, |(0,0,0,0,0,0) | 09ei09 02¢'%,
0.6e105, -1e" ™, - 0.1el05, 0.6e/05, -1 ™, - 0.4€'05, -1ei ™, -
0.3e'?,-0.7e'706> | -1ei~™ -0.3el?, - 0.3el0,-0.7ei 06> 0.3e'0,-0.5e" 06>

0.2¢"703 >
z <0.3¢93,0.1 <05ei08 0165 |(0,0,0,0,0, |[z<03e%,01 |(0,0,0,0,0,

j.2m j.0.5 _ - e ’ j.2m j.0.5 _
el=T 0.8e)%>, 0.1e193 -0.6ei-06 | 0) el“T, 0.8el", 0)
0.4_ei.—0.1'_0.2ei.—0.3' b O_Ze,i-_lz'“ i ’ 0_4ei.—0.1'_
-0.9ei"2m> 0261035 0.2¢!703, .
0.9el 727>

t<0.8¢10%,0.5¢17, | 486108 03¢F, | <09ei0?,02¢'5, | (0, 0, 0,0,0, | <08e)%, 05e,
0.4-ef' : ,-0.9e"_‘ S| 01603 0.4€05, -1~ - 0) 0.4ef' -, -0.9e"_‘ -
0.6ef"°'2,-0.59"_", - _0_9ej.-6.6 ) 03¢0 -0.5ei-06> 0.6ef"°'2,-0.5e"_", -
0.7e4706> 0.4el-2 0.7e1706>

O.Zei'Oi'_6'3'>

Table 15: Matrix representation of BCNG1.

Theorem 1. Let Mgfbe matrix representation of T*-BCNGL, then the degree of vertex
DT+(xk)=Z;'l=],j¢k aT+(k + ],] + ]),xk eV or
DT+(XP):Z?=],I:¢]9 aT+(i + ],p + ]), .Xp € V.

Proof: It is similar as in theorem 1 of (Broumi et al., 2017b).
Theorem 2. Let M{; be matrix representation of I*- BCNG1, then the degree of vertex
D1+(Xk) :Z?Zl,jik a1+(k + ],] + ]),xk eVor

Proof: It is similar as in theorem 1 of (Broumi et al., 2017D).
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Theorem 3. Let M}?I+ be matrix representation of F*- BCNG1, then the degree of vertex
Dp+(xi) =X5=1 jzk ap+(k + 1,j + 1),x, €V or
Dp+(xp) =X iep ap+ (i + Lp + 1), xp EV.

Proof: It is similar as in theorem 1 of (Broumi et al., 2017b)

Theorem 4. Let M{, be matrix representation of T~- BCNG1, then the degree of vertex
Dr-(xy) =Xj=1jzr ar-(k + 1,j + 1),x; €V or
Dr-(xp) :Z?ﬂ,iip ar-(i+1L,p+1),x, EV.

Proof: It is similar as in theorem 1 of (Broumi et al., 2017b).

Theorem 5. Let M, be matrix representation of I~- BCNGL, then the degree of vertex
DI_(xk) :27]?=1,j¢k a[‘(k + ],] + ]),xk e Vor

Di- (%) =Xi iwpar-(i + Lp + 1), xp € V.

Proof: It is similar as in theorem 1 of (Broumi et al., 2017b).

Theorem 6. Let M, be matrix representation of F~- BCNG1, then the degree of vertex
Dp-(xy) :Z;L],jik ap-(k+ 1,j+ 1),x, €V or

Dp-(xp) =Xizrizpar-( + Lp+ 1), x, EV.

Proof: It is similar as in theorem 1 of (Broumi et al., 2017Db)

5. CONCLUSION

In this article, we have extended the concept of complex neutrosophic graph of type 1 (CNG1) to
bipolar complex neutrosophic graph of type 1(BCNG1) and presented a matrix representation of
it. The concept of BCNGL1 is a generalization of Generalized fuzzy graph of type 1 (GFGL1),
generalized bipolar neutrosophic graph of type 1 (GBNGL1), generalized single valued
neutrosophic graph of type 1 (GSVNGL1) and complex neutrosophic graph of type 1(CNG1). This
concept can be applied to the case of tri-polar neutrosophic graphs and multi-polar neutrosophic
graphs. In the future works, we plan to study the concept of completeness, the concept of regularity
and to define the concept of bipolar complex neutrosophic graphs of type 2.
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