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Abstract. In this paper, we introduce interval trapezoidal
neutrosophic number and define some arithmetic opera-
tions of the proposed interval trapezoidal neutrosophic
numbers. Then we consider a multiple attribute decision
making (MADM) problem with interval trapezoidal neu-
trosophic numbers. The weight information of each at-
tribute in the multi attribute decision making problem is
expressed in terms of interval trapezoidal neutrosophic
numbers. To develop distance measure based MADM
strategy with interval trapezoidal neutrosophic numbers,
we define normalised Hamming distance measure of the

proposed numbers and develop an algorithm to determine
the weight of the attributes. Using these weights, we ag-
gregate the distance measures of preference values of
each alternative with respect to ideal alternative. Then we
determine the ranking order of all alternatives according
to the aggregated weighted distance measures of all
available alternatives. Finally, we provide an illustrative
example to show the feasibility, applicability of the pro-
posed MADM strategy with interval trapezoidal neutro-
sophic numbers.

Keywords: Interval trapezoidal neutrosophic number, Hamming distance measure, entropy, multi-attribute decision making.

1 Introduction

Neutrosophic set theory, pioneered by Smarandache [1], is
an important tool for dealing with imprecise, incomplete,
indeterminate, and inconsistent information occurred in
decision making process. Neutrosophic set has three inde-
pendent components: truth membership degree, indetermi-
nate membership degree, and falsity membership degree
lying in a non-standard unit interval]~0,1*[. Wang et al.
[2] introduced single valued neutrosophic set which has
three membership degrees and the value of each member-
ship degree lies in [0,1]. Wang et al. [3] proposed interval
neutrosophic set (INS) in which the values of its truth
membership degree, indeterminacy membership degree,
and falsity membership degree are intervals rather than
crisp numbers. Therefore, INSs allow us flexibility in pre-
senting neutrosophic information existing in modern deci-
sion making problem. Recently, many researchers have
shown interest on possible application of INSs in the field
of multi-attribute decision making (MADM) and multi-
attribute group decision making (MAGDM).

Chi and Liu [4] extended technique for order preference by
similarity to ideal solution (TOPSIS) strategy for MADM
with INSs. Pramanik and Mondal [5] combined grey rela-
tional analysis (GRA) with MADM strategy for interval
neutrosophic information and presented a novel MADM
strategy in interval neutrosophic environment. Dey et al.

[6] defined weighted projection measure and developed an
MADM strategy for interval neutrosophic information. In
the same study, Dey et al. [6] also developed an alternative
strategy to solve MADM problems based on the combina-
tion of angle cosine and projection measure. Ye [7] defined
some similarity measures of INSs and employed these
measures in multi-criteria decision making (MCDM) prob-
lem. Pramanik et al. [8] proposed hybrid vector similarity
measures of single valued neutrosophic sets as well as in-
terval neutrosophic sets and developed two MADM strate-
gies to solve MADM problems. Peng et al. [9] developed
some aggregation operators of simplified neutrosophic sets
to solve multi-criteria group decision making problem.
Dey et al. [10] extended grey relational analysis strategy
for solving weaver selection problem in interval neutro-
sophic environment. Zhang et al. [11] proposed an out-
ranking strategy for MCDM problem with neutrosophic
sets. Dalapati et al. [12] proposed cross entropy measure of
INSs and employed the measure in solving MADGM prob-
lem.

However, the domain of single valued and interval neutro-
sophic set considered is a discrete set. Ye [13], and Subas
[14] introduced single valued trapezoidal neutrosophic
number (SVTrNN), where each element is expressed by
trapezoidal numbers that has a truth membership degree,
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an indeterminate membership degree, and a falsity
membership degree. Biswas et al. [15] also introduced
SVTINN in which each membership degree is charactrized
by normalized trapezoidal fuzzy number. In the same study,
Biswas et al. [15] proposed value and ambiguity based
ranking strategyand applied this strategy to MADM
problem. Deli and Subas [16] also proposed a ranking
strategy of single valued neutrosophic number and utilized
this strategy in MADM problems. Deli and Subas [17]
developed some weighted geometric operators of
triangular neutrosophic numbers to solve MADM problem.
Ye [13] proposed two weighted aggregation operators of
trapezoidal neutrosophic numbers and applied them to
MADM problem. Liu and Zhang [18] presented some
Maclaurin symmetric mean operators for single-valued
trapezoidal neutrosophic numbers and discussed their
applications to group decision making. Liang et al. [19]
utilized preference relationon to solve MCDM strategy
with SVTrNN. Basset et al. [20] intregated the analytical
heirarchy process into Delphi framework based group
decision making model with trapezoidal neutrosophic
numbers.

However due to complexity of decision making problem,
decision makers may face difficulties to express their opin-
ion with the single valued truth membership degree, inde-
terminacy membership degree, and the falsity membership
in neutrosophic environment. Then, it is easy to express
their opinion in terms of three membership degrees with an
interval number rather than exact real number. Therefore,
we have an opportunity to investigate a trapezoidal neutro-
sophic number that has a three membership degrees repre-
sented in interval form. We call this new number as inter-
val trapezoidal neutrosophic number (ITrNN). The pro-
posed number permits us to deal with more neutrosophic
information than SVTrNN. Hence, we need to develop
some decision making strategies with the ITrNNs. At pre-
sent no studies have been reported in the literature for
MADM with ITrNNs.

The main objectives of the study are:

= To introduce ITrNN and present some of its opera-
tional rules.

= To define normalized Hamming distance measure of
ITrNNs.

= To develop a novel strategy for solving MADM prob-
lem with ITrNNs.

The remainder of the paper is outlined as follows: Section
2reviews some basics on single valued neutrosophic sets,
interval neutrosophic sets. Section 3 introduces ITrNNs
and defines some arithmetical operations. Section 4 pre-

sents a novel strategyfor solving MADM with interval
trapezoidal neutrosophic numbers. Section 5 provides an
illustrative example to illustrate the proposed strategy. Fi-
nally, Section 6 draws some concluding remarks with fu-
ture research directions.

2 Preliminaries

Definition 1. [2] Assume thatX be a universe of discourse.
A single-valued neutrosophic set A in X is given by

A={z,<T (2),1,(2),F (z) >z € X} )]

where Ty (x): X = [0,1], I;(x): X = [0,1] and F,(x): X —
[0,1], with the condition

0<Ty(x)+I;(x) + Fy(x) <3forall x € X.

The functions T,(x), I,(x) and F,(x) represent, respec-
tively, the truth membership function, the indeterminacy
function and the falsity membership function of the ele-
ment x to the set A.

Definition 2. [3] Let X be a universe of discourse and
D[0,1] be the set of all closed sub-intervals. An interval
neutrosophic set A in X is given by

A= {z,< T,(x),,(z),F;(z) >| v € X}

where Tz(x):X - D[0,1],1;(x): X - D[0,1]
F7(x): X - D[0,1], with the condition

0 < supT;(x) + suplz(x) + supF;(x) < 3 for all x € X.
The intervals Tz(x), I5(x) and Fz(x) represent the truth
membership degree, the indeterminacy membership degree
and the falsity membership degree of the element x to the
set A, respectively.

@)

and

3. Interval
(ITrNNs)

trapezoidal neutrosophic numbers

In this section, we present the concept of interval trapezoi-
dal neutrosophic number and define its basic operations.

Definition 3. Let 4 is a trapezoidal neutrosophic number in
the set of real numbers, its truth membership function is

X —a)ty
g _x<b;
b—a
ts b<x<c:
T5 = a -
a(x) (d_x)td
_— <x<d;
d—c
tO otherwise,

Its indeterminacy membership function is
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b—x+ (x—a)i

<x <b;
| b—a a=x
B _ iﬁ b < <gc;
la () = x—c+(d—x)ig
| c<x<d,
d—c
kO otherwise,
and its falsity membership function is
b—x+(x—a)f;
( )fa a<x<hb;
| b—a
fa b<x<c;
Fa(x) =
—c+(d—x)f
( )fa c<x<d;
d—c
kO otherwise,

where t; < [0,1], iz < [0,1], and f; < [0,1] are interval
numbers and 0 < sup(t;) + sup(iz) + sup(fz) < 3.

Then 4 is called an interval trapezoidal neutrosophic num-
ber and it is denoted by d@ = ([a, b, ¢, d]; t5 iz fz). For
convenience we can take t; = [t, t], iz = [i, i], and f; =
If, 1.
(la, b, ¢, dl; [t t], [i, il [f, FD)

Then the number @ can be denoted by d =

Definition 4. Let @ = (la, b, c, dl;[t, ], [, 7. [£, F]D
be an ITrNN. If a >0 and one of the four wvalues

of a, b, c and d is not equal to zero, then the ITrNN 4 is
called positive ITTNN.

3.1. Some arithmetic operations on ITrNNs
Definition 5. Let a@; =

(las, by, ¢, dili [t &, [ @], Ufs fil) and

do); [tz T, |12 &) [fe Fo]) be two

d, = ([ay, by, ¢y,

INTrNs and A = 0. Then the following operations are valid.

[a1 + a,, b1 + bz, C1 + Cy, dl + dz],

L a@a=| [ath-tb, G+ EH-hb),
i, 5E] (A 77
2. d;®ad, =
/a1+a2, by + by, ¢ + ¢y, dy + d5]; [t1 ty, ty tz]\
| [l1+lz i iy, l1+lz_za] [;
\ fth-fife T E-RE )

3.

4.

[Aalﬂlblﬂlclﬂldl];
A
_ _ _ —_ A
Ad = [1 (1-t).1-a tl)],

@) @ () @]

[allblﬂclldl] [(tl ) (E)A].
@*=| [1-(1-u)"1-0-0),
[1—(1—&)1,1—(1—71)1]

Definition 6. The ideal choice of interval neutrosophic
trapezoidal number is

I*=(1, 1,1, 1];[1, 1], [0,0],[0,0]).

3.2

Let

d; = ([ay, by, ¢y,

3)

Hamming distance between two ITrNNs.

@y = (lay, by, ¢y, dils [ty &, [ @) [fu FiD) and
do);|to B, |iz 2| [fe o) be any

two INTrNs, then the normalized Hamming distance be-
tween @, and @, is defined as follows:

d(dlid2)=
a1(2+t1—1—f1)+a1(2+t_1—z_1—fl)
—a, (2+t2 fz)_a2(2+t2 _sz)
b1(2+t1 f1)+b1(2+t1_ll E)
1 —b2(2+t_2—z_2—é)—b2(2+t2—12—f2) @
2 .\ a(2+ti-u-fi)+a(+6-5-F)
_C2(2+t2 fz) C2(2+5_l_2_]?2)
+ d1(2+t1_ll_f1)+d1(2+t_1_1_1_fj)
_d2(2+t2 fz) d2(2+t_2_l_2_f2)

Theorem 1. The normalized Hamming distance measure
d(.) between @, and @, obeys the following properties:

1.
il.
iil.

d(a,,a,) =0,

d(a,,a,) = d(a, d,),

d(a,, as) < d(a,, a,) + d(a,, as), where

@ = (las, by, c3, dsl;[ta, &, [ia &, [fs FaDisan
ITrNN.

Proof.

1.

The distance measure d(d,, d,) > Oholds for any two
dl and az . If dl ~ az that IS fOI‘ a1 = az, b1 =
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by =cpdy=dyty =t , L=t , =i, I =
3.fi = f2.f1 = f2, then we have d(dy,d;) = 0 and conse-
quently,d(d,, d,) = 0.

ii. The proof is obvious.

iii. The normalized Hamming distance between @; and dz
is taken as follows:

a2+t —L—fi)+a(2+5-5-f)
—a3(2+t_3—i_3—§)—a3(2+t_3—l_3—73)
bi(2+ti—iy—fi)+b(2+ 5 -5 - fr)
—by(2+t—is = f3) ~ b2+ 5~ 5~ f3)

d(dlﬁ ﬁ3) =

24 . c1(2+t_1—i_1—ﬁ)+cl(2+ﬂ—l_1—f1)
—c3(2+t_3—i_3—é)—63(2+t_3—1_3—f3)
d1(2+t_1—i_1—ﬁ)+d1(2+t_1—z_1—]?1)

+—d3(2+t_3—i_3—é)—d3(2+t_3—z_3—f_3)
a1(2+t_1—i_1—]i)+a1(2+t_1—1_1—f_1)

+a,(2+t,— i~ f) + a2+ 5 -5 — f)

—a,(2+t,—l,—f) - a2+ 5 -5~ f)

—ay(2+t;—is—f3) - a2+ 5 -5 — f5)

b1(2+t_1—i_1—£)+b1(2+t_1—l_1—}?1)
++b2(2+t_2—i_2—§)+b2(2+t_2—r2—f2)
—b2(2+t_2—i_2—f_2)—b2(2+t_2—r2—fz)

! —by (24t 15— f;) ~ b2+ B -5 - ;)
T 24 01(2+t_1—i_1—£)+c1(2+t_1—1_1—f1)

te,(2+t -~ fo) +(2+HE -5 F)
—,(2+t, -l —fo) - (2+HE -5 f,)
—c3(2+t_3—i_3—f_3)—c3(2+t_3—r3—f3)
d(2+t-h—fi)+d(2+5-5-f;)
+d2(2+t_2—i_2—§)+d2(2+5—r2—fz)
—d2(2+t_2—i_2—f_2)—d2(2+t_2—r2—f2)
~dy(2+t;—is—fs) —ds(2+ 5~ f5)

a1(2+t_1—i_1—£)+a1(2+t_1—1_1—/71)
—a, (24t~ i~ f,) -2+ 5 -5 - f5)
b1(2+t_1—i_1—£)+b1(2+t_1—ﬁ—/71)
b, (2+t,—la—f;)~ b2+ 5~ 5~ )
a(Z+ti-h-fi)+a(+E-5-F)
—c2(2+t_2—i_2—§)—c2(2+t_2—z—2—fz)
a2+t —iy—fi) + 2+ 5 -5~ )
~d,(2+t,—la—fo) ~ A2+ 5~ = ;)

+

+

+

a2(2+t_z—i_z—f_z)+az(2+t_z—5—fz)
—a3(2+t_3—i_3—§)—a2(2+t_3—l_3—f3)
b(2+t,—b—f) +b,2+ 6 -5 - f5)
b, (24t —is— f) ~ b2+ 5 -5 - f3)
C2(2+t_2—i_2—&)+C2(2+t_2_l_2_f2)
—c3(2+t_3—i_3—§)—63(2+t_3—@_f3)
. 4,2+t -0 —f,)+d,2+5-5-F)

—dy(2+t— s~ f3) —ds(2+ 55— = )

+

2

=~

+

< d(al, az) + d(az, a3) O

4 MADM strategy with interval trapezoidal neu-
trosophic numbers

In this section we put forward a framework for determining
the attribute weights and the ranking orders for all the al-
ternatives with incomplete weight information under inter-
val trapezoidal neutrosophic number environment.

Consider a MADM problem, where A = {44, 4,, ..., A} is
a set of m alternatives and C = {C;, Cy, ..., C,,} is a set of n
attributes. The attribute value of alternative A;(i =
1,2,...,m)over the attribute Cj(j =1,2,...,n)is expressed
in terms of ITrNNsd;; = ([aij, bij, cij, dij];fij,iijﬂj,),
where, 0 <f; <1,0<i; <1,0<f; <1, and0<
fij+iij_+fij <3 for i=12,..,m and j=
1,2, ...,n. Here, £;; denotes the interval truth membership
degree, T;; denotes the interval indeterminate membership
degree, and fl-j denotes the interval falsity membership
degree  to  consider the trapezoidal = number
[aij, bij, cij dl-j] as the rating values of A; with respect to
the attribute C;.

We consider an MADM problem in the decision matrix
form where each entry represents the rating of alternatives
with respect to the corresponding attribute. Thus we obtain
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the following neutrosophic decision matrix (see Equation
5):

a;; din

(=~ _ | G Gy Gon
D= (ai}')mxn - : : : ®)

dml dmz dmn

We assume that the attributes have different weights. The
weight vector of the attributes is prescribed as W =
(Wy, Wy, .., Wy,) , where W;is the weight of the attribute
Cj(j = 1,2, ...,n) and expressed in the form of ITrNNs.

Using the following steps, we present MADM strategy un-
der ITtNN environment.

Step-1. Determine the weight of attributes

Weight measure plays an important role in MADM prob-
lems and has a direct relationship with the distance meas-
ure between two rating values. To deal with decision in-
formation with ITrNNs, we use normalized Hamming dis-
tance between two ITrNNs.

We assume that the attribute weight W; is expressed by-
ITrNNs as:

= ([w}, w2, w?, w}]; [ g, [li ij],[ﬁ, £ for
j=12,..,n
If A(W;, T*)is a distance between weight W; and I'*, then
the distance vector is given by
AW) = (A(Wy, TT), AWy, 1Y), ..., A(Wy, T1)),  (6)
where
A(w;, ) =

|w-1(2+t1 - —fl) +wr 2+t -4 - fi) —6|

|w (2+t1 f1)+w C+t-4-f) —6|

24| + |w? (2+t_1—11—f_1)+wj(2+t1—11—f1 =
iy —ﬁ) +wr2+t -4 - fi) - 6|/
(7
The corresponding normalized distance vector is given by
K = (Z(Wll i+)' Z(“T/Z' i+); ;Z(Wn: i+))
(®)
O
AW, 1) ] forj=12,..,n

m]c,zxA(W]—, +)

+|Wj4(2+t_1—

where, A(W;, I*) = [

The concept of entropy [21] has been extended in this pa-
per and, the entropy measure of the jth attribute (C;) for m
available alternative can be obtained from

_ A(w;,It) A(wj, 1)
%= In(m) [E 18(w;, %) In <2?=1Z("~Vj'i+))]- ©)
Using Equation (9), we finally obtain the normalized
weight of the jth attribute

—_ 1=
w; = SRS E (10)
Consequently, we get the weight vector w =
(Wi, Wy, ..., wy), where 0 < w; <1 for j=12,..,n

Step 2. Determine the aggregated weighted distances be-
tween ideal alternative and each alternative

The Hamming distance measure between the attribute
value
(@) = ([ay, b e digls [t ). [io ). Uigs Firl)
and the ideal value I* = ([1, 1, 1, 1];[1, 1], [0,0],[0,0])
is obtained as follows:
A(dij, i+) =
|a,-]- (2 +ti_ lU —&) +a”(2+a—

Ty =) 6| \

1 by (24t -y = fy) + by 2+ B~ — Fy) - 6| |
24| — = o |
\ +eij (2 + T — iy = fij) + cij(2 + T — i — fi) — 6|
+|dij (2 + 5y — iy — fiy) + dij(2+ T — iy — fiy) — 6]

(11)

Therefore the distance vector for the alternative A;(i =
1,2, ..., m) with respect to ideal value I*can be set as

A(Al) = (A(dilx i+), A(diZJ i+)! '"!A(din! i+)) (12)

Using Equation (10), and Equation(11), we calculate the
aggregated weighted distance AW (4;, I'*) between the ide-
al point and the alternative 4; fori = 1,2, ...,m as

A (A, T =
1,2,..,n

foawjA(ay, ') for i=12,..,m;j =

(13)
Step 3. Determine the rank of alternatives

Finally, the ranking of alternatives is performed using the
values of the distances AY(4;, I') for i = 1,2,...,m.The
basic idea of ranking the alternative is — smaller the value
of AW (4;, I'*) better the performance/closeness of an alter-
native to ideal solution.

The schematic diagram of the proposed strategy is present-
ed in the Figure 1.

Construct a decision matrix ]

~—

[ Determine the weight of attributes ]

using entropy strategy

~>

Aggregate the elements of distance ]

vector for each alternative

~ >

Rank the alternatives according
to the aggregated values

Figure 1. The schematic diagram of the proposed strategy
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5 An illustrative numerical example of MADM

In this section, we consider an MADM problem which
deals with the supplier selection in supply chain manage-
ment.

Assume that the MADM problem consists of three
suppliers A;, A, , A3 and four attributes C;, C3, C3, Cj.

The four attributes are
1. Product quality(C,),
2. Service(C,),

3. Delivery (C3) and

4. Affordable price(C,).

We also assume that the alternatives A, ,A,, A3 are to
be assessed in terms of the interval neutrosophic trapezoi-
dal numbers with respect to the four attrib-
utes Cy, C, C3, C,. The following decision matrix represents
the assessment values of alternatives over the attributes:

Table 1. Rating values of alternatives

[ c,
4, ([.3,.4,.5,.6]; [.6,.7],[.3,.4][. 1,.3]) ([.4,.5,.6,.71; [.5,.6,[.4, 5][.2,.3])
4, (.7,.8,.9,.1.0]; [.5,.7],[.2, 31[.1,.2]) ([.6,.7,.8,.91; [ 4,.6],1.2, 41[.2,.3])
4 ([.2,3,.5,.6]; [.5,.6],[.3,.41[.2,.3]) ([.3,4,.6,.71; [.7,.81,[. 1, 2][.1,.2])
[ Cy
4, ([.3,4,.5,.6]; [.5,.6],[.3,.4][.2, 3] (1.6,.7,.8,91; [.7,.81,[. 1, 2][.1,.2])
4, (.5,..6,.8,.91; [.5,.71,[.1,.2][. 1,.2]) (.6,.7,.8,.91; [.6,.81,[.2, 3][.1,.2])
44 (.6,.7,.8,.91; [.5,.61,[.3,.41[.2,.3]) ([.4,.6,.7,.81; [.4,.5],1.2, 3][.1,.2])

The importance of attributes C;(j = 1,2,3,4) are given
b
g ([.2,.3,.4,.5]; [.5,.6],[.3,.4][. 2,.3]),
([.1,.2,.3,4]; [.4,.5],[.1,.2][. 1,.2])
([.3,.4,.5,.6]; [.5,.6],[.3,.4][. 2,.3]),
([.4,.5,.6,.7]; [.3,.5],[.2,.4][.1,.3])

={Wy, Wy, W3, Wy} (12)

In order to solve the problem, we consider the follow-

ing steps:

W =

Step-1. Determine the weights of attributes

Using Equation (7) and Equation (8), we obtain the
distance vector with respect to ideal interval neutrosophic
trapezoidal number as:

A = (0.7725, 0.8208, 0.7075, 0.6517)).

Utilizing Equation (9) and Equation (10), we ob-
tain the weight vector of the attributes:
w = {0.2485, 0.2468, 0.2509, 0.2538}.

Step 2. Determine the aggregated weighted distances
for each alternative

Using Equation (13) and the weight vectorw, we obtain
the aggregated weighted distances of alternatives:

A(A,, TH) = 0.6092, 4(4,, T*) = 0.4512, and

A(A;, TT) = 0.6039.
Step 3. Rank the alternatives

Smaller value of distance indicates the better alterna-
tive. So the ranking of the alternatives appears as:

Ay > As > A,

The ranking order reflects that A, is the best supplier
for the considered problem.

6 Conclusions

In this paper, we have introduced new neutrosophic
number called interval neutrosophic trapezoidal number
(INTrN) characterized by interval valued truth, indetermi-
nacy, and falsity membership degrees. We have defined
some arithmetic operations on INTrNs, and normalized
Hamming distance between INTrNs. We have developed a
new multi-attribute decision making strategy, where the
rating values of alternatives over the attributes and the im-
portance of weight of attributes assume the form of IN-
TrNs. We have used entropy strategy to determine attribute
weight and then used it to calculate aggregated weighted
distance measure. We have determined ranking order of al-
ternatives with the help of aggregated weighted distance
measures. Finally, we have provided an illustrative exam-
ple to show the feasibility, applicability and effectiveness
of the proposed strategy. We hope that the proposed inter-
val neutrosophic trapezoidal number as well as the pro-
posed MADM strategy will be widely applicable in deci-
sion making science, especially, in brick selection [22, 23],
logistics centre location selection [24, 25], school choice
[26], teacher selection [27, 28], weaver selection [29], etc.
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