¢-ANALOGUES FOR RAMANUJAN-TYPE SERIES

BING HE AND HONGCUN ZHAI

ABSTRACT. From a very-well-poised g¢5 series formula we deduce a general
series expansion formula involving the g-gamma function. With this formula
we can give g-analogues of many Ramanujan-type series.

1. INTRODUCTION

In [10] Ramanujan listed 17 series expansions for 1/7 without proof and the
proof of the first three was sketched in [9]. The Borwein brothers found the first
complete proof of all the 17 formulas in [2]. D.V. Chudnovsky and G.V. Chud-
novsky [3] proved several series representations of the Ramanujan’s independently
and established certain new series as well. Please see [I] for the history of the
Ramanujan-type series for 1/7. Recently, Liu [7, [§] established many series ex-
pansions for 1/7 by using properties of the general rising shifted factorial and the
gamma function. In the recent paper [6], Guo and Liu supplied g-analogues of two
Ramanujan-type series for 1/7 by using ¢-WZ pairs and some basic hypergeometric
identities. Motivated by the work of Liu [7, [8] and Guo and Liu [6] we shall estab-
lish g-analogues for Ramanujan-type series in this work. Our method is different
from that of Guo and Liu.

Throughout this paper we assume |g| < 1. Gosper [5] introduced g-analogues of
sinz and 7 :

)= g@=1/2° (¢°%;¢*) 00 (6*"; ¢%) o

sing (ma @002
nd 2\ 1/4 (qz, q2)2
Ty = (1 —q°)q /25222,
o= 0O,
where (2; ¢)oo is given by
(510000 = [[ (1 = 207).
n=0

They satisfy the following relations:

(}1_% sing x = sin, (}1_% Mg =T
and
(1.1) T2 (2)lge (1 — 2) = —— gD,

sing (mx)

where I';(z) is the g-gamma function defined by
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(qf 7)o a
(4% @)oo
From the definition of the ¢g-gamma function we can see that
(@) _ Tylz+n)

(L—gq Ly(z)

where n is a non-negative integer and (z;¢q),, is the g-shifted factorial defined as

(1.2) Iy(z) = ).

—q

(1.3)

n—1

(z;9)0 =1, (2;9)n = H(l — zqk) forn > 1.

k=0

We now extend the definition of (¢*;q), to any complex « :

Ly(z+ )
(1.4) (0" 0)a = "5~ (1 -9
Lg(z)
(4" 4)a o
and denote A=ge by (2|q)e. Then, for any non-negative integer n, we have
n—1
<$|Q)n = H[(E + k}q
k=0

and
_Dyle—n)  (1-g)"
(z]q)—n = @ oy

1—q°
Our main aim of the present work is to establish the following general series
expansion.

Theorem 1.1. For any complex number o and Re(1 +a+ b+ c+d) > 0 we have

i (1 — " +272) (¢®) a0 (Bl6%) n-0(71a*) n—c(81¢%) n-a A7
70 (1= ¢?)[nlg=! (L +a = Blg*)atbtn(l + @ = |qH)atetn(l + a = 0]¢*)aratn
Fp(l+a—-B)Tp(l+a—y)Tp(l+a—0Tz2+a—-F—~v—90)
Fp(@lpe(l+a—-—pF—7)Tpel+a—-3-0)Tp(l+a—vy—19)
(Bla*)-b(7]g*)=c(0l¢*)—a(2 + & — B = = 8|¢*)atbterd—1
1+ a—B=7a*)a+bre(l + =B = 0l¢*)arvra(l + & =7 = 0l¢*)atetd’
where A=2(a+b+c+d+1+a—F—v—90) and [n],! is given by

n

0],! =1, [n]= H[k‘]q forn > 1.
k=1

The next section is devoted to our proof of Theorem [I.1} In Section [3] we deduce
g-analogues of certain Ramanujan type series for 1/7. In the last section several
g-analogues of series expansions for 72 are also obtained.
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2. PROOF oF THEOREM [L.1]

Recall the following summation formula for the basic hypergeometric series [4]
(2.7.1)]:

(2.1) é a,qa%,—qa%,b,c,d ‘g aq ) _ (ag, aq/bc, aq/bd, ag/cd; q) oo
" \ad, —at,ag/b,aq/c,aq/d " bed )~ (ag/b,aq/c, aq/d, ag/bed; q)o”

where

a
b(fi‘ < 1 and g¢5 is the basic hypergeometric series given by
C

o0
b alaa27a37a47a57a6.q o) = Z (alaa2,a3,a4,a5,aa;Q)nZn
6¥5 y 4 - .
b1, b2, b3, b4, b5 = (4,b1,b2,b3,b4,b530)n

Replacing (¢, a,b,¢,d) by (¢*,¢**,¢*,¢*,¢*?) in (.1) and employing (1.2) and
(1.3) we have

(2.2)
i (1- Cl47l—~_2a)rq2 (a+n)Tg2(b+n)Tg2(c+n)lg2(d + n) 2n(14+-a—b—c—d)
= (1-¢?)n]eTe(l+a—-b+n)lp(l+a—-c+n)lp(l+a—-d+n)

qu (b)FQQ (C)qu (d)qu(l +a—-b—c— d)
Tpe(l+a—-b—clp(l+a—-b—dlp(l+a—c—d)’

It follows from (1.4]) that

Tgz(a+n+a) = (l¢?)arnlg2(a), Tz (n = b+ ) = (Bl¢*)n-sT g2 (8),
Lp2(n—c+7) = (Vg*)n—cLg2(7), Tz (n — d + ) = (8]¢*)n—al'g2 (9),

Tg2(8 = b) = (Bl¢%)sT2(8), Tz (v — ©) = (71¢°) —cLg2 (1), T2 (6 — d) = (8]¢*) —aT'g2(6),
Fpela+b+n+l+a—B)=1+a—Blg")atpsnl2(1+a—p),
Pelatetntlta—y)=1+a=7¢")arernlz(1+a—7),
Fpela+d+n+l+a—208)=1+a—15¢")ararnly2(1+a—0),

Tplatbtetlta—B-7)=0+a-B8-9¢")arsrLz(1+a—B-7),
Pp(atbtd+l+a—B—0)=(1+a—F-0¢)mmralp(l+a—F—0),
Telatetd+lta—y=08)=(1+a—-v=0¢")areral2(1+a—7y—9)

and
Fp(a+b+c+d+1l+a—-pF—v—90)

= (2+a—-B-7—=0¢"atbrera1l(2+a— B —7—9).

Making the sunbstitutions: a - a+a, b = —-b, ¢ = v—c,d — d —d in (2.2)
and then substituting the above identities into the resulting equation we can easily
deduce the result. This finishes the proof of Theorem (I

3. ¢-ANALOGUES OF RAMANUJAN TYPE SERIES FOR 1/7

In this section we employ Theorem [I.1]to deduce certain g-analogues of Ramanu-
jan type series for 1/.
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Theorem 3.1. For Re(a + b+ c+d) > 0 we have

o0

Z (1- q4n+2a+1)(1/2|q2)a+n(1/2|q2)nfb(1/3|q2)n76(2/3|q2)n7dq2(a+b+c+d)n
n—0 (1 = ¢*)[nlg2!(1g*)atp4+n(7/6]¢*)atctn(5/614)ata+n

(1/28) (/306D o2/31) -l asvroras [1/6(a72, 6 ) oo
(1/3[¢*)a+b+d(2/316%) a+b+c(1/2]¢%) atcta (@/3,6°/3;4%) sy
Proof. Tt follows from (L.1)) that
(3.1) I%(1/2) = mpg V",

T2 (1/3)T2(2/3) = Sin:(rﬁqum,
[1/6],2T2(1/6)T2(5/6)

_ Tq g~ 5/36
51nq(7r/6) (/6124

T,2(7/6)T 2 (5/6)

Then, by the definition of sing,
Lg2(7/6)0g2(5/6) _ sing(m/3) [1/6],29"/12 = (@",4%"% %) [1/6]2
L2 (1/3)02(2/3)  sing(m/6)" " 1 (¢/3,0°/%; ¢

Therefore, the result follows easily by setting («, 8,v,9) = (1/2,1/2,1/3,2/3) in
Theorem and applying the identities I';(1) = 1, (3.1]) and (3.2). a
Taking (a, b, c,d) = (1,0,0,0) in Theoremwe can get

(3.2)

)oo

Example 3.1. We have

(oo}

3 (1 —g*" ) (1 — ¢ *")(1/2]¢°)7 (1/34%)n(2/3]¢%)n e
= (1 =) (1= ¢ 2)([n]21)*(7/6]¢%)140(5/6]g%) 14
_ [1/6]q2(q4/3,q2/3;qz)ooql/‘l
[1/3]42[2/3]q2[1/2]42(a"/3, 4°/3; ¢*)ocrq

This series expansion for 1/m, can be regarded as a g-analogue of the series for
1/7:

i (4n 4 3)(2n +1)(1/2)7(1/3)n(2/3)n V3
(n 4+ 1)(6n + 1)(6n +5)(6n + 7)(n!)2(1/6),(5/6),, 67"

Putting (a,b,c¢,d) = (0,0,0, 1) in Theorem We can deduce that
Example 3.2. We have

¢’ i (1= g™ )(1/2]*)7(1/314%)n (2/3]4%)n-1 on
A+ 1/3l25/6l2 = (1= ¢?)([n]g21)?(7/61¢%)n (5/6]¢%)14n
B [1/6], . (q4/3, ¢*/3; 7%)soqt/ 12
BN 2e (63673 )y

This series expansion for 1/m, can be considered as a g-analogue of the series for
1/7:

L5 S U DUPRU/O/y
P(/6)n(5/6)en VB

n=1
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4. ¢-ANALOGUES OF SERIES EXPANSIONS FOR 72

In this section we use Theorem [I.I] to give g-analogues of some series expansions
for 2.

Theorem 4.1. For Re(a+b+c+d—1/2) > 0 we have

i 4n+2a)(1|q )a+n 1(1/2|q )n b(1/2|q )n 6(1/2|q )’ﬂ dq2(a+b+c+d)n n
n=0 1—q 2'(1/2‘(] )a+b+n(1/2|q )a+c+n(1/2‘q )a-‘rd-‘rn

Ty 2(1/2]¢*)—6(1/2]¢%) —c(1/2[¢*) ~a(1/2]¢) abtct+d—1
(1|q2)a+b+c—1(1|q2)a+b+d—1(1|q2)a+c+d—1q1/2

Proof. It can be dedeuced from I';(x + 1) = [z],I'4(z) and Theorem [1.1| that

i 2 q4n+2a+2a)(a + 1‘q2)a+n71(mq2)nfb('7|q2)n*0(5‘q2)nfd An
—q [n 1+ a—=Blg?)arbtn(l+ = 7g*)atern(l + @ = 6¢%)atdin
Tpe(l+ta—-BTe(l+a—y)Te(l+a—-6Tep2+a—B—v—0)
CTpe(a+Dle@4+a—-B—9)leC2+a—B-8Te2+a—v—146)
(Bla*)-b(71a*)-c(0l¢*)-a(2 + & = B = ¥ = 8|¢*)atbterd—1
2+a—=B-7%)atvte-12+a =B —61¢2)atb+a-1(2+ @ — v = 6[¢*)atera—1
Then the result follows readily from by setting ( ,B,7,0) =(0,1/2,1/2,1/2) in the

above identity and applying the identities I';(1) = 1 and (3.1). O
Taking (a,b,¢,d) = (1,0,0,0) in Theorem we can obtain

n=0

Example 4.1. We have

o

Z 1+ qz”“)q my

- @2 T (1= g2)2¢l/2

This series expansion for 72 can be regarded as a g-analogue of the series for 72 :

q

(oo}

Z*‘ﬁ
(2n+1)2 8

n=0
Setting (a,b,c,d) = (1,1,1,0) in Theorem we can derive

Example 4.2. We have

oo

Z 1 +q2n+1)q5n _ 71-3(1 + q+q2)q3/2
2n 1 1 _ q2n+1) (1 _ q2n+3)2 - (1 + q2)(1 _ q2)6

This series expansion for 72 can also be considered as a g-analogue of the series

q
for 72 :

(2n—1)2(2n+1)2(2n +3)2 256

n=0

Putting (a,b,c¢,d) = (1,1,1,1) in Theorem we can deduce
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Example 4.3. We have

(1+qd® i (14¢*th)g™
(1 _ q)5(1 _ qS)B — (1 _ q2n71) (1 _ q2n+1)2(1 _ q2n+3)3
m(l+q+P)1+q+P + +q )q5/2
(1+¢%)3(1—¢?)®

This series expansion for 7r§ is also a g-analogue of the series for 72

i 1 1572
= (2n—1)3(2n+1)2(2n +3)° 4096

Remark. Besides those formulas displayed in Theorems [3.1] and [4-1] and their con-
sequences, we can give a general series expansions for 1/ wg by taking («, 8,7,9) =
(1/2,1/2,1/2,1/2) in Theorem from which many series expansions for 1/77
can be deduced. We shall not display them out one by one in this work.
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